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Spin operator and spin states in Galilean covariant Fermi field theories
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Spin degrees of freedom of the Galilean covariant Dirac field in (4 + 1) dimensions and its non-
relativistic counterpart in (3 + 1) dimensions are examined. Two standard choices of spin operator, the
Galilean covariant and Dirac spin operators, are considered. It is shown that the Dirac spin of the Galilean
covariant Dirac field in (4 + 1) dimensions is not conserved, and the role of non-Galilean boosts in its
nonconservation is stressed out. After reduction to (3 + 1) dimensions the Dirac field turns into a
nonrelativistic Fermi field with a conserved Dirac spin. A generalized form of the Lévy-Leblond equations
for the Fermi field is given. One-particle spin states are constructed. A particle-antiparticle system is

discussed.
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I. INTRODUCTION

Galilean invariance underlies many low-energy systems
encountered in nuclear physics, condensed matter physics,
and many-body theory. It is used in the field theoretical
study of superfluids, superconductors, and Bose-Einstein
condensation [1-5].

A (4 + 1)-dimensional covariant formulation of
Galilean covariance [6] based on an extended space-time
approach developed in [7,8] provides new insights into the
properties of these systems. A formulation of Galilean
covariance within a relativistic framework in one higher
dimension makes nonrelativistic theories similar to
Lorentz covariant theories. Many procedures and calcula-
tions can be carried out in the same way as relativistic ones.
Some characteristic features of nonrelativistic theories are
likely to appear only after a reduction to (3 + 1) dimen-
sions. Historically, a dimensional reduction from (4 + 1) to
(3 + 1) dimensions was first developed for Lorentz cova-
riant theories [9]. The extended space-time formulation
allows us to treat relativistic and nonrelativistic theories
in (3 + 1) dimensions in a unified approach, depending on
how (3 + 1)-dimensional space-time is embedded into a
(4 + 1)-dimensional manifold. A similar approach was
used in the investigation of fluid dynamics in [10,11].

In the present paper, we study spin degrees of freedom of
nonrelativistic Fermi fields in both (4 + 1) and (3 + 1)
dimensions. We start with a Galilean covariant Fermi field
theory in (4 + 1) dimensions and then perform a reduction
to (3 + 1) dimensions. We want to determine to what
extent spin and its characteristics are affected by this
reduction.

In relativistic theories, the orbital angular momentum
and Dirac spin of a moving particle are not separately
conserved. The component of the Dirac spin in any fixed
direction therefore cannot be used to enumerate the parti-
cle’s spin states. Such enumeration is possible in the non-
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relativistic case. Our aim is to demonstrate the Dirac spin
conservation in (3 + 1) dimensions as a result of dimen-
sional reduction and to construct the spin states explicitly.

The concept of spin for nonrelativistic particles was
introduced in [12] through the theory of unitary irreducible
representations of the Galilei group [13—17]. A nonrelativ-
istic particle described by such representation is localiz-
able for any value of spin, if it has a nonzero mass.
Although the concept of spin appears here in the same
way as in the relativistic case, the nonrelativistic spin
particles are not involved in spin-orbit interactions and
do not possess electromagnetic multiple momenta [12].

Our paper is organized as follows. In Sec. II, we first
briefly review a covariant formulation of Galilean covari-
ance in (4 + 1) dimensions. Then we construct the Galilean
covariant spin operator. The expression for this operator
was previously given in [15-18], and a possible connection
between spin and statistics was discussed in [19]. We derive
the same expression in a different way, similar to the
Lorentz covariant procedure presented in [20].

We define the five-dimensional Galilei invariant Dirac
field model and determine the transformation properties of
the Dirac field. Conserved currents and the corresponding
generators are constructed. We observe that the model is
invariant with respect to non-Galilean transformations as
well and introduce non-Galilean boosts. We discuss sim-
ilarities and differences between the Galilean covariant and
Dirac spin operators and demonstrate the role of non-
Galilean boosts in the nonconservation of the Dirac spin.
Different choices of spin operator in the relativistic case
were studied in [21].

In Sec. III, we perform a reduction to (3 + 1) dimen-
sions by eliminating the x° coordinate and keeping the
model invariant under reduced Galilean transformations.
We obtain the effective Lagrangian density for a nonrela-
tivistic Fermi field in (3 + 1) dimensions. The Fermi field
is quantized, and one-particle states are constructed. We
prove that the one-particle states are spin-1/2 and use the
third component of spin to enumerate them.
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Finally, we study a particle-antiparticle system. The
possibility to include antiparticles within a Galilean frame-
work was discussed in [16-22]. We show that particles and
antiparticles belong to two different mass sectors and con-
struct transition operators that connect states with different
numbers of particles and antiparticles. We conclude with a
discussion in Sec. I'V.

