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We construct complete sets of (open and closed string) covariant coherent state and mass eigenstate

vertex operators in bosonic string theory. This construction can be used to study the evolution of

fundamental cosmic strings as predicted by string theory, and is expected to serve as a self-contained

prototype toy model on which realistic cosmic superstring vertex operators can be based. It is also

expected to be useful for other applications where massive string vertex operators are of interest. We pay

particular attention to all the normalization constants, so that these vertices lead directly to unitary

S-matrix elements.
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I. INTRODUCTION

The study of cosmic strings (see e.g. [1,2] and references
therein) has flourished in recent years, following the dis-
covery [3] (but see also [4]) [5–7] that such objects may be
produced in string models of the early universe, thus
providing an observational signature for superstring theory
[8–10].

The possibility that superstrings of cosmological size
may have been produced in the early universe was first
contemplated byWitten [11] who (based on current knowl-
edge of the time) concluded that had they been produced
they would either not be observable (they would be pro-
duced before inflation and diluted away by the cosmo-
logical expansion), they would be unstable (they would
disintegrate into smaller strings long before reaching cos-
mological scales in the case of type I strings, or in the case
of heterotic string theory they would arise as boundaries of
domain walls whose tension would cause the strings to
collapse), and in any case they would nevertheless be
excluded by experimental constraints, requiring string ten-
sions, G�� 10�3 (with G the four-dimensional Newton’s
constant and � ¼ 1=ð2��0Þ the fundamental string ten-
sion), while it was clear that strings with G�> 10�5 had
already been ruled out. Much has changed since then, the
discovery of dualities [12] and D-branes [13,14] having
completely revolutionized our understanding of string
theory.

These new developments opened many new avenues for
model building [15] and string cosmology, such as the
brane inflation scenario [5,16–20] in the context of large
extra dimensions [21–23], where macroscopic strings have
been found to be produced [3,4,6,9,24] with string tensions

in the range [6] 10�12 � G� � 10�6. In these scenarios it
is difficult to obtain a sufficient amount of inflation [25,26]
and in [26] this problem is evaded by considering instead a
warped compactification [27,28], a concrete example of
which is the well-known KLMT scenario [26,29]. It has
since been realized [8] that it is possible in these theories to
construct macroscopic non-BPS as well as Bogomol’nyi-
Prasad-Sommerfeld (BPS) strings which are stable [30]
and potentially observable.
Unfortunately, no completely satisfactory string model

of the early universe exists yet: although all moduli are
stabilized in the brane inflation scenario [26,29] it suffers
from a reheating problem where all the reheating energy
arising from the D3= �D3-annihilation goes into a massless
U(1) gauge field that lives on the stabilizing �D3-brane
instead of going into the standard model fields; for a brief
elaboration on this see [31]. Furthermore, in the context of
large extra dimensions there is no known mechanism to
stabilize the moduli. Nevertheless, these drawbacks may be
specific to the models considered to date and it is plausible
that in more general constructions these problematic fea-
tures are absent.
For an overview of cosmic strings in the pre- and post-

‘‘second superstring revolution’’ era, see [1] (as well as the
older more extensive reviews [32,33]) and [2,34–40], re-
spectively, and for an excellent review which also contains
many introductory remarks and computational details as-
sociated with the latter see [41].

A. Brane inflation

It is possibly rather natural to suspect there to have
been a multitude, or a gas, of D-branes of various dimen-
sionalities in the early universe. The branes of higher
dimensionality will annihilate first and produce lower di-
mensional branes and branes that are present today. As an
example, in the most concrete (almost viable) scenario,
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namely, the KLMT scenario [26], one studies the relative
motion of a remaining D3-brane and �D3-brane, which are
separated in the transverse space in a throat of a Calabi-Yau
(CY) three-fold. There is a U(1) gauge symmetry on each
of these branes. Cosmological inflation is driven by the
attractive interaction potential associated with the D3- and
�D3-brane which approach each other in the higher dimen-
sional bulk space.

The two branes eventually collide and annihilate via
tachyon condensation; see e.g. [42]. Because of the
Kibble mechanism [43], when a U(1) gauge symmetry
becomes broken during the evolution of the universe,
defects (and, in particular, cosmic strings) will be pro-
duced. The crucial observation of [6] was that the low-
energy string dynamics at the end of brane inflation is
described by U(1) symmetry breaking in the tachyon field,
and therefore one expects the formation of defects which
are seen as cosmic strings by observers on the (or one of
the) remaining higher dimensional branes. It has been
argued that the production of other defects such as mono-
poles and domain walls is suppressed [5]. These defects
are identified [44,45] with D1-branes, which follows from
computing the conserved charges. Nevertheless, both
D-strings and F-strings are expected to arise [8,9] in this
process, even though the standard language of string cre-
ation associated with a spontaneous breaking of a U(1)
symmetry is not appropriate for F-strings (unless gs � 1).
The standard model particles of strong and weak interac-
tions correspond to open string modes confined to a re-
maining D-brane with three large noncompact dimensions,
and the closed string modes (e.g. the graviton, radions, and
massive excitations) correspond to bulk modes.

The presence of cosmic strings is likely to be a fairly
generic feature of any string model of the early universe
and in the present article we shall assume that such a model
can be found and focus instead on the cosmic strings
themselves. We shall focus, in particular, on the funda-
mental cosmic strings which have an exact perturbative (in

the string coupling gs ¼ eh�i and the fundamental string
length squared �0) description in terms of vertex operators.

B. Cosmic string evolution

The basic properties which collectively determine the
evolution are string intercommutations and reconnections
[46–50], quantum or classical string decay [51–61] and the
presence of junctions [62–67], and possible instabilities
[8,11,54]. Collectively, these properties and cosmological
considerations (such as the expansion rate of the universe,
density inhomogeneities, and so on) determine the various
observational signatures from cosmic strings.

An initial distribution of long strings is formed via the
Kibble mechanism, the shape of any one such string re-
sembling a random walk. The expansion of the universe
stretches these strings which intercommute and reconnect
producing kinks (i.e. points on the string at which the

spacetime embedding tangent vectors associated with
left- and right-movers are discontinuous). Any one of these
kinks then separates into two kinks running along the string
in opposite directions. When left- and right-moving modes
meet on any given section of a string gravitational radiation
is produced. There will also be long strings that self-
intercommute and produce loops which subsequently are
expected to decay into smaller loops, massive, and mass-
less (including gravitational) radiation.
There is general consensus on the large-scale evolution

of cosmic strings. Here the string network evolves toward a
scaling regime, a regime in which the characteristic length
scale of the configuration evolves toward a constant rela-
tive to the horizon size [32,33]. Recently, there has also
been some progress in understanding the small-scale struc-
ture [31,68–71]; see also [72]. Here one of the most im-
portant questions is: what is the typical size at which loops
are produced from long string? There has been large dis-
agreement in the literature with estimates differing by over
50 orders of magnitude. This is an important question and
further investigation is required. Another very important
question which is also related to the previous one is: what
is the importance of gravitational backreaction on the
evolution of cosmic strings (see also below)?

C. Gravitational radiation and backreaction

Cusps are generic in loops [73] and are expected to lead
to very strong gravitational wave signals [74,75], although
the presence of extra dimensions is likely to weaken the
detected signal [76]. Cusps on strings with junctions have
also been argued to be generic in [65]. Recent evi-
dence [77] suggests that kinks on strings with junctions
also provide a very strong gravitational wave signal—the
signal from kinks on string loops with junctions is found
to be stronger than the signal due to cusps. It is very
important to test the robustness of all these computations
to gravitational backreaction effects. In fact, it is likely that
gravitational backreaction can be important for even order-
of-magnitude estimates [78], and developing the necessary
tools that enable one to study this problem systematically
has been one of the main purposes of the present article.
Furthermore, and most importantly, it has been sug-

gested [78–80] that gravitational backreaction sets the
scale for the smallest relevant structures in cosmic string
evolution, as well as the long sought-after loop production
scale. It is therefore of vital importance to understand
gravitational backreaction and develop the necessary tools
where such questions can be addressed most naturally—in
perturbative string theory backreaction effects can be taken
into account very naturally, as first pointed out in [81].

D. Massive radiation

Apart from the possibility of gravitational backreaction
playing a significant role in string evolution, a string theory
computation is also required when there is the possibility
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of massive closed string states being emitted—this might
be expected to occur close to cusps and kinks and this
massive radiation would presumably be invisible or diffi-
cult to calculate in the effective field theory [82]. That
massive radiation may dominate over gravitational radia-
tion was suggested in [83,84], and this was motivated by
the observation that loops seemed to be produced at the
smallest scales (see also [85,86]), namely, at the num-
erical simulation cutoff scale which is identified with the
string width, although their conclusions relied on extrapo-
lation of numerical results beyond the region of validity.
There have also been some interesting results on massive
radiation in a quantum-mechanical setup in the case of
mass eigenstate vertex operators; see [87] and references
therein. Whether a significant amount of massive radiation
is emitted is certainly still an open question—this can be
addressed in the vertex operator construction of the current
article which is expected to provide a definite answer to
this question. If one is interested in the emission of arbi-
trarily massive radiation one may proceed along the lines
of [52,53,55–61].

E. Observational signatures

Signals that have been confirmed to arise from cosmic
string sources have to date not yet been detected. There
is a wide range of constraints from gravitational waves
[74,75,88–93] (classical gravitational wave emission from
loops and infinite strings has been computed in [94,95] and
[70,80,96,97], respectively, and from strings with junctions
in [98]), strong and weak lensing from strings without
[99–104] (but see also [105]) and with [105–107] junc-
tions, and the cosmic microwave background (CMB)
[93,108–115]. Future missions searching for a polarization
B-mode in the CMB will provide even stronger constraints
[70,116–119]. Signals from cosmic strings may also show
up in ultrahigh-energy cosmic rays [120,121], radio wave
bursts [122], and also diffuse X- and �-ray backgrounds
[121]. There is also the potential to obtain constraints on
the underlying compactifications [123]. Even though cos-
mic strings can only account for a small contribution to the
CMB power spectrum, they could instead be a significant
source of its non-Gaussianities and are expected to domi-
nate over inflationary perturbations at small angular scales;
see [40] and references therein.

F. Vertex operators as cosmic strings

Given the inherently quantum-mechanical nature of fun-
damental cosmic strings, the only available handle on such
macroscopic objects at present that is capable of account-
ing for the evolution on the smallest as well as largest
scales is given in terms of vertex operators [12,124], which
completely characterize the string under consideration. For
example, a vertex operator description would be required
for cosmic string configurations involving a string theory
analogue of cusps (i.e. points on the string that reach the

speed of light at discrete instants during the loop’s motion)
and kinks, as presumably the effective field theory or
classical description would break down close to these
points.
With a vertex operator construction of cosmic strings

one can address various questions, such as what is the
decay rate of a given cosmic string configuration, the
intercommutation and reconnection probabilities, junction
decay rates, emission of massless and massive radiation,
and so on. The already existing quantum decay rate com-
putations carried out in [52,53,55–61] for instance make
use of mass eigenstate vertex operators (with only first
harmonics excited) and it is not known at this point
whether these are appropriate for the description of cosmic
strings. In [59] for instance it was concluded that the
spectrum of a particular mass eigenstate does not repro-
duce the classical gravitational wave spectrum, and one
might expect this to be the case also for general mass
eigenstates.
It is likely that cosmic strings being macroscopic and

massive should have a classical interpretation. If this is the
case, the appropriate vertex operators are expected to have
coherent statelike properties (from our experience with
standard harmonic oscillator coherent states), and so we
should be searching for coherent state vertex operators,
which would be expected to have a classical interpretation.
The analogous computations as the ones described above
with coherent states instead of mass eigenstates would be
more desirable and would probably represent a much more
realistic description of cosmic strings.
A quantum-mechanical approach to computing the de-

cay process for macroscopic and realistic cosmic string
loops is highly desirable as we must also check the usual
assumption that the process is classical. Furthermore, the
classical computation is not well understood, as calcula-
tions based on field theory and the Nambu-Goto approxi-
mation differ, and gravitational backreaction is not taken
into account. Backreaction can be included very naturally
in perturbative string theory.
Finally let us mention that it is very important to find

tests which distinguish fundamental strings from soli-
tonic strings; a major difference is the quantum nature of
F-strings (which for instance leads to a reduced probabi-
lity for the reconnection of intersecting strings [48]; see
also [125] for an alternative approach). Thus it seems that
string theory computations will certainly be required in
order to distinguish fundamental from solitonic strings in
experiments.

G. Classicality of cosmic strings

Let us now say a few words concerning the classicality
of quantum-mechanical string vertex operators. Consider
first mass eigenstates. These are specified by certain
quantum numbers, the relevant one here being the level
number N, and a necessary (but not sufficient) condition
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for classicality is that these take large values. This dates
back to Niels Bohr who used this argument when he
postulated that any quantum-mechanical system should
satisfy the correspondence principle. Typically the quan-
tum numbers of interest in a given quantum system ap-
pear in the combination ðNℏÞ thus showing that the
classical limit ℏ! 0 is related to the large quantum num-
ber limit N ! 1 with the combination Nℏ held fixed. For
example, this can be seen in the energy spectrum of the
hydrogen atom, EN � const=ðNℏÞ2, the harmonic oscilla-
tor, EN � constðNℏÞ, and also the string spectrum [126],

EN � const
ffiffiffiffiffiffiffiffiffiffiffiðNℏÞp

. Vertex operators present in the large
quantum number limit may in some sense therefore be
referred to as being quasiclassical. The extent to which
mass eigenstates can have a classical interpretation is not
well understood. In [127], for example, it was shown that
mass eigenstates are not truly classical in the sense that
they are not expected to have classical expectation values
with small uncertainties, and [59] one does not expect the
spectrum of gravitational radiation to match the classical
computation—whether mass eigenstates can have a clas-
sical interpretation or not is a very important issue and
deserves further attention.

Coherent states on the other hand can (as we show
below) easily be made macroscopic and are expected to
possess classical expectation values with small uncertain-
ties, e.g. hJ��i ¼ J

��
cl , hX�i ¼ X

�
cl , (with J�� the space-

time angular momentum and X� the target space map of
the worldsheet into spacetime). It is likely that coherent
states therefore should be identified with fundamental
cosmic strings. There are subtleties however concerning
the naive classicality requirement hX�i ¼ X

�
cl (with X

�
cl

nontrivially obeying the classical equations of motion,
@ �@X

�
cl ¼ 0) and it turns out [127] that this requirement

(in the closed string case) is not compatible with the
Virasoro constraints (when states are invariant under
spacelike worldsheet rigid translations). Suffice it to say
here that this is a gauge problem and says nothing about the
classicality of the underlying states. We elaborate on this in
detail later where we also propose a solution: an alternative
to the hX�i ¼ X�

cl classicality condition which is compat-

ible with the string symmetries. We will also see that it is
possible for closed string (coherent) states to satisfy
hX�i ¼ X

�
cl in light-cone gauge when the underlying

spacetime manifold is compactified in a lightlike direction,
X� � X� þ 2�R�, with Xþ noncompact, because this
compactification breaks the invariance under spacelike
worldsheet shifts.

H. Vertex operator constructions

Various prescriptions have been given for the construc-
tion of covariant vertex operators, e.g. the construction due
to Del Giudice, Di Vecchia, and Fubini (DDF) [128–131]
(but see also [132]), the path integral construction based on
symmetry [133–135] and factorization [136–138], and

operator constructions [139,140] among others. A power-
ful method which applies in general backgrounds is given
in [141] (although explicit results for high mass states are
seemingly rather difficult to obtain in more general back-
grounds; see also [142,143]). To carry out the map from
classical solutions to covariant vertex operators we shall
make use of the DDF construction. The power of the DDF
construction lies in the following: it generates the entire
physical Fock space, and it can be used to translate light-
cone gauge states into the corresponding covariant vertex
operators, where the standard technology for amplitude
computations [124,144] can be used. This is clearly very
useful indeed given that in the construction of vertex
operators for cosmic strings we would like to know what
the corresponding classical state is, but explicit general
classical solutions are best understood in light-cone (not
covariant) gauge—the DDF construction provides the ap-
propriate bridge between classical light-cone gauge string
solutions and covariant vertex operators.
Using these tools, in the current article we construct a

complete set of covariant vertex operators, i.e. vertices for
arbitrarily massive (closed and open) strings, for both mass
eigenstates and open and closed string coherent states.
We also discuss the corresponding light-cone gauge real-
ization and provide an explicit map from these to general
classical (light-cone gauge) solutions. We restrict our at-
tention to bosonic string theory and it is likely that all
results generalize to the superstring.

I. Outline

Section II is mainly a review and is intended to provide
the link between vertex operators and observable quanti-
ties, by making precise the link between the string path
integral and S-matrix elements. We discuss, in particular,
the normalization of vertex operators that is appropriate
for scattering amplitude computations, in the sense that a
string path integral with such vertex operator insertions can
be directly interpreted as a dimensionless S-matrix ele-
ment. We also discuss tree level S-matrix unitarity and
present some useful light-cone coordinate results that are
used throughout the rest of the article.
In Sec. III we discuss the construction of a complete set

of normal-ordered mass eigenstate vertex operators using
the DDF formalism, which can be used to translate light-
cone gauge states into fully covariant vertex operators. The
Virasoro constraints are solved completely and the result-
ing covariant vertex operators are physical for arbitrary
polarization tensors that correspond to irreducible repre-
sentations of SO(25). In the process we show that all
covariant vertex operators can naturally be written in terms
of elementary Schur polynomials.
In Sec. IV we show that the construction of physical

covariant coherent states becomes clear in the DDF formal-
ism. We construct both open and closed coherent states.
These fundamental string states are macroscopic and have
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a classical interpretation, in the sense that expectation val-
ues are nontrivially consistent with the classical equations
of motion and constraints. We present an explicit map
which relates three classically equivalent descriptions: ar-
bitrary solutions to the equations ofmotion, the correspond-
ing light-cone gauge coherent states, and the corresponding
covariant coherent states.Wegain further evidence support-
ing this equivalence by showing that all spacetime compo-
nents of the angular momenta in all three descriptions are
identical. We suggest that these quantum states should be
identified with fundamental cosmic strings.

The work considered in this article has immediate ap-
plications to cosmic strings but the considerations are more
general and may serve to capture a wide range of phe-
nomena where massive string vertex operators are relevant.

A short summary of the closed string coherent state
section can be found in the companion article [145].

II. STRING S-MATRIX, UNITARITYAND
NORMALIZATION: A BRIEF REVIEW

Before moving on to discuss the general DDF construc-
tion of vertex operators it will be useful to elaborate on the
precise connection of vertex operators to the string
S-matrix, as this will in turn enable us to normalize vertex
operators correctly, i.e. in such a way that the resulting
S-matrix elements are unitary. We will follow the general
approach of [124,133,138,146] although the reasoning
here will be largely independent of these references and
self-contained. We will concentrate on mass eigenstates,
although these results will go through essentially un-
touched in the case of coherent states (Sec. IV) as well.

A. S-matrix ¼ path integral

Our objective is to use a normalization for vertex opera-
tors that is appropriate for scattering amplitude computa-
tions, and so we first discuss the precise relation between
the string path integral and the S-matrix.

The properway of constructing a scattering experiment is
to first construct vertex operator wave packets for the ex-
ternal string states of interest and then normalize each one
of them to ‘‘one string in the universe,’’ in direct analogy to
the corresponding field theory prescription. Rather than use
wave packets, we may also use momentum eigenstates
instead, in which case (due to the uncertainty principle,
the infinite spacetime spread of momentum eigenstates)
we need to truncate the volume of spacetime at, say, Vd�1,
the case of interest for the bosonic string being d ¼ 26 and
for the superstring d ¼ 10. According to standard practice
[147], we hence identify momentum delta functions with
volume elements and energy delta functions with the time,
T, during which the interaction is ‘‘turned on,’’

ð2�Þd�1�d�1ðp0 �pÞ�Vd�1; ð2�Þ�ðE0 �EÞ�T: (1)

By putting the system in a box of size Vd�1, the vertex op-
erator normalization condition is changed from ‘‘one string

in the universe’’ to ‘‘one string in volume Vd�1’’ [148]. Of
course, physical observables (cross sections, decay rates,
etc.) should not depend onVd�1, althoughwe formally think
of taking Vd�1 ! 1 at the end of the computation.
The ‘‘one string in volume Vd�1’’ normalization pre-

scription leads to an S-matrix such that, if an initial state
of a system is denoted by jii, the final state will be a
superposition,

P
fjfihfjSjii. Therefore, jSfij2, with Sfi �

hfjSjii, is interpreted as a transition probability associated
with going from jii to jfi,

Prob ðf  iÞ ¼ jSfij2: (2)

Conservation of probability, equivalently S-matrix unitar-
ity, requires that

SyS ¼ 1:

In particular, in terms of Sfi, unitarity corresponds to the

statementX
n

SynfSni ¼ �fi; or
X
n

SfnS
y
in ¼ �fi; (3)

with �fi a Kronecker delta; working in the Heisenberg

picture, �fi � hfjii. Setting f ¼ i it is seen that unitarity

enforces conservation of probability,
P

fjSfij2 ¼ 1.

To make the connection with the string path integral, it is
conventional and convenient to define a T-matrix which
contains the nontrivial contribution to the S-matrix, S ¼
1þ iT. Taking matrix elements of both sides and extract-
ing the momentum and energy conserving delta functions
leads to

Sfi ¼ �fi þ ið2�Þd�dðPf � PiÞTfi: (4)

In terms of Tfi the unitarity constraint (3) reads

Tfi � Tyif ¼ i
X
n

ð2�Þd�dðPn � PiÞTynfTni; (5)

with Pi or Pf the total momentum associated with the in-

or out-states, respectively. With these conventions, the
S-matrix is given directly by the string path integral,

hfjðS� 1Þjii ¼ X1
h¼0

Z
E�Mh

DgDXe�S½g;X�Vð1Þ � � �VðNÞ

¼ ið2�Þd�dðPf � PiÞTfi; (6)

where we sum over the genus h of Riemann surfaces.
It is to be understood that the integrals are over a single
gauge slice, i.e. over all worldsheet embeddings, E, into
spacetime and over all worldsheet metrics (or moduli
space Mh), such that no two configurations in the inte-
gration domain are related by a symmetry. Appropriate
integrations over worldsheet insertions are also impli-
citly included, as are the corresponding Fadeev-Popov
determinants.
To interpret the sum over final states in (3) or (5), note

that the number of ‘‘one string in volume Vd�1’’ states in a
momentum space volume element, dd�1p, is
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Vd�1
dd�1p
ð2�Þd�1 ; (7)

because this is the number of sets fn1; n2; . . . ; nd�1g (with
nj 2 Z) for which the momentum,

p ¼ 2�

L
ðn1; n2; . . . ; nd�1Þ; with Vd�1 � Ld�1;

lies in the momentum space volume dd�1p around p.
If there are additional discrete/continuous quantum num-
bers that label the states under consideration, we would
have to sum/integrate over these. For example, in the case
of coherent states, as we shall see, we would have to
include a (dimensionless) integral over polarization tensors
[149]. In particular, there will in general be a number of
kinematically allowed channels and so we should also
include a sum over a complete set of states—we use the
compact notation,

RP
, to denote a sum over states and the

associated quantum numbers, so that the sum over one-
particle states in the final state will be denoted byX

f

¼
ZX

Vd�1
Z dd�1p
ð2�Þd�1 : (8)

Both sides of this equation are dimensionless. In relativis-
tic scattering experiments there is also the possibility that
the number of strings in the initial and final states is
different. Thus, we require the corresponding phase space
of multiparticle free states, which will be a sum over
products of the single string phase space,

X
f

¼ X1
Nf¼0

YNf

a¼1

�ZX
a
Vd�1

Z dd�1pa

ð2�Þd�1
�
; (9)

with a labeling the string whose phase space we are sum-
ming/integrating over, and d is the dimensionality of
spacetime in which the strings are allowed to propagate
in (d � 26 or 10 for the bosonic or superstring theory). The
phase space sums (8) or (9) are not Lorentz invariant, but of
course Lorentz invariance will be restored in physically
observable quantities. This is the price of wanting to con-
struct dimensionless S-matrix elements, Sfi, that can be

directly interpreted as probabilities.

B. Vertex operator normalization

The normalization of the path integral (or S-matrix) and
the normalization of vertex operators is completely deter-
mined in terms of the normalization of a single vertex
operator by the unitarity constraint (5) and the identifica-
tion (6). The normalization of this single vertex operator
can in turn be fixed by the ‘‘one string in the universe’’
normalization condition, by making contact with the cor-
responding field theory, and we describe this next.

A useful quantity to consider in bosonic string theory is
the tachyon vertex operator, because it is the basic building
block of higher mass vertex operators. Working in the flat
Minkowski background,

G��ðXÞ ¼ ���; B��ðXÞ ¼ 0; and �ðXÞ ¼ h�i;
with h�i a constant, the tachyon vertex operator reads

Vðz; �zÞ ¼N eip�Xðz;�zÞ: (10)

We shall eventually relate the normalization of the tachyon
to the normalization of all other vertex operators.
To compute the normalization constant N , we notice

that V satisfies the equation of motion,�
r2 þ 4

�0

�
V ¼ 0;

with the derivative taken with respect to the zero mode x�.
The low-energy field theory corresponding to the tachyon
will therefore be that of a scalar field with mass m2 ¼
�4=�0 [141],

S½V� ¼ � 1

ð�0Þððd�2Þ=ð2ÞÞ

�
Z

ddxe�2h�i
�
1

2
ðrVÞ2 þ 1

2
m2V2 þ � � �

�
; (11)

where we have taken into account the fact that the dilaton
(even if it is constant in this case) couples universally as
shown [141], and we ignore all interaction terms because
we are interested in the case when the string under consid-
eration is asymptotically free and on shell, as required by
conformal invariance [133]. We have found it convenient
to include an appropriate power of �0 (with ½�0� ¼ L2)
such that V is dimensionless, ½V� ¼ 1. (This will ensure
that the S-matrix is dimensionless independently of the
number of vertex operators.) Furthermore, an overall di-
mensionless constant in S½V� is immaterial because it can
be absorbed into a shift in h�i.
As discussed above, the overall normalization of the

S-matrix and of all vertex operators other than, say, the
tachyon are fixed by unitarity. Unitarity will thus relate
the normalization of all vertex operators to that of the
tachyon. It is convenient to define

gc � eh�ið�0Þððd�2Þ=ð4ÞÞ; and gs � eh�i: (12)

Now, the ‘‘one string in Vd�1’’ constraint can be solved
by requiring that the total energy,H, in volume Vd�1 is that
of a single string, p0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
p

(withm2 ¼ �4=�0). We
plug the plane wave solution, VðxÞ¼N eip�xþN 	e�ip�x,
into theHamiltonian associatedwith (11), which is given by

HðtÞ¼R
Vd�1 d

d�1x½ð@0VÞ @L
@ð@0VÞ�L� (with S½V�¼R

dtL),

and make the link with the string theory vertex operator
by identifying N here with the N in (10). It follows that
HðtÞ ¼ jN j22ðp0Þ2Vd�1g�2c , implying that there will be
one string in volume Vd�1 if

HðtÞ
p0
¼ 1; or; equivalently; N ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2p0Vd�1
p : (13)
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That is, the ‘‘one string in volume Vd�1’’-normalized
tachyon vertex operator is

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p0Vd�1

p eip�Xðz;�zÞ; (14)

with E ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
(andm2 ¼ �4=�0). Although we will

not prove this here, it is not too hard to show that this is
precisely the normalization required by: (a) Lorentz invari-
ance of the unitarity constraint of the S-matrix; (b) Lorentz
invariance of the scattering cross section; and (c) the re-
quirement that S-matrix elements, Sfi, be dimensionless, so

as to interpret jSfij2 as a probability, as in (2).
Notice now that the normalization of the tachyon vertex

is such that the most singular term in the operator product
expansion is

Vðz; �zÞ � Vð0; 0Þ ffi
�

g2c
2EVd�1

�
1

jzj4 þ � � � : (15)

This suggests that we may be able to normalize arbitrarily
massive bosonic string vertex operators by requiring that
(15) is satisfied. This is indeed the case, and it can be
shown (although we shall not do so here) that this state-
ment is compatible with unitarity (5). Notice that the
normalization condition (15) ensures that vertex operators
are dimensionless.

