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The electric permittivity and magnetic permeability for the quark-gluon plasma is calculated within the

hard-thermal-loop perturbation theory. The refractive indices in the magnetizable and nonmagnetizable

plasmas are calculated. In a magnetizable plasma, there is a frequency pole !mp in the magnetic

permeability and the refractive index. The refractive index becomes negative in the range ! 2
½k;!mp�, where k is the wave number, but no propagating modes are found. In a nonmagnetizable

plasma, the magnetic permeability and the refractive index are always positive. This marks the main

distinction of a weakly coupled plasma from a strongly coupled one, where the negative refraction is

shown to exist in a holographic theory.
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I. INTRODUCTION

The quark-gluon plasma (QGP) is believed to be a new
state of matter of the strong interaction produced in ultra-
relativistic heavy ion collisions (see, e.g., [1–4] for re-
views). The QGP is a plasma containing electrically
charged quarks; its electromagnetic property is an impor-
tant aspect of its nature. Among all observables for the
QGP, the high-energy photons may provide clean probes to
hot and dense medium [5–12]. Although the electromag-
netic nature gives us an impression that the interaction
between low-energy photons and the medium would be
weak, it could be more significant than we previously
thought due to extremely high temperature and density of
the QGP. So the optical properties of the QGP are not a
trivial issue.

One of the most important optical properties is the
refractive index (RI), which measures the speed of light
in a medium relative to vacuum. The negative refraction
(NR) is a very interesting phenomenon of materials which
was first theoretically proposed by Veselago in 1968 [13].
The physical nature of such a property is that the electro-
magnetic phase velocity is in the opposite direction to the
energy flow. The NR leads to many interesting phenomena
in materials such as the modified fraction law [14,15] and
bremsstrahlung radiation, the reverse Doppler shift [16]
and Cherenkov radiation, etc. The most striking applica-
tion of the NR materials is the optical cloak [17], an
attractive topic in science fiction. Recently, the strongly
coupled plasma has been found to have negative refraction,
which was first proposed in Ref. [18] and afterwards
followed in Refs. [19–22] in holographic model.
Furthermore, it was proven to be a possible generic phe-
nomenon in charged hydrodynamical systems [23].

Motivated by the above finding in the strongly coupled
plasma, in this paper we will calculate within the hard-
thermal-loop (HTL) perturbation theory the RI via the

electric permittivity � and the magnetic permeability �.
Since a QGP is composed of electrically charged quarks
instead of magnetic monopoles, the electric and magnetic
sector do not play equal roles. We will show that the
physical definition and behavior of � (and then the RI)
can be very different due to specific magnetic response of
the QGP. Therefore a plasma can be classified into two
types: magnetizable and nonmagnetizable. In a magnet-
izable plasma the magnetization is realistic, while in a
nonmagnetizable plasma it does not make physical sense
any more. We will calculate the RI and analyze their
properties in these two types of plasmas. If the QGP is
magnetizable, we will show that there is a frequency pole
!mp in � and then the RI, leading to the NRI in the range

! 2 ½k;!mp�, where k is the wave number, but there are no

propagating modes in the NRI region. In a nonmagnetiz-
able plasma, � and the RI are always positive.
Our results are different from the holographic treatment

in following respects. First, in our perturbative treatment
with the HTL, the QGP is magnetizable in the frequency
range where the NR takes place. The definition of the
magnetic permeability is normal and the magnetization
density makes physical sense in this region. In contrast,
the plasma considered in the holographic theory [18–22] is
nonmagnetizable or strongly dielectric, therefore the
Landau-Lifshits description [24] of the magnetic perme-
ability has to be applied. Second, the dispersion relation
with the NRI behaves differently. There is a frequency pole
below !p for � and the RI in our approach, but there is no

such a singularity in the holographic treatment [18–22].
Finally we fail to find any propagating modes with the NRI
within the HTL perturbation theory in both magnetizable
and nonmagnetizable cases. This marks the main distinc-
tion from a strongly coupled plasma where the NR is
shown to exist in the holographic theory.
The paper is organized as follows. In Sec. II we briefly

review the formalism of computing electromagnetic
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properties in an isotropic and anisotropy medium. In
Sec. III, we calculate the RI from the HTL self-energy of
photons in magnetizable and nonmagnetizable plasmas. In
Sec. IV, we generalize our calculation to an anisotropic
QGP. We finally present the summary and conclusion in
Sec. V. We take kB ¼ ℏ ¼ c ¼ 1 and g�� ¼ ðþ;�;�;�Þ
for convention. Here is a summary of abbreviations: quark-
gluon plasma (QGP), hard-thermal-loop (HTL), refractive
index (RI), negative refraction (NR), negative refraction
index (NRI).

II. PROPAGATION OF ELECTROMAGNETIC
WAVES IN MEDIUM

The description of electromagnetic waves propagating
in a continuous medium is normally given by the electric
and magnetic field E and B, and the macroscopic field D
and H. Their relations give the definition of the electric
permittivity and the magnetic permeability

Di ¼ �ijð!; kÞEj; Bi ¼ �ijð!; kÞHj; (1)

where i, j ¼ 1, 2, 3 are spatial indices, and ! and k � jkj
are the frequency and wave number, respectively. This
scenario applies to magnetizable materials.

Another description was proposed by Landau and
Lifshits: that the magnetization M loses its usual physical
meaning as a magnetic moment density, and so does the
magnetic permeability �ð!; kÞ, when the characteristic
electromagnetic wavelength � is large enough to violate
�2 � �c2=!2, where� is the magnetic susceptibility. This
scenario applies to nonmagnetizable materials. In this case,
E, B and D are proper quantities with �ð!; kÞ being set to
unity [24]. The electromagnetic properties of a medium
can be provided by

Di ¼ ~�ijð!; kÞEj; (2)

where ~�ð!; kÞ is a generalized electric permittivity encod-
ing all electromagnetic response of the medium, in replace-
ment of �ð!; kÞ and �ð!; kÞ in the conventional case. One
can obtain the effective electric permittivity �ð!Þ and
magnetic permeability �ð!Þ by expanding ~�ð!; kÞ in
powers of k2 [25]

~�ð!; kÞ ¼ �ð!Þ þ k2

!2

�
1� 1

�ð!Þ
�
þOðk4Þ: (3)

Note that �ð!Þ and �ð!Þ only depend on !, and �ð!Þ
comes from the dielectric part of ~�ð!; kÞ which is different
from the conventional definition of the magnetic perme-
ability, especially at low frequency. Only at high frequency,
since the magnetic response cannot follow the fast varia-
tion of the electromagnetic wave, do these two scenarios
coincide and give the vacuum value.

To describe the electromagnetic properties of the QGP
covariantly, it is natural to use the fluid four-velocity u� to
define the electric and magnetic field strength

~E� ¼ u�F
��; ~B� ¼ 1

2
�����u�F��; (4)

where ����� ¼ ������ ¼ �1, 1 for that the order of

Lorentz indices (����) is an even/odd permutation of
(0123). These quantities are often used when we consider
the interaction with a plasma. Then we can immediately
write F�� as

F�� ¼ ~E�u� � ~E�u� � ����� ~B�u�: (5)

The free action can be expressed in terms of Fourier-
transformed ~E and ~B as

S0 ¼ � 1

2

Z d4K

ð2	Þ4 ½
~E�ðKÞ ~E�ð�KÞ � ~B�ðKÞ ~B�ð�KÞ�:

(6)

Including the medium effect, the action becomes

S ¼ S0 � 1

2

Z d4K

ð2	Þ4 A
�ðKÞ���ðKÞA�ð�KÞ þ . . . ; (7)

where A�ðKÞ is the photon field in momentum space. The
medium effect is characterized by the photon self-energy
���ðKÞ. One can then extract the electric permittivity and

the magnetic permeability from the action S.

A. Isotropic medium

The self-energy must satisfy the Ward identity

K����ðKÞ ¼ 0; (8)

in which K� ¼ ð!; kiÞ is a 4-momentum. In an isotropic

medium, the general solution of Eq. (8) for ���ðKÞ is a
linear combination of available symmetric tensors

fg��; K�K�; u�u�; u�K� þ u�K�g: (9)

Two independent solutions are the transverse and longitu-
dinal projectors P�� and Q��,

P�� ¼ g�� � u�u� þ 1

k2
ðK� �!u�ÞðK� �!u�Þ;

Q�� ¼ �1

K2k2
ð!K� � K2u�Þð!K� � K2u�Þ:

(10)

Therefore ���ðKÞ can be expanded in these projectors as

���ðKÞ ¼ �TðKÞP�� þ�LðKÞQ��; (11)

where�T=LðKÞ are transverse/longitudinal part of the self-
energy. The full inverse propagator for the photon is

D�1
�� ¼ D�1

ð0Þ�� þ���

¼ ð�K2 þ�LÞQ�� þ ð�K2 þ�TÞP��

� 1

1� 

K�K�; (12)
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where the last term is the gauge-fixing term and 
 is the
gauge parameter. Here we choose the covariant gauge K �
AK ¼ 0 so the gauge-fixing term does not appear in the
action.