C. S-matrix unitarity and factorization

It is often more convenient to work with vertex operators
normalized according to [150]

Vðz; �zÞ � Vð0; 0Þ ffi g2c
jzj4 þ � � � ; (16)

instead of (15). Starting from the original normalization
(15), we extract the factors of 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EVd�1
p

out of every
vertex operator and, for N asymptotic states in total, define
Mð1; . . . ; NÞ according to

Tfi � Tð1; . . . ; NÞ � Mð1; . . . ; NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E1Vd�1
p � � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ENVd�1
p ; (17)

with Tfi defined in (4). When vertex operators are normal-

ized according to (16), the path integral yields instead

ið2�Þd�dðPf � PiÞMð1; . . . ; NÞ

¼ X1
h¼0

Z
E�Mh

DgDXe�S½g;X�Vð1Þ � � �VðNÞ; (18)

and so according to (6) and (17) we need to divide (18) by
the factors

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E1Vd�1
p � � � to get an S-matrix element [151],

Sfi ¼ �fi þ ið2�Þd�dðPf � PiÞ

� Mð1; . . . ; NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E1Vd�1
p � � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ENVd�1
p : (19)

In terms of Mð1; . . . ; NÞ, the unitarity constraint (5) in the
case where the intermediate strings in the sum over states
are single string states then reads

Mð1; . . . ; NÞ �M	ð1; . . . ; NÞ ¼ i
ZX

a

Z dd�1pa

ð2�Þd�1
1

2Ea

ð2�Þd�dðpa � PiÞMð1; . . . ; aÞM	ð�a; . . . ; NÞ; (20)

with the sum/integral being over a complete set of states,
written symbolically as a, and their associated quantum
numbers. There is an obvious generalization for multistring
intermediate states. (Because of worldsheet duality it is
also necessary to sum over both [say] s- and t-channel
contributions in the case of N ¼ 4, and their natural gen-
eralizations for N > 4.) It is thus clear that the volume

factors have canceled out and the factors of
ffiffiffiffiffiffiffiffi
2Ei

p
have

combined to make the unitarity constraint (20) Lorentz

invariant. Thus, the factors
ffiffiffiffiffiffiffiffi
2Ei

p
in the vertex operator

normalizations are required for Lorentz invariance when
the corresponding quantities Mð1; . . . ; NÞ are Lorentz in-
variant, which is indeed the case in string theory; recall that
dd�1p
ð2�Þd�1

1
2Ep

is the Lorentz invariant phase space, with Ep ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
. Using

R ddp
ð2�Þd ð2�Þ�ðp2 þm2Þ�ðp0Þ ¼ dd�1p

ð2�Þd�1
1
2E

and 2�i�ðxÞ ¼ 1
x�i0� 1

xþi0 , it is an elementary exercise to

show that tree level unitarity (20) is guaranteed if the
following factorization formula holds true:

iMð1; . . . ; NÞ ¼
ZX

a
iMð1; . . . ; aÞ � �i�ðk0aÞ

k2a þm2
a � i0

� iM	ð�a; . . . ; NÞ; (21)

and

M ð1; . . . ; aÞM	ð�a; . . . ; NÞ
¼ ½Mð1; . . . ; aÞM	ð�a; . . . ; NÞ�	: (22)

This last condition is true for N ¼ 4, given that
Mð1; 2; aÞM	ð�a; 3; 4Þ is indeed real for string ampli-
tudes, but is not in general true for N > 4. Notice that

�i�ðk0Þ
k2 þm2 � i0

is the propagator (in the (�þþ . . . ) signature) for a scalar
particle of mass m2 with the correct analytic continuation
for a Minkowski process. Given the normalization of
the tachyon, the formula (21) can be used to derive the
normalization of the tree level S-matrix and of all
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other vertex operators. (Some examples can be
found in Polchinski [124], where ið2�Þ26�26ðPf � PiÞ
Mð1; . . . ; NÞhere ¼ Sð1; . . . ; NÞthere and gherec ¼ gtherec

when the dilaton expectation value in (12) has been shifted
appropriately.)

D. Light-cone coordinates

It is sometimes more convenient (especially in the case
of coherent states) to use light-cone coordinates, fp�; pig
with i ¼ 1; . . . ; d� 2 and p� ¼ 1ffiffi

2
p ðp0 � pd�1Þ. In light-

cone coordinates, (1) is replaced by

ð2�Þ�ðp�0 � p�Þ � V�;

ð2�Þd�2�d�2ðp0 � pÞ � Vd�2:
(23)

The momentum phase space analogous to (7) is

V d�1
dd�2p
ð2�Þd�1

dpþ

2�
; with V d�1 � Vd�2V�: (24)

For the sum over single string states (8) we thus have

X
f

¼
ZX

V d�1
Z
Rd�2

dd�2p
ð2�Þd�1

Z 1
0

dpþ

2�
; (25)

and similarly for the multistring case (9). We next need the
statements analogous to (14) and more generally (15) in the
case of light-cone gauge coordinates.

In direct analogy with the procedure described in the
paragraph containing (14), we compute the light-cone co-
ordinateHamiltonian associatedwith the action (11), which

is given by HðxþÞ¼R
dd�2xdx�½ð@þVÞ @L

@ð@þVÞ�L� (with
S½V� ¼ R

dxþL), and enforce the ‘‘one string in volume

V d�1’’ constraint by truncating the region of integration in
HðxþÞ to V d�1 and requiring that HðxþÞ=p� ¼ 1. Here
p� ¼ 1

2pþ ðp2 þm2Þ, is the tachyon on-shell condition

which yields the light-cone energy associated with a single
tachyon (here m2 ¼ �4=�0). Plugging the plane wave so-
lution, VðxÞ¼N eip�xþN 	e�ip�x, into the Hamiltonian
HðxþÞ and requiring that there is one string in volume
V d�1, i.e. HðxþÞ=p� ¼ 1, thus determinesN ,

N ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q : (26)

We make the link with the string theory vertex operator by
identifying this N with that found in (10), so that the

‘‘one string in volume V d�1’’-normalized tachyon vertex
operator in light-cone coordinates is

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q eip�Xðz;�zÞ: (27)

This normalization is such that themost singular term in the
operator product expansion is

Vðz; �zÞ � Vð0; 0Þ ffi
�

g2c

2pþV d�1

�
1

jzj4 þ � � � ; (28)

and, in direct analogy to the above, this normalization can
be used for arbitrarily massive bosonic vertex operators
[152].
Again, as discussed above [see (16)], it is sometimes

more convenient to work with vertex operators normalized
according to

Vðz; �zÞ � Vð0; 0Þ ffi g2c
jzj4 þ � � � ; (29)

instead of (28). From (28), this implies that we should extract

the factors of 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q
out of every vertex operator

and, as in (17), for N asymptotic states in total define

Tfi � Tð1; . . . ; NÞ � Mð1; . . . ; NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ1 V d�1

q
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþNV d�1

q : (30)

As in (18), when vertex operators are normalized according
to (29), the path integral yields

ið2�Þd�dðPf � PiÞMð1; . . . ; NÞ

¼ X1
h¼0

Z
E�Mh

DgDXe�S½g;X�Vð1Þ � � �VðNÞ; (31)

but now we need to divide (18) by the factorsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ1 V d�1

q
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþNV d�1

q
to get an S-matrix element

and, in particular,

Sfi ¼ �fi þ ið2�Þd�dðPf � PiÞ

� Mð1; . . . ; NÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþ1 V d�1

q
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþNV d�1

q : (32)

The unitarity statement analogous to (20) in light-cone
coordinates can be derived directly from (20) since (20) is
Lorentz invariant, or it can be derived from (5) and (30).
It reads

Mð1; . . . ; NÞ �M	ð1; . . . ; NÞ ¼ i
ZX

a

Z
Rd�2

dd�2pa

ð2�Þd�1
Z 1
0

dpþ

2�

1

2pþa
ð2�Þd�dðpa � PiÞMð1; . . . ; aÞM	ð�a; . . . ; NÞ; (33)

DIMITRI SKLIROS AND MARK HINDMARSH PHYSICAL REVIEW D 84, 126001 (2011)

126001-8



and the result is (as above) independent of the volume
V d�1. To see this let us consider the relativistic phase
space integral,

R
ddk
ð2�Þd ð2�Þ�ðk2 þm2Þ�ðk0Þ (which as men-

tioned above is equivalent to
R

dd�1k
ð2�Þd�1

1
2Ek

) with [153]m2 ¼
2N � 2. In light-cone coordinates (where dk� ^ dkþ ¼
dk0 ^ dkd�1), let us redefine the integration variable
(with i ¼ 1; . . . ; 24),

k� ¼ p� þ N

pþ
; kþ ¼ pþ; ki ¼ pi: (34)

This removes the N-dependence from the � function,
�ðk2þ2N�2Þ¼�ðp2�2Þ and dk�^dkþ¼dp�^dpþ.
Ignoring the tachyon, so that �ðk0Þ ¼ �ðpþÞ, the Lorentz
invariant phase space now reads

Z ddk

ð2�Þd ð2�Þ�ðk
2 þ 2N � 2Þ�ðk0Þ

¼
Z ddp

ð2�Þd ð2�Þ�ðp
2 � 2Þ�ðpþÞ

¼
Z
Rd�2

dd�2p
ð2�Þd�2

Z 1
0

dpþ

2�

1

2pþ
; (35)

where we have integrated out p�, so that p�¼ 1
2pþ ðp2�2Þ,

the tachyon on-shell condition. Therefore,

Z
Rd�1

dd�1k
ð2�Þd�1

1

2Ek

¼
Z
Rd�2

dd�2p
ð2�Þd�2

Z 1
0

dpþ

2�

1

2pþ
;

where it is understood that the integrands are taken
on shell; the aforementioned unitarity statement (33) is
proven.

E. Tree level operator statements

It is sometimes desirable to compute expectation values
of various operators, such as the angular momentum J��,

hJ��i � hVjJ��jVi � J
��
cl ; (36)

as this enables one to associate classically computed quan-
tities, such as J

��
cl that is in one-to-one correspondence

with solutions of @z@�zX
� ¼ 0, to quantum-mechanical

vertex operators that exhibit these classical characteristics
(in the expectation value sense). It is convenient to work
in the operator formalism here [154] and absorb the �0

and eh�i dependence of Vðz; �zÞ into j0; 0;pi; recall that
gc ¼ eh�i�0ððd�2Þ=ð4ÞÞ and, in particular,

j0; 0;pi ’ gce
ip�Xðz;�zÞ: (37)

At tree level, the factors of eh�i [in gc in each of the two
vertex operators in e.g. hVjJ��jVi and the Euler character-
istic e�	ð�Þh�i ¼ e�2h�i] cancel. If we then normalize the
state and expectation values in a relativistically invariant
manner,

jVi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EpVd�1

p j0; 0;pi;

h0; 0;p0j0; 0;pi ¼ 2Epð2�Þd�1�d�1ðp0 � pÞ;
(38)

then, according to (1), such states have unit norm,

hVjVi ¼ 1:

The dimensionality of gc is precisely that required to make
the relativistic normalization shown possible. In light-cone
coordinates we have similarly the following relativistic
normalization:

jVi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q j0; 0;pi;

h0; 0;p0j0; 0;pi ¼ 2pþð2�Þ�ðpþ0 � pþÞ
� ð2�Þd�2�d�2ðp0 � pÞ: (39)

As we shall elaborate on extensively in the following
section, higher mass (mass eigen-) states with unit norm
can be constructed by acting on the tachyon vertex with
DDF operators [128,129], Ai

n and �Ai
n, which satisfy

½Ai
n; A

j
m� ¼ n�ij�nþm;0,

jVi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EpVd�1

p C
i...;j...A
i�n � � � �Aj

� �n � � � j0; 0;pi:

The combinatorial constant C, defined in (48), is chosen
such that

hVjVi ¼ 1

remains true for arbitrarily massive states. There is a
similar result in light-cone coordinates with 2pþV d�1
replacing 2EVd�1, with the corresponding normalization
of the tachyonic light-cone vacuum implied as shown in
(39). Furthermore, the corresponding light-cone gauge
quantities can be obtained by replacing Ai

n and �Ai
n by �i

n

and ~�i
n, respectively. Similarly, we will see that the closed

string covariant coherent states are of the form

jVi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� ��

Z 2�

0
}s exp

�X1
n¼1

1

n
eins�n � A�n

�

� exp

�X1
m¼1

1

m
e�ims ��m � �A�m

�
j0; 0;pi; (40)

[see (139)] which again has unit norm,

hVjVi ¼ 1;

as do the mass eigenstates. Notice that, as mentioned
above, for coherent states light-cone coordinates are
more convenient.
Similar results hold for open strings, with go and j0;pi

replacing gc and j0; 0;pi, both vacua being normalized
in the same manner, as in (38) or (39) depending on the
choice of coordinates. In addition, in the case of open
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strings left- and right-movers are related and hence one can
construct states using only, say, the holomorphic quantities
Ai
n or �

i
n. The closed and open string couplings, gc and go,

are related by unitarity [124], e.g. by factorizing the annu-

lus diagram on a closed string pole; in d ¼ 26, g2o ¼
218�25=2�06gc, and in our conventions [see (12)] where

gc ¼ eh�i�06,

go ¼ 8�ð1=4Þð2��0Þ6eh�i=2: (41)

Note that the dimensionality of both gc and go is the same.
Below we will consider both open and closed string vertex
operators in detail.

III. ARBITRARILY MASSIVE
VERTEX OPERATORS

Before we can hope to understand the covariant vertex
operator description of cosmic strings we must first under-
stand how to construct arbitrarily massive covariant vertex
operators, and this is the question we address in the present
section. We base our exposition on the general (yet prac-
tical) approach of Del Giudice, Di Vecchia, and Fubini
[128,129] (see also [130–132,155]), although we will
adopt a somewhat more modern viewpoint.

The geometrical string picture underlying the DDF ver-
tex operator construction is as follows. Arbitrary vertex
operators can be extracted from a certain factorization of
an n-point scattering amplitude. The setup we have in mind
is the following: a string in its vacuum state absorbs some
number of massless excitations, resulting in an excited
state—the resulting excited vertex operator is what we
wish to extract. The first nontrivial statement is that a
complete set of vertex operators can be obtained from the
factorization of a diagram with an arbitrary number of
massless open string vertex operator insertions and a vac-
uum insertion. When the vertex operator we wish to extract
is an open string state the appropriate factorization is
shown in Fig. 1.

It turns out that (as we shall show) a complete set of
states can be obtained if the ith massless photon vertex
operator has momentum k�ðiÞ ¼�niq� and polarization ten-

sor 
j
ðiÞ with q2 ¼ 0 and ni a positive integer. All photons

therefore approach the vacuum string state from the same
angle of incidence with momenta that are only allowed to
differ by some integer multiple of a so-far arbitrary null
vector q�. Conformal invariance enforces the vector q� to

be transverse to all photon polarization tensors, 
j
ðiÞ, and

this leads to spacetime gauge invariance [155]. The vac-
uum vertex operator, eip�X, which absorbs these photons
has momentum p� and is tachyonic in the bosonic string,
p2 ¼ 1=�0.
Let us now become more explicit. This procedure is to

be thought of in a stepwise sense: first consider a single
photon absorbed by an open string vacuum state. Vertices
produced in this process are then given by the residue of the
operator product expansion (OPE) as these two initial
states approach on the boundary of the worldsheet,

Vð1ÞexcitedðwÞ ffi
I
w
}z1V

ð1Þ
masslessðz1Þ � Vground stateðwÞ:

The resulting state, Vð1ÞexcitedðwÞ, has momentum ðp� n1qÞ�
with n1 a positive integer of our choice. V

ð1Þ
excitedðwÞ is then

brought close to an additional photon, Vð2ÞmasslessðzÞ, the

residue of this OPE now giving rise to a new state,

Vð2ÞexcitedðwÞ ffi
I
w
}z2V

ð2Þ
masslessðz2Þ � Vð1ÞexcitedðwÞ;

with momentum ðp� n1q� n2qÞ� and so on. Carrying
this out r times gives rise to a general vertex operator,

VðrÞexcitedðwÞ ffi
I
w
}zrV

ðrÞ
masslessðzrÞ � � �

I
w
}z2V

ð2Þ
masslessðz2Þ

�
I
w
}z1V

ð1Þ
masslessðz1Þ � Vground stateðwÞ;

where it is to be understood that the right-most integrals
are carried out first so as to respect the order with which the
photons are absorbed by the vacuum. To ensure that the
internal strings (see Fig. 1) are on shell we must require
that ðp� NqÞ2 ¼ ð1� NÞ=�0 for N ¼ P

ini, which will
be satisfied provided

p � q ¼ 1=ð2�0Þ:
The choice of integers fn1; n2; . . . ; nrg determines the
mass level N of the vertex operator of the final state and

FIG. 1. The DDF construction of a complete set of open string physical covariant vertex operators.
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ðp� NqÞ� is the corresponding momentum of this excited

state. Defining Ai
n ¼

ffiffiffiffi
2
�0

q H
}z@zX

iðzÞeinq�XðzÞ, the above

state can be equivalently written as

VðrÞexcitedðwÞ ffi
goffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþV d�1
q C
i...jA

i�n1 � � �Aj�nr � eip�XðwÞ;

(42)

with C a to-be-determined normalization constant and

formally write 
ij... ¼ 
i
ð1Þ


j
ð2Þ � � � . We have included the

factor of goffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1
p that we computed (by the ‘‘one string in

volume V d�1’’ condition) in Sec. II that ensures that
S-matrix elements transform correctly under Lorentz trans-
formations. Recall from above [see (41)] that we denote the
open string coupling by go.

The Ai
n are the so-called DDF operators [128,129]. After

carrying out the contour integrals the resulting vertex

operator, VðwÞ � VðrÞexcitedðwÞ, will be composed of a linear

superposition of normal-ordered terms of the form

���...@#X@#X � � � with an overall factor of eiðp�NqÞ�XðzÞ
(we shall compute these explicitly). The polarization ten-
sors ���... will be composed of the quantities 
ij..., p�, and
q�. There is clearly a one-to-one correspondence between
vertex operators VðwÞ and light-cone gauge states,

jVilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C0
i...j�
i�n1 � � ��j�nr j0;pþ; pii;

with C0 an a priori different normalization constant to C. It
is determined by the condition hVjVilc ¼ 1 and, writing
j0;pi ¼ j0;pþ; pii,
h0;p0j0;pi¼2pþð2�Þ�ðpþ0�pþÞð2�Þd�2�d�2ðp0 �pÞ:
Therefore, we reach the important conclusion that cova-
riant vertex operators extracted via factorization of a scat-
tering amplitude with photons and a ground-state tachyon
form a complete set. A rather nontrivial statement is that
VðwÞ has the same mass and angular momenta as jVilc (we
prove this later for arbitrary coherent states), and we take
this correspondence further and conjecture that VðwÞ and
jVilc also share identical interactions.

Note that the above construction is covariant [132],

although not manifestly so: even though the 
j
ðiÞ do not

contain any timelike directions (as is also the case for the
light-cone gauge states) the resulting polarization tensors
���... potentially have all components nonvanishing,
thus restoring manifest covariance—we shall prove this
with some examples below. We have not enforced any
constraint, e.g. Xþ / 
, on the target space coordinates
in the vertex operator VðwÞ, and so the path integral
with vertex insertions VðwÞ includes a measureR
E DX0 � � �DX25eði=ℏÞS½X�. Making covariance manifest is

of course not required in order to plug such vertices into
covariant path integrals. The correspondence with the

light-cone gauge states suggests also the following: the
quantity 
ij... that appears in the covariant vertex operators
are to be identified with tensors corresponding to irreduc-
ible representations of SO(25), the little group of SO(25,1)
for massive states, that is, 
ij... have the symmetries of
Young tableaux [156].
A good consistency check is the following. Given that

the DDF operators are integrals of photon vertex operators,
i.e. integrals of (1,0) conformal primary operators, they
must be gauge invariant, ½Ln; A

i
m� ¼ 0. Therefore, VðwÞ

must satisfy the Virasoro constraints: the operator Ln>0

will commute through to hit the vacuum, eip�X, which will
be annihilated if it is physical, i.e. if p2 ¼ 1=�0. The L0

operator similarly commutes through to hit the vacuum and
given that L0 � eip�X ffi eip�X, the full vertex operator VðwÞ
satisfies the Virasoro constraints automatically,

L0 � VðwÞ ffi VðwÞ; and Ln>0 � VðwÞ ffi 0:

In direct analogy to the light-cone gauge states, the vertices
VðwÞ are transverse to null states [130] as onewould expect
given the underlying geometrical string picture on which
the construction is based.
For the construction of closed string vertex operators it

turns out that the naive expression, namely,

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...;kl...

� Ai�n1A
j�n2 � � � �Ak� �n1

�Al� �n2
� � � eip�Xðz;�zÞ; (43)

with the DDF operators Ai
n and �Ai

n defined in (50), is also
the correct expression. The light-cone gauge realization of
this state is the expression [130,131]

jVilc ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...;kl...

� �i�n1�
j�n2 � � � ~�k� �n1

~�l� �n2
� � � j0; 0;pþ; pii:

(44)

We as usual need to introduce the constraint N ¼ �N by
hand [157]. The closed string constraints analogous to the
open string case are p2 ¼ 4=�0, p � q ¼ 2=�0, q2 ¼ 0, and
q � 
 ¼ 0. The DDF operators commute with the Virasoro
generators and so (43) again satisfies the Virasoro con-
straints. The normalization of the vacuum is again

h0; 0;p0j0; 0;pi ¼ 2pþð2�Þ�ðpþ0 � pþÞ
� ð2�Þd�2�d�2ðp0 � pÞ; (45)

and determines C by the condition hVjVilc ¼ 1; see Sec. II.
Caution however is needed in interpreting this ex-

pression as a vertex arising in a scattering experiment of
massless states and a vacuum (as we did above for the open
string). If, for example, the vacuum and the corresponding
massless states in a string scattering experiment are all bulk
vertex operators then a complete set of states would not be
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generated: e.g., vertices with an asymmetry corresponding

to the light-cone gauge states �i�1�
j
�1 ~�

k�2jpi; pþ; 0; 0i
could not be generated in a closed string scattering experi-
ment of massless vertices and a tachyon. It is likely that
vertex operators (43) can instead be created in an open
string scattering experiment: factorization of a (one-loop
open string) scattering amplitude involving photons and a
closed string tachyon should give rise to an arbitrary closed
string vertex operator of the form (43). It might be worth
mentioning that a closed string scattering experiment
in a lightlike compactified spacetime, X� � X� þ 2�R�

with R� ¼ �0
2 q
�, of massless vertex operators (with light-

like winding) and a tachyon (without lightlike winding)
would generate a complete set of vertex operators of the
form (43), without the need of introducing open string
interactions.

Crucially, the above prescription for extracting vertex
operators results in explicit polarization tensors for
which there are no additional constraints to be solved,
which is a common serious drawback of many other
approaches to vertex operator constructions; see e.g.
[133,134,140,144,158–160] among others.

A. Momentum phase space

We now examine a subtlety related to the fact that
the operators Ai

n depend on the momenta q�. The question
we want to address here is: when we compute expectation
values, can different vertex operators be labeled by differ-
ent null vectors q�? DDF operators satisfy an oscillator

algebra, ½Ai
n; A

j
m� ¼ n�ij�nþm;0, which is identical to the

algebra associated with the �i
n operators, ½�i

n; �
j
m� ¼

n�ij�nþm;0. In general, one might expect however that

different vertex operators should be constructed out of
DDF operators which in turn are defined with different
q�—different choices of q� for different vertices corre-
sponds to different choices of momentum, k� ¼
p� � Nq�. It would then seem that the relevant commu-

tator is ½A0in ; Aj
m� rather than ½A0in ; Aj

m� with A0in a DDF
operator constructed out of q0. To examine this possi-
bility, let us analyze the constraints and momentum phase
space.

Consider the case of open strings with both ends at-
tached to a single Dp-brane, and take p ¼ 25. In this case,
we can write down results that hold for both open strings
and closed strings when the choice �0 ¼ 1=2 and �0 ¼ 2
is made, respectively. As discussed above, in the DDF
formalism, the momentum of a level N mass eigenstate is

k� ¼ p� � Nq�:

Two 26-dimensional vectors p�, q� are therefore needed
to specify the momentum of the state, but there are only
three constraint equations: p2 ¼ 2, p � q ¼ 1, and q2 ¼ 0,
so that there remain, 2� 26� 3 ¼ 49 free parameters.
Given that k� has only 26 parameters, one of them being

eliminated by making use of the mass-shell condition, it
follows that only 25 of the 49 free parameters are needed in
order to completely specify the momentum of a state.
Therefore, we can fix 49� 25 ¼ 24 of the 2� 26 parame-
ters in p�, q� while still spanning the full the phase space.
Use this freedom to set

qi ¼ 0; for i ¼ 1; . . . ; 24;

for all states constructed by DDF operators. Substituting
this into the constraint equations (62) leads to the positive
energy solution [161],

p� ¼
�
c

2
ðp2 � 2Þ þ 1

2c
;p;� c

2
ðp2 � 2Þ þ 1

2c

�
;

q� ¼ ð�c; 0; . . . ; 0; cÞ:
(46)

As required, this choice satisfies �ðp� NqÞ2 � m2 ¼
2N � 2 for any pi, c. In terms of pþ we have c ¼
1=ð ffiffiffi

2
p

pþÞ and k� ¼ 1
2pþ ðp2 þ 2N � 2Þ. The positive en-

ergy condition requires c > 0 (for nontachyonic states,
N 
 1) and the full phase space (neglecting the tachyon) is

�1 � p � 1 and pþ > 0;

with pþ ¼ �1=q� [162]. We reach the important con-
clusion that different vertex operators may indeed be
labeled by different q� when their momenta differ, but
that all vertices may be taken to have qi ¼ qþ ¼ 0
while spanning the full phase space. For instance, when
we compute the inner product of two covariant vertex
operators of the form (42), we may take one vertex to be
constructed out of DDF operators with q0� � 0, q0i ¼
q0þ ¼ 0, and a vacuum with momentum p0� and the
other to be constructed from DDF operators with
q� � 0, qi ¼ qþ ¼ 0, and a vacuum with momentum
p�. The important point is now that

q � q0 ¼ 0;

and it is due to this fact that ½A0in ; Aj
m� ¼ n�ij�nþm;0, with

A0in and Ai
n the DDF operators constructed out of q0 and q

respectively. Therefore, different vertex operators can be
constructed out of different q� provided q � q0 ¼ 0, which
in the coordinate system shown above is equivalent to
saying that different vertex operators can be labeled by
fp; pþg, which can be taken to be independent for every
vertex operator, as required.
In the next two sections we summarize what we have

learned and fill in the details on some of the finer points.
We first discuss the closed string and then the modifica-
tions required for the open string.

B. Closed string mass eigenstates

As discussed above, the DDF formalism provides a
dictionary which relates every light-cone gauge state to
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the corresponding covariant gauge vertex operator. Writing
N ¼ P

jnj and �N ¼ P
j �nj with N ¼ �N, a general light-

cone gauge mass eigenstate is of the form

jVilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...;kl...

� �i�n1�
j�n2 � � � ~�k� �n1

~�l� �n2
� � � j0; 0;pþ; pii;

(47)

with j0; 0;pþ; pii an eigenstate of pþ, pi and annihilated
by the (dimensionless) lowering operators �i

n>0, ~�i
n>0,

normalized according to (39). If the polarization tensor

ij...;kl... is normalized to unity,


ij...;kl...

ij...;kl... ¼ 1;

then the combinatorial normalization constant, C, contains
[124] a factor of 1ffiffi

n
p for every �i�n that appears and factors

of 1ffiffiffiffiffiffiffi
�n;i!
p , with �n;i the multiplicity of �i

n in the above

product. Similar factors are required for the antiholomor-
phic sector; in total [163],

C � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
r
nr
Q
n;i
�n;i!

r � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
s
�ns
Q
�n;i
�� �n;i!

r : (48)

To every light-cone gauge state (47) there corresponds
[132] the correctly normalized covariant vertex operator
of momentum k,

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...;kl...