In magnetizable case, the action can then be evaluated
with D�1

��ðKÞ as

S ¼ 1

2

Z
d4KA�ðKÞðD�1Þ��A�ð�KÞ

¼ � 1

2

Z
d4K

�
���

~E�ðKÞ ~E�ð�KÞ

� 1

�
~B�ðKÞ ~B�ð�KÞ

�
; (13)

where

���ð!; kÞ ¼ �ð!; kÞg�� ¼
�
1��L

K2

�
g��;

1

�ð!; kÞ ¼ 1þ K2�T �!2�L

k2K2
:

(14)

In the nonmagnetizable case or the Landau-Lifshits
scenario, we obtain

S ¼ � 1

2

Z
d4K½~� ~E�ðKÞ ~E�ð�KÞ � ~B�ðKÞ ~B�ð�KÞ�;

(15)

where

~�ð!; kÞ ¼ 1��T

!2
: (16)

Then the effective electric permittivity and magnetic per-
meability can be extracted from ~�ð!; kÞ

�ð!Þ ¼ 1��ð0Þ
T ð!Þ
!2

;
1

�ð!Þ ¼ 1þ�ð2Þ
T ð!Þ; (17)

where we have expanded the �T in powers of k by

�Tð!; kÞ ¼ �ð0Þ
T ð!Þ þ k2�ð2Þ

T ð!Þ þOðk4Þ: (18)

B. Anisotropic medium

Suppose there is one special direction r� ¼ ð0; rÞ in a

most simple anisotropic medium. Now there are three vec-
tors f~r�;K�; u�g out of which the tensorial bases for ���

are composed, where ~r� � P��r
� is a vector normal to K�

with P�� defined by Eq. (10). The available symmetric

tensors have additional elements besides those in (9),

f. . . ; ~r�~r�; ~r�K� þ ~r�K�; ~r�u� þ ~r�u�g: (19)

As a consequence, the tensorial bases that satisfy the Ward
identity (8) now become

fP��;Q��; C��; G��g; (20)

where two extra projectors are given by

C�� ¼ ~r�~r�

~r2
;

G�� ¼ ðK�~r� þ K�~r�Þ � K2

!
ð~r�u� þ ~r�u�Þ;

(21)

which obey K�C�� ¼ K�G�� ¼ 0. Then the self-energy

tensor can be expanded as

��� ¼ �P�� þ �Q�� þ �C�� þ �G��; (22)

where�,�,�,� are structure functions. Inserting the above
into the full propagator inverseD�1

��ðKÞ one obtains the full
action (13) with

��� ¼
�
1� �

K2

�
g�� � 1

!2

�
�
~r�~r�

~r2
þ �ðK�~r� þ K�~r�Þ

�
;

1

�
¼ 1þ K2��!2�

k2K2
: (23)

The transverse component of the action (13) gives

ST ¼ � 1

2

Z
d4K

�
�T��

~E�
T ðKÞ ~E�

Tð�KÞ

� 1

�
~B�ðKÞ ~B�ð�KÞ

�
; (24)

where ~E�
T ðKÞ ¼ P�� ~ET;�ðKÞ. Note that the magnetic part is

always transverse. �T�� is the transverse projection of ���

and is given by

�T�� ¼
�
1� �

K2

�
g�� � �

!2
C��; (25)

Similarly, in the nonmagnetizable case, the transverse part
of the action is

ST ¼ � 1

2

Z
d4K½~�T��

~E
�
T ðKÞ ~E�

Tð�KÞ � ~B�ðKÞ ~B�ð�KÞ�;
(26)

where

~� T
�� ¼

�
1� �

!2

�
g�� � �

!2
C��: (27)

One has to diagonalize �T�� (magnetizable case) and ~�T��

(nonmagnetizable case) in order to obtain the eigenvalues
of the electric permittivity for the left- and right-handed
polarized photons. Let us consider an analytically solvable
case as follows. In a rest frame with the fluid velocity u� ¼
ð1; 0; 0; 0Þ, since ~E0 ¼ 0, so the spatial part of �T�� or ~�

T
��, a

3� 3 matrix �Tij or ~�
T
ij for i, j ¼ 1, 2, 3, is

�Tij ¼
�
1� �

K2

�
�ij � �

!2

rTirTj

r2T
;

and

~� T
ij ¼

�
1� �

!2

�
�ij � �

!2

rTirTj

r2T
;
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where we have defined rT ¼ r� ðr � k̂Þk̂ and used ~r2 ¼
�~r2T . One obtains the eigenvalues for the left- and right-
handed polarized photons, for a magnetizable plasma,

�L ¼ 1� �

K2
; �R ¼ 1� �

K2
� �

!2
; (28)

and those for an nonmagnetizable plasma,

~� L ¼ 1� �

!2
; ~�R ¼ 1� �

!2
� �

!2
: (29)

C. Refractive Index

The refractive index is normally defined by n2 ¼ ��,
but the quadratic nature of such a definition implies that it
is not sensitive to the sign of � and �. It is known that the
sign change of � and� corresponds to a crossover between
different branches of the square root, from n ¼ ffiffiffiffiffiffiffi

��
p

to

n ¼ � ffiffiffiffiffiffiffi
��

p
, or from the positive refractive index to the

negative one. We can see in the following that the sign of �
and � have a significant physical implication. The phase
velocity is defined by

vp ¼ 1

ReðnÞ k̂ ¼ vpk̂; (30)

whose sign is the same as that of ReðnÞ. But the direction of
the energy flow or the Poynting vector is not affected by the
sign of � and �. In a medium with small dissipation,
the direction of the energy flow coincides with that of the
group velocity

S ¼ vgUk̂; (31)

where U is a positive time-averaged energy density and
vg ¼ d!=dk.

So the direction of the phase velocity can be opposite to
the energy flow or the group velocity if we have, e.g., a
negative phase velocity and a positive group one or vice
versa

vp < 0; vg > 0: (32)

This criterion of the antiparallelism for the phase velocity
and the energy flow is equivalent to a better definition
called the Depine-Lakhtakia index [26],

nDL ¼ j�jReð�Þ þ j�jReð�Þ: (33)

When nDL < 0, the directions of the phase velocity and the
energy flow are opposite. So nDL is a good quantity for
covering the NRI. We will calculate both nDL and n in the
next section.

III. HARD-THERMAL-LOOP SELF-ENERGY
FOR PHOTON

The self-energy tensor of photon in a plasma can be
calculated by the standard perturbative technique of
Feynman diagram at finite temperature and density (i.e.,

a finite chemical potential). However, a complete calcula-
tion of ��� is rather involved because of the significantly

high temperature of the QGP, even at one-loop level in
which the self-energy is given by the exchange of quark
loops, so we only limit ourselves to the high-temperature
approximation, which means that the temperature is much
larger than the quark mass and external momenta, named
the HTL part of ���. In this section, we will investigate

the refractive index for the HTL self-energy ��� of the

photon from the quark loops in the QGP [27–29]. The HTL
approximation works well at high temperature where the
QGP is thought to be weakly coupled. The HTL self-
energy reads

�Tð!; kÞ ¼ 1

2
m2

D

�
!2

k2
þ

�
1�!2

k2

�
!

2k
log

!þ k

!� k

�
;

�Lð!; kÞ ¼ m2
D

�
1�!2

k2

��
1� !

2k
log

!þ k

!� k

�
;

(34)

in which the Debye mass squared is

m2
D � e2Nc

XNf

f

�
1

3
T2 þ�2

f

	2

�
Q2

f; (35)

where e is the electric charge, �f and Qf are the quark

chemical potential and the electric charge for the flavor
species f, Nc and Nf are the number of colors and flavors,

respectively. When !> k, �T;Lð!; kÞ are real, meaning

that the medium has no dissipation for propagating modes.
When k > !, the imaginary parts appear, the medium
becomes dissipative due to the Landau damping effect.

A. Magnetizable Plasma

A magnetizable plasma is the one in which the magnetic
moment and the magnetic permeability �ð!; kÞ have ordi-
nary physical meanings. Substituting the self-energy (34)
into Eq. (14) we obtain

�ð!;kÞ¼1þm2
D

k2

�
1�!

2k
log

!þk

!�k

�
;

�ð!;kÞ¼ 4k4

4k4þ6m2
D!

2þm2
Dðk2�3!2Þ!k log!þk

!�k

: (36)

In principle, the plasma contains not only temporal disper-
sion, but also spatial dispersion. In an isotropic medium, if
the phase velocity of light is much larger than the thermal
velocity of plasma particles, the spatial dispersion is small,
and then �ð!; kÞ and �ð!; kÞ can be assumed to be inde-
pendent of k. In this small k limit, we have !> k, both
�ð!; kÞ and �ð!; kÞ are real. This is equivalent to expand-
ing �ð!; kÞ and �ð!; kÞ in k around k ¼ 0
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�ð!Þ � 1� m2
D

3!2
þOðk2Þ;

�ð!Þ � 1

1� 2m2
D

15!2

þOðk2Þ:
(37)

The first observation of Eq. (37) is that �ð!Þ is negative for
!<!p ¼ ffiffiffiffiffiffiffiffi

1=3
p

mD, where!p is called the Debye screen-

ing frequency. The second observation is: there is a pole at

!mp ¼ ffiffiffiffiffiffiffiffiffiffiffi
2=15

p
mD in �ð!Þ, below which both �ð!Þ and

�ð!Þ become negative. We show n2 and nDL as functions
of!=mD in Fig. 1. At high frequencies, the refractive index
is always less than unity, meaning that the phase velocity is
greater than the speed of light. There is a frequency gap
between !mp and !p where n2 < 0 and nDL ¼ 0. For

frequencies in the gap, the light cannot propagate or the
plasma is opaque to electromagnetic waves. The width of
the gap is proportional to mD, i.e., the higher the tempera-
tures and/or densities, the broader the gap is. At frequen-
cies lower than the pole, k < !<!mp, nDL becomes

negative. However, the propagating modes should satisfy
the transverse dispersion relation n2!2 ¼ k2; it has no
solution in the range ! 2 ½k;!mp�, indicating that there

are no propagating modes in the NRI region. Note that
�ð!Þ and n2 diverge at !mp, where the magnetization is

large and resonantly oscillates with the electromagnetic
wave. The phase and group velocity are small in the region
and approaches zero at !mp. In the range ! 2 ½!mp;!p�,
we see n2 < 0, i.e., the RI is purely imaginary and the
electromagnetic wave is damped.