� Ai�n1A
j�n2 � � � �Ak� �n1

�Al� �n2
� � � eip�Xðz; �zÞ; (49)

with the (dimensionless) DDF operators, Ai
n, �Ai

n,
defined by

Ai
n �

ffiffiffiffiffi
2

�0

s I
}z@zX

iðzÞeinq�XðzÞ;

�Ai
n �

ffiffiffiffiffi
2

�0

s I
} �z@�zX

ið�zÞeinq�Xð �zÞ:
(50)

The indices i are understood to be transverse to q�. In
accordance with the above considerations the null space-
time vector q� and the (tachyonic) vacuum momentum p�

are such that

p2 ¼ 4

�0
; p � q ¼ 2

�0
; and q2 ¼ 0: (51)

The quantity k� � p� � Nq�, as discussed above, is iden-
tified with the momentum of the vertex operator (49): from
the definitions of p and q we can confirm that the mass-
shell condition is automatically satisfied if N is identified
with the level number, N ¼ P

ini,

k� ¼ p� � Nq�; and k2 ¼ 4

�0
ð1� NÞ: (52)

As an example, it is also useful to note that one can
always Lorentz boost to a frame where (for simplicity here
�0 ¼ 2)

p ¼ ðc� 1=ð2cÞ; 0; . . . ; 0; cþ 1=ð2cÞÞ;
q ¼ ðc; 0; . . . ; 0; cÞ; (53)

given that these satisfy p2 ¼ 2, p � q ¼ 1, and q2 ¼ 0 as
required for any c; see Sec. III. As an example, let us boost

to the rest frame, where the ki ¼ 0 and k0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N � 2
p

. p

and q are determined completely, with c�1 ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2N � 2
p

.
The vertex (49) is not yet normal ordered and can be

brought into a manifestly normal-ordered form by bringing
the operators in the integrands close to the vacuum, sum-
ming over all Wick contractions using the standard sphere
two-point function for scalars,

hX�ðz; �zÞX�ðw; �wÞi ¼ ��0

2
��� lnjz� wj2; (54)

and evaluating the resulting contour integrals so as to
extract the residues which correspond to the physical
states. The contour integrals in (49) are to contain the
ground-state vacuum. We are to bring the right-most op-
erators close to the vacuum first so as to respect the order
with which these hit the vacuum. When the right-most
DDF operator is brought close to the vacuum we evaluate
the associated contour integral (with all other insertions
placed outside the contour). We then bring the next DDF
operator close to the resulting object, evaluate the operator
products and the associated contour integral and so on; see
Fig. 1. The procedure is analogous to the usual procedure
of extracting vertex operators from Fock space states [160].
Using the operator product interpretation of the commu-

tators (see Appendix A) it is seen that the DDF operators
satisfy an oscillator algebra and annihilate the vacuum
when n > 0 in direct analogy with the corresponding os-
cillators �n and ~�n,

½Ai
n; A

j
m� ffi n�ij�nþm;0; and Ai

n>0 � eip�Xðz;�zÞ ffi 0:

(55)

In addition, they commute with the Virasoro generators
[164], Lm � An ffi �Lm � �An ffi �Lm � An ffi Lm � �An ffi 0, for
all m, n 2 Z and the (tachyonic) vacuum on which the
DDF operators act has conformal dimension (1,1) and is

therefore an L0, �L0 eigenstate, L0 � eip�Xðz;�zÞ ffi �L0 �
eip�Xðz;�zÞ ffi eip�Xðz;�zÞ. It follows that Vðz; �zÞ is a physical
vertex operator given that ðL0 � 1Þ � Vðz; �zÞ ffi 0, Lm>0 �
Vðz; �zÞ ffi 0, and ð �L0�1Þ �Vðz; �zÞffi0, �Lm>0 � Vðz; �zÞ ffi 0.
An important point that can be mentioned here

is that level matching, ðL0 � �L0Þ � Vðz; �zÞ ffi 0, is satis-
fied even for states with asymmetrically excited left- and
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right-movers, one such state being e.g. Vðz; �zÞ ¼

i;jA

i�n �A
j�meip�Xðz;�zÞ with n�m and positive. In fact,

when we normal order this expression it will be seen
that the presence of such states requires a lightlike
compactification of spacetime—we will have more to say
about this later on when we discuss covariant coherent
states for closed strings.

We suggest that the states (47) and (49) are different
descriptions of the same state. This is supported from
various points of view: (a) there is a one-to-one correspon-
dence between (47) and (49), and the light-cone gauge
states (47) describe a complete set of states for the bosonic
string; (b) the light-cone and covariant expressions have
the same mass and angular momenta; and (c) the first mass
level states are identical. We conjecture and work on the
assumption that the light-cone and covariant states share
identical correlation functions (provided these are gauge
invariant).

As discussed above, that (49) is covariant is not manifest
due to the explicit presence of transverse indices. However,
when the operator products and contour integrals are car-
ried out the resulting object can be given a manifestly
covariant form [132]—we will show this explicitly with a
couple of examples [and, in particular, (66) and (75)].

In the next section we fill in the details for the open
string covariant vertex operator construction before discus-
sing the normal-ordered expression of the closed string
vertex operators.

C. Open string mass eigenstates

The open string vertex operator construction proceeds in
a similar manner, but there are certain differences that we

mention here. First of all note that our open string con-
ventions are presented in Appendix B. We restrict our
attention to open strings with both ends attached to a single
Dp-brane (with p 
 1 [165]), although such vertex opera-
tors are also relevant in scattering amplitude computations
involving open string vertices stretched between parallel
Dp-branes, the so-called p-p strings. The construction
may be generalized to p-p0 string vertex operators that
stretch between a Dp- and a Dp0-brane along the lines of
[166] by making use of the notion of a twist field.
Consider the case of p-p vertex operators where a string

worldsheet is attached to two parallel Dp-branes. In a
direction transverse to the brane the string satisfies
Dirichlet boundary conditions [14],

Xj@� ¼ xðsÞ;

with xðsÞ parametrizing the boundary of the worldsheet, �,
which is fixed to the brane. For a worldsheet conformally
transformed to the upper half plane with the boundary on
the real axis, an example would be a vertex inserted on the
real axis at Imz ¼ 0 and Rez ¼ y, in which case the
Dirichlet boundary conditions become

X ¼ 0 for Imz ¼ 0 Rez < y;

X ¼ L for Imz ¼ 0 Rez > y;

for the two parallel branes separated by a distance L. A
useful formula has been given in [165] for the functional
integral,

Z
Xj@�¼xðzÞ

DXe�S½X� . . . ¼
Z
Xj@�¼0

DXe�S½X� exp
�

1

ð2��0Þ2
I
@�

ds
I
@�

ds0xðsÞxðs0Þ@?@0?GDðz; z0Þ
�
� � � ; (56)

with S the Polyakov action, the normal derivatives @?
acting on the Green’s function with Dirichlet boun-
dary conditions, GDðz; z0Þ ¼ hXðz; �zÞXðz0; �z0Þi with the

normalization convention @z@�zGðz;wÞ¼���0�2ðz�wÞþ
��0gz�zR
�
d2z

ffiffi
g
p and GDðz; z0Þjz2@� ¼ 0, and the dots denoting

vertex operator insertions. This expression shows [165]
that we may restrict our attention to the construction of
vertex operators with both ends attached to a single brane,

say at Xij@� ¼ 0, keeping in mind that one is to include the
above exponential factor as appropriate for p-p strings
stretching between parallel branes in the various scattering
amplitude computations.

Spacetime directions tangent to the Dp-brane are
labeled by lower case Latin letters from the beginning of
the alphabet, Xa, with a ¼ 0; . . . ; p, and directions trans-
verse to the brane by upper case Latin letters from the
middle of the alphabet, XI, with I ¼ pþ 1; . . . 25. It is

sometimes useful to work in light-cone coordinates in both
covariant and light-cone gauge as this enables us to make
the correspondence between the two gauges explicit.
Assuming the associated light-cone directions satisfy
Neumann boundary conditions we may define

X� ¼ 1ffiffiffi
2
p ðX0 � XpÞ:

Note that it is necessary [165] for the X� directions to lie in
the Neumann directions in order to make the correspon-
dence with light-cone gauge for which Xþ ¼ ð2�0Þpþ
M,
with 
 ¼ i
M, as this is not compatible with Dirichlet
boundary conditions; see (58). To place the light-cone
directions in the Dirichlet directions one needs to instead
reformulate light-cone gauge quantization with Xþ ¼
ð2�0Þpþ�. A general spacetime direction is as always
labeled by Greek lower case letters, X�. To summarize,
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Xa ¼ fX�; XAg; with A ¼ 1; . . . ; p� 1;

Xi ¼ fXA; XIg; with I ¼ pþ 1; . . . ; 25;

X� ¼ fX�; Xig;
(57)

and so the directions XA satisfy Neumann boundary con-
ditions, whereas directions XI satisfy Dirichlet boundary

conditions. In the Euclidean worldsheet coordinates, z ¼
e�ið�þi
Þ, �z ¼ eið��i
Þ with � 2 ½0; �� and 
 2 ð�1;1Þ,
(considering only the case of NN and DD strings)
Neumann (N) and Dirichlet (D) boundary conditions
read, respectively,

N : @�X
aj@�1;2

¼ 0 and D: @
X
Ij@�1;2

¼ 0: (58)

Note that, @� ¼ ið�z �@�z@Þ and @
 ¼ �z �@þz@. In the ðz; �zÞ
coordinates the open string physical worldsheet, �, is
conformally mapped to the upper half plane with the
identification, z� �z. The associated fixed point, the real
line z ¼ �z, defines the open string boundaries.

Using the doubling trick we can as usual write the
various expressions needed in terms of holomorphic quan-
tities only [124]: one identifies antiholomorphic quantities
in the upper half plane with holomorphic quantities in the
lower half plane and therefore one may just as well work
with holomorphic quantities only provided one works in
the full complex plane. The open string vertex operators
are inserted on the real axis. We assume that both ends of
the string satisfy the same boundary conditions for any
given direction, we thus consider the cases of NN and
DD directions only and do not consider mixed boundary
conditions ND and DN.

The relevant DDF operators now read

AA
n ¼

ffiffiffiffiffi
2

�0

s I
}z@XAðzÞeinq�XðzÞ;

AI
n ¼

ffiffiffiffiffi
2

�0

s I
}z@XIðzÞeinq�XðzÞ;

(59)

for oscillators parallel or transverse to the brane, respec-
tively, and the closed contour integrals are to contain the
operators they act on, which are on the real axis. In a
Minkowski signature worldsheet the integrals are along
the boundary of the worldsheet which is coincident with
the Dp-brane. The null vectors q� are restricted to lie
within the D-brane worldvolume and are transverse to the
DDF operators,

qA ¼ qI ¼ 0:

In direct analogy to the closed string case we create open
string vertex operators with fluctuations in the XA or XI

directions by acting on the vacuum with DDF operators
(see also Appendix B),

Vðz; �zÞ ¼ goffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...A
i�n1A

j�n2 � � � eip�XðzÞ; (60)

the vacuum, eip�XðzÞ being restricted to the worldsheet
boundary (e.g. the real axis in the complex z-plane) and
the combinatorial normalization constant C,

C � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ
r
nr
Q
n;i
�n;i!

r : (61)

The vertex operators (60) are mass level N ¼ P
ini states

with momenta k� ¼ p� � Nq�, the on-shell constraints
now reading

p2 ¼ 1

�0
; p � q ¼ 1

2�0
; and q2 ¼ 0; (62)

so as to ensure that m2 ¼ �ðp� NqÞ2 ¼ ðN � 1Þ=�0 as
appropriate for open strings. The contractions appearing
in (62) are with respect to all spacetime indices �. The
boundary conditions require in addition, pI ¼ 0; see
Appendix B.
Normal-ordered vertex operators are obtained from (60)

by bringing the operators in the integrands close to the
vacuum, summing over all Wick contractions using e.g. the
upper half plane two-point function for scalars [given in
Eq. (B6) in Appendix B for completeness] for Neumann or
Dirichlet directions, and evaluating the resulting contour
integrals so as to extract the residues which correspond to
the physical states. In evaluating the operator products we
are to restrict the integrands of the DDF operators to the
real axis. Only after the operator products have been
computed are we to analytically continue in the variable
of integration so as to circle the tachyonic vacuum in order
to extract the residue. This is best understood by realizing
that the vertex operator (60) can be thought of as being
created in a sequence of open string scattering events as
explained in the introduction and depicted in Fig. 1.

The massless states, VðiÞmassless, that are absorbed by the

ground-state string, Vground state ¼ eip�XðzÞ, are the inte-

grands of the DDF operators polarized in some direction,


i, of our choice, and the final excited state VðrÞexcited is given
by the vertex operator (60) after normal ordering, when a
sequence of r DDF operators have acted on the vacuum.
In what follows we compute this normal-ordered expres-
sion for a complete set of such open string covariant vertex
operators. We give explicit results for the closed string and
consider the open string explicitly when we construct
coherent states. Open string vertices constructed from the
AA
n operators are related by T-duality to vertices con-

structed out of the AI
n [14,167,168]. The latter are inter-

preted as ripples in the D-brane worldvolume. The
remaining possibility is vertex operators with excitations
associated with both transverse and tangent directions to
the D-brane, and these may be interpreted as the usual
Neumann boundary condition vertices with excitations
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within the D-brane worldvolume which in addition gener-
ate ripples of the D-brane. In the open string coherent state
section we shall consider vertices constructed from the AA

n .
As in the closed string case there is a one-to-one corre-

spondence with the light-cone gauge states,

jVilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...�
i�n1�

j�n2 � � � j0;pþ; pii; (63)

with j0;pþ; pii an eigenstate of pþ, pi and annihilated by
the (dimensionless) lowering operators, �i

n>0, where

��
n ¼

ffiffiffiffiffi
2

�0

s I
}z@X�ðzÞzn

and defined so that (39) holds true.
The fact that the covariant gauge vertex operators (60)

are in one-to-one correspondence with the light-cone
gauge states (63) proves that the former comprise a com-
plete set. We conjecture and work on the assumption that
the states jVilc and Vðz; �zÞ are identical states in the sense
that they share identical masses, angular momenta, and
interactions. We shall obtain evidence supporting this con-
jecture as we go along.

We next discuss the correspondence between light-cone
gauge states and covariant gauge vertex operators, and
consider the issue of normal ordering in detail. We start
from the graviton and subsequently move on to arbitrarily
excited vertex operators.

D. The covariant equivalent of �i
�1 ~�

j
�1j0; 0;pþ; pii

We wish to obtain the covariant equivalent of the light-
cone gauge graviton (or other massless) state,

jVilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q 
i;j�
i�1 ~�

j
�1j0; 0;pþ; pii:

Here m2 ¼ 0, and so from (52) k� ¼ p� � q�. We see
from (47) and (49) that the light-cone to covariant vertex
map is realized by


i;j�
i
�1 ~�

j
�1j0; 0;pþ; pii ! 
i;jA

i
�1 �A

j
�1e

ip�Xðz;�zÞ; (64)

with 
 � q � 0. To bring this into a manifestly covariant
form we substitute into the right-hand side the definitions
(49). Using the operator products we bring the integrands
close to the vacuum and evaluate the resulting contour
integrals as explained below (50). For the graviton this
procedure can be seen to lead to [169]


i;jA
i�1 �A

j
�1e

ip�Xðz;�zÞ ¼ 2

�0

i;j

I
z
}w@wX

iðwÞe�iq�XðwÞ
I

�z
} �w@ �wX

jð �wÞe�iq�Xð �wÞeip�Xðz;�zÞ

ffi 2

�0

i;j

�
�i
� � �0

2
piq�

��
�j
� � �0

2
pjq�

�
@X�ðzÞ �@X�ð�zÞeiðp�qÞ�Xðz;�zÞ: (65)

With the identification ��;� ¼ 
i;jð�i
� � �0

2 p
iq�Þ�

ð�j
� � �0

2 p
jq�Þ, we find the manifestly covariant and

normal-ordered expression for the graviton vertex [132],

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q 2

�0
��;�@X

�ðzÞ �@X�ð�zÞeik�Xðz;�zÞ;

(66)

which has been derived from the corresponding light-cone
gauge graviton via the DDF formalism. Note that we could
just as well have written gcffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EkVd�1
p (with Ek ¼ jkj) instead

of gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1
p , provided the momentum phase space in

S-matrix elements is taken to be (7) instead of (24), as
discussed in Sec. II. This remark applies also to the other
mass eigenstate vertex operators given below as well, but
does not apply in the case of coherent states (see later).

The polarization tensor ��;� is transverse to the graviton

momentum k� as can be explicitly verified [170]. Notice
that depending on our choice of 
, p and q all entries of the
covariant polarization tensor, ��;�, may be nonvanishing in

general. Whether or not the corresponding polarization
tensor is traceless depends on our choice of 
i;j.

The above procedure generalizes to arbitrarily massive
vertices and given that the DDF operators generate the
complete set of physical states [130,131] it is clear that
all arbitrarily massive vertices in covariant gauge may be
extracted via this method. The fact that the physical con-
tent of the light-cone gauge states (where there are no ghost
excitations) is clearer than covariant gauge vertex opera-
tors has been one of the great virtues of the light-cone
gauge approach—it is seen that this virtue is also present
in the covariant gauge if one makes use of the DDF
formalism.

E. The covariant equivalent of �i
�N ~�j

�Nj0; 0;pþ; pii
Consider now a not-so-obvious example which in fact,

as will become apparent in the next subsection, is the basic
building block of all vertex operators whose polarization
tensors are traceless. In this subsection we derive the
normal-ordered covariant vertex operator corresponding
to the light-cone state

jVilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q 1

N

i;j�

i�N ~�j
�Nj0; 0;pþ; pii; (67)
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with the normalization C ¼ 1=N; see (48). Here the mass,
m2 ¼ 4ðN � 1Þ=�0, and so from (52) k� ¼ p� � Nq�.
Following the DDF prescription, we consider the state

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q 1

N

i;jA

i�N �Aj
�Neip�Xðz;�zÞ: (68)

As in the graviton example, we use the definitions of the
DDF operators and carry out the relevant operator prod-
ucts. Let us consider the holomorphic sector and shift the
vertex to z ¼ 0. This leads us to consider

Ai�N � eip�Xð0Þ ¼
ffiffiffiffiffi
2

�0

s I
0
}w@XiðwÞe�iNq�XðwÞ � eip�Xð0Þ

ffi
ffiffiffiffiffi
2

�0

s I
0

}w

iw

�
piw�N þX1

r¼1

i

ðr� 1Þ!@
rXið0Þwr�N

� X1
m¼0

wmSmðNq; 0Þeiðp�NqÞ�Xð0Þ

¼
ffiffiffiffiffi
2

�0

s �
�0

2
piSNðNq; 0Þ þ XN

m¼1

i

ðm� 1Þ!@
mXið0ÞSN�mðNq; 0Þ

�
eiðp�NqÞ�Xð0Þ; (69)

with the definition

Smðnq; zÞ � Smða1; . . . ; amÞ; (70)

when the following identification is made:

as ¼ � inq � @szX
s!

:

The elementary Schur (or complete Bell) polynomials,
Smða1; . . . ; amÞ, are in turn defined in general by

Smða1; . . . ; amÞ � �i
I
0
}uu�m�1 exp

Xm
s¼1

asu
s (71a)

¼ X
k1þ2k2þ���þmkm¼m

ak11
k1!
� � � a

km
m

km!
: (71b)

Similar remarks hold for the antiholomorphic sector; see
Appendix A 5. Note that

H
0

dw
2�iw ¼ �

H
0

d �w
2�i �w ¼ 1, and we

have made use of the standard correlator on the com-
plex plane (54), as well as the on-shell constraints (52).
The elementary Schur polynomials arise from the
Taylor expansion (inside the normal ordering) of
e�iNq�XðzÞ ¼ P1

m¼0 z
mSmðNq; 0Þe�iNq�Xð0Þ, which can be

derived from Faà di Bruno’s formula [171] for the mth
derivative of the exponential, ðeiNq�XðzÞ@me�iNq�XðzÞÞz¼0.
As a preliminary consistency check note that the sub-
script N on SNðNqÞ denotes the total number of derivatives
and so the level number on both sides of the equation is
the same. We have noted also the corresponding expres-
sion, �Smðnq; �zÞ, for the antiholomorphic sector. Shifting the
insertion back to z, �z we conclude that the level N light-
cone state 1

N 
i;j�
i�N ~�j

�Nj0; 0;pþ; pii has the covariant
manifestation

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q :
1

N

i;jH

i
NðzÞ �Hj

Nð�zÞeiðp�NqÞ�Xðz;�zÞ::

(72)

We have found it convenient to define the polynomials
Hi

NðzÞ, �Hi
Nð�zÞ, in @#X and �@#X, respectively,

Hi
NðzÞ �

ffiffiffiffiffi
�0

2

s
piSNðNq; zÞ þ Pi

NðzÞ; (73a)

�Hi
Nð�zÞ �

ffiffiffiffiffi
�0

2

s
pi �SNðNq; �zÞ þ �Pi

Nð�zÞ; (73b)

with Pi
NðzÞ, �Pi

Nð �zÞ in turn defined by

Pi
NðzÞ ¼

ffiffiffiffiffi
2

�0

s XN
m¼1

i

ðm� 1Þ!@
mXiðzÞSN�mðNq; zÞ; (74a)

�Pi
Nð�zÞ ¼

ffiffiffiffiffi
2

�0

s XN
m¼1

i

ðm� 1Þ! �@
mXið�zÞ �SN�mðNq; �zÞ: (74b)

These polynomials are the fundamental building blocks of
normal-ordered covariant vertex operators when these cor-
respond in light-cone gauge to a traceless state as we shall

see [172]. In the rest frame we are to replace,Hi
NðzÞ, �Hi

Nð�zÞ
with Pi

NðzÞ, �Pi
Nð�zÞ, respectively, as in this case the mo-

menta, k� ¼ p� � Nq�, are transverse to the polarization

tensors and consequently 
...i...p
i ¼ 0. Some examples for

N ¼ 0, 1, and 2 have been given in Appendix A. We next

give an explicit example form2 ¼ 4=�0 mass levels, where
N ¼ 2, to illustrate that the vertices generated in this
manner are the standard covariant vertex operators [158]
(see also [133,140,160,173]), with polarization tensors that
range over the entire range of spacetime indices. The
difference to the traditional approach (taken in the above
cited papers) is that here physical polarization tensors are
automatically generated—there are no additional con-
straints to be solved. First of all note that for N ¼ 1 we
recover the graviton (or in general the massless) vertex
operator(s) [174]. For N ¼ 2, we have k� ¼ p� � 2q�.
The covariant vertex operator which is equivalent to
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the light-cone state 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1
p 1

2
i;j�
i
�2 ~�

j
�2j0; 0;pþ; pii

follows as a corollary of (72),

jVi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EkVd�1
p 1

2
ð	���

�
�1�

��1 þ ���
�
�2Þ

� ð �	�� ~�
�
�1 ~�

�
�1 þ ��� ~�

�
�2Þj0; 0; k�i; (75)

where we have made use of the operator-state correspon-

dence, �
��n ’

ffiffiffiffi
2
�0

q
i

ðn�1Þ!@
nX�ðzÞ, j0; 0; k�i ’ gce

ik�Xðz;�zÞ,
and have written jVi ’ Vðz; �zÞ, in order to make manifest
the differences to the equivalent light-cone gauge state. We
have chosen to write (75) in the more conventional coor-
dinates used in covariant gauge, where the vacuum is

normalized according to (38) and Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2
p

. From
(72) one can derive (by expanding out the various poly-
nomials for N ¼ 2) the manifestly covariant polarization
tensors,

�� ¼ 
ið�i
� � �0

2
piq�Þ

	�� ¼
ffiffiffiffiffi
�0

2

s

ið�0piq�q� � �i

�q� � �i
�q�Þ;

(76)

with the properties j�j2 ¼ j
j2 (with j
j2 ¼ 1 so that the
light-cone state is correctly normalized), 	�� ¼ 	��,

j	j2 ¼ � � k ¼ 	�
� ¼ 	��k

�k� ¼ 0. As a consistency

check note that these polarization tensors solve the
physical state conditions, 2�� þ k�	�� ¼ 0, 2k��

� þ
���	�� ¼ 0, which were derived by completely different

methods in [140]. There are similar expressions for ���,

�	�� with �
i replacing 
i. One thing to notice is that all

components of these polarization tensors may be nonvan-
ishing in general so that the resulting states really are
covariant in the usual sense even though the state (68)
from which (75) was derived seems to break spacetime
covariance by the explicit choice of transverse indices.

There has been some confusion concerning a state of the
form (75) in the literature [140,160], where it is concluded
that such a state may satisfy the Virasoro constraints but
has zero norm.We disagree in that we find that the state jVi
has positive norm [175], hVjVi ¼ 1, while satisfying all the
Virasoro constraints, Ln>0jVi ¼ 0, L0jVi ¼ jVi and is
hence physical. In fact, all covariant states generated by
the DDF formalism are positive norm physical states. The
reason as to why there is disagreement with [140,160] is
because the constraints on the polarization tensors ��, 	��

obtained there do not have a unique solution; the solution
identified there corresponds to a zero norm state but there
is the additional solution, namely (76), which gives rise to
the positive norm state (75).

What we learn from the above exercises is that the DDF
vertex operators (49) are fully covariant, they all have

a light-cone gauge equivalent which can be identified
explicitly, and last but not least they generate a complete
set of physical states (given that they are in one-to-one
correspondence with the light-cone gauge states).

F. The covariant equivalent of
�i�n1

�j�n2
� � � ~�k� �n1

~�l� �n2
� � � j0; 0;pþ; pii

We next generalize the result of the previous subsection
and discuss the covariant manifestation of a general light-
cone gauge state,

jVilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...;kl...

� �i�n1�
j�n2 � � � ~�k� �n1

~�l� �n2
� � � j0; 0;pþ; pii;

(77)

which according the DDF prescription is given by

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C
ij...;kl...

� Ai�n1A
j�n2 � � � ~Ak� �n1

~Al� �n2 � � � eip�Xðz;�zÞ: (78)

Here the relevant level numbers associated with left- and
right-moving modes areN ¼ P

‘n‘ and �N ¼ P
r �nr, and for

noncompact spacetimes we are to enforce [176] N ¼ �N.
The associated momentum is then k� ¼ p� � Nq� and
the mass-shell constraint k2 ¼ 4ð1� NÞ=�0.
Writing formally 
ij...;kl... ¼ 
ij...

�
kl... we first consider

the case when the polarization tensors 
 and �
 are
traceless,


...i...j...�
ij ¼ �
...i...j...�

ij ¼ 0;

but with 
...j...k
j, �
...j...k

j nonvanishing in general.

The normal-ordered vertex operator corresponds to a

straightforward generalization of (72),
Q

rA
ir�nreip�XðzÞ ffiQ

rH
ir
nre

iðp�NqÞ�XðzÞ for the holomorphic sector. There-
fore, the covariant normal-ordered vertex operator
associated with a general traceless light-cone state

C
i1i2...;j1j2...�
i1�n1�

i2�n2 � � � ~�j1� �n1
~�j2� �n2

� � � j0; 0;pþ; pii is
Vðz; �zÞffi gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2pþV d�1
q :C
ij...;kl...

�Hi
n1ðzÞHj

n2ðzÞ��� �Hk
�n1
ð�zÞ �Hl

�n2
ð�zÞ���eiðp�NqÞ�Xðz;�zÞ:;

(79)

with C as given in (48). Without referring explicitly to the
light-cone state we see that C contains a factor of 1ffiffi

n
p for

every Hi
n that appears and factors of 1ffiffiffiffiffiffiffi

�n;i!
p , with �n;i the

multiplicity of Hi
n.

We can always boost to a frame where 
...i...k
i ¼ 0

(e.g. the rest frame) given that there are no timelike direc-
tions in the light-cone gauge polarization tensor, 
, in
which case the above vertex simplifies to
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Vðz; �zÞffi gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q :C
ij...;kl...

�Pi
n1ðzÞPj

n2ðzÞ��� �Pk
�n1
ð �zÞ �Pl

�n2
ð�zÞ���eiðp�NqÞ�Xðz;�zÞ::

We therefore learn that when the polarization tensor of
a given light-cone state is traceless we can build the
corresponding normal-ordered covariant vertex operator
by making the following replacements:

�i�n ! Hi
nðzÞ

~�i� �n ! �Hi
�nð�zÞ

j0; 0;pþ; pii ! gce
iðp�NqÞ�X�ðz;�zÞ;

(80)

with an overall combinatorial normalization constant C
given in (48), and the light-cone operator vacuum normal-
ized as in (45). If the light-cone states in addition to

...i...j...�

ij ¼ 0 satisfy 
...j...k
j ¼ 0 (and similarly for the

antiholomorphic sector), the above identification simplifies
to, �i�n � Pi

nðzÞ and ~�i�n � �Pi
nð�zÞ. The resulting covariant

vertex operator formed in this way is normal ordered. Note
that the normalization of the light-cone state carries over to
the covariant vertex unaltered because the normalization
for the DDF states is set by the DDF commutation relations
(55) which are identical to those of the usual creation and
annihilation operators.