Now we can go beyond the small k limit by working
with the full version of � and� in Eq. (36). We show n and
nDL at a fixed value k=mD ¼ 0:2 in Fig. 2. The values of
!mp and !p increases with k. There is a jump in nDL and

ReðnÞ at ! ¼ k, they change from positive to negative

values from !< k to !> k. When !< k, both � and �
become complex, indicating that the medium is dissipative.
When k < !<!mp, we have nDL < 0 and ReðnÞ< 0, but

no propagating modes are found since the dispersion
n2!2 ¼ k2 cannot hold in this region. In the frequency
range, !mp < !<!p, the refractive index is purely

imaginary, so any propagating modes are forbidden.
When !p <!, there are normal propagating modes with

0 0.2 0.4 0.6 0.8 1 1.2
−6

−4

−2

0

2

4

6

ω/m
D

n2

n
DL

ω
p

ω
mp

FIG. 1 (color online). The RI for a magnetizable plasma in
small k expansion: the conventional refractive index n2 and the
Depine-Lakhtakia index nDL as functions of !. We take mD as
the unit for k and !.

0 0.2 0.4 0.6 0.8 1
−3

−2

−1

0

1

2

3

ω/m
D

Re(n)
Im(n)
n

DL

|k|<ω|k|>ω

ω
p

ω
mp

ω=k=0.2

FIG. 2 (color online). The refractive indices n (real part: blue
dashed, imaginary part: brown dotted) and nDL (red solid) for a
magnetizable plasma at k ¼ 0:2. In the region !< k ¼ 0:2, n is
complex and has real and imaginary parts, meaning that the
medium is dissipative. In the range k < !<!mp, n is purely

real and negative, n < 0, but there is no propagating mode which
satisfies the dispersion n2!2 ¼ k2. In the range !mp < !<!p,

n becomes purely imaginary, so the medium is opaque. When
!p <!, the real part of n is positive, ReðnÞ> 0. We take mD as

the unit for k and !.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

k/m
D

ω
/m

D

ω
p

ω
mp

FIG. 3 (color online). The dispersion relation!ðkÞ for magnet-
izable and nonmagnetizable plasmas (blue solid line). The dotted
line is the light cone ! ¼ k. If the plasma is magnetizable, we
have poles on the dashed line, but there are no poles in non-
magnetizable plasma. We take mD as the unit for k and !.
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positive refraction. The dispersion relation !ðkÞ is shown
in Fig. 3.

B. Nonmagnetizable plasma

However, a completely different situation appears in a
nonmagnetizable plasma. At high enough frequencies, or if
the magnetic susceptibility � is small and the plasma has a
long relaxation time, the magnetic moments of particles in
the plasma cannot respond to the time variation of an
electromagnetic wave in time. In this case, as was argued
by Landau and Lifshits, the magnetization loses its physi-
cal meaning, and we need to treat this problem in an
alternative approach by taking the magnetic permeability
to the vacuum value, � ¼ 1. Then the effective perme-
ability comes from the spatial part of the generalized
permittivity ~�. By expanding �Tð!; kÞ in powers of k at
k ¼ 0

�Tð!; kÞ ¼ m2
D

�
1

3
þ 1

15

k2

!2

�
þOðk4Þ; (38)

we then obtain from Eq. (17),

�ð!Þ ¼ 1� m2
D

3!2
; �ð!Þ ¼ 1

1þ m2
D

15!2

: (39)

It is obvious that � is the same as in the magnetizable case.
But the effective magnetic permeability � is always posi-
tive, so the NRI is absent. A complete screening gap up to
!p is present, only the mode with frequencies higher than

!p can propagate. The dispersion relation is the same as

the Fig. 3, but n below the plasma frequency is purely
imaginary (n2 < 0) and hence all modes are damped, see
Fig. 4.

C. A criterion for magnetizable and
nonmagnetizable plasma

As we can see from the above discussions, the magnetic
response is essential in justification of the QGP as a mag-
netizable or nonmagnetizable medium. The core question
is then whether the magnetization density has physical
meaning for the plasma. To this end we look at the induced
macroscopic current density J from not only the magneti-
zation M ¼ ðB�HÞ=4	 but also the dielectric polariza-
tion P ¼ ðD� EÞ=4	,

J ¼ r�Mþ @P

@t
; (40)

which can be derived directly from the Maxwell equations

r� B ¼ Jþ @E

@t
; r�H ¼ @D

@t
: (41)

We can compare the contribution from the electric and
magnetic sector to the induced current and see if the
concept of the magnetization still works. When the current
is dominated by the magnetization, the following condition
must be satisfied

jr �Mj �
��������
@P

@t

��������; (42)

which is equivalent to

Rð!Þ ¼
��������
�ð!Þð�ð!Þ � 1Þ

�ð!Þ � 1

��������� 1: (43)

We can use Eqs. (36) and (37) to test if Rð!Þ � 1 holds or
not. If it does, the magnetization density makes a dominant
contribution to the induced current density, so the plasma is
magnetizable and Eqs. (36) and (37) apply. If this condition
is violated, the magnetization density is negligible and the
plasma is an nonmagnetizable medium. In this case, �ð!Þ
in Eqs. (36) and (37) loses its normal meaning and is not
applicable. Thus one has to implement the Landau-Lifshits
scenario. Therefore, Eq. (43) can be regarded as a criterion
to judge if a plasma is magnetizable or nonmagnetizable.
In our study, as shown in Fig. 5, the criterion (43) is valid

near the pole !mp, below which the refractive index be-

comes negative. So near the pole !mp the plasma is mag-

netizable, otherwise it is nonmagnetizable.
Although the dispersion relation shown in Fig. 3 seems

to be the same in magnetizable and nonmagnetizable plas-
mas, completely different behaviors of the RI occur below
!p. The main difference is the existence of a pole in the

magnetizable plasma corresponding to a resonance. In this
region, the phase velocity is slowed down and vanishing at
the pole, so the thermal velocity is much greater than the
phase velocity and the plasma becomes strongly aniso-
tropic, which is beyond the scope of this paper.
Our approach is based on the HTL perturbation, which is

quite different from the holographic approach. The disper-
sion relation behaves differently in two approaches. In our

0 0.5 1 1.5 2
−1

−0.5

0

0.5

1

ω/m
D

n2

n
DL

ω
p

FIG. 4 (color online). The RI for the nonmagnetizable plasma
by the conventional refractive index n2 and the Depine-
Lakhtakia index nDL as functions of !. We take mD as the
unit for k and !.
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approach there is a frequency range with n2 < 0 corre-
sponding to a forbidden band for electromagnetic waves in
between the negative and positive refraction region, while
in the holographic theory the dispersion relation is con-
tinuous. This distinction is closely related to the effective-
ness of the notion of quasiparticles. In addition, there is a
pole at !mp in the HTL approach which makes n2 and nDL
singular. Such a property is possibly a feature for the
magnetizable plasma in a weakly coupled system. In con-
trast, in the holographic theory for the nonmagnetizable
and strongly coupled plasma, there is no such a pole.

IV. ANISOTROPIC QUARK MATTER

In Sec. III we have considered an isotropic quark matter.
The quark momentum distribution is anisotropic at early
time in noncentral heavy ion collisions. A proper way of
generalizing to an anisotropic case is to derive the self-
energy using the kinetic theory. Here we consider the quark
distribution function faðpÞ for a ¼ u, d, s, �u, �d, �s, which
obey the Boltzmann equation; the self-energy can be ex-
pressed by faðpÞ [30,31]

���ðKÞ ¼ �2e2Nc

X
a

Q2
a

Z d3p

ð2	Þ3 V�

@faðpÞ
@Pi

�
�
g�i � V�Ki

K � V þ i


�
(44)

where the four-velocity is defined by V� ¼ P�=p ¼
ð1; vÞ ¼ ð1;p=pÞ and faðpÞ ¼ 1=ðe�p���a þ 1Þ. Here the
summation for i is over spatial components. Note that
���ðKÞ has a different sign in our convention from

Refs. [30,31]. To generalize Eq. (44) to anisotropic case,
we can make replacement in distribution function fðpÞ

p ! ~p ¼ ½p2 þ 
ðp � rÞ2�1=2; (45)

where 
 parametrizes the strength of the anisotropy: a
positive/negative value of 
 corresponds to a contraction/
stretching of the isotropic distribution function along r.
Then the self-energy becomes

���ðKÞ ¼ �2e2Nc

X
a

Q2
a

Z d3p

ð2	Þ3 V�

@fað~pÞ
@Pi

�
�
g�i � V�Ki

K � V þ i


�

¼ �m2
D

Z d�

4	

vi þ 
ðv � rÞri
½1þ 
ðv � rÞ2�2 V�

�
�
g�i � V�Ki

K � V þ i


�
: (46)

The spatial component �ij is then

�jl ¼ �m2
D

Z d�

4	

vi þ 
ðv � rÞri
½1þ 
ðv � rÞ2�2 vj

�
�li þ vlki

K � V þ i


�
:

(47)

The four structure functions in Eq. (22) can be extracted by
the following contractions:

� ¼ ðP�� � C��Þ���; � ¼ Q���
��;

� ¼ ð2C�� � P��Þ���; � ¼ � 1

2

!2

K2k2~r2
G���

��:

(48)

We assume that the magnitude of the anisotropy is small so
that we can perform an expansion in powers of 
 for �jl

�jlðKÞ ¼ �ðHTLÞ
jl ðKÞ þ 
m2

D

Z d�

4	
½ðv � rÞri

� 2ðv � rÞ2vi�vj
�
�li þ vlki

K � V þ i


�
þOð
2Þ;

(49)

where the HTL self-energy is given by

�ðHTLÞ
jl ðKÞ ¼ �m2

Dk0
Z d�

4	

vjvl
k0 � v � kþ i


: (50)