We next construct covariant normal-ordered vertex op-
erators in the case when the polarization tensors of the
corresponding light-cone gauge states are arbitrary, for
which in general


...i...j...�
ij; �
...i...j...�

ij; 
...i...k
i; �
...i...k

i

need not vanish. We start from the simplest nontrivial case
and then move on to more general cases. Proceeding by
induction we then obtain the general result.
For this purpose we will be needing the following local

dimensionless polynomial functionals of q � @#XðzÞ, and
q � �@#Xð�zÞ, respectively,

Sm;nðzÞ �
Xn
r¼1

rSmþrðmq; zÞSn�rðnq; zÞ; (81a)

�Sm;nð�zÞ �
Xn
r¼1

r �Smþrðmq; �zÞ �Sn�rðnq; �zÞ; (81b)

with the elementary Schur polynomials, Smðnq; zÞ,
�Smðnq; �zÞ, defined in Appendix A. In (69) we showed

that normal ordering of Ai�n � eip�XðzÞ leads to
Ak�n � eip�XðzÞ ffi Hk

nðzÞeiðp�nqÞ�XðzÞ: (82)

Let us apply an additional DDF operator from the left to
this expression and normal order the resulting object. We
find

Aj�mAk�n � eip�XðzÞ ffi ½Hj
mHk

n þ �jkSm;n�ðzÞei½p�ðmþnÞq��XðzÞ:
(83)

Proceeding in a similar manner we apply another DDF
operator to the resulting expression and normal order the
right-hand side. An important point to note now is that
Sm;nðzÞ commutes with the DDF operators, Ai

‘, because

Sm;nðzÞ is a functional of q � @#X and ½Ai
n; q � @#X� ¼ 0.

We find

Ai
�‘A

j�mAk�n � eip�XðzÞ ffi ½Hi
‘H

j
mHk

n þ �ijS‘;mH
k
n þ �ikS‘;nH

j
m þ �jkSm;nH

i
‘�ðzÞei½p�ð‘þmþnÞq��XðzÞ: (84)

By induction it follows from the above that the general normal-ordered expression reads

Ai1�n1 � � �Aig�ng � eip�XðzÞ ffi
Xbg=2c
a¼0

X
�2Sg=�

Ya
‘¼1

�i�ð2‘�1Þi�ð2‘ÞSn�ð2‘�1Þ;n�ð2‘Þ ðzÞ
Yg

q¼2aþ1
H

i�ðqÞ
n�ðqÞ ðzÞe

iðp�P
r

nrqÞ�XðzÞ
; (85)

with Sg the permutation group of g elements and the
equivalence relation � being such that �i � �j with �i,
�j 2 Sg when they define indistinguishable terms in (85).
In all terms where Sni;nj appears we are to only include
permutations which preserve the inequality i � j.
Furthermore, the notation b�c in the summation indicates
that the upper limit saturates the inequality a � g=2. The
number of terms in the sum over permutations at fixed a is

2�ag!
a!ðg� 2aÞ! : (86)

For every light-cone gauge state jVi¼
C
i1i2...

�
j1j2...�
i1�n1�

i2�n2 ��� ~�j1� �n1
~�j2� �n2

���j0;0;pþ;pii, with

C is as given in (48), there exists a covariant normal-
ordered vertex operator

Vðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q CUðzÞ �Uð �zÞ: (87)

The normal-ordered chiral half UðzÞ is equal to the right-
hand side of (85) when contracted with the light-cone
gauge polarization tensor, 
i1...ig , which corresponds to an

arbitrary irreducible representation of SO(25) [or SO(24)
for massless states],
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UðzÞ ¼ Xbg=2c
a¼0

X
�2Sg=�


i1...ig

Ya
‘¼1

�i�ð2‘�1Þi�ð2‘ÞSn�ð2‘�1Þ;n�ð2‘Þ ðzÞ

� Yg
q¼2aþ1

H
i�ðqÞ
n�ðqÞ ðzÞe�ið

P
g
r¼1 nrÞq�XðzÞ: (88)

There is a similar expression for �Uð�zÞ with �
ij...,
�Sn;mð�zÞ,

�Hi
�nð�zÞ, and eiðp�

P
r
�nrqÞ�Xð �zÞ replacing 
ij..., Sn;mðzÞ, Hi

nðzÞ,
and eiðp�

P
r
nrqÞ�XðzÞ, respectively. If the underlying space-

time manifold is not compactified in a lightlike direction
we are to enforce in addition

X
r

nr ¼
X
r

�nr;

we elaborate on this in the closed string coherent state
section in detail.
When the polarization tensor is traceless, 
...i...j...�

ij ¼ 0,

UðzÞ reduces to the result obtained in (79), the chiral half of
which reads 
i1...isH

i1
n1 � � �His

nse
iðp�P

r
nrqÞ�XðzÞ. In the rest

frame, 
...i...p
i ¼ 0 and all the Hi

nðzÞ in UðzÞ in turn reduce
to Pi

nðzÞ.
There are specific and very interesting examples

where the sum over permutations may be carried out ex-
plicitly. In fact, this is precisely possible in the case of
coherent states. In particular, we construct coherent states
below; we will be interested in expressions of the form
1
g! ð

P1
n¼1 �n � A�nÞgeip�XðzÞ. Clearly, in this case the indices

on the A�n are dummy variables and hence from (85) and
(86) we deduce that

1

g!

�X
n>0

1

n
�n � A�n

�
g
eip�XðzÞ ffi Xbg=2c

a¼0

1

a!ðg� 2aÞ!
�

1

2nm

X
n;m>0

�n � �mSn;me
�iðnþmÞq�XðzÞ

�
a

�
�X
n>0

1

n
�n �Hne

�inq�XðzÞ
�
g�2a

eip�XðzÞ: (89)

When we sum over g (from 0 to 1) such a object has an
interpretation of the chiral half of a closed string coherent
state or an open string coherent state as we shall demon-
strate in Sec. IV, where we discuss string coherent states in
great detail. The corresponding light-cone gauge state is
expðPn>0

1
n �n � ��nÞj0; pþ; pii, which is an eigenstate of

�i
n>0 with eigenvalue �i

n and �	n ¼ ��n. The covariant
gauge expression is not an eigenstate of ��

n>0 but never-
theless satisfies the definition of a coherent state (which is
given in the opening lines of Sec. IVA or Sec. IVB).

Note finally that all vertex operators in this section have
been normalized to ‘‘one string in volume V d�1’’ as
discussed in Sec. II. Therefore, for instance, the normal-
ization of the general light-cone state (77) is such that

hVðp0ÞjVðpÞilc ¼ �p0;p;

with �p0;p a Kronecker delta which reduces to unity when

pþ0 ¼ pþ and p0 ¼ p and vanishes otherwise. The asso-
ciated covariant vertex operator (78) or (87) is normalized
by the most singular term in the operator product expan-
sion (28),

Vyðz; �zÞ � Vð0; 0Þ ffi
�

g2c

2pþV d�1

�
1

jzj4 þ � � � ;

the dimensionless coefficient having been fixed by Lorentz
covariance and unitarity of the S-matrix. We have made
use of the relation between operator product expansions
and commutators. [Recall that for arbitrary operators of
the form

A ¼
I

dzaðzÞ; B ¼
I

dwbðwÞ;

there exists the interpretation (see e.g. [177])

½A; B� ffi A � B ¼
I
0
dw

I
w
dzaðzÞ � bðwÞ;

½A; bðwÞ� ffi A � bðwÞ ¼
I
w
dzaðzÞ � bðwÞ;

(90)

with � denoting operator product expansion.] With this
normalization the string path integral yields the S-matrix
directly; see (6).

IV. STRING COHERENT STATES

It is possible that cosmic strings being macroscopic
and massive should have a classical interpretation. If this
is the case, one may suspect that the appropriate vertex
operators for the description of cosmic superstrings (from
our experience with standard harmonic oscillator coherent
states) would have coherent-state-like properties. With
this motivation in mind we will be searching for coherent
state vertex operators, which from the standard coherent
state properties would be expected to have a classical
interpretation.
The states we have considered in the previous sections

are mass eigenstates. The dictionary described above,
which identifies the states (47) and (49), is tailor-made
for light-cone to covariant mass eigenstate maps. Co-
herent states however are not mass eigenstates in general
[178]. In the construction of string coherent states one
normally proceeds in direct analogy with the construction
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of coherent states in the harmonic oscillator, whereby
coherent states are constructed by exponentiation of the

creation operator, e�j�j2=2e�ay j0i, with aj0i ¼ 0 and
½a; ay� ¼ 1. In the string case there is an infinite number
of creation operators and the vacuum depends on the center
of mass momentum. The usual approach is to proceed in
light-cone gauge where the constraints are solved auto-
matically and the open string construction is trivial; see e.g.
[179]. Rather than drop spacetime covariance we shall
make use of the spectrum generating DDF operators which
can be used to generate covariant physical states.

In the current section we construct covariant and light-
cone gauge open and closed coherent states and show that
these states have a classical interpretation by associating
them to general classical solutions. Let us primarily define
what we mean by a quantum state with a classical inter-
pretation:

String states with a classical interpretation should

possess classical expectation values (with small

uncertainties modulo zero mode contributions) pro-

vided these are compatible with the symmetries of

string theory. These classical expectation values

should be nontrivially consistent with the classical

equations of motion and constraints.

Startingwith the open stringwebegin by defining a string
coherent state and using DDF operators proceed by analogy
to the harmonic oscillator. The definition of a coherent state
that we adopt is very general but standard [180], which we
minimally extend to include the string theory requirements
[181] (see the opening lines of Sec. IVA below). After
establishing that the coherent state properties are satisfied
for the states under consideration we go on to show that the
covariant and light-cone gauge states share identical angu-
lar momenta and present the explicit map to general classi-
cal solutions. We show that these coherent states indeed
possess classical expectation values, thus proving that the
above definition of classicality is satisfied.

We then go on to discuss the construction of closed
string coherent states. Here the naive construction leads
to the requirement of a lightlike compactification of
spacetime, X� � X� þ 2�R�. We show that all states
considered are indeed physical and single-valued under
translations around the compact direction, X�.

We are then, according to the above definition of clas-
sicality, led to search for classical expectation values.
In the closed string case the string symmetries forbid
[127] the naive expectation that hX�ðz; �zÞi ¼ X�

cl ðz; �zÞ
[182] should be satisfied by a state with a classical inter-
pretation. We elaborate on this and discuss various defini-
tions of classicality and their range of applicability. Here
we provide a new classicality requirement (in accordance
with the above definition) that applies in all the usual
gauges of interest (e.g. light-cone and covariant gauge,

but not in static gauge for instance) where the vertices
are invariant under spacelike worldsheet shifts where the
naive definition hX�i ¼ X

�
cl does not apply.

Finally, we construct coherent closed string states in
fully noncompact spacetimes by projecting out the light-
like winding states in the underlying Hilbert space and go
on to show that all the coherent state properties are satisfied
by the projected states as well, and therefore that the
projected states have a classical interpretation. We also
compute the angular momenta of the projected states in
both light-cone and covariant gauge and show that they are
both identical to the angular momentum associated with
the corresponding classical solutions which we identify
explicitly.
For a good overview of coherent states (but not explic-

itly in the context of string theory) see Klauder and
Skagerstam’s book [180] and the excellent review article
by Zhang, Feng, and Gilmore [183].

A. Open string coherent states

We define an open string coherent state, Vð�Þ ffi jVð�Þi,
to be a state that:
(a) is specified by a set of continuous labels � ¼ f�i

ng;
(b) produces a resolution of unity,

1 ¼
ZXZ

d�jVð�; . . .ÞihVð�; . . .Þj; (91)

(c) transforms correctly under all symmetries of bo-
sonic (or super-) string theory.

We also allow for the possibility that the state depends
on other discrete or continuous quantum numbers (such as
momentum), denoted by the dots . . ., which are to be
summed or integrated over respectively—this is what is
meant by the symbol

RP
[184]. The measure associated

with the continuous labels explicitly reads d� ¼
1
N

Q
n;id

2�i
n with N an appropriate normalization (to be

determined) and as usual d2�i
n ¼ id�i

n ^ d�	in (no sum
over i). The labels n and i will be related to the distribution
of harmonics present and spacetime directions, respec-
tively. The requirements (a) and (b) are the minimal re-
quirements for a state to be termed coherent [180] and to
these we add the minimal string theory requirement (c).
As we discussed in Sec. III C, we may construct open

string vertex operators using the AA
n and AI

n DDF operators
for excitations in spatial directions tangent and transverse
to the Dp-brane, respectively, with A ¼ f1; . . . ; p� 1g and
I ¼ fpþ 1; . . . ; 25g. (Note that p 
 1 [see Sec. III C] and
our open string conventions are given in Appendix B).
We shall here consider the construction of coherent state
vertex operators with excitations in the directions tangent
to the brane. Let us then consider the normalized open
string DDF vertex operator,
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Vð�Þ ¼ go;pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV k

q C� exp

�X1
n¼1

1

n
�A
nA

A�n
�
eipaX

aðzÞ; (92)

with a ¼ f0; 1; . . . ; pg. We have found it convenient to
define [185]

go;p � goffiffiffiffiffiffiffi
V?
p ; with V d�1 � V?V k;

with V? the volume of spacetime transverse to the
Dp-brane, and V k the volume tangent to the brane (so

that V?V k is the total volume of spacetime transverse to

xþ) [186]. In parallel to (23) in particular, we thus define

V k � lim
p0!p
ð2�Þ�ðp0þ � pþÞð2�Þp�1�p�1ðp0 � pÞ;

V? � lim
p0!p
ð2�Þd�1�p�d�1�pðp0 � pÞ: (93)

The total volume of spacetime is Vd ¼ VþV d�1. The
kinematic prefactor and the normalization C� is chosen
such that the vertex operator is normalized to ‘‘one string in
volume V d�1’’ as shown in (28) for the case of closed
strings.

pa is the (tachyonic) vacuum momentum of the string,
the DDF operators, AA

n , defined in (59) and the normaliza-
tion constant,

C� � exp

�
�X1

n¼1

1

2n
j�nj2

�
;

chosen such that the operator product expansion has the

leading singularity Vyð�; zÞ � Vð�; 0Þ ’ ð g2o;p
2pþV k

Þ 1
jzj2 þ � � � ,

corresponding to ‘‘one string in volume V k’’ as required
by unitarity of the S-matrix.

The vertex operators associated with ripples of the brane
are related by T-duality [14,167] to the vertices (92). The
on-shell constraints are given by (62), repeated here for
convenience: p � q ¼ 1=ð2�0Þ, q2 ¼ 0, and p2 ¼ 1=�0.
The polarization complex vectors f�A

n g are defined such
that �n � q ¼ 0, �	n ¼ ��n, and require [179] thatP

nj�nj2 <1 to ensure that the vertex is well behaved.
First of all we show that the vertex operator (92) is a

coherent state. To prove this recall that a coherent state
must by definition satisfy three properties: (a) it must be
labeled by a set of continuous parameters, these here being
f�A

n g; (b) there must exist a completeness relation of the
form (91); and (c) it must transform correctly under the
symmetries of string theory. Property (a) is trivially satis-
fied and the state remains correctly normalized for arbi-
trary values of the �A

n when
P

nj�nj2 <1. To prove that a
completeness relation exists it is convenient to write (92) in
operator form,

jVð�; pÞi ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV k

q C� exp

�X1
n¼1

1

n
�A
nA

A�n
�
j0;pai; (94)

with the correspondence j0;pai ’ go;pe
ipaX

a
and we use

the relativistic normalization,

h0;pa0j0;pai¼2pþð2�Þ�ðp0þ�pþÞ
�ð2�Þp�1�p�1ðp0 �pÞ:

Note primarily that from the DDF operator commutation
relations Vð�Þ is an eigenstate of the annihilation opera-
tors, AA

n>0 � Vð�Þ ffi �A
n>0Vð�Þ, from which on account of

(92) it follows that states are not orthogonal, the inner
product of two states being given by

hVð�; p0ÞjVð�; pÞi ¼ �p0;pC�C� exp

�X
n>0

1

n
�	n � �n

�
:

The factor C�C� expð
P

n>0
1
n �
	
n � �nÞ reduces to unity when

�A
n ¼ �An , for all n, A, so that

hVð�; pÞjVð�; pÞi ¼ 1:

Recall that coherent states are (when we choose qi ¼
qþ ¼ 0) eigenstates of momentum in the kþ and k direc-
tions (but not in the k� direction). So, as one would expect,
these coherent states are over-complete, the overlap be-
tween any two being nonzero for a wide range of �i

n, �
i
n.

From this expression we then deduce (by forming appro-
priate inner products and integrating) that there exists the
completeness relation,

1 ¼V k
Z 1
0

dpþ

2�

Z
Rp�1

dp�1p
ð2�Þp�1

Z �Y
n;A

d2�A
n

2�n

�

� jVð�; pÞihVð�; pÞj; (95)

with d2�A
n ¼ id�A

n ^ d�	An . Finally, that the vertex op-
erator (92) is physical [requirement (c)] follows from the
fact that Ln2Z commutes with all the DDF operators,

Ln>0 annihilates the vacuum eip�XðzÞ, and L0 � eip�XðzÞ ffi
eip�XðzÞ. Therefore, Vð�Þ satisfies the Virasoro constraints,
ðL0 � 1Þ � Vð�Þ ffi 0, Ln>0 � Vð�Þ ffi 0 and is hence physi-
cal. Recall from Sec. III that in addition all states formed
from DDF operators are transverse to null states. We con-
clude that the string coherent state defining properties (a),
(b), and (c) are satisfied.

1. Functional representation

Let us now consider the corresponding local normal-
ordered representation of Vð�Þ, which in practice means
subtracting all self-contractions from the vertex (92). The

vacuum eip�XðzÞ is already normal ordered and so the re-
maining self-contractions that need to be subtracted are
those associated with contractions with one leg in the DDF
operators and one leg in the vacuum. In Sec. III we com-
puted the normal-ordered representation of arbitrary cova-
riant states. For the above coherent state this is obtained by
using the integral representation of the DDF operators (50)
in (92) and carrying out the operator products on account
of the on-shell constraints [given below (92)] and the
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property �n � q ¼ 0. The integrands of the DDF operators
are to lie on the real axis as they are brought close to the
vacuum which is also on the real axis, z ¼ �z, and so the
relevant propagator takes the form

hXaðzÞXbðwÞi ¼ �ð2�0Þ�ab lnðz� wÞ: (96)

From Fig. 1 where the open string DDF construction is
exhibited it can be seen that this is the correct procedure—
in the figure we have conformally mapped to the disk with
boundary z�z ¼ 1 (instead of the upper half plane) where
the propagator is again of the form (96) on the boundary
(up to terms that drop out of correlation functions). We
then compute all Wick contractions and subsequently an-
alytically continue in the variable of integration and choose
an integration contour that circles the vacuum. The same
procedure can then be repeated, with additional DDF
operators which may be brought close to the resulting state
in the same manner as above and so on. The resulting
normal-ordered vertex assumes a particularly simple
form when we assume in addition, �n>0 � �m>0 ¼ 0;

see (85). In this case the normal-ordered open string co-
herent states are given by a linear combination of the
traceless mass eigenstates (79),

Vð�Þ ¼ go;pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV k

q C�

� exp

�X1
n¼1

1

n
�n �HnðzÞe�inq�XðzÞ

�
eip�XðzÞ; (97)

the difference being that for open strings the dimensionless
quantity HnðzÞ reads

HA
NðzÞ �

ffiffiffiffiffiffiffiffi
2�0
p

pASNðNq; zÞ þ PA
NðzÞ; (98a)

PA
NðzÞ ¼

ffiffiffiffiffi
2

�0

s XN
m¼1

i

ðm� 1Þ!@
mXAðzÞSN�mðNq; zÞ: (98b)

The general result for arbitrary (but of course transverse)
�i
n follows directly from (89),

Vð�Þ ¼ go;pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV k

q C� exp

�X
n>0

1

n
�n � A�n

�
eip�XðzÞ

ffi go;pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV k

q C�

X1
g¼0

Xbg=2c
a¼0

1

a!ðg� 2aÞ!
�

1

2nm

X
n;m>0

�n � �mSn;me
�iðnþmÞq�XðzÞ

�
a
�X
n>0

1

n
�n �Hne

�inq�XðzÞ
�
g�2a

eip�XðzÞ;

(99)

which of course reduces to (97) when �n � �m ¼ 0 (for n,
m> 0). The quantities Sn;mðzÞ are related to elementary
Schur polynomials, SNðnq; zÞ, and have been defined in
(81). For later reference, define the quantity Uð�Þ in (99)
by the expression

Vð�Þ � go;pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV k

q C�Uð�Þeip�XðzÞ:

2. Open string coherent state properties

Series expanding the exponential in (97) it is seen that
the mass eigenstates in the underlying Hilbert space are

polynomials in @#X, multiplied by eiðp�
P

n
nsnqÞ�XðzÞ, for

some sequence of positive integers, fs1; s2; . . .g, withP
nnsn equal to the level number. Also, Vð�Þ is an eigen-

state of momentum in the directions transverse to q�; given
that q2 ¼ 0 one may take, for example, qþ ¼ qA ¼ qI ¼ 0
and q� nonvanishing (see also the discussion in Sec. II),
in which case one learns that p̂A � Vð�Þ ¼ pAVð�Þ and
p̂þ � Vð�Þ ¼ pþVð�Þ, with p̂� ¼ 1

�0
H
}z@X�. The full

momentum expectation value is in turn given by

hp̂ai ¼ pa � hNiqa; hp̂2i ¼ � 1

�0
ðhNi � 1Þ; (100)

where we have identified an effective level number,

hNi � X1
n¼1
j�nj2;

in direct analogy to the generic DDF state momentum (52).
[These tree level operator statements are to be interpreted
as hAi ¼ hVyAVi for an operator A (with hVyVi ¼ 1), and
Vy is obtained from V by reversing the momenta and
complex-conjugating the polarization tensors. Note also
that p̂� ¼ p̂

�
open ¼ 1

�0
H
}z@X� in this section; in the rest

of the paper, it is p̂� ¼ p̂�
closed ¼ 2

�0
H
}z@X�.]

The above considerations imply that Vð�Þ carries an
effective mass associated with hNi, which is in agreement
with the usual open string mass-shell constraint, m2 ¼
ðN � 1Þ=�0, when N is identified with hNi. Notice that
hNi is a continuous function of the j�nj as required from
the definition of a coherent state, not necessarily an integer.
Therefore, coherent states can, in particular, have masses
which are nonzero, but yet much smaller than the string
scale (a common drawback of mass eigenstates) or, in the
opposite extreme, they may have large mass and represent
macroscopic string states; although we have not yet proven
that the states constructed are macroscopic.
From the well-known properties of coherent states [180]

we expect the limit j�nj � 1 to be associated with the
macroscopic or long string limit. To show that this is
indeed the case we next consider the open string coherent
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state (92) in light-cone gauge. Using the map discussed in
Sec. III we immediately write down the light-cone gauge
analogue of the covariant state (92),

jVð�Þilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV k

q C� exp

�X1
n¼1

1

n
�n � ��n

�
j0;pþ; pAi:

(101)

This is also an eigenstate of pþ, pA, as was the covariant
state above (when qþ ¼ qA ¼ 0). The contractions are
associated with indices, A, and are transverse to the longi-
tudinal, �, directions [with v� ¼ 1ffiffi

2
p ðv0 � vpÞ for some

generic spacetime vector v�]. The state (101) is an eigen-
state of the annihilation operators, �A

n>0jVð�Þilc ¼
�A
n jVð�Þilc, and so the light-cone gauge position expecta-

tion value of (B5) in the state (101) is given by

hXAðz; �zÞ � x̂Ailc ¼ ðXAðz; �zÞ � xAÞcl;
with

ðXAðz; �zÞ � xAÞcl ¼ �i�0pA lnjzj2

þ i

�
�0

2

�
1=2 X1

n�0

�A
n

n
ðzn þ �z�nÞ; (102)

where we have identified hp̂Aiwith pA (given that qA ¼ 0).
Equation (102) is the general solution to the equations
of motion, @ �@XA

clðz; �zÞ ¼ 0, the constraints ð@XclÞ2 ¼
ð �@XclÞ2 ¼ 0 having been solved by the gauge choice:
[187] Xþcl ðz; �zÞ ¼ �i�0pþ lnjzj2, reached by the conformal

map z ¼ e2iq�XðzÞ, �z ¼ e2iq�Xð �zÞ [recall that q � p ¼ 1=ð2�0Þ
for open strings]. The corresponding longitudinal compo-
nents of the position expectation value are likewise com-
puted. On account of the operator equation,ffiffiffiffiffiffiffiffi
2�0
p

��n ¼ 1
2pþ

P
‘2Z:�i

n�‘�
i
‘: (for n � 0), and the fact

that the coherent state is an eigenstate of �A
n>0 with eigen-

value �A
n one learns that

hX�ðz; �zÞ � x̂�ilc ¼ ðX�ðz; �zÞ � x�Þcl;
with

ðX�ðz; �zÞ � x�Þcl
¼ �i 1

pþ

�
�0p2 þX1

n¼1
j�nj2 � 1

�
lnjzj2

þ i
X
n�0

1

n

X
r2Z

1

4pþ
�n�r � �rðz�n þ �z�nÞ; (103)

with the definitions �A
0 �

ffiffiffiffiffiffiffiffi
2�0
p

pA, p2 ¼ pApA. Recall that

for open strings

X�ðz; �zÞ � x� ¼ �i�0p̂� lnjzj2 þ i

�
�0

2

�
1=2

�X
n�0

��n
n
ðz�n þ �z�nÞ: (104)

Finally, in the Dirichlet directions, on account of (B5), it
follows that

hXIðz; �zÞ � x̂Iilc ¼ ðXIðz; �zÞ � xIÞcl ¼ 0;

with

XIðz; �zÞ ¼ xI � i�0wI ln
z

�z
þ i

ffiffiffiffiffi
�0

2

s X
n�0

�I
n

n

�
1

zn
� 1

�zn

�
;

which shows that the open string coherent state vertex
operators we have constructed are restricted to lie on a
single Dp-brane, and that for vertices stretched between
two parallel D-branes of the same dimensionality one can
still work with these vertex operators provided the expo-
nential factor given in (56) is inserted into the path integral.
The position operator is not a gauge invariant quantity

and so the corresponding covariant gauge position expec-
tation value, although of the form (102), would be a more
complicated expression whose polarization tensors are not
independent, being subject to the constraints ð@XÞ2 ¼
ð �@XÞ2 ¼ 0. Therefore, the covariant position expectation
value is not a particularly useful quantity in practice be-
cause the classical solutions we want to match vertex
operators to are not known in covariant gauge. The angular
momentum on the other hand is a gauge invariant operator,
½Ln; J

��� ¼ 0, and so a good consistency check is to show
that both the covariant, hJabicov, and the light-cone, hJabilc,
angular momentum expectation values are equal (in the
unit norm representation) to the classical angular momen-
tum, Jabcl . Such an equivalence would support the conjec-

ture that (92) and (101) are different manifestations of the
same state and correspond classically to the light-cone
gauge solution (102). The total angular momentum opera-
tor is the integral of the current associated with Lorentz
invariance over a spacelike curve, say jzj2 ¼ 1 in the

coordinates z ¼ e�ið�þi
Þ, �z ¼ eið��i
Þ, that cuts once
across the string worldsheet [155]. For the open string,

J�� ¼ 2

�0
I

}zX½�@X��;

S�� ¼ �iX1
‘¼1

1

‘
ð��
�‘�

�
‘ � ��

�‘�
�
‘ Þ;

(105)

with a½��� ¼ 1
2 ða�� � a��Þ and J�� ¼ L�� þ S��.

Because of the antisymmetry there are no normal-ordering
ambiguities. L�� is the zero mode contribution [188] and
we have used the doubling trick [124]. Notice furthermore
that S�� ¼ P1

‘¼1
2
‘ Imð��

�‘�
�
‘Þ. For simplicity focus on

these nonzero mode components, S��, and consider first
the components, SAB. For the light-cone gauge classical
computation we find, SABcl ¼

P
n>0

2
n Imð�	An �B

n Þ, which fol-
lows from (102) and (105). In the light-cone gauge the
quantity

hSABilc � hVð�ÞjSABjVð�Þilc
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is computed using SAB ¼ P
‘>0

2
‘ Imð�A

�‘�
B
‘ Þ, and (101).

Given that jVð�Þilc is an eigenstate of the annihilation
operators it follows immediately that hSABilc ¼P

n>0
2
n Imð�	An �B

n Þ. Finally, the covariant gauge quantity
hSABicov ¼ hVð�ÞjSABjVð�Þicov

is also computed using SAB ¼ P
‘>0

2
‘ Imð�A

�‘�
B
‘ Þ, and we

are to identify Vð�Þ with the covariant vertex operator (92)
or equivalently the operator state (94). For this computa-
tion one may readily derive the following commutators
[189]:

½�A
m; A

B
n � ¼ m�A;BBn

m; ½AA
n; B

m
‘ � ¼ 0 ¼ ½Bn

m; B
‘
r�;

with Bn
m � �iH }zzm�1einq�XðzÞ; see Appendix A. Using

these one can show primarily that

�A
m>0 � Vð�Þ ffi

X1
n¼1

m

n
�A
nB
�n
m � Vð�Þ: (106)

From the definition of B�nm and ½AA
n; B

m
‘ � ¼ 0 follows the

operator product,

B�nm � Vð�Þ ffi :Sn�mðnq; zÞe�inq�XðzÞVð�Þ::
From this latter expression and the properties (see
Appendix A 5), S0 ¼ 1 and Sn<0 ¼ 0, we find that B�nm

annihilates Vð�Þ when m> n and shifts the vacuum mo-
mentum, pa ! pa � nqa, leaving the state otherwise un-
altered, when n ¼ m. From ðB�nm Þy ¼ Bn�m we find that
terms with m> n similarly annihilate the out-state, Vð�Þy,
in the expectation value hSABicov, where similar consi-
derations apply. Therefore, only the term n ¼ m survives
in the sum over n in (106). We thus find the covariant
gauge expectation value, hSABicov ¼ P

n>0
2
n Imð�	An �B

n Þ.
Collecting the classical, light-cone gauge and covariant
gauge computations, we have shown that

hSABicov ¼ hSABilc ¼
X
n>0

2

n
Imð�	An �B

n Þ ¼ SABcl : (107)

The angular momentum components in the longitudinal
directions are similarly computed. For the light-cone gauge
computation,

hSA�ilc ¼ hVð�ÞjSABjVð�Þilc;
one can use the commutator ½��‘ ; �A�n� ¼ n�A

‘�n=
ð ffiffiffiffiffiffiffiffi

2�0
p

pþÞ, but since jVilc is an eigenstate of �A
n>0 with

eigenvalue �A
n it is advantageous to use the expressionffiffiffiffiffiffiffiffi

2�0
p

��‘ ¼ 1
2pþ

P
m2Z:�A

m�
A
‘�m: in SA�. This then leads

to hSA�ilc ¼ 1ffiffiffiffiffiffi
2�0
p

pþ
P

‘>0

P
m2Z 1

‘ Imð�	A‘ �m � �‘�mÞ,
with �A

0 �
ffiffiffiffiffiffiffiffi
2�0
p

pA as above. For the covariant gauge

computation,

hSA�icov ¼ hVð�ÞjSABjVð�Þicov;
to match to the light-cone gauge we use light-cone coor-
dinates, where qþ ¼ qA ¼ 0 and q� ¼ �1=ð2�0pþÞ

(which solve the constraints q2 ¼ 0 and p �q¼1=ð2�0Þ).
One can readily derive the commutators [189],

½��m; AA
n � ¼ n

ffiffiffiffiffiffiffiffi
2�0
p

q�DA
m;n; ½AA

‘ ;D
B
m;n� ¼ ‘�ABE‘þn

m ;

and ½AA
‘ ; E

n
m� ¼ 0, with DA

m;n and En
m defined in

Appendix B, from which follows the operator product,

��‘ � Vð�Þ ffi
ffiffiffiffiffiffiffiffi
2�0
p

q�
X1
n¼1

�
��n �D‘;�n

þ X1
m¼1

1

2
�n � �mE

�n�m
‘

�
� Vð�Þ: (108)

Consider the second term in this expression. Given that
½A‘; E

n
m� ¼ 0 we may commute the E�n�m‘ through to hit

the vacuum, eip�XðzÞ, where the following operator product
is required:

E�n�m‘ � eip�XðzÞ ffi :
ffiffiffiffiffiffiffiffi
2�0
p

q �Hnþm�‘ððnþmÞq; zÞ
� eiðp�n�mÞ�XðzÞ:; (109)

with
ffiffiffiffiffiffiffiffi
2�0
p

q �H0 ¼ 1 and q �Hm<0 ¼ 0, the polynomial
Hm having been defined in Appendix A 5. [See also
comments below Eq. (B13).] In the expectation value,
hVySA�Vi, this implies that we should only bring
E�n�m‘ to the right to hit Vð�Þ if nþm� ‘ � 0. Of

these, the nþm� ‘ ¼ 0 subset will shift the vacuum
momentum, p! p� ðnþmÞq, leaving the state other-
wise unaltered, and the nþm� ‘ < 0 subset will
annihilate it. Therefore of the terms with nþm� ‘ � 0
in the sum overm only them ¼ ‘� n term will contribute.
The remaining terms with, nþm� ‘ > 0, will not con-
tribute either. These are to be commuted through to the out-
state, Vy, which is annihilated by them. In doing so these
latter terms first encounter �A

�‘ from SA�. We here use

the fact that hVj�A
�‘¼ð�A

‘ jViÞy ffi ð
P1

n¼1
‘
n�

A
nB
�n
‘ jViÞy ¼P1

n¼1
‘
n�
	A
n hVjBn

�‘, and ½Bn
�‘; E

�m
r � ¼ 0, so that the quan-

tities E�n�m‘ with nþm� ‘ > 0 commute freely through

to hit and annihilate the out-state, Vy, and so indeed only
the term m ¼ ‘� n will survive in the second term in
(108) in the computation of hSA�i.
Next consider the first term in (108). On account of the

operator product,

DA
‘;�n � eip�XðzÞ ffi :HA

n�‘ðnq; zÞeiðp�nqÞ�XðzÞ:;
and the properties HA

0 ¼ pA and HA
n<0 ¼ 0, we will

commute the DA
‘;�n through to hit the eip�XðzÞ vacuum

when n� ‘ � 0. Of these the subset of DA
‘;�n for which

n� ‘ ¼ 0 shifts the vacuum momentum, pa ! pa � nqa,
leaving the state otherwise unaltered, whereas the sub-
set satisfying n� ‘ < 0 annihilates it. The Da

‘;�n terms

with n� ‘ > 0 are to be commuted through to the out-
state, Vy, in the expectation value hVySA�Vi, just like we
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did above for the E�n�m‘ terms with nþm� ‘ > 0.
From the commutators ½AA

‘ ; D
B
m;n� ¼ ‘�ABE‘þn

m and

½AA
‘ ; E

n
m� ¼ 0we find that ½DA

‘;�n;expð
P

m>0
1
m�m �A�mÞ�¼P

m>0�
A
mE
�n�m
‘ . For the terms with n� ‘ � 0, for which

DA
‘;�n � eip�X ffi :�n;‘

ffiffiffiffiffiffiffiffi
2�0
p

pAeiðp�nÞ�XðzÞ:, we find

�n �D‘;�n �Vð�Þ
ffiX

m>0

�n ��mE
�n�m
‘ �Vð�Þ

þ :�n;‘

ffiffiffiffiffiffiffiffi
2�0
p

�n �pe�inq�XðzÞVð�Þ: ðn�‘Þ: (110)

Now, the same argument that applied to the second term
in (108) applies to the first term in (110) and so again only
the m ¼ ‘� n term will contribute in the sum over m to
the expectation value hSA�i. Finally, for the first term
in (108), for which n� ‘ > 0, we commute �n �D‘;�n
through to the out-state Vy using the fact that
½Bn

m;D
A
‘;�n� ¼ 0 and Vy �DA

‘;�n ffi
P

m>0�
A�mVy � E�nþm‘ .

The same argument as above applies and only the term
m ¼ n� ‘ contributes in the sum over m (which is con-
sistent with n� ‘ > 0 as m is positive).
Identifying �q� with 1=ð2�0pþÞ, the above consider-

ations are summarized in the expression,

hVySA�Vicov ¼ 1ffiffiffiffiffiffiffiffi
2�0
p

pþ
X
‘>0

2

‘
Im

�
ð�	A‘ B‘

�‘Þ �
�
1

2

X‘
n¼1

X
m>0

�n � �m�nþm;‘E
�‘
‘ þ �‘ � �0e

�A‘q�Xð0Þ

þ X1
n¼‘þ1

X
m>0

�n � ��m�n�m;‘E
�‘
‘

��

¼ 1ffiffiffiffiffiffiffiffi
2�0
p

pþ
X
‘>0

X
m2Z

1

‘
Imð�	A‘ �m � �‘�mÞ; (111)

and this is in agreement with the light-cone gauge and
classical computation. In going from the first to the second
equality in (111) there are a number of steps. Let us write
fðn;mÞ ¼ �n � �mE

�‘
‘ . Focus on the second parenthesis

and recall from (109) that one may replace e�i‘q�X in the
second term with E�‘‘ , which identifies the second term as
fð‘; 0Þ. The delta function in the first term restricts the
summations appearing, 1

2

P
‘
n¼1

P
m>0 fðn;mÞ�n;‘�m ¼

1
2

P
‘�1
m¼1 fð‘�m;mÞ, and when the resulting expression

is combined with the second term,
P

‘�1
m¼1 !

P
‘
m¼0 .

Similarly, the delta function in the third term re-
stricts the summations appearing according toP1

n¼‘þ1
P

m>0 fðn;�mÞ�n;‘þm ¼ P
m<0fð‘�m;mÞ. The

second parenthesis in (111) is therefore equal to
1
2

P
‘
m¼0 fð‘�m;mÞ þP

m<0fð‘�m;mÞ, half of the sec-
ond term of which can be absorbed into the first term
leading to 1

2

P
‘
m¼�1 fð‘�m;mÞ þ 1

2

P
m<0fð‘�m;mÞ.

After a change of variables in the second term,
m0 ¼ m� ‘ with m0 2 ½‘þ 1;1Þ, these two terms can
be combined into the expression 1

2

P
m2Zfð‘�m;mÞ. On

account of the fact that hVyB‘
�‘E

�‘
‘ Vi ¼ 1 it follows that

the first equality in (111) implies the second.
Collecting the classical, light-cone gauge and covariant

gauge computations, we have shown that the longitudinal
components of the angular momentum for the classical,
light-cone gauge and covariant gauge computations are in
agreement,

hS�Aicov ¼ hS�Ailc ¼ S�Acl

¼ 1ffiffiffiffiffiffiffiffi
2�0
p

pþ
X
‘>0

X
m2Z

1

‘
Imð�	A‘ �m � �‘�mÞ: (112)

The nonzero mode contributions to the angular momentum
components involving Sþ�, and SþA, are all vanishing
in the chosen coordinate system where qþ ¼ 0 (and q� ¼
�1=pþ). Recall furthermore that �i

0 �
ffiffiffiffiffiffiffiffi
2�0
p

pi.

We have shown that there is a one-to-one correspon-
dence between the covariant vertex operators (92), light-
cone gauge states (101) and classical macroscopic string
evolution (102) and (104). The preceding angular momen-
tum computations provide further support for the conjec-
ture that the covariant and light-cone gauge descriptions
are different manifestations of the same state, both of
which have a classical interpretation.

B. Closed string coherent states

In close analogy to the open string case above, we define
a closed string coherent state, Vð�; ��; . . .Þ, to be a state
that [190]:
(a) is specified by a set of continuous labels ð�; ��Þ ¼
f�i

n; ��
i
ng (with � and �� associated with the left- and

right-moving modes, respectively, of the string);
(b) there must exist a resolution of unity,

1 ¼
ZXZ

d�d ��jVð�; ��; . . .ÞihVð�; ��; . . .Þj;

so that the Vð�; ��; . . .Þ span the string Hilbert
space, H ;

(c) it must transform correctly under all symmetries of
the bosonic (or super-) string.

The dots . . . in Vð�; ��; . . .Þ allow for the possibility that the
vertex operator depends on additional continuous or dis-
crete quantum numbers and these are all to be summed
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over in the completeness relation. [We will often not
exhibit these latter labels explicitly, and hence write in-
stead Vð�; ��Þ, or even V� ��, all of which refer to the same
object Vð�; ��; . . .Þ.] The unit operator on the left is de-
fined with respect to H [191], 1 � jVð�; ��Þi � jVð�; ��Þi.
The measures for the case of interest explicitly read

d�d �� ¼ Q
n;i

d2�i
nd

2 ��i
n

N with N a to-be-determined normal-

ization and as usual d2�i
n ¼ id�i

n ^ d�	in (no sum over i),
and so on.

In the next two subsections we construct two realizations
of closed string covariant coherent states that satisfy the
above definition.

C. DLCQ coherent states

We next construct closed string coherent states that
satisfy the above definition. Our first approach will be
naive and we will discover that internal consistency re-
quires the underlying spacetime manifold be lightlike
compactified,

X� � X� þ 2�R�:

Quantization on a lightlike compactified background is
known as ‘‘discrete light-cone quantization’’ (DLCQ)
[192–195]. In the following section we shall make the
appropriate refinements and construct coherent states in a
fully noncompact Minkowski spacetime background.

The closed string coherent state candidate that we con-
sider in this section is obtained by joining two copies of the
open string state (92),

Vð�; ��Þ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� �� exp

�X1
n¼1

1

n
�n � A�n

�

� exp

�X1
m¼1

1

m
��m � �A�m

�
eip�Xðz;�zÞ; (113)

with the normalization,

C� �� ¼ exp

�X1
n¼1
� 1

2n
j�nj2 � 1

2n
j ��nj2

�
;

chosen such that if we write Vðz; �zÞ ¼ Vð�; ��; pÞ, the most
singular term in the operator product expansion is, as
in (28),

Vðz; �zÞ � Vð0; 0Þ ffi
�

g2c

2pþV d�1

�
1

jzj4 þ � � � ; (114)

corresponding to ‘‘one string in volumeV d�1’’ as required
by unitarity of the S-matrix, which was discussed in Sec. II.
In operator language, we have

hVð�; ��; pÞjVð�; ��; pÞi ¼ 1; j0; 0;pi ffi gce
ip�Xðz;�zÞ:

This corresponds to a relativistic unit norm normalization
with [see (39)]

h0; 0;p0j0; 0;pi ¼ 2pþð2�Þ�ðpþ0 � pþÞ
� ð2�Þd�2�d�2ðp0 � pÞ:

Furthermore, ð�; ��Þ ¼ f�i
n; ��

i
ng are the polarization tensors,

defined by �n � q ¼ 0, �	n ¼ ��n, and
P1

n¼1 j�nj2 <1,
and similarly for the antiholomorphic sector f ��i

ng. The
real vectors p� and q� are as usual subject to the con-
straints (51), repeated here for convenience: p � q ¼ 2=�0,
q2 ¼ 0, and p2 ¼ 4=�0.
First let us prove that the vertex operator (113) is a

coherent state by showing that the defining properties (a),
(b), and (c) above are satisfied. Property (a) is trivially
satisfied; the state is specified by the set of continuous
labels ð�; ��Þ ¼ f�i

n; ��
i
ng and remains normalized for arbi-

trary values provided [179]
P1

n¼1 j�nj2 þ j ��nj2 <1. To
prove that property (b) is satisfied note primarily that
Vð�; ��Þ is an eigenstate of the annihilation operators,
Ai
n>0 � V ffi �i

nV and �Ai
n>0 � V ffi ��i

nV, which follows

from the DDF operator commutation relations (55) and
the corresponding antiholomorphic expression with �An

replacing An. Therefore, we find the following inner
product:

hVð�; ��; p0ÞjVð�; ��; pÞi
¼ �p0;pC� ��C� �� exp

�X
n>0

1

n
�	n � �n þ 1

n
��	n � ��n

�
; (115)

which reduces to unity when ð�; ��Þ ¼ ð�; ��Þ and p0 ¼ p.
Note that �p0;p is a Kronecker delta which reduces to

unity when pþ0 ¼ pþ and p0 ¼ p and vanishes otherwise.
By then forming appropriate inner products and integrating
we find that there exists the completeness relation,

1 ¼V d�1
Z 1
0

dpþ

2�

Z
R24

d24p

ð2�Þ24 �
Z �Y

n;A

d2�A
n

2�n

�

�
�Y
n;A

d2 ��A
n

2�n

�
jVð�; ��; pÞihVð�; ��; pÞj; (116)

with n ¼ f1; 2; . . . ;1g [196]. The phase space integrals are
precisely as anticipated from Sec. II, and in particular (25),
for the sum over single string states. In the case of closed
string coherent states therefore we see that the additional
sums over quantum numbers in (25) correspond to inte-
grals over the polarization tensors,

ZX ¼
Z �Y

n;A

d2�A
n

2�n

��Y
n;A

d2 ��A
n

2�n

�
:

Finally, to show that property (c) is satisfied we must
prove that Vð�; ��Þ satisfies the Virasoro constraints, L0 �
V ffi V, Ln>0 � V ffi 0. These are trivially satisfied given
that the DDF operators commute with the Ln, �Ln for all n,

and the vacuum eip�Xðz;�zÞ is physical, L0 � eip�X ffi eip�X,
Ln>0 � eip�X ffi 0. Similar results hold for the antiholomor-
phic sector with �Ln replacing Ln. Therefore, the vertex
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(113) is a coherent state and respects the string theory
symmetries.

1. Functional representation

We postulated that closed string covariant coherent
states are described by the vertex operator (113). These
vertices however are not what we are looking for, and to
see why let us normal order Vð�; ��Þ. To simplify the
computation we initially assume that �n>0 � �m>0 ¼ 0
and similarly for the antiholomorphic sector, and then
generalize the result. The normal-ordering procedure has
been explained in great detail in Sec. III for arbitrary mass
eigenstates, the difference here being that the coherent

state Vð�; ��Þ is instead a linear superposition of mass
eigenstates. As in the open string, the normal-ordered
version of (113) is obtained by using the integral represen-
tation of the DDF operators (50), the integration con-

tour being taken around the vacuum eip�XðzÞ and eip�Xð �zÞ
for the holomorphic and antiholomorphic sectors, respec-
tively. Holomorphy then allows us to shrink the contours
and hence the computation only requires knowledge of the
leading behavior of the integrand close to the vacuum,
which is determined by operator product expansions

using the scalar propagator, hX�ðz; �zÞX�ðw; �wÞi ¼
� �0

2 �
�� lnjz� wj2. This procedure leads to

Vð�; ��Þ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q � C� �� exp

�X1
n¼1

1

n
�n �HnðzÞe�inq�XðzÞ

�
� exp

�X1
m¼1

1

m
��m � �Hmð �zÞe�inq�Xð�zÞ

�
eip�Xðz;�zÞ: (117)

More generally, (i.e. had we not assumed that �n>0 � �m>0 ¼ 0) we would have found instead

Vð�; ��Þ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� ��Uð�Þ �Uð ��Þeip�Xðz;�zÞ;

with Uð�Þ defined below (99),

Uð�Þ ¼ X1
g¼0

Xbg=2c
a¼0

1

a!ðg� 2aÞ!
� X
n;m>0

1

2nm
�n � �mSn;me

�iðnþmÞq�XðzÞ
�
a
�X
n>0

1

n
�n �Hne

�inq�XðzÞ
�
g�2a

;

and �Uð ��Þ given by a similar expression with ��i
m, �z,

�Sm;mð�zÞ,
and �Hi

mð�zÞ replacing the corresponding holomorphic quan-
tities. Note that the positive integers n, m need not be
equal.

2. DLCQ coherent state properties

The underlying Hilbert space consists of the states we
are superimposing in order to construct the closed string
coherent states. These can be obtained by series expanding
the exponentials which leads to an expression of the form

Vð�; ��Þ / X1
fs1;s2;...g¼0

Pol½@#X�e
iðp�P

n

nsnqÞ�XðzÞ

� X1
f�s1;�s2;...g¼0

Pol½ �@#X�e
iðp�P

m

m�smqÞ�Xð�zÞ
; (118)

with Pol½@#X� and Pol½ �@#X� being certain polynomials of
the arguments which depend on the sets of uncorrelated
positive integers fs1; s2; . . .g and f�s1; �s2; . . .g, respectively.
Let us write N ¼ P1

n¼1 nsn and �N ¼ P1
n¼1 n�sn for an

arbitrary sequence of positive integers fs1; s2; . . .g and
f �s1; �s2; . . .g, respectively. We learn that the left- and right-
moving momenta associated with a given mass eigenstate
in (118) satisfy k

�
L � k

�
R ¼ �ðN � �NÞq�, the associated

total momentum being k� ¼ 1
2 ðk�L þ k�R Þ. It is therefore

clear that we are superimposing mass eigenstates with
asymmetric left-right momenta and so the manifold in
which the coherent states live is in fact compact. This is
an S1 compactification in a direction specified by the null
vector q�. We can read off the radius of compactification
directly from kL � kR or equivalently one may compute
it by applying the operator

Hð}z@X� þ } �z �@X�Þ (that
measures the total change in X�ðz; �zÞ in going once around
the string [124]) to a mass eigenstate and identify the
corresponding eigenvalue with R�w, with w the winding

number. This leads to w ¼ N � �N and R� ¼ � �0
2 q

� and

therefore R2 ¼ 0. We learn that the underlying space-
time manifold is compactified in a lightlike spacetime
direction, that is we are considering the DLCQ [192] of
string theory. Lightlike compactifications show up in the
connection of M(atrix) models to string theories: DLCQ
of M-theory has been conjectured [193] to be equivalent to
U(N) super-Yang-Mills at finite N. (See, for example,
[192–195] and also [197–199].) Although lightlike com-
pactifications are in general rather nontrivial [195], various
properties of a vertex operator in a lightlike compactified
spacetime can be extracted rather straightforwardly as we
show next.
To become more explicit go to a frame where qþ ¼

qi ¼ 0 and q� ¼ � 2
�0 R

� which implies the identification

(with Xþ noncompact)

DIMITRI SKLIROS AND MARK HINDMARSH PHYSICAL REVIEW D 84, 126001 (2011)

126001-28



X� � X� þ 2�R�: (119)

This is shown schematically in Fig. 2. Let us go to the rest
frame (in the light-cone gauge sense) where in addition
pi ¼ 0. With this and the above ansatz for q� we can solve
the constraints p2 ¼ 4=�0, p � q ¼ 2=�0, and q2 ¼ 0
which lead to the following expressions for the total mo-
mentum of a lightlike compactified mass eigenstate:

k0 ¼ 1ffiffiffi
2
p

�
1

R�
þm2R�

�
; kD ¼ 1ffiffiffi

2
p

�
1

R�
�m2R�

�
;

(120)

and ki ¼ 0, with m2 ¼ 2
�0 ðN þ �N � 2Þ, the mass squared

of the particular mass eigenstate in the superposition (118).
That m2 does not depend on R� naively seems to imply
that lightlike compactification does not change the mass
spectrum of the uncompactified theory. However, the
L0 � �L0 Virasoro constraint is already satisfied by the
above state and so N need not equal �N: the Hilbert
space, H , contains all the usual states where N ¼ �N
(and hence w ¼ 0) but also includes additional states for
which N � �N (and w � 0) without breaking conformal
invariance.

The Hilbert space H admits the orthogonal decompo-
sition,

H ¼M
w2Z

H w;

such that vertices Vw 2H w wind around the lightlike
direction with winding number w [200]. Given that wind-
ing number is conserved (i.e. commutes with the world-

sheet Hamiltonian, ½L0 þ �L0 � 2; Ŵ� � Vw ffi 0) suggests
that we can project out the winding states and thus obtain
a vertex operator, V0 2H 0, with (as we show below; see

Sec. IVD) coherent state properties which can be em-
bedded in fully noncompact spacetime [201].
Given that (120) is not of the standard form, k ¼ n=R,

for the total momentum in a compact dimension of radius
R [124], one may wonder whether the corresponding wave
functions are still single-valued [202]—single-valuedness
of the wave function is the reason as to why one en-
forces k ¼ n=R in the first place. That they are single
valued can be seen as follows. Translations along a com-
pact dimension whose direction is specified by the vector
R� are generated by expð2�iR � p̂Þ:X�ðz; �zÞ!X�ðz; �zÞþ
2�R�, with p̂� the total Noether momentum, p̂� ¼
1
�0

Hð}z@X�ðzÞ � } �z �@X�ð �zÞÞ. The excitations that appear

in Vð�; ��Þ (i.e. the polynomials of @#X, �@#X) commute
with p̂ and so single-valuedness of the vertex operator
amounts to showing that

expð2�iR � p̂Þ expðikL � XðzÞ þ ikR � Xð�zÞÞ
¼ expðikL � XðzÞ þ ikR � Xð�zÞÞ;

for any mass eigenstate in the superposition. Carrying
out the operator products on the left-hand side (with the
contour integrals encircling z, �z and kL ¼ p� Nq, kR ¼
p� �Nq) it follows that the above statement holds true for
the individual mass eigenstates with lightlike winding and
hence is also true for the closed string coherent states. We
conclude that Vð�; ��Þ is indeed single-valued under trans-
lations around the compact direction [203].
Curiously, lightlike compactification seems to be invis-

ible at the classical level when

X1
n¼1
j�nj2 ¼

X1
n¼1
j ��nj2;

which is none other than the statement of ‘‘classical level
matching,’’ hNi ¼ h �Ni, because

hNi ¼ X1
n¼1
j�nj2 and h �Ni ¼ X1

n¼1
j ��nj2

are none other than the expectation values of the number
operators, N ¼ P

n>0��n � �n and �N ¼ P
n>0 ~��n � ~�n.

Furthermore, classical level matching is required for con-
sistency (see below). One way of seeing that lightlike
compactification is invisible at the classical level is by
directly computing the expectation value hp̂�L i � hp̂�R i
[with respect to the state (113)] and showing that it
vanishes, as this would imply that hX�ðz; �zÞ � x�i ¼
�ihp̂�L i lnz� ihp̂�R i ln�zþ � � � is single valued as one tra-
verses a spacelike direction of the worldsheet which is
classically only possible if X� is noncompact, i.e. if
hX�ðz; �zÞ � x�i ¼ �ihp̂�i lnjzj2 þ � � � .
On account of (115), it follows that [204]

hX�ðz; �zÞ�x�i¼�iðhNi�1ÞR� lnz� iðh �Ni�1ÞR� ln�z:
(121)

FIG. 2. Lightlike spacetime compactification. The two-
dimensional plane X0-XD is shown. In the panel on the right
we are to identify the parallel gray lines such that X� � X� þ
2�R�. The future light-cone of a given spacetime event is
specified by the dashed lines. The aforementioned identification
leads to the equivalent S1 � R spacetime cylinder on the left.
Signals slower than the speed of light and lightlike signals in the
negative XD direction always propagate up the cylinder in the
positive Xþ direction. Lightlike signals in the positive XD

direction are stuck at Xþ ¼ const hypersurfaces. Causality is
not violated (the spacetime is marginally causal).
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Notice that only zero modes contribute to the position
expectation value in the covariant gauge version of the state
(113) for a reason that was first realized in [127], and which
we expand on in the following paragraph. For the Xþ
direction we find

hXþðz; �zÞ � xþi ¼ ��0

2

i

R�
lnjzj2: (122)

Recall that the operator L0 � �L0 generates spacelike
worldsheet translations,

½L0 � �L0; X
�ðz; �zÞ� ¼ ðz@� �z �@ÞX�ðz; �zÞ; (123)

and that one of the physical state conditions is that states be
invariant under such translations,

exp½�i�ðL0 � �L0Þ� � V ffi V;

infinitesimally, j�j � 1, we have ðL0 � �L0Þ � V ffi 0.
Computing the expectation value, h½L0 � �L0; X

�ðz; �zÞ�i ¼
ðz@� �z �@ÞhX�ðz; �zÞi, with respect to a physical state V it
then follows that

ðz@� �z �@ÞhX�ðz; �zÞi ¼ 0

must be satisfied by any such state. This in turn explains
why there are only zero mode contributions in (121) and
(122) (nonzero mode contributions would violate this con-
dition), and secondly enforces classical level matching,

hNi ¼ h �Ni; (124)

so as to ensure that the operator (z@� �z �@ ) annihilates
(121). Given that Vð�; ��Þ has an effective mass given by
hm2i ¼ 2

�0 ðhNi þ h �Ni � 2Þ it follows that the full momenta

are given by hp̂�i ¼ 1
2 hm2iR�, hp̂þi ¼ 1=R�, enabling

one to write

hX�ðz; �zÞ � x�i ¼ �i �
0

2
hp�i lnjzj2: (125)

This implies that indeed as claimed above lightlike com-
pactification seems to be invisible at the classical level.
However, this result is not unique to lightlike compactifi-
cations. In particular, notice that the reasoning following
(123) also applies in the case of spacelike compactifica-
tions, xi � xi þ 2�R. In this latter case, in particular, one
finds the consistency requirement,

hpi
Li ¼ hpi

Ri:
Curiously, this seems to imply that toroidal compactifica-
tion in general is invisible in such expectation values.