Up toOð
Þ the structure functions relevant to the refrac-
tive index of transverse modes can be obtained

� ¼ �TðzÞ þ 


�
z2

12
ð3þ 5 cos2�Þm2

D � 1

6
ð1þ cos2�Þm2

D

þ 1

4
�TðzÞ½ð1þ 3 cos2�Þ � z2ð3þ 5 cos2�Þ�

�
; (51)
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FIG. 5 (color online). The ratio Rð!Þ as a function of ! for a
fixed and small value of k. Rð!Þ � 1 is valid in the range ! &

!mp where the refractive index becomes negative.
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� ¼ �LðzÞ þ 


�
1

6
ðz2 � 1Þð1þ 3 cos2�Þm2

D þ�LðzÞ

�
�
cos2�� z2

2
ð1þ 3 cos2�Þ

��
; (52)

� ¼ 


3
½3�TðzÞ �m2

D�ðz2 � 1Þsin2�; (53)

where �TðzÞ and �LðzÞ is the standard HTL result in
Eq. (34), z ¼ !=k, and � is the angle between the direction
of the wave vector of the light and the anisotropy, cos� ¼
k � r. In the limit 
 ! 0, the above structure functions �
and � reduce to the isotropic HTL case, while � and �
vanish.

First, we focus on the magnetizable case. We diagonal-
ize �ij in Eq. (28) in the plane perpendicular to k, in small

k approximation, we get

�ðmagÞ
L ð!Þ ¼ 1� m2

D

3!2
þ 


m2
D

10!2

�
1� 1

3
cos2�

�

þOðk2; 
Þ; (54)

�ðmagÞ
R ð!Þ ¼ 1� m2

D

3!2
þ 


m2
D

15!2
þOðk2; 
Þ: (55)

However, in an anisotropic medium, the spatial dispersion
becomes important, as one can see in the following that the
term with k is always accompanied by 
, so small k
expansion has to be treated with more care. We have
assumed 
 � 1 and k � 1, if we further assume 
=k2 is

small compared with the leading term 1� 2m2
D

15!2 , the expan-

sion can lead to

�ðmagÞð!; kÞ ¼ 1

1� 2m2
D

15!2 � 

m2

D

15k2
cos2�þOðk2; 
Þ

: (56)

If the ratio 
=k2 is not small, it becomes a singular term of
Oð1=k2Þ, the expansion in small k fails, and a more rig-
orous consideration is required by solving the full version
of the dispersion relation. In the nonmagnetizable case, we
have

�ðnonÞL ð!Þ ¼ 1� m2
D

3!2
þ 


2m2
D

15!2
; (57)

�ðnonÞR ð!Þ ¼ 1� m2
D

3!2
þ 


m2
D

10!2

�
1þ 1

3
cos2�

�
; (58)

and

�ðnonÞ
L ð!Þ ¼ 1

1þ m2
D

15!2 � 

m2

D

70!2 ð13 � cos2�Þ
; (59)

�ðnonÞ
R ð!Þ ¼ 1

1þ m2
D

15!2 � 

m2

D

6!2 ð17 � 1
5 cos2�Þ

: (60)

In this section, the anisotropy is just a small correction to
the isotropic result, the plasma frequency!p and pole!mp

change a little by extra parameters 
 and � introduced from
anisotropy.

V. SUMMARYAND CONCLUSION

We study the electromagnetic wave properties of the
QGP within the HTL perturbation theory. The electric
permittivity, the magnetic permeability and then the optical
refractive index are calculated in magnetizable and non-
magnetizable plasmas. The optical properties of these two
types of plasmas behave differently at low frequencies due
to different definitions of the magnetic permeability�. The

plasma is magnetizable if Rð!Þ ¼ j �ð!Þð�ð!Þ�1Þ
�ð!Þ�1 j � 1,

while it is nonmagnetizable if this condition does not hold.
In the magnetizable plasma, � has the normal physical

meaning, but it fails to make physical sense in the non-
magnetizable plasma. In the magnetizable plasma, � has a
pole at !mp below the plasma frequency !p. When

k < !<!mp, both n and nDL become negative but no

propagating modes exist. A frequency forbidden band or a
gap with imaginary n or n2 < 0 is in the range!mp < !<

!p, where electromagnetic waves are damped. For !< k,

n becomes complex and the medium is dissipative. In the
nonmagnetizable plasma, both � and nDL are non-
negative. The damped region or the gap is in the range
!<!p.

In contrast, the negative refraction is present for the
nonmagnetizable plasma in the strongly coupled plasma
in the holographic description, where the gap is not sig-
nificant and the refractive index smoothly connects the
negative to positive refraction region. This implies that
the medium is almost transparent to the light at all fre-
quencies. However, the negative refraction is absent in the
nonmagnetizable plasma in our approach. For the magnet-
izable plasma, the NR occurs in the region k < !<!mp

but does not support any propagating modes. This marks
the main difference of our results from the strongly
coupled plasma in the holographic approach.
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[16] E. J. Reed, M. Soljačić, and J. D. Joannopoulos, Phys. Rev.