That only zero modes contribute to the expectation
values (121) and (122) of course does not mean that the
coherent state (113) does not have a classical interpreta-
tion, but rather implies that the condition for classicality,
hX�ðz; �zÞi ¼ X�

cl ðz; �zÞ, with @ �@X�
cl ðz; �zÞ ¼ 0 is not compat-

ible with the symmetries of closed string theory when the
gauge choice (covariant gauge in this example) does not
fix the invariance under spacelike worldsheet translations

[127]. Note that any covariant vertex operator must
satisfy ðz@� �z �@ÞhX�ðz; �zÞi ¼ 0, whether or not it has a
classical interpretation. To get around this, one may fix the
invariance of the state under such translations (as done in
[127]) but this is somewhat messy and not practical for
general states. Alternatively, one may pick a gauge that
explicitly breaks the invariance under such translations
from the outset, e.g. static gauge. To see this notice that
[205] in static gauge, e.g. X0 ¼ �0p0
, XD ¼ R�, and
XD�XDþ2�R, from the outset where it is manifest that
spacelike worldsheet translation invariance, �! �þ s, is
broken by the gauge choice. Here hXið�; 
Þi ¼ Xi

clð�; 
Þ
can be satisfied nontrivially because in static gauge states

of the form e�
i
n�

i�ne
��i
n ~�

i�n j0; 0;pi; pD
L ; p

D
R i are physical

without requiring the existence of a lightlike compactifi-
cation. Unfortunately, it is not known how to quantize the
string in static gauge unless (starting from the Nambu-Goto
action) one restricts to small fluctuations transverse to X0,
XD with R large, in which case the leading term in the
action becomes quadratic in the fields Xi and the path
integral can be carried out perturbatively in 1=R. We would
like to discuss the construction of quantum states which
correspond to arbitrary classical solutions (e.g. solutions
with cusps where the above expansion would presumably
not suffice) and so this is not the approach we shall take
here. A better solution is possibly to instead replace the
definition of classicality, hX�ðz; �zÞi ¼ X

�
cl ðz; �zÞ, with [206]

h:X�ð�0;
ÞX�ð�;
Þ:i¼
Z 2�

0
}sX�

cl ð�0 �s;
ÞX�
clð��s;
Þ;

(126)

modulo zero mode contributions (recall that z ¼ e�ið�þi
Þ,
�z ¼ eið��i
Þ). Rather than fixing the invariance under
�-translations on the quantum side (as done in [127]) we
average over �-translations on the classical side.
The definition for classicality (126) is appropriate for

states in any gauge (e.g. covariant or light-cone gauge) that
does not fix the invariance under spacelike worldsheet
translations and we will be making use of it when we
present the construction of coherent states in noncompact
spacetimes. For the states (113) however there is yet an-
other solution which is even simpler—the solution is to go
to light-cone gauge, because in light-cone gauge the pres-
ence of lightlike compactification breaks the invariance
under such translations thus making the classical-quantum
map, hX�ðz; �zÞi ¼ X�

cl ðz; �zÞ, possible.
Before we elaborate on the light-cone gauge construc-

tion, we would like to point out that one should be careful
in drawing conclusions from statements of the form (125)
when the expectation value is evaluated in covariant gauge.
One can argue that it is not permissible to compute the
expectation value of (123) given that X�ðz; �zÞ is not a well-
defined conformal operator [124]. In light-cone gauge
there is no such subtlety because the constraints associated
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with quantum conformal symmetry are satisfied automati-
cally by the gauge choice.

Above we mentioned that lightlike compactification
breaks the invariance under worldsheet spacelike transla-
tions. To understand why this is the case recall that [155] in
light-cone gauge the constraints ð@XÞ2 ¼ ð �@XÞ2 ¼ 0 reduce

to the operator equations ��0 ¼
ffiffiffiffi
2
�0

q
1
pþ ðL?0 � 1Þ and ~��0 ¼ffiffiffiffi

2
�0

q
1
pþ ð �L?0 � 1Þ, with L?0 , �L

?
0 the transverse Virasoro gen-

erators [207]. Therefore, levelmatching in light-cone gauge
corresponds to the statement

ð��0 � ~��0 ÞjVilc ¼
ffiffiffiffiffi
2

�0

s
1

pþ
ðL?0 � �L?0 ÞjVilc; (127)

from which it follows that states compactified in a light-
like spacetime direction, for which ��0 � ~��0 (recall that

��0 and ~��0 are the left- and right-moving momentum

operators,
ffiffiffiffi
�0
2

q
p�L and

ffiffiffiffi
�0
2

q
p�R , respectively), are not invariant

under spacelike worldsheet shifts, ðL?0 � �L?0 ÞjVilc � 0.
Therefore, the above argument which led to ðz@� �z �@Þ�
hXiðz; �zÞi ¼ 0 does not apply in lightlike compactified
spacetimes, X� � X� þ 2�R�, thus implying that the
classical-quantummap, hX�ðz; �zÞi ¼ X

�
cl ðz; �zÞ,may be real-

ized. We show next that indeed the light-cone gauge real-
ization of the coherent states (113) can be mapped in this
way to arbitrary general classical solutions.

According to the discussions in Sec. III the light-cone
gauge version, jVð�; ��Þilc, of the vertex (113) is ob-

tained by the mapping, Ai�n ! �i�n and gce
ip�Xðz;�zÞ !

j0; 0;pþ; pii, so that

jVð�; ��Þilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� �� exp

�X1
n¼1

1

n
�n � ��n

�

� exp

�X1
m¼1

1

m
��m � ~��m

�
j0; 0;pþ; pii: (128)

This is similar to the open string case (101); it is an
eigenstate of the annihilation operators, �i

n>0, ~�
i
n>0, with

eigenvalues �i
n, ��i

n, and of the momenta p̂þ, p̂i with
eigenvalues pþ, pi, respectively. The vacuum is normal-
ized as in (39),

h0;0;p0j0;0;pi¼2pþð2�Þ�ðpþ0 �pþÞ
�ð2�Þd�2�d�2ðp0 �pÞ:

The position expectation value in the transverse directions
is therefore given by

hXiðz; �zÞ � x̂iilc ¼ ðXiðz; �zÞ � xiÞcl;

with

ðXiðz; �zÞ � xiÞcl ¼ �i �
0

2
pi lnjzj2

þ i

ffiffiffiffiffi
�0

2

s X
n�0

1

n
ð�i

nz
�n þ ��i

n �z
�nÞ: (129)

Furthermore, from the operator equations, ��n ¼
1
pþ ðL?n � �n;0Þ, we learn that in the longitudinal directions

[208],

hX�ðz; �zÞ � x̂�ilc ¼ ðX�ðz; �zÞ � x�Þcl;

with

ðX�ðz; �zÞ � x�Þcl ¼ �i 1

pþ

�
�0

4
p2 þ hNi � 1

�
lnz� i

1

pþ

�
�0

4
p2 þ h �Ni � 1

�
ln�z

þ i
X
n�0

1

n

X
r2Z

1

2pþ
ð�n�r � �rz

�n þ ��n�r � ��r �z
�nÞ; (130)

with the definitions

�i
0 �

ffiffiffiffiffi
�0

2

s
pi; ��i

0 �
ffiffiffiffiffi
�0

2

s
pi;

and pipi ¼ p2, and as discussed above we are to enforce
classical level matching, hNi ¼ h �Ni. For completeness we
note also that (in light-cone gauge)

Xþðz; �zÞ ¼ �i �
0

2
pþ lnjzj2:

Notice that in the rest frame, pi ¼ 0, the zero mode con-
tribution in (130) is identical to that found in the covariant
gauge (121) when pþ ¼ 1=R�. The quantities (129) and
(130) are none other than the general solutions to the
equations of motion, @ �@X� ¼ 0, in light-cone gauge
[209]. We therefore conclude that indeed the classical-
quantum map, hX�ðz; �zÞilc ¼ X�

cl ðz; �zÞ, can be realized in
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a spacetime with lightlike compactification when this map
is carried out in light-cone gauge. This is in accordance
with the above considerations. Note that this is specific to
lightlike compactified spacetimes and does not apply in
spacelike compactifications, because this conclusion relied
on the left-hand side of (127) being nonvanishing.

Finally, before we construct closed string coherent states
in fully noncompact spacetime let us show that the angular
momentum of the covariant gauge, light-cone gauge and
classical descriptions are all identical, as we did in the open
string case (107) above. For the closed string,

J�� ¼ 2

�0

�I
}zX½�@X�� �

I
} �zX½� �@X��

�
¼ L�� þ S��;

(131)

with the zero mode contribution denoted by L��

(given in [188]) and S�� ¼ S��ð�Þ þ S��ð~�Þ with
S��ð�Þ ¼ �iP1‘¼1ð��

�‘�
�
‘ � ��

�‘�
�
‘ Þ and a similar ex-

pression for the antiholomorphic sector, S��ð~�Þ. We shall
concentrate on the nonzero mode part: S��. The derivation
is almost identical to the open string case and so we do not
repeat it here, the only difference being that the open string
normalization of the momentum is half that of the closed
string: 1

2pc ¼ po (although we do not bother to keep the

subscripts when the context is clear). We find that for the
transverse directions,

hSijicov¼hSijilc¼Sijcl¼
X
n>0

2

n
Imð�	in �j

nþ ��	in ��j
nÞ; (132)

and for the longitudinal components,

hS�iicov ¼ hS�iilc ¼ S�icl ¼
ffiffiffiffiffi
2

�0

s X
m>0

X
‘2Z

1

mpþ

� Imð�	m�‘ � �	‘�i
m þ ��	m�‘ � ��	‘ ��i

mÞ; (133)

with in addition all components involving the þ direction
equal to zero. This correspondence provides further evi-
dence for the conjecture that the covariant gauge vertex
operator (113) and the light-cone gauge state (128) de-
scribe the same physics (share identical correlation func-
tions) and are different manifestations of the same state
which classically have a light-cone gauge description given
by ((129) and (130).

Before delving into the coherent state construction in
noncompact spacetimes it is worth noting that the require-
ment of a lightlike compactified background in the naive
construction of the current section is the cost of working
in a standard gauge, namely, light-cone or covariant
gauge where all the string technology for amplitude com-
putations is well developed. It is also possible to construct
closed string coherent states in a modified light-cone gauge
[210], where the requirement of a lightlike compactified
background, X� � X� þ 2�R�, gets replaced by the re-
quirement of a spacelike compactified background,

XD � XD þ 2�RD. Here, instead of making the light-

cone gauge identification Xþðz; �zÞ ¼ �i �02 pþ lnjzj2, one
chooses Xþðz; �zÞ ¼ �i �02 pþL lnz� i �

0
2 p
þ
R ln�z, which in

turn solves the constraints in a manner similar to the
light-cone gauge case. Here however, with the additional
freedom of choosing pþL and pþR independently, it becomes
possible to rotate the spacetime coordinate system in such a
way that the resulting coherent states propagate in a space-
like rather than a lightlike compactified spacetime [211].

D. Coherent states in minkowski space

We next construct coherent states in fully noncompact
spacetimes. We showed above that the coherent state (113),

Vð�; ��; pÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� �� exp

�X1
n¼1

1

n
�n � A�n

�

� exp

�X1
m¼1

1

m
��m � �A�m

�
eip�Xðz;�zÞ; (134)

satisfies all the coherent state defining properties but only
when the underlying spacetime manifold is compactified in
a lightlike direction of spacetime. Below (120) we con-
cluded that in addition to the usual states in the underlying
Hilbert space which satisfy N ¼ �N, there were additional
states for which N � �N and these correspond to states with
lightlike winding. This suggests that starting from (134) we
may truncate the underlying Hilbert space and project out
all states with N � �N. The resulting states will be mani-
festly level-matched and will propagate consistently in
fully noncompact (but also compact) spacetimes.
To project out all states with N � �N, thus leaving only

N ¼ �N states in the underlying spectrum, we define a
projection operator,

Gw ¼
Z 2�

0
}seisðŴ�wÞ; Ŵ � �0

2
ðp̂þL p̂�L � p̂þR p̂�R Þ;

(135)

with p̂�
L ¼ 2

�0
H
}z@X�, p̂�

R ¼ � 2
�0

H
} �z �@X�, and Ŵ the

lightlike winding number operator. The Virasoro con-
straints associated with level matching read

L0 � �L0 ¼
�
�0

4
p̂2
L þ N

�
�

�
�0

4
p̂2
R þ �N

�

¼ ��0

2
ðp̂þL p̂�L � p̂þR p̂�R Þ

þ �0

4
ðp̂2

L � p̂2
RÞ þ N � �N ¼ 0; (136)

from which the origin of the projector, Gw, becomes clear:
when Gw is applied to arbitrary vertices it projects out all
states in the underlying Hilbert space except for those with
lightlike winding number w. In the case of interest when
there are no transverse compact directions, p2

L ¼ p2
R ¼ p2,

we can equivalently write the covariant expression
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Ŵ ¼ ��0p � ŵ;
where p� ¼ 1

2 ðp�
L þ p�

R Þ is the momentum of the vacuum,

p2 ¼ 4=�0, p � q ¼ 2=�0, and ŵ� ¼ 1
2 ðp̂�

L � p̂�
R Þ is the

winding vector (see Appendix A). Notice, for example,
that for some generic vertex operator,

Ŵ � Pð@#X; �@#XÞeiðp�NqÞ�XðzÞeiðp� �NqÞ�Xð �zÞ

¼ ðN � �NÞPð@#X; �@#XÞeiðp�NqÞ�XðzÞeiðp� �NqÞ�Xð �zÞ; (137)

with Pð@#X; �@#XÞ the oscillator contribution that com-

mutes with Ŵ. Then, covariant vertex operators without
lightlike winding will be given by

V0ð�; ��Þ ffi G0 � Vð�; ��Þ; (138)

the dot denoting operator product contractions. Taking
Vð�; ��Þ to be the coherent state (134) we are to commute
G0 through the DDF operators, the relevant term giving

eisŴe
P1

n¼1ð1=nÞ�n�A�n ¼ e
P1

n¼1ð1=nÞeins�n�A�neisŴ with a simi-
lar relation for the antiholomorpic sector, with e�ins re-
placing eins. This follows from the Baker-Campbell-

Hausdorff formula, the commutators ½Ŵ; Ai�n� ¼ nAi�n,
½Ŵ; �Ai�n� ¼ �n �Ai�n, and the elementary Schur polynomial
representation (A12a) with as ¼ 1

s!

P1
n¼1ðinsÞs 1

n �n � A�n.
The resulting vertex operators are then the candidate quan-
tum states to represent arbitrary classical loops in non-
compact Minkowski spacetime,

V0ð�; ��;pÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� ��

Z 2�

0
}s exp

�X1
n¼1

1

n
eins�n � A�n

�
exp

�X1
m¼1

1

m
e�ims ��m � �A�m

�
eip�Xðz;�zÞ; (139)

with

C � �� ¼
�Z 2�

0
}s exp

�X1
n¼1

1

n
j�nj2eins þ 1

n
j ��nj2e�ins

�	�1=2
(140)

a normalization constant. The normalization as usual fixed
by the ‘‘one string in volume V d�1’’ condition, which
leads to a unitary S-matrix. As discussed in Sec. II, this
is equivalent to fixing the most singular term in the opera-
tor product expansion as in (114), which in our conven-
tions, as discussed there, is equivalent to requiring that the
state have unit norm,

hV0ð�; ��;pÞjV0ð�; ��;pÞi ¼ 1; j0; 0;pi ffi gce
ip�X:

Note that the out-state V0ð�; ��Þy is given by V0ð�; ��Þ with
f�	ng, An and �p replacing f�ng, A�n and p, respectively
(corresponding to Hermitian conjugation in Minkowski
signature worldsheet), and similarly for the antiholomor-
phic sector.

We first check that (139) satisfies the defining
properties (a), (b), and (c) of a string coherent state as
laid out in the beginning of this section. The properties (a),
(b), and (c) are trivially satisfied because the state is still
specified by a set of continuous labels and the projection
operator (135) does not alter the states in the underlying
Hilbert space, H . The Hilbert space is instead truncated
[212] and so, given that any linear combination of physical
states is also a physical state, the vertex (139) must be
physical. To check that property (b) is satisfied, i.e. that a
completeness relation exists for the projected states, we
start from the completeness relation associated with the
unprojected states [196], the existence of which was estab-
lished in Sec. IVC,

1 ¼V d�1
Z 1
0

dpþ

2�

Z
R24

d24p

ð2�Þ24 �
Z �Y

n;A

d2�A
n

2�n

�

�
�Y
n;A

d2 ��A
n

2�n

�
jVð�; ��ÞihVð�; ��Þj:

Apply a projection operator, Gw, on either side of this
expression to find that

1 w ¼
Z

d�ðpÞd�d ��jVwð�; ��ÞihVwð�; ��Þj; (141)

where we write d�ðpÞ ¼V d�1
dpþ
2�

d24p
ð2�Þ24 , d� ¼

Q
n;i

d2�i
n

2�n ,

d2�i
n ¼ id�i

n ^ d�	in , and similarly for the antiholomor-
phic sector, d ��, with ��i

n replacing �i
n. We have defined,

Gw � 1w, as Gw is none other than the unit operator, 1w,
with respect to the truncated Hilbert space, H w, which
consists of all states with lightlike winding number w. To
show this note that jVwi ¼ GwjVi and G2

w ¼ Gw (recall
that Gw is Hermitian). From the latter two expressions it
follows that

GwjVwi ¼ jVwi;
and so indeed Gw ¼ 1w. Thus, there exists a completeness
relation for the projected states also, as required from the
definition of a coherent state.
Note that if we sum over w in (141) we learn that

1 ¼
Z

d�ðpÞd�d ��
X1

w¼�1
jVwð�; ��ÞihVwð�; ��Þj;

with 1 the unit operator with respect to the larger Hilbert
space H , and this serves as a consistency check.
The Hilbert space of interest here is H 0 which is the

coherent state Hilbert space associated with noncompact
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spacetimes. From the above considerations we conclude
that (141) is indeed a resolution of unity with respect to
H w, and have thus shown that the string coherent state
defining properties are satisfied by the states Vwð�; ��;pÞ.
Next notice that because winding number is conserved,

½Ĥ; Ŵ� � Vwð�; ��;pÞ ffi 0, with Ĥ ¼ L0 þ �L0 � 2 the
worldsheet Hamiltonian, the Hilbert space decomposition,
H ¼L

w2ZH w, is indeed orthogonal; when all quantum
numbers other than winding number are equal, hVmjVni ¼
�m;n for vertices, Vm 2H m. We conclude that vertex

operators,

V0ð�; ��;pÞ 2H 0;

can propagate in fully noncompact spacetimes, and have
shown, in particular, that the vertex operator (139) is a
closed string coherent state that can be consistently em-
bedded in noncompact flat Minkowski spacetime.

In a scattering amplitude that involves say n coherent
states V0 and any number of noncoherent states, one can
drop the G0’s in n� 1 of these vertices. To see this let us
look at an example, say the elastic massive string forward

scattering amplitude from an arbitrary closed string coher-
ent state, V0,

hVy0UyUV0i ¼ hðG0VÞyUyUðG0VÞi
¼ hVyUyUG2

0Vi
¼ hVyUyUV0i; (142)

with U ¼ Pð@#X; �@#XÞeik�Xðz;�zÞ a vertex operator without
lightlike winding, and we have used the fact that G0 is
Hermitian, commutes with U, and squares to itself.
The inner product associated with the projected states

can be derived from the properties

Ai
n � V0 ffi �i

nVn; �Ai
n � V0 ffi ��i

nVn;

valid for n > 0 and

hVyn Vmi ¼ �n;m;

which follow from the DDF operator commutation rela-
tions. From these it follows that the constructed coherent
states are as usual over-complete,

hV0ð�; ��;p0ÞjV0ð
; �
;pÞi ¼ �p0;pC� ��C
; �
 �
Z 2�

0
}s exp

�X
n>0

1

n
�	n � 
ne

ins þ 1

n
��	n � �
ne

�ins
�
; (143)

and this reduces to unity when ð�; ��Þ ¼ ð
; �
Þ. We have again made use of the fact that G2
0 ¼ G0. Note that �p0;p is a

Kronecker delta which reduces to unity when pþ0 ¼ pþ and p0 ¼ p, with p and p0 the momenta of the vacua associated
with the in- and out-states, as above.

1. Functional representation

The normal-ordered version of V0ð�; ��Þ analogous to (117) can be derived from (117) by computing the operator
product, V0ð�; ��Þ ffi G0 � Vð�; ��Þ. In the particular case that �n>0 � �m>0 ¼ 0, one finds an expression identical to (139)

with Hi
nðzÞe�inq�XðzÞ, �Hi

nð�zÞe�inq�Xð �zÞ replacing Ai�n, �Ai�n, respectively, with an overall integral over s,

V0ð�; ��Þ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� ��

Z 2�

0
}s exp

�X1
n¼1

1

n
eins�n �Hne

�inq�XðzÞ
�
exp

�X1
m¼1

1

m
e�ims ��m � �Hme

�imq�Xð �zÞ
�
eip�Xðz;�zÞ: (144)

This follows from the general result (85) and (139), and the
polynomialsHnðzÞ have been defined in (73); see also (70),
(71), and (74). Notice that this is still an eigenstate of p̂þ,
p̂i if we make the choice qþ, qi ¼ 0 and q� nonzero, as
was the unprojected state Vð�; ��Þ. Recall also that in the
rest frame in addition to taking pi ¼ 0 we are to take
HnðzÞ ! PnðzÞ as discussed in Sec. III. When the polar-

ization tensors are arbitrary, subject only to the constraints
�n � q ¼ 0 (for all n 2 Z), we have instead

V0ð�; ��Þ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� ��

Z 2�

0
}sU0ð�Þ �U0ð ��Þeip�Xðz;�zÞ;

(145)
with U0ð�Þ given by

U0ð�Þ ¼
X1
g¼0

Xbg=2c
a¼0

1

a!ðg� 2aÞ!
� X
n;m>0

eiðnþmÞs

2nm
�n � �mSn;me

�iðnþmÞq�XðzÞ
�
a
�X
n>0

eins

n
�n �Hne

�inq�XðzÞ
�
g�2a

;

and �U0ð ��Þ given by a similar expression with ��i
m, �z,

�Sm;mð�zÞ, and �Hi
mð�zÞ replacing the corresponding holomor-

phic quantities, and e�iNs replacing eiNs for any integersN.
The explicit form for U0ð�Þ has been derived from the
general result (85) and (139).

It is possibly useful at this point to give an
example. The simplest coherent state vertex operator is
when only �i � �i

1 is nonvanishing and � � � ¼
�� � �� ¼ �i

n��1 ¼ ��i
n��1 ¼ 0. From (144) and find

that
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V0ðz; �zÞ ¼ gcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� ��

�
Z 2�

0
}s expðieis� � @Xe�iq�XðzÞÞ

� expðie�is �� � �@Xe�iq�Xð �zÞÞeip�Xðz;�zÞ; (146)

with

�� � �i

�
�i
� � �0

2
piq�

�
; ��� � ��i

�
�i
� � �0

2
piq�

�
;

and

j�j2 ¼ j�j2; j ��j2 ¼ j ��j2:
It is manifest that the s-integral serves to set the total
number of holomorphic and antiholomorphic worldsheet
derivatives to be equal in every term of the series expan-
sions of the exponentials.

2. Closed string coherent state properties

We next derive various properties of the projected co-
herent states. Proceeding in a similar manner to the open
string case, we map to the light-cone gauge states corre-
sponding to (139) or equivalently (145), which are given by

jV0ð�; ��Þilc ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pþV d�1

q C� ��

�
Z 2�

0
}s exp

�X1
n¼1

1

n
eins�n � ��n

�

� exp

�X1
m¼1

1

m
e�ims ��m � ~��m

�
j0; 0;pþ; pii:

(147)

Let us consider the light-cone gauge classical solutions,
X
�
cl ðz; �zÞ, corresponding to this state. Having projected

out the lightlike winding states, worldsheet translation
invariance is restored (in both light-cone and covariant
gauges) and according to the discussion in Sec. IVC2
the condition for classicality hX�ðz; �zÞi ¼ X�

cl ðz; �zÞ is re-

placed by (126), rewritten here for convenience in the

ðz; �zÞ ¼ ðe�ið�þi
Þ; eið��i
ÞÞ coordinate system with the
zero mode contributions explicitly subtracted,

h:½X�ðz0; �z0Þ� x̂��½X�ðz; �zÞ� x̂��:i
¼
Z 2�

0
}s½X�ðz0eis; �z0e�isÞ�x��cl½X�ðzeis; �ze�isÞ�x��cl:

(148)

Given that we know the classical solution, i.e. the
right-hand side of (148), in light-cone gauge [see (129) and
(130)], we establish (148) for the projected states in light-
cone gauge. For the transverse directions, i, j, to evaluate
the left-hand side of (148) in the state (147), we make use
of the closed string mode expansion,

Xiðz; �zÞ� x̂i¼�i�
0

2
p̂i lnjzj2þ i

ffiffiffiffiffi
�0

2

s X
n�0

1

n
ð�i

nz
�nþ ~�i

n �z
�nÞ;

(149)
and the fact that

�i
n>0jVwilc ¼ �i

njVw�nilc; ~�i
n>0jVwilc ¼ ��i

njVwþnilc;
(150)

and hVnjVmilc ¼ �n;m, which follow from the osci-

llator commutation relations, ½�i
n; �

j
m� ¼ n�nþm;0�

ij,

½~�i
n; ~�

j
m� ¼ n�nþm;0�

ij, and Gyw ¼ Gw, GywGm ¼
�w;mGm. Furthermore, we have hVwj�i�m ¼ �	imhVw�mj
and p̂ijV0i ¼ pijV0i. From these expressions we learn that

h:½Xiðz0; �z0Þ � xi�½Xjðz; �zÞ � xj�:i ¼ �
�
�0

2

�
2
pipj lnjz0j2 lnjzj2

þ �0

2

X
n�0

1

n2

�
�i
n�
	j
n

�
z

z0

�
n þ ��i

n
��	jn

�
�z

�z0

�
n � �i

n
��j
n

�
1

z0 �z

�
n � ��i

n�
j
n

�
1

�z0z

�
n
	
: (151)

It is trivial to show that this expression is identical to the
right-hand side of (148) when

ðXiðz; �zÞ � xiÞcl ¼ �i �
0

2
pi lnjzj2

þ i

ffiffiffiffiffi
�0

2

s X
n�0

1

n
ð�i

nz
�n þ ��i

n �z
�nÞ; (152)

thus proving that the definition of classicality (126) is
satisfied by the projected coherent states, at least for the
transverse directions. For the longitudinal directions, to

evaluate the left-hand side of (148) in the state (147), we
make use of mode expansions

X�ðz; �zÞ � x̂� ¼ �i �
0

2
p̂� lnjzj2

þ i

ffiffiffiffiffi
�0

2

s X
n�0

1

n
ð��n z�n þ ~��n �z�nÞ

Xþðz; �zÞ ¼ �i �
0

2
p̂þ lnjzj2: (153)

We find that
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h:½X�ðz0; �z0Þ � x��½Xjðz; �zÞ � xj�:i ¼ �
�
�0

2

�
2hp̂�ipj lnjz0j2 lnjzj2

þ �0

2

X
n�0

1

n2

�
��n �

	j
n

�
z

z0

�
n þ ���n ��	jn

�
�z

�z0

�
n � ��n ��j

n

�
1

z0 �z

�
n � ���n �

j
n

�
1

�z0z

�
n
	
; (154)

where we have found it convenient to write

��n ¼ 1ffiffiffiffiffiffiffiffi
2�0
p X

r2Z

1

pþ
�n�r � �r;

with a similar expression for ���n with ��n replacing �n. This
is computed using the fact that the ��n are determined
entirely in terms of the �i

n, according to (for n � 0)

��n ¼ 1ffiffiffiffiffiffiffiffi
2�0
p 1

pþ
X
r2Z

:�i
n�r�i

r:;

and similarly for ~��n with �n replacing ~�n, which follows
from the relations (150), and from the commutation rela-

tions ½L?n ; �i
m� ¼ �n�i

nþm and ½ �L?n ; ~�i
m� ¼ �n~�i

nþm with

L?n ¼
ffiffiffiffi
�0
2

q
pþ��n and �L?n ¼

ffiffiffiffi
�0
2

q
pþ ~��n (for n � 0).

The n ¼ 0 term yields the light-cone gauge Hamiltonian,

p̂� ¼ 1ffiffiffiffiffiffi
2�0
p ð��0 þ ~��0 Þ, with ��0 ¼

ffiffiffiffi
2
�0

q
1
pþ ðL?0 � 1Þ, and

~��0 ¼
ffiffiffiffi
2
�0

q
1
pþ ð �L?0 � 1Þ, or

p̂� ¼ 1

�0pþ
ðL?0 þ �L?0 � 2Þ:

The expectation value of the light-cone gauge Hamiltonian
is in turn given by

hp̂�i ¼ 1

�0pþ

�
�0

2
p2 þX

n>0

j�nj2 þ
X
n>0

j ��nj2 � 2

�
;

exactly as for the DLCQ coherent states, and there is again
thus an effective level number for the left- and right-

movers hNiPn>0j�nj2 and h �Ni ¼
P

n>0j ��nj2, respectively.
For the right-hand side of (148), the computation is the
same as for the transverse directions, given that the inte-
grals do not see the polarization dependence, and so the

result is as in (151) but with ��n replacing �i
n in accordance

with the above result.
Similarly, for the X�X� directions, the result is

h:½X�ðz0; �z0Þ � x��½X�ðz; �zÞ � x��:i ¼ �
�
�0

2

�
2h:ðp̂�Þ2:i lnjz0j2 lnjzj2

þ �0

2

X
n�0

1

n2

�
��n �	�n

�
z

z0

�
n þ ���n ��	�n

�
�z

�z0

�
n � ��n ���n

�
1

z0 �z

�
n � ���n ��n

�
1

�z0z

�
n
	
; (155)

whereas for the X�Xþ and XiXþ directions only the zero
modes contribute, because hX� � x�i ¼ �i �02 hp̂�i lnjzj2
(with � ¼ f�; ig)

h:½X�ðz0; �z0Þ � x��½Xþðz; �zÞ�:i

¼ �
�
�0

2

�
2hp̂�ipþ lnjz0j2 lnjzj2: (156)

We have thus proven that (148) is indeed satisfied for the
light-cone gauge coherent states (147), in all spacetime
directions.

Furthermore, from (151) it follows that the rms trans-
verse distance from the center of mass to an arbitrary

point on the string, r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffihðXðz; �zÞ � xÞ2ip
, in the rest

frame, p ¼ 0, is given by

r2 ¼ �0

2

X
n>0

1

n2
ðj�nj2 þ j ��nj2 � 2Reð�n � ��ne

�2in
M ÞÞ;

(157)

where we have Wick rotated back to a Minkowski signa-
ture worldsheet, 
 ¼ i
M. The vertex operator (147) and by

extension (144) clearly represents a macroscopic string
when �n and ��n satisfy

X
n>0

1

n2
ðj�nj2 þ j ��nj2 � 2Reð�n � ��ne

�2in
M ÞÞ � 1:

Recall that we are to enforce
P

n>0j�nj2 <1 and similarly
for the antiholomorphic sector in order to ensure that the
coherent state vertex operators are well behaved [179].
Let us compare the result (157) for the size of a string

with the naive estimate for the length or size of a string,

‘� ffiffiffiffiffiffiffiffiffiffiffiffi
�0hNip

, which follows from m2
eff � 4hNi=�0 and

meff ��‘ (with meff ¼ hmi, � ¼ 1=ð2��0Þ the string
tension and ‘ its length). Recall that hNi ¼ P

n>0j�nj2
and therefore

r2

�0hNi �
P
n>0

1
n2
j�nj2P

n>0

j�nj2
� 1:

For an arbitrarily excited cosmic string where arbitrarily
large harmonics, n, contribute to hNi,
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‘�
ffiffiffiffiffiffiffiffiffiffiffiffi
�0hNi

p
;

and so the naive estimate ‘� ffiffiffiffiffiffiffiffiffiffiffiffi
�0hNip

breaks down when
the contribution of high harmonics is significant. This is of
course to be expected, because the presence of high har-
monics implies also that greater amounts of energy are
concentrated in a smaller region of space.

We next show that the nonzero mode components of the
angular momentum, Sij, and Si� associated with the co-
variant gauge coherent vertex operator (139), that associ-
ated with the corresponding light-cone gauge state (147)
and that of the classical solutions (152) are all equal to the
expressions found for lightlike compactified states (132)
and (133), rewritten here for convenience: for the trans-
verse directions,

hSijicov¼hSijilc¼
X
n>0

2

n
Imð�	in �j

nþ ��	in ��j
nÞ¼Sijcl; (158)

and for the longitudinal components,

hS�iicov ¼ hS�iilc ¼ S�icl ¼
ffiffiffiffiffi
2

�0

s X
m>0

X
‘2Z

1

npþ

Imð�	m�‘ � �	‘�i
m þ ��	m�‘ � ��	‘ ��i

mÞ; (159)

with in addition all components involving the þ direction
equal to zero. The derivation of these expressions is almost
identical to that described in the open string coherent state
section. The three modifications that are worth mentioning
are: (a) the covariant and light-cone gauge projected vertex
operators are not eigenstates of the annihilation operators,
there being instead the relations (150) for the light-cone
gauge and

�i
m>0 � V0ð�Þ ffi

X1
n¼1

m

n
�i
nB
�n
m � V�mð�Þ: (160)

for the covariant gauge; (b) there is a single s-integral due
to the property mentioned with an example in (142) and so
we do not need the relation analogous to (160) for the
longitudinal direction; and (c) there exist the orthogonality

relations, hVyn Vmicov ¼ �n;m, hVnjVmilc ¼ �n;m in cova-

riant and light-cone gauge, respectively.

V. CONSISTENCY CHECK

In this section we would like to check that the coherent
state vertex operators (144) have the correct singularity
structure (i.e. that required by conformal invariance) when
two vertices approach on the worldsheet, namely,

lim
z!w
hhVyðz; �zÞVðw; �wÞii

� ið2�Þd�dð0Þ
�

g2c

2pþV d�1

�
1

jz� wj4 ; (161)

with the expectation value defined in terms of a path
integral over embeddings,

hhVyðz; �zÞVðw; �wÞii �
�

4�2�0R
� d2z

ffiffiffi
g
p det0�ð0Þ

�
d=2

�
Z
E
DXe�S½X�Vyðz; �zÞVðw; �wÞ;

(162)

with S½X� ¼ 1
2��0

R
d2z@zX � @ �zX the usual Polyakov ac-

tion, the worldsheet Laplacian, �ð0Þ ¼ �2gz�z@z@ �z, and the

measure defined according to:
R
DXe�kXk2=4��0 � 1 with

k�Xk2 ¼ R
� d2z

ffiffiffi
g
p

�X � �X. This will in turn confirm that

the normalization of the functional representation of the
coherent state (139), namely (144), is consistent with that
obtained by operator methods, namely (140). Note further-
more, that the statement (161) is equivalent to the confor-
mal field theory statement (28) that was derived by the
‘‘one string in volume V d�1’’ requirement that leads to
correctly normalized S-matrix elements. To simplify the
computation we will consider the case when there is only a
single harmonic present (in the corresponding light-cone
gauge state) and work in the rest frame, where the vertex
operator interest is of the form

Vðz; �zÞ ¼ C
Z 2�

0
}s exp

�
1

n
eins�n � Pne

�inq�XðzÞ
�

� exp

�
1

m
e�ims ��m � �Pme

�imq�Xð�zÞ
�
eip�Xðz;�zÞ:

(163)

We are to choose the normalization constant C such that
(161) is satisfied. From the definitions of the dimensionless
quantities PnðzÞ and �Pmð�zÞ, defined (we use units where
�0 ¼ 2 in this section) in (74), it follows that we can
equivalently write

Vðz; �zÞ ¼ C
Z 2�

0
}s

X1
a;b¼0

eiðna�mbÞs

a!b!
�Ya

i¼1
ð�n �DðnÞi XÞ

�Yb
j¼1
ð ��m � �DðmÞj XÞ � ei

R
d2z0Jðz0;�z0Þ�Xðz0;�z0Þ;

(164)

provided we define the operators

DðnÞj �
1

n

I dwj

2�iwj

Xn
‘¼1

w�ðn�‘Þj

i

ð‘� 1Þ!@
‘
z; (165a)

�DðmÞj � � 1

m

I d �wj

2�i �wj

Xm
‘¼1

�w�ðm�‘Þj

i

ð‘� 1Þ!@
‘
�z ; (165b)

and, taking into account the constraint enforced by the
s-integral, na ¼ mb,
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J�ðz0; �z0Þ��2ðz�z0Þ
�
p��naq��naq�

X1
s¼1

P
a
j¼1w

s
j

s!
@sz

�mbq�
X1
s¼1

P
b
j¼1 �ws

j

s!
@sz

�
: (166)

Using the generating function, hhei
R

d2zJðz;�zÞ�Xðz;�zÞii ¼
ið2�Þd�dðJ0Þe�ð1=2Þ

R
d2z

R
d2z0Jðz;�zÞ�Jðz0;�z0ÞG0ðz;z0Þ, with Gðz; wÞ

the closed string propagator, it follows that the path inte-
gral over embeddings reads

hhVyðz; �zÞVðw; �wÞii ¼ jCj2
Z 2�

0
}s

X1
a;b¼0

eiðna�mbÞs

ða!b!Þ2

� X
�2S2aþ2b=�

ið2�Þd�dð0Þ Y2aþ2b
q¼1

D�ð2q�1Þ �D�ð2qÞGðz�ð2q�1Þ; z�ð2qÞÞeð2�na�na0ÞGðz;z0Þ; (167)

where we have taken into account the fact that in the rest frame ��m � p ¼ �n � p ¼ 0, and of course ��m � q ¼ �n � q ¼ 0
holds in all frames. SI is the symmetric group of degree I [156], the group of all permutations of I ¼ 2aþ 2b elements,
and the equivalence relation� is such that�i � �j with�i,�j 2 SI when they define the same element in (167). We have
also defined

D j � fP yn ðzÞ; . . . ;P yn ðzÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
a

; �P ymð�zÞ; . . . ; �P ymð �zÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
b

;P nðwÞ; . . . ;P nðwÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
a

; �Pmð �wÞ; . . . ; �Pmð �wÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
b

g; (168)

with the operators P nðwÞ and �P nð �wÞ, given by

P nðwÞ � �n

1

n

Xn
‘¼1

Sn�‘ðn; wÞ i

ð‘� 1Þ!@
‘
w

�Pmð �wÞ � ��m

1

m

Xm
‘¼1

�Sm�‘ðm; �wÞ i

ð‘� 1Þ!@
‘
�w;

(169)

with similar expressions for P yn ðzÞ (and �P ymð �zÞ) with ��	n
(and � ��	n) replacing �n (and ��m) in P nðzÞ ( �Pmð�zÞ). The
modified elementary Schur polynomials are defined in
(A17). Carrying out the sum over permutations, and using
the fact that the modified elementary Schur polynomials
(A17) in the appropriate limit are of the form

Sn�‘ðn; zÞjz!w ’ n!

ðn� ‘Þ!‘! ðz� wÞ�ðn�‘Þ;
Sn�‘ðn; wÞ ¼ ð�Þnþ‘Sn�‘ðn; zÞ;

(170)

with a similar result for the antiholomorphic quantities,
with �z, �w replacing z, w, one can show that the most
singular term of the two-point function (167) in the limit
z! w is

hhVyðz; �zÞVðw; �wÞiijz!w

’ ið2�Þd�dð0ÞjCj2

� X1
a;b¼0

�na;mb

a!b!

�j�nj2
n

�
a
�j ��mj2

m

�
bjz� wj�4: (171)

Recall that the multiloop scalar propagator is of the form

Gðz; wÞ ¼ � lnjEðz; wÞj2

þ 2� Im
Z w

z
!IðIm�Þ�1IJ Im

Z w

z
!J; (172)

where the prime form, Eðz; wÞ, has the unique property that
for any two points on a genus h Riemann surface,

limz!wEðz; wÞ ’ z� wþ � � � ; the zero mode contribution
is nonsingular in this limit. Furthermore, we have made use
of the identityXn

‘;r¼1
ð�Þ‘þr n!

‘!ðn� ‘Þ!
ðn� 1Þ!
r!ðn� rÞ!

ð‘þ r� 1Þ!
ð‘� 1Þ!ðr� 1Þ! ¼ 1:

From (171) we see that if we choose the vertex operator
normalization,

C¼gc

�Z 2�

0
}sexp

�
eins

n
j�nj2þe�ims

m
j ��mj2

�	�1=2
; (173)

the fundamental requirement (161) is satisfied. This is
precisely the vertex operator normalization expected
from the operator formalism (140) when we identify

gce
ip�Xðz;�zÞ ’ j0; 0;pi, when the relativistic normalization

h0; 0;p0j0; 0;pi ¼ 2pþð2�Þ�ðp0þ � pþÞð2�Þd�2ðp0 � pÞ
is used, and the vertex operator is written in terms of DDF
operators, as discussed above. With these conventions, the
corresponding state has unit norm, hVjVi ¼ 1.
Note that we are required to interpret the quantity

Q ¼ lim
z!w

2�Im
Z w

z
!IðIm�Þ�1IJ Im

Z w

z
!J;

in order to reach the conclusion (171); see (172). This limit
is not single-valued and in general will depend on the
particular (closed) path, which may be represented by � ¼P

h
I¼1ðnIAI þmIBIÞ, with nI; mI integers counting the

number of times we have gone around an AI; BI homology
cycle of the genus h Riemann surface in order to bring z
close to w [144]. In fact, from the defining relations for the
Abelian differentials,

H
AI
!J ¼ �IJ,

H
BI
!J ¼ �IJ, we

obtain a z- and w-independent limit Q ¼ mIðIm�ÞIJmJ,
which does not contribute to correlation functions (due to
momentum conservation), and can thus be set to zero.

DIMITRI SKLIROS AND MARK HINDMARSH PHYSICAL REVIEW D 84, 126001 (2011)

126001-38



VI. DISCUSSION

We have presented a construction of a complete set of
mass eigenstate covariant normal-ordered vertex operators
and a complete set of (open and closed string) covariant
coherent state vertex operators with all constraints solved
completely. The construction became possible by making
use of DDF operators which enable one to translate be-
tween light-cone gauge states and covariant vertex opera-
tors. The coherent state vertex operators are potentially
macroscopic and are in one-to-one correspondence with a
classically evolving string—this suggests that they be
identified with fundamental cosmic strings.

In the next few paragraphs we briefly discuss and elabo-
rate on the underlying structure that has been uncovered.
We start with a discussion of the general covariant mass
eigenstate vertex operators, and this is followed by a dis-
cussion of the more elaborate coherent state vertex
operators.

A. Mass eigenstate vertex operators

One of the key features we have uncovered is that
elementary Schur polynomials (equivalently complete
Bell polynomials), Smðnq; zÞ, and the related polynomials,
Hi

nðzÞ and Sm;nðzÞ, all of which are defined in Appendix A,
play a fundamental role in the construction: arbitrary flat
space vertex operators can be represented in terms of
elementary Schur polynomials as we have shown explicitly
in (85) and (87). The traceless subset of these is given by
the vertex operators (79). These polynomials have use-
ful integral representations which facilitate path integral
computations.

Building on the observations of D’Hoker and Giddings
[132], the use of DDF operators has enabled us to present
an explicit one-to-one map between the light-cone gauge
states and covariant normal-ordered vertex operators. In
the case of traceless polarization tensors there is a simple
prescription: to construct the normal-ordered covariant
vertex operator corresponding to a given light-cone gauge
state we make the replacements (80)

�i�n ! Hi
nðzÞ

~�i� �n ! �Hi
�nð�zÞ

j0; 0;pþ; pii ! gce
iðp�NqÞ�X�ðz;�zÞ:

In the general case (when the polarization tensors are not
traceless), the corresponding map has been identified in
Sec. III F. The spacetime vectors, p�, q�, are defined for
the closed string in (51) and for the open string in (62), q�

is transverse to all oscillator indices and the overall nor-
malization and polarization tensors are then the same on
both sides of the correspondence. States on both sides of
this map have identical masses, angular momenta and we
conjecture that they also share identical interactions. It
would be useful to check this conjecture, possibly by

performing amplitude computations on both sides of the
correspondence and checking that there is agreement.
Because of the explicit presence of transverse indices on

the resulting covariant vertex operators, one may wonder
whether these are truly covariant (in the spacetime sense).
The answer is that they are covariant but not manifestly so.
This is made clear by the two examples (66) and (75) (the
first of which has already been given in [132]), which have
been rewritten in such a way that the resulting polarization
tensors and momenta can have all spacetime components
nonvanishing, not just the transverse ones. These vertices
can be inserted into covariant path integrals [124,144]
and one need not make the covariance manifest in order
to do so.

B. Coherent state vertex operators

The DDF construction has also enabled us to construct a
complete set of closed and open string coherent state
covariant vertex operators, i.e. states characterized by con-
tinuous labels (namely the polarization tensors �i

n, ��i
n),

which transform correctly under all symmetries of bosonic
string theory [213]. The precise definition of a coherent
state vertex operator, that we suggest is appropriate in the
context of superstring theory, can be found in the opening
lines of Secs. IVA and IVBfor the open and closed string
respectively [216]. One of the most important features of
these vertex operators is that they have a classical inter-
pretation—what we mean by a state with a classical inter-
pretation has been explained in the opening lines of
Sec. IV. The rms transverse distance from the center of
mass to an arbitrary point on the string [see (157)] is
arbitrary and specified by the magnitude of the polarization
tensors �i

n, ��i
n—when j�nj2 � 1 these strings are macro-

scopic with expectation values evolving according to the
classical equations of motion, and may therefore be iden-
tified with a toy model version of the macroscopic funda-
mental cosmic strings. A more realistic version would be
the corresponding superstring construction with an appro-
priate compactification of the extra dimensions—this is
currently under investigation.

C. Open string coherent states

The open string coherent states (92) are constructed
from a linear superposition of the open string mass eigen-
states of Sec. III. The spacetime setup we have in mind
here corresponds to a vertex operator for an open string
attached to a single Dp-brane or two parallel Dp-branes
(of the same dimensionality), the so-called p-p string
vertex operators NN and DD. The construction of the
more general p-p0 vertex operators with possibly mixed
boundary conditions ND and DNwould also be interesting;
see e.g. [166]. We have concentrated on strings with ex-
citations within the D-brane worldvolume (i.e. polarization
tensors with nonzero components in directions parallel to
the brane), the corresponding transverse excitations which
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have the interpretation of ripples of the brane being related
to these via T-duality [14,167]. Apart from these, there are
also open strings with excitations in both the transverse and
tangent directions relative to the brane.

We have also provided a one-to-one correspondence
between every open string covariant coherent state vertex
operator, the corresponding light-cone gauge description
and finally the classical solutions to which these vertex
operators correspond to. We computed the angular momen-
tum and mass of these states and showed that there is
agreement between these three descriptions; see (107) and
(112).

D. DLCQ closed string coherent states

The closed string coherent states we have considered are
composed of two copies of the open string. The construc-
tion (113), of Sec. IVC, with the corresponding light-cone
gauge expression [217] (128), is only consistent in a space-
time with lightlike compactification, X� � X� þ 2�R�;
see Fig. 2. The normal-ordered expression has been given
in (117) for the case of traceless polarization tensors.
Although these states are presumably not phenomenolog-
ically relevant (at least if they are interpreted as cosmic
strings because lightlike compactification breaks four-
dimensional Lorentz invariance), they serve as a good
starting point for the more refined closed string coherent
state construction of Sec. IVD.

The lightlike compactified coherent states, nevertheless,
have many interesting features and may have other appli-
cations: lightlike compactification also known as discrete
light-cone quantization (DLCQ) [192,195] of M-theory
(which reduces to type IIA superstring theory when the
radius of the 11th dimension is taken to zero) has been
conjectured [193] to be equivalent to finite N U(N) super-
Yang-Mills; see also [194,197–199,219–221]. Therefore,
there should be a one-to-one correspondence of the (su-
perstring version of the) DLCQ vertex operators of the
current paper, to the U(N) super-Yang-Mills spectrum of
states. A concise overview of these developments can be
found in [222]. Although the present article is specific to
the bosonic string, many of these results go through to the
superstring as we hope to show in a forthcoming article.
The DLCQ coherent states have been shown to have
certain perhaps surprising features: even though X� �
X� þ 2�R� the expectation value is single-valued:
hX�ð�þ 2�; 
Þi ¼ hX�ð�; 
Þi with all spacetime compo-
nents being nontrivially consistent with the classical evo-
lution, @z@�zhX�ðz; �zÞi ¼ 0; see (124), (129), and (130).
This presumably implies that lightlike compactification is
a quantum-mechanical effect which is invisible at the
classical level—it may be interesting to understand what
the corresponding implications are.

There are certain subtleties here, related to whether the
vertex operators are invariant under spacelike worldsheet
shifts or not: when vertex operators are invariant under

such shifts, the expectation value hX�ðz; �zÞi cannot satisfy
the classical equations of motion nontrivially [127]. This
seems to be a gauge dependent issue that is not related to
whether vertex operators have a classical interpretation or
not. For example in light-cone gauge, lightlike compacti-
fication breaks the invariance under spacelike worldsheet
shifts (while preserving conformal invariance) and this is
why the expectation values are compatible with the equa-
tions of motion (129) and (130). Indeed, for every classical
solution to the equations of motion there is a lightlike
compactified coherent state with expectation values con-
sistent with these equations of motion. These are subtle
issues and have been explained in great detail in Sec. IVC.
For example, the covariant gauge version of the coherent
state (113) is invariant under spacelike worldsheet shifts
and so does not satisfy the equations of motion nontri-
vially: there is only the zero mode contribution (125) with
a similar expression for the transverse indices.
We suggest that states with a classical interpretation that

are invariant under spacelike worldsheet shifts should
satisfy the Eq. (126), which may be interpreted as a defi-
nition of classicality for such states. In fact, this definition
is relevant for most states with a classical interpretation:
all states in light-cone or covariant gauge in a spacetime
without lightlike compactification are invariant under such
shifts, whether or not they have a classical interpretation.
Static gauge on the other hand breaks the invariance under
shifts and so instead the definition hXi ¼ Xcl is appropriate.
Another interesting feature is the mass-shell constraint,

which is identical to the usual expression for noncom-
pact spacetimes, m2 ¼ 2ðN þ �N � 2Þ=�0, but with N not
necessarily equal to �N (without breaking conformal invari-
ance): the radius of compactification, R�, does not appear
in this expression. Furthermore, there is a rather curious
dependence of the total zero mode momentum on R�;
see (120).
Finally, as a consistency check we have also shown that

the covariant vertex operator (113) and the light-cone
gauge state (128) have identical angular momenta in all
spacetime directions which is in agreement with the cor-
responding classical computation; see (132) and (133).
This, together with the fact that there is a one-to-one
correspondence between the covariant and light-cone
gauge states, supports our conjecture that the light-cone
gauge states (128) and the covariant vertex operators (113)
are different manifestations of the same states and there-
fore share identical interactions.

E. Minkowski space closed string coherent states

Consistency in the above closed string coherent state
construction led to the requirement of a lightlike compac-
tification of spacetime, which led us to identify these vertex
operators with DLCQ coherent state vertex operators.
Our main objective has been to construct covariant coher-
ent state vertex operators that may be identified with the
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fundamental cosmic strings, and therefore the requirement
of a lightlike compactification is possibly too constraining.
In Sec. IVD we have shown that, with an appropriate
projection, closed string coherent states can consis-
tently be embedded in a spacetime without lightlike
compactification: starting from the DLCQ coherent states
we project out the lightlike winding modes and end up with
a vertex operator (139) that satisfies the definition of a
coherent state (see Sec. IVB) and has a classical interpre-
tation. The corresponding normal-ordered vertex operator
is given in (144) for the case of traceless polarization
tensors. By projecting out the winding states, translation
invariance is restored in both light-cone and covariant
gauges and so the relevant definition of classicality is
(126), which as we have shown (151) is satisfied by the
projected states.

F. Outlook

An immediate application for the coherent state vertex
operators is in fundamental cosmic string evolution: it is
likely that these are then the correct vertex operators for the
description of cosmic strings and it is now possible to
search for discrepancies between the classical computa-
tions and the string theory predictions. Here the coherent
states are useful not only because they correspond to an
exact perturbative description of an arbitrarily excited
macroscopic cosmic string, but because gravitational back-
reaction which is almost always neglected in the classical
computations is automatically taken into account in string
perturbation theory. In a forthcoming article we hope to
present the first such computation of the gravitational
radiation from cosmic string loops, including the effects
of gravitational backreaction.

A particularly interesting setup is the gravitational ra-
diation from strings with cusps which classically have been
shown [74,75] to lead to strong signals that may be de-
tected in the gravitational wave experiments Advanced
LIGO and LISA. It is likely [76] that the effect of extra
dimensions can play a significant role in the damping of the
cusp signal, although it is also important to better under-
stand how the size of the extra dimensions constrains the
statistically favorable configurations of long strings. Cusps
are likely to be a generic feature of string with junctions as
well [65]. Recent evidence [77] also suggests that for string
loops with junctions the kink signal plays a more signifi-
cant role than does the gravitational wave signature from
cusps, although one might expect the number of loops with
junctions to be smaller than the number of loops without
junctions. It might be that gravitational backreaction plays
a significant role in all these computations [78], especially
close to cusps and kinks on cosmic strings and therefore it
is very important to carry out the corresponding string
theory computations and check that there is agreement.
In any case, given the quantum nature of fundamental
cosmic strings, it is important to check that the evolution

is predominantly classical and that quantum effects are
small.
Another interesting avenue is the comparison of mass

eigenstates and coherent states. A number of decay rate
computations of mass eigenstate vertex operators have
been carried out (see e.g. [52,53,55–61]), although explicit
results have been limited to vertices on the leading trajec-
tory (i.e. first harmonics only excited), where, for example,
one does not expect to find nondegenerate cusps. At the
qualitative level these are in line with one’s geometrical
classical expectation: mass eigenstate vertex operators cor-
responding classically to rotating circular loops are more
stable than vertex operators corresponding to collapsed
rotating loops, for example [57], thus showing that these
states do share at least certain characteristics of the classi-
cal evolution. However, the spectrum of gravitational ra-
diation from mass eigenstates does not match the
corresponding classical computation [59]. It will be inter-
esting to determine how the mass eigenstate amplitude
computations compare with the corresponding coherent
state vertex operator computations.
Finally, we mention also an analogy with standard

point particle quantum mechanics. An important feature
of harmonic oscillator coherent states is that in the pres-
ence of interactions an initial coherent state, jc ð0Þi,
remains a coherent state when the Hamiltonian is linear
in the operators of the Heisenberg-Weyl group, H4,
e.g. a, ay, 1, and aya with ½ay; a� ¼ 1. That is to say,

if ĤðtÞ ¼ ℏ!ayaþ jðtÞay þ j	ðtÞa and jðtÞ � 0, the

solution to the Schrodinger equation, i@tjc i ¼ ĤðtÞjc i,
reads [183] jc ðtÞi ¼ expð�ðtÞay � �	ðtÞaÞj0ie�i�ðtÞ,
with �ðtÞ ¼ �ie�i!t

R
t
0 d
e

i!
j	ð
Þ and �ðtÞ ¼ 1
2!tþR

t
0 d
Re½jð
Þ�ð
Þ�. Therefore, in the presence of interac-

tions the resulting state is a coherent state for all t, in
accordance with the above statement. It is conceivable
that this remains true in string theory, i.e. that coherent
states evolve into coherent states at least at weak coupling,
and it would be interesting to establish whether this is
indeed the case. In the cosmic string context this is related
to the question of what the final state of a radiating cosmic
string is, or whether interactions preserve the classical
nature of cosmic strings, questions that can be addressed
using the coherent state vertex operators that we have
constructed.
The developments presented here are expected to lead to

greater insight into the observational prospects of cosmic
strings, and in a wider sense of string theory.
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APPENDIX A: CLOSED STRING CONVENTIONS

Consider a worldsheet cylinder with coordinates
0 � � � 2� and �1< 
<1, and the identification
�� �þ 2�. We usually work in the conformally equi-

valent coordinates on the complex plane, z ¼ e�ið�þi
Þ

and �z ¼ eið��i
Þ, where the string at asymptotic infinity

 ¼ �1 is mapped to a point at the origin. Unless other-
wise noted we work in the coordinate system ðz; �zÞ.
States are then specified by local functionals on the com-
plex plane, Vð0; 0Þ, which by translation invariance is
shifted to some generic point, Vðz; �zÞ. We use a
Euclidean signature worldsheet unless specified otherwise,
where 
 ¼ ð
ÞEuclidean ¼ ið
ÞMinkowski. For easy reference
we note that i@� � z@z � �z@�z, @
 � z@z þ �z@�z, and
2
 ¼ lnjzj2. It is sometimes useful to work in the coordi-
nate system, w ¼ �þ i
 and �w ¼ �� i
 with @w �
1
2 ð@� � i@
Þ and @ �w � 1

2 ð@� þ i@
Þ.