Lett. 91, 133901 (2003).

[17] D. Schurig, J. Mock, B. Justice, S. Cummer, J. Pendry, A.
Starr, and D. Smith, Science 314, 977 (2006).

[18] A. Amariti, D. Forcella, A. Mariotti, and G. Policastro, J.
High Energy Phys. 04 (2011) 036.

[19] X.-H. Ge, K. Jo, and S.-J. Sin, J. High Energy Phys. 03
(2011) 104.

[20] X. Gao and H.-b. Zhang, J. High Energy Phys. 08 (2010)
075.

[21] F. Bigazzi, A. L. Cotrone, J. Mas, D. Mayerson, and J.
Tarrio, J. High Energy Phys. 04 (2011) 060.

[22] A. Amariti, D. Forcella, A. Mariotti, and M. Siani, J. High
Energy Phys. 10 (2011) 104.

[23] A. Amariti, D. Forcella, and A. Mariotti, arXiv:1107.1240.
[24] L. D. Landau and E.M. Lifshitz, Electrodynamics of

Continuous Media (Butterworth-Heinemann, Oxford,
1984).

[25] V.M. Agranovich, Y. R. Shen, R. H. Baughman, and A.A.
Zakhidov, Phys. Rev. B 69, 165112 (2004).

[26] R. A. Depine and A. Lakhtakia, Microw. Opt. Technol.
Lett. 41, 315 (2004).

[27] H. A. Weldon, Phys. Rev. D 26, 1394 (1982).
[28] R. D. Pisarski, Phys. Rev. Lett. 63, 1129 (1989).
[29] M. L. Bellac, Thermal Field Theory (Cambridge

University Press, Cambridge, England, 1996).
[30] P. Romatschke and M. Strickland, Phys. Rev. D 68,

036004 (2003).
[31] P. Romatschke and M. Strickland, Phys. Rev. D 70,

116006 (2004).

REFRACTIVE INDEX OF LIGHT IN THE QUARK-GLUON . . . PHYSICAL REVIEW D 84, 125027 (2011)

125027-9

http://dx.doi.org/10.1016/j.ppnp.2003.09.002
http://dx.doi.org/10.1016/j.nuclphysa.2004.10.034
http://dx.doi.org/10.1016/j.nuclphysa.2004.10.034
http://dx.doi.org/10.1016/j.ppnp.2004.09.001
http://dx.doi.org/10.1016/j.ppnp.2004.09.001
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.085
http://dx.doi.org/10.1103/PhysRevD.31.545
http://dx.doi.org/10.1103/PhysRevD.31.545
http://dx.doi.org/10.1103/PhysRevD.44.2774
http://dx.doi.org/10.1103/PhysRevD.44.2774
http://dx.doi.org/10.1103/PhysRevC.63.021901
http://dx.doi.org/10.1088/1126-6708/2001/11/057
http://dx.doi.org/10.1088/1126-6708/2001/11/057
http://dx.doi.org/10.1088/1126-6708/2001/12/009
http://dx.doi.org/10.1088/1126-6708/2001/12/009
http://dx.doi.org/10.1103/PhysRevLett.94.232301
http://dx.doi.org/10.1103/PhysRevLett.94.232301
http://dx.doi.org/10.1103/PhysRevC.81.064904
http://dx.doi.org/10.1103/PhysRevC.81.064904
http://dx.doi.org/10.1070/PU1968v010n04ABEH003699
http://dx.doi.org/10.1126/science.1058847
http://dx.doi.org/10.1126/science.1058847
http://dx.doi.org/10.1126/science.1096796
http://dx.doi.org/10.1126/science.1096796
http://dx.doi.org/10.1103/PhysRevLett.91.133901
http://dx.doi.org/10.1103/PhysRevLett.91.133901
http://dx.doi.org/10.1126/science.1133628
http://dx.doi.org/10.1007/JHEP04(2011)036
http://dx.doi.org/10.1007/JHEP04(2011)036
http://dx.doi.org/10.1007/JHEP03(2011)104
http://dx.doi.org/10.1007/JHEP03(2011)104
http://dx.doi.org/10.1007/JHEP08(2010)075
http://dx.doi.org/10.1007/JHEP08(2010)075
http://dx.doi.org/10.1007/JHEP04(2011)060
http://dx.doi.org/10.1007/JHEP10(2011)104
http://dx.doi.org/10.1007/JHEP10(2011)104
http://arXiv.org/abs/1107.1240
http://dx.doi.org/10.1103/PhysRevB.69.165112
http://dx.doi.org/10.1002/mop.20127
http://dx.doi.org/10.1002/mop.20127
http://dx.doi.org/10.1103/PhysRevD.26.1394
http://dx.doi.org/10.1103/PhysRevLett.63.1129
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.68.036004
http://dx.doi.org/10.1103/PhysRevD.70.116006
http://dx.doi.org/10.1103/PhysRevD.70.116006