1. Closed string mode expansion

Recall that for the closed string the mode expansion for
the position operator reads

X�ðz; �zÞ ¼ x̂� � i
�0

2
p̂�
L lnz� i

�0

2
p̂�
R ln�z

þ i

�
�0

2

�
1=2X

n�0

1

n
ð��

n z�n þ ~��
n �z�nÞ; (A1)

with x̂� ¼ x̂�L þ x̂�R , total momentum p̂� ¼ 1
2 ðp̂�

L þ p̂�
R Þ,

and winding vector ŵ� ¼ 1
2 ðp̂�

L � p̂
�
R Þ. If we define }z ¼

dz=ð2�Þ, ��
0 ¼

ffiffiffiffi
�0
2

q
p̂�
L , and ~��

0 ¼
ffiffiffiffi
�0
2

q
p̂�
R , the dimension-

less mode expansion operators are given by [124]

��
n ¼

ffiffiffiffiffi
2

�0

s I
}z@X�zn; ~��

n ¼ �
ffiffiffiffiffi
2

�0

s I
} �z �@X� �zn;

with ð��
n Þy ¼ ���n and the zero modes are given by [138]

x̂ � ¼
I �

dz

2�iz
� d�z

2�i�z

�
X�ðz; �zÞ;

p̂� ¼ 1

�0
I
ð}z@X� � } �z �@X�Þ:

The angular momentum operator reads

Ĵ �� ¼ 2

�0
I
ð}zX½�@X�� � } �zX½� �@X��Þ;

the integrals being along a spacelike curve, e.g. jzj2 ¼ 1,

and a½��� ¼ 1
2 ða�� � a��Þ.

2. Operator products and commutators

Recall that for two operators

A ¼
I

dzaðzÞ; B ¼
I

dwbðwÞ;

there exists the interpretation (see e.g. [177])

½A; B� ffi A � B ¼
I
0
dw

I
w
dzaðzÞ � bðwÞ;

½A; bðwÞ� ffi A � bðwÞ ¼
I
w
dzaðzÞ � bðwÞ;

(A2)

the dot denoting an OPE, where for a free scalar contrac-
tions are taken with respect to the propagator,

hX�ðz; �zÞX�ðw; �wÞi ¼ ��0

2
��� lnjz� wj2:

Formally factorizing the position operator according to
X�ðz; �zÞ ¼ X�ðzÞ þ X�ð�zÞ then leads to the standard com-
mutation relations,

½��
n ; ��

m� ¼ n����nþm;0;

½x�; p�� ¼ i���;

½X�ðzÞ; @
X�ðz0Þ� ¼ ����ð�� �0Þ;
(A3)

and similarly for the corresponding antiholomorphic
quantities.

3. Closed string DDF operators
and covariant commutators

The relevant components of the DDF operators are
defined according to

Ai
n ¼

ffiffiffiffiffi
2

�0

s I
}z@Xieinq�XðzÞ;

�Ai
n ¼ �

ffiffiffiffiffi
2

�0

s I
} �z �@Xieinq�Xð �zÞ:

(A4)

The spacetime vector q� is transverse to the spacelike
indices i, and q2 ¼ 0. These satisfy an oscillator algebra,

½Ai
n; A

j
m� ffi n�ij�nþm;0; and ½ �Ai

n; �A
j
m� ffi n�ij�nþm;0;

(A5)

from which it follows that ðAi
nÞy ¼ Ai�n. We define a

vacuum according to ��
n>0 � eip�Xðz;�zÞ ffi 0 and Ai

n>0 �
eip�Xðz;�zÞ ffi 0 with

p2 ¼ 4

�0
; p � q ¼ 2

�0
; and q2 ¼ 0:

From the above definition of the commutators we learn that
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½��
m; Ai

n� ¼ m��;iBn
m þ n

ffiffiffiffiffi
�0

2

s
q�Di

m;n;

½��
‘ ; B

n
m� ¼ n

ffiffiffiffiffi
�0

2

s
q�Bn

mþ‘;

½��
‘ ;D

i
m;n� ¼ ‘��;iBn

mþ‘ þ n

ffiffiffiffiffi
�0

2

s
q�Di

mþ‘;n;

½��
m; En

‘� ¼ m

ffiffiffiffiffi
�0

2

s
q�Bn

mþ‘ � n

ffiffiffiffiffi
�0

2

s
q�En

mþ‘;

where following [189] we have defined

Bn
m ¼

I }z

iz
zmeinq�XðzÞ;

Di
m;n ¼

ffiffiffiffiffi
2

�0

s I
}zzm@Xieinq�XðzÞ;

En
m ¼

I
}zzmq � @Xeinq�XðzÞ:

From these commutators and ð��
n Þy ¼ ���n, ðAi

nÞy ¼ Ai�n,
it follows that ðBn

mÞy ¼ B�n�m, ðDi
m;nÞy ¼ Di�m;�n, and

ðEn
mÞy ¼ E�n�m. In addition we learn that

½Ai
‘; D

j
m;n� ¼ ‘�ijE‘þn

m ;

½Di
�‘;n; D

j
‘;�m� ¼ �ijðnEn�m

0 � ‘Bn�m
0 Þ;

with ½Br
‘;D

i
m;n�¼½Ai

n;B
‘
m�¼ ½Ai

n;E
‘
m�¼0 and ½Bn

m; B
‘
r� ¼

½En
m; E

‘
r� ¼ ½Bn

m; E
‘
r� ¼ 0.

On the chiral half of a (tachyonic) vacuum state, eip�XðzÞ,
one can readily compute the operator products,

B�nm � eip�XðzÞ ffi Sn�mðnq; zÞeiðp�nqÞ�XðzÞ; (A6a)

Di
m;�n � eip�XðzÞ ffi Hi

n�mðnq; zÞeiðp�nqÞ�XðzÞ; (A6b)

E�nm � eip�XðzÞ ffi
ffiffiffiffiffi
�0

2

s
q �Hn�mðnq; zÞeiðp�nqÞ�XðzÞ; (A6c)

where the polynomials Sn�mðnq; zÞ and Hi
n�mðnq; zÞ have

been defined below and we have made use of the Taylor

expansion, e�inq�XðwÞ ¼ P1
a¼0ðw� zÞaSaðnq; zÞe�inq�XðzÞ.

Note that in (A6c) we have extended the definition of
Hi

n�mðnq; zÞ, to include also longitudinal indices,
H

�
n�mðnq; zÞ, without changing the form of the polynomial.

4. Gauge invariant position operator

The position operator is not a gauge invariant quantity,
½Ln; X

�ðz; �zÞ� � 0, and so cannot be inserted into covariant
path integrals. It is sometimes useful to have a operator that
is gauge invariant that does in many respects have the
properties of a position operator and we discuss this next.
Motivated by the isomorphism of the algebras satisfied by
��
n and Ai

n and by the fact that ½Ln; A
i
m� ¼ 0, let us by

direct analogy to (A1) define the following positionlike

gauge invariant operator for the transverse indices
[223,224]:

Xiðz; �zÞ ¼ x̂i � i
�0

2
p̂i lnjzj2

þ i

�
�0

2

�
1=2X

n�0

1

n
ðAi

nz
�n þ �Ai

n �z
�nÞ: (A7)

Here p̂i ¼ Ai
0 ¼ �i

0 and xi ¼ �0
2 q�J

i� with the lightlike

vector q� and the angular momentum operator Ji� as
defined above. On account of (A2) one finds

½Ai
n; A

j
m� ¼ n�ij�nþm;0;

½xi; pj� ¼ i�ij

½XiðzÞ; @
Xjðz0Þ� ¼ �ij�ð�� �0Þ;
(A8)

in direct analogy to (A3). Unlike the standard position
operator, Xðz; �zÞ, however, the quantity (A7) is gauge
invariant given that the DDF operators and the zero modes
x̂i and p̂i commute with the Virasoro generators,
½Ln;X

iðz; �zÞ� ¼ 0, and ½Ln; x̂
i� ¼ ½Ln; p̂

i� ¼ 0, for all
n 2 Z (and similarly for �Ln), and therefore define sensible
operators that may be inserted into covariant path integrals.
In fact, Xiðz; �zÞ can in some sense be thought of as the

covariant version of the light-cone quantity Xiðz; �zÞ: the Ai
n

reduce to the �i
n when one restricts to light-cone gauge in

which case (A7) reduces to (A1). We can use q� to define a
light-cone time q � Xðz; �zÞ ¼ �i lnjzj2 to find that (at least
classically)

Ai
njl:c: ¼

ffiffiffiffiffi
2

�0

s I
}z@XiðzÞeinq�XðzÞjl:c:

¼
ffiffiffiffiffi
2

�0

s I
}z@XiðzÞzn

¼ �i
n;

where we have formally factorized q � Xðz; �zÞ into q �
XðzÞ ¼ �i lnz and q � Xð�zÞ ¼ �i ln�z. We hence deduce
that at least at the classical level

ðXiðz; �zÞ � xiÞjl:c: ¼ Xiðz; �zÞ � xi:

We conjecture that this be elevated to a quantum-
mechanical statement,

hVjFðXiðz; �zÞ � xiÞjVicov ¼ hVjFðXiðz; �zÞ � xiÞjVilc;
(A9)

for some well behaved functional FðAÞ of the argument A.
Here by jVicov ffi Vðz; �zÞ we mean the covariant vertex
operator (49),

Vðz; �zÞ ¼ C
ij...;kl...A
i�n1A

j�n2 � � � �Ak� �n1
�Al� �n2
� � � eip�Xðz;�zÞ;

(A10)

and jVilc represents the corresponding light-cone gauge
state (47),
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jVilc ¼ C
ij...;kl...�
i�n1�

j�n2 � � � ~�k� �n1
~�l� �n2

� � � j0; 0;pþ; pii:
(A11)

The expression (A9) follows from the isomorphism of
light-cone (in terms of the �i

n, ~�i
n) and covariant states

(in terms of the Ai
n, �A

i
n), the isomorphism of the light-cone

gauge and gauge invariant position operators, the fact that
the states (A10) and (A11) have the same mass and angular
momenta, the isomorphism of the corresponding oscillator
algebras and finally from out main conjecture that the
light-cone and covariant states, (A10) and (A11), share
identical correlation functions (provided these are gauge
invariant).

For example, (A9) implies that the expectation value of
the gauge invariant position operator in some covariant
state tells us about the position expectation value of the
light-cone gauge description of this covariant state.

5. Closed string polynomials

Elementary Schur polynomials [225] are defined by
the generating series [226]

P1
m¼0 Smða1; . . . ; amÞzm ¼

exp
P1

n¼1 anz
n and read explicitly

Smða1; . . . ; amÞ ¼
X

k1þ2k2þ���þmkm¼m

ak11
k1!
� � � a

km
m

km!
; (A12a)

¼ �i
I
0
}ww�m�1 exp

Xm
s¼1

asw
s; (A12b)

with }w � dw=ð2�Þ, S0 ¼ 1 and Sm<0 ¼ 0. When as ¼
� 1

s! inq � @sXðzÞ, with q� defined in (51) we write

Smðnq; zÞ � Smða1; . . . ; amÞ. For instance, when as ¼
� 1

s! inq � @sXðzÞ or as ¼ � 1
s! inq � �@sXð�zÞ,

Smðnq; zÞ ¼
I
0

dw

2�iw
w�m

� exp

�
�inq �Xm

s¼1

ws

s!
@szXðzÞ

�
; (A13a)

�Smðnq; �zÞ ¼ �
I
0

d �w

2�i �w
�w�m

� exp

�
�inq �Xm

s¼1

�ws

s!
@s�zXð�zÞ

�
; (A13b)

and when there is no ambiguity we shall write instead
SmðnqÞ for the same object, and similarly for �SmðnqÞ.
The following Taylor series is useful:

e�inq�XðzÞ ¼ X1
a¼0

zaSaðnq; 0Þe�inq�Xð0Þ:

Elementary Schur polynomials, Sm, are related to
the complete Bell polynomials, Bm, according to
Smða1; a2; . . . ; amÞ ¼ 1

m!Bmða1; 2!a2; . . . ; m!amÞ. Proper-

ties of the latter have been studied in [171,227–230].

The following polynomials in @#X and �@#X are the
fundamental building blocks in normal-ordered covariant
vertex operators and are recorded here for easy reference:

Pi
nðzÞ ¼

ffiffiffiffiffi
2

�0

s Xn
m¼1

i

ðm� 1Þ!@
mXiðzÞSn�mðnq; zÞ; (A14a)

�Pi
nð�zÞ ¼

ffiffiffiffiffi
2

�0

s Xn
m¼1

i

ðm� 1Þ! �@
mXið�zÞ �Sn�mðnq; �zÞ; (A14b)

which when 
...i...p
i is nonvanishing generalizes to

Hi
nðzÞ �

ffiffiffiffiffi
�0

2

s
piSnðnq; zÞ þ Pi

nðzÞ; (A15a)

�Hi
nð�zÞ �

ffiffiffiffiffi
�0

2

s
pi �Snðnq; �zÞ þ �Pi

nð�zÞ: (A15b)

When necessary we shall also note the argument of the
Schur polynomials by writing Pi

nðmq; zÞ and Hi
nðmq; zÞ

although usually n ¼ m which is why we have written
instead PnðzÞ and HnðzÞ. For vertex operators whose
light-cone gauge representation is not traceless,

...i...j...�

ij � 0, the following polynomials appear:

Sm;nðzÞ �
Xn
r¼1

rSmþrðmq; zÞSn�rðnq; zÞ; (A16a)

�Sm;nð�zÞ �
Xn
r¼1

r �Smþrðmq; �zÞ �Sn�rðnq; �zÞ; (A16b)

see (85). These polynomials have the properties

S0ðnq; zÞ ¼
ffiffiffiffiffiffiffiffiffiffi
�0=2

p
q � H0ðnq; zÞ ¼ 1 and Hi

0ðnq; zÞ ¼ffiffiffiffiffiffiffiffiffiffi
�0=2

p
pi and vanish when the subscripts are negative.

Explicitly, for the first few level numbers, Pi
0ðzÞ ¼ 0,

Pi
1ðzÞ ¼ i@XiðzÞ, Pi

2ðzÞ ¼ 2@Xiq � @XðzÞ þ i@2XiðzÞ, and
so on, where we have taken �0 ¼ 2 for simplicity;
also, S0ðNqÞ ¼ 1, S1ðNqÞ ¼ �iNq � @X, S2ðNqÞ ¼
2ðNq � i@XÞ2 � Nq � i@2X; . . . .
Also the following elementary Schur polynomials also

appear in Sec. V,

S n�‘ðn;zÞ¼
I du

2�iu
u�ðn�‘Þexp

�
�nX1

s¼1

us

s!
@szGðz;wÞ

�

�Sm�‘ðm; �zÞ¼�
I d �u

2�i �u
�u�ðm�‘Þexp

�
�mX1

s¼1

�us

s!
@s�zGðz;wÞ

�
;

(A17)

obtained from the usual elementary Schur polynomials
(A13) by the replacement

inq � XðzÞ ! nGðz; wÞ:

APPENDIX B: OPEN STRING CONVENTIONS

We label the spacetime directions tangent to the
Dp-brane by lower case Latin letters from the beginning
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of the alphabet, Xa, with a ¼ 0; . . . ; p, and directions
transverse to the brane by upper case Latin letters from
the middle of the alphabet, XI, with I ¼ pþ 1; . . . 25.
In light-cone coordinates and assuming the associated
light-cone directions satisfy Neumann boundary condi-
tions we may define

X� ¼ 1ffiffiffi
2
p ðX0 � XpÞ:

This is necessary [165] in order to establish the correspon-
dence between covariant and light-cone gauge: recall that
in light-cone gauge Xþ ¼ 2�0pþ
M (with 
 � 
Euclidean ¼
i
Minkowski � i
M), which is compatible with Neumann and
not Dirichlet boundary conditions; see (B1). A general
spacetime direction is as always labeled by Greek lower
case letters, X�. In summary,

Xa ¼ fX�; XAg; with A ¼ 1; . . . ; p� 1;

Xi ¼ fXA; XIg; with I ¼ pþ 1; . . . ; 25;

X� ¼ fX�; Xig;
with the scalar product of two general vectors in compo-
nents being U�V�¼�U�Vþ�UþV�þUAVAþUIVI.

The directions, XA, therefore satisfy Neumann boundary
conditions, whereas directions transverse to the brane, XI,
satisfy Dirichlet boundary conditions. In the Euclidean

worldsheet coordinate [231] z ¼ e�ið�þi
Þ, �z ¼ eið��i
Þ
with � 2 ½0; �� and 
 2 ð�1;1Þ (considering only the
case of NN and DD strings) Neumann and Dirichlet bound-
ary conditions read, respectively,

N: @�X
aj@�1;2

¼ 0 and D: @
X
Ij@�1;2

¼ 0: (B1)

It is useful to note furthermore that @� ¼ ið�z �@�z@Þ and
@
 ¼ �z �@þz@. In the ðz; �zÞ coordinates the open string
physical worldsheet, �, is conformally mapped to the
upper half plane with the identification, z� �z. The fixed
point of this identification (the real line, z ¼ �z) defines the
open string boundaries,

@�1 � fzjz ¼ e
;�1< 
<1g;
@�2 � fzjz ¼ �e
;�1< 
<1g: (B2)

1. Open string mode expansion

In the open string conventions, the general solution to
the equations of motion, @ �@X� ¼ 0, is given by X�ðz; �zÞ ¼
X�ðzÞ þ X�ð �zÞ, with

X�ðzÞ ¼ x�L � i�0p�
L lnzþ i

ffiffiffiffiffi
�0

2

s X
n�0

1

n

�
�
n

zn
;

X�ð�zÞ ¼ x
�
R � i�0p�

R ln�zþ i

ffiffiffiffiffi
�0

2

s X
n�0

1

n

~��
n

�zn
;

and the momentum is half that of the closed string, ��
0 ¼ffiffiffiffiffiffiffiffi

2�0
p

p̂
�
L , ~�

�
0 ¼

ffiffiffiffiffiffiffiffi
2�0
p

p̂
�
R . If we define the total momentum

and winding vectors, respectively, by

p� ¼ 1

2
ðpL þ p�

R Þ and w� ¼ 1

2
ðp�

L � p�
R Þ; (B3)

it follows that the boundary conditions (B1) require

wa ¼ 0; �a
n þ ~�a

n ¼ 0; (B4a)

pI ¼ 0; �a
n � ~�a

n ¼ 0; (B4b)

reflecting the fact that open strings cannot wind in the
Neumann directions and that the center of mass momen-
tum in the transverse directions vanishes. Therefore, the
string mode expansions take the form

NN:X�ðz; �zÞ¼x�� i�0p� lnjzj2þ i

ffiffiffiffiffi
�0

2

s X
n�0

��n
n

�
1

zn
þ 1

�zn

�
;

NN:XAðz; �zÞ¼xA� i�0pA lnjzj2þ i

ffiffiffiffiffi
�0

2

s X
n�0

�A
n

n

�
1

zn
þ 1

�zn

�
;

DD:XIðz; �zÞ¼xI� i�0wI ln
z

�z
þ i

ffiffiffiffiffi
�0

2

s X
n�0

�I
n

n

�
1

zn
� 1

�zn

�
;

(B5)

with the two string endpoints located, respectively, at
(switching back to a Minkowski worldsheet, 
¼
E¼ i
M)

Xaðz; �zÞj@�1
¼ xa þ ð2�0Þpa
M þ i

ffiffiffiffiffiffiffiffi
2�0
p X

n�0

�a
n

n
e�in
M ;

XIðz; �zÞj@�1
¼ xI;

and

Xaðz; �zÞj@�2
¼xaþð2�0Þpa
Mþ i

ffiffiffiffiffiffiffiffi
2�0
p X

n�0

ð�1Þn�
a
n

n
e�in
M ;

XIðz; �zÞj@�2
¼xI�ð2�0ÞwI�:

With the definition }z ¼ dz=ð2�Þ, the dimensionless mode
expansion operators are as in the closed string [124],

��
n ¼

ffiffiffiffiffi
2

�0

s I
}z@X�zn; ~��

n ¼ �
ffiffiffiffiffi
2

�0

s I
} �z �@X� �zn;

with ð��
n Þy ¼ �

��n, and using the open string constraints
(B4) one may work with the holomorphic quantity, �

�
n ,

only. The zero modes and angular momentum are given
by [155]
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x̂� ¼
I �

dz

2�iz
� d�z

2�i�z

�
X�ðz; �zÞ;

p̂� ¼ 1

�0
I

}z@X�;

Ĵ�� ¼ 2

�0
I

}zX½�@X��;

and we have used the doubling trick [124] so that the
integrals are along a spacelike curve, e.g. jzj2 ¼ 1 and

a½��� ¼ 1
2 ða�� � a��Þ. The physical worldsheet is in the

upper half plane—one identifies antiholomorphic quanti-
ties in the upper half plane with holomorphic quantities
in the lower half plane and therefore one may just as well
work with holomorphic quantities only in the full complex
plane. For example, p̂� ¼ 1

2�0
R
Cþð}z@X� � } �z �@X�Þ ¼

1
2�0 ð

R
Cþ þ

R
C�Þ}z@X� and

R
Cþ þ

R
C� ¼

H
, so that Cþ

represents an open spacelike contour in the upper half
(stretching from � ¼ 0 to �), C� represents the corre-
sponding quantity in the lower half plane (stretching
from � ¼ � to 2�), and C represents a closed contour,
C ¼ C� [ Cþ.

2. Open string DDF operators and vertex operators

The relevant propagators on the upper half plane are

N: hXþðz; �zÞX�ðw; �wÞi¼�0

2
ðlnjz�wj2þ lnjz� �wj2Þ;

N: hXAðz; �zÞXBðw; �wÞi¼��0

2
�ABðlnjz�wj2þ lnjz� �wj2Þ;

D: hXIðz; �zÞXJðw; �wÞi¼��0

2
�IJðlnjz�wj2� lnjz� �wj2Þ;

(B6)

for the Neumann or Dirichlet directions, respectively,
with the normalization convention @z@�zGðz; wÞ ¼
���0�2ðz� wÞ and Gðz; wÞ ¼ hXðz; �zÞXðw; �wÞi.

To construct vertex operators we now distinguish be-
tween excitations tangent or transverse to the brane, re-
spectively,

AA
n ¼

ffiffiffiffiffi
2

�0

s I
}z@XAðzÞeinq�Xðz;�zÞ;

AI
n ¼

ffiffiffiffiffi
2

�0

s I
}z@XIðzÞeinq�Xðz;�zÞ;

(B7)

and these act on the open string vacuum, eip�Xðz;�zÞ, which is
restricted to the real axis, z ¼ �z. This procedure gives rise
to vertex operators of the form

Vðz; �zÞ ¼ C
ij...A
i�n1A

j�n2 � � � eip�Xðz;�zÞ; (B8)

as explained in the main text. Self-contractions are sub-
tracted using the correlation functions (B6). The integrands
of the DDF operators are to be restricted to the real axis,

z ¼ �z, and only after the normal ordering has been carried
out are we to analytically continue the integrand in the
complex plane so as to perform the contour integrations
shown in (B7). At this point the integrations should all be
analytic in z.
Given that open string vertex operators live on the

boundary of the worldsheet it is sometimes useful to rep-
resent them as holomorphic functions of a single variable,
z. In the main text we concentrate on open string vertex
operators with excitations in the directions tangent to the
Dp-brane, and so it is possible to construct vertex operators
using instead of (B7) the DDF operator,

AA
n ¼

ffiffiffiffiffi
2

�0

s I
}z@XAðzÞeinq�XðzÞ; (B9)

with the corresponding vertex operators given by

Vðz; �zÞ ¼ C
AB...A
A�n1A

B�n2 � � � eip�XðzÞ; (B10)

in which case to obtain the normal-ordered expression, the
self-contractions are to be subtracted using the propagator

N: hXaðzÞXbðwÞi ¼ �ð2�0Þ�ab lnðz� wÞ; (B11)

which follows from (B6) by restricting the world-
sheet arguments to the real axis. To carry out the contour
integrations shown in (B9) we analytically continue in z
around the real axis and the contour is to contain the
vacuum.
On a Minkowski signature worldsheet the DDF integrals

are along the boundary of the worldsheet which is coinci-
dent with theDp-brane. The vacuummomenta p� and null
vectors q� are restricted to lie within the D-brane world-
volume [see (B4)], and the q� are transverse to the DDF
operators,

qA ¼ qI ¼ pI ¼ 0:

The on-shell constraints for the open string are

p2 ¼ 1

�0
; p � q ¼ 1

2�0
; and q2 ¼ 0; (B12)

so as to ensure that the vertex operators (B8) are on shell
with mass spectrum m2 ¼ �ðp� NqÞ2 ¼ ðN � 1Þ=�0 as
appropriate for open strings. The contractions appearing in
(B12) are with respect to all spacetime indices �.

3. Open string covariant commutators

In direct analogy to the closed string case above we learn
that

½��
m; Ai

n� ¼ m��;iBn
m þ n

ffiffiffiffiffiffiffiffi
2�0
p

q�Di
m;n;

½��
‘ ; B

n
m� ¼ n

ffiffiffiffiffiffiffiffi
2�0
p

q�Bn
mþ‘;

½��
‘ ;D

i
m;n� ¼ ‘��;iBn

mþ‘ þ n
ffiffiffiffiffiffiffiffi
2�0
p

q�Di
mþ‘;n;

½��
m; En

‘� ¼ m
ffiffiffiffiffiffiffiffi
2�0
p

q�Bn
mþ‘ � n

ffiffiffiffiffiffiffiffi
2�0
p

q�En
mþ‘;
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where we have defined

Bn
m ¼

I }z

iz
zmeinq�XðzÞ;

Di
m;n ¼

ffiffiffiffiffi
2

�0

s I
}zzm@Xieinq�XðzÞ;

En
m ¼

I
}zzmq � @Xeinq�XðzÞ:

From these commutators and ð��
n Þy ¼ �

��n, ðAi
nÞy ¼ Ai�n,

it follows that ðBn
mÞy ¼ B�n�m, ðDi

m;nÞy ¼ Di�m;�n, and

ðEn
mÞy ¼ E�n�m. In addition we learn that

½Ai
‘; D

j
m;n� ¼ ‘�ijE‘þn

m ;

½Di
�‘;n; D

j
‘;�m� ¼ �ijðnEn�m

0 � ‘Bn�m
0 Þ;

and ½Br
‘;D

i
m;n�¼½Ai

n;B
‘
m�¼ ½Ai

n;E
‘
m�¼0 and ½Bn

m; B
‘
r� ¼

½En
m; E

‘
r� ¼ ½Bn

m; E
‘
r� ¼ 0.

On the chiral half of a (tachyonic) vacuum state, eip�XðzÞ,
one can readily compute the operator products,

B�nm �eip�XðzÞ ffiSn�mðnq;zÞeiðp�nqÞ�XðzÞ; (B13a)

Di
m;�n �eip�XðzÞ ffiHi

n�mðnq;zÞeiðp�nqÞ�XðzÞ; (B13b)

E�nm �eip�XðzÞ ffi
ffiffiffiffiffiffiffiffi
2�0
p

q �Hn�mðnq;zÞeiðp�nqÞ�XðzÞ; (B13c)

where the polynomials Sn�mðnq; zÞ and Hi
n�mðnq; zÞ have

been defined below and we have made use of the Taylor

expansion, e�inq�XðwÞ ¼ P1
a¼0ðw� zÞaSaðnq; zÞe�inq�XðzÞ.

Note that in (B13c) we have extended the definition of
Hi

n�mðnq; zÞ, to include also longitudinal indices,
H�

n�mðnq; zÞ, without changing the form of the polynomial.

4. Open string polynomials

In the open string sections of the main text we give
explicit results for normal-ordered vertex operators with
excitations in the directions, A ¼ 1; . . . ; p� 1, tangent to
the Dp-brane. The various polynomials that appear in the
open string analogous to (A13)–(A16) of the closed string
are in holomorphic language given, respectively, by

SNðnq; zÞ ¼
I
0

dw

2�iw
w�N exp

�
�inq �Xm

s¼1

ws

s!
@szXðzÞ

�
;

HA
NðzÞ �

ffiffiffiffiffiffiffiffi
2�0
p

pASNðNq; zÞ þ PA
NðzÞ;

PA
NðzÞ �

ffiffiffiffiffi
2

�0

s XN
m¼1

i

ðm� 1Þ!@
mXAðzÞSN�mðNq; zÞ;

Sm;nðzÞ �
Xn
r¼1

rSmþrðmq; zÞSn�rðnq; zÞ;

and further properties and examples for N ¼ 0, 1, and 2 of
these are given in Appendix A. The �0 ¼ 2 results there
correspond to �0 ¼ 1=2 results here.
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