II. GALILEAN COVARIANT FERMI FIELD
THEORIES IN (4 + 1) DIMENSIONS

The Galilean covariant theories in (4 + 1) dimensions
are built with Lorentz-like action functionals, except that
Galilean kinematics is based on the so-called Galilean five-
vectors [6],

s
(Xy -x4) xs) = (X) Et; t)r
C

where ¢ is a parameter with the dimensions of velocity,
which will be specified below, and s stands for the addi-
tional fifth coordinate. By rescaling
s— xS =12,

¢

t— x*

= Ct,
the physical units of space and time are adjusted in such a
way that all the components of the Galilean five-vectors
have the same dimensions.

Under homogeneous Galilean transformations, these
vectors transform as follows:

x/ = Rx — Bx*, x* = x4,

(D
X% =x — (Rx) - B + 1BI*x*,
where B = (v/c), v is the relative velocity between two
reference frames, and R is a three-by-three orthogonal
rotation matrix.
These transformations leave invariant the scalar product,

g Wx“x”, m, v =1,...,5,defined with the Galilean metric
—I3x3 0 O

8uv = 0 0 11. 2)
0 1 0

The momentum five-vector is
. o 0
p,u = la,u, = IV’I?’lcas = (p’ P4, pS)

With the usual identification id, — E, we have p, = E/c.
Since ps/¢ has the dimension of mass, it is identified with
the inertial mass m so that the coordinate x> is canonically
conjugate to ps = mc.

The inhomogeneous Galilei group also includes trans-
lations in space, time, and x> direction, being a subgroup of
the Poincare group. While the Poincare group in (4 + 1)
dimensions is generated by 15 elements, five translations
P*, and ten rotations M*” with u < v, its Galilei subgroup
has 11 generators.
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The nonzero commutation relations of the Galilei Lie
algebra are

[]“, Jb]7 — iéabcjc, [Ja) Kb], — iEabCKC’
[/, PP]_ =iePe,  [K%P,]- =iPe, 3)
[P, K] = ig®Ps,

where a, b, c = 1,2,3, P%, J* = (1/2)e***M"¢ and K* =
M are generators of space translations, rotations, and
Galilean boosts, respectively, while P, and P5 are gener-
ators of time and x° translations. The explicit expressions
for these generators in the case of Fermi fields will be given
below.

Like the Poincare group in (4 + 1) dimensions, the
Galilei group admits three Casimir invariants:

Iy = P,P¥, I, = Ps, Iy = Ws, Wk, (4)

where

Wiy = %6Ma/3pVPaMﬁp

is the five-dimensional Pauli-Lubanski tensor, €vaBp
being the totally antisymmetric tensor in five dimensions.
We assume that €54, = €,pc-

The invariant 7, is the inertial mass operator, which is
assumed to be positive (or negative) definite. The inertial
mass is conserved independently; that is a characteristic
feature of Galilean covariant theories. This implies the
so-called Bargmann superselection rule [23], the theory
factoring into sectors labeled by the eigenvalue of I,.

The invariant [ is related to the rest (or internal) energy:

2

|
Il:2P5P4_P2:2P5(P4_F):2P5P£‘0),
5

where

© P
P, =P, — 5
4 47 2p, (5)
is the rest energy operator. In Galilean theories the inertial
and rest masses are not, in general, the same [24]. They are
taken equal if the Galilean theory is considered to be the
limit of a Lorentz covariant one.

For a state with momentum p,,,

P.lp) = p.lp),
assuming that
pup* =k*>0, (6)
this gives us the dispersion relation
2 2
p- Kk )
Elp) =(—+=—]Ip). 7
=045 ™

The rest energy k*/2m takes the familiar form mc? if ¢ is
defined as
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k
2mmg’

c =

®)

where my is the rest mass. Both m and ¢ are constants with
respect to the Galilean transformations.

A. Spin operator

The axial vector W5, obeys the following relations:

PEWs, =0, &)
[P(T: WSM]f = 0, (10)
[Ws, Ws, ] = i€5,,,,Ws PP (1)

Since Wss = 0, Ws,, has four nonvanishing components,
WSM = (WS(zr W54y O),
where

W5a = PSJu - eathhPc’ (]2)

W54 = Pa‘]a‘ (13)

As a consequence of Bargmann’s superselection rule, the
Hilbert space is decomposed into a direct sum of subspaces
representing different inertial mass sectors including a
zero-mass one. Let us consider a nonzero inertial mass
subspace. In such a subspace the operator Ps is either
positive or negative definite and therefore P5! is well
defined. As in Lorentz covariant theories [20,25] we define
the spin operator components S¢ as linear combinations of
the components of Ws,,

54 = AW — BWsyP], (14)

where the coefficients A and B depend only on the five-
momentum P ,. We find A and B from the requirement that
the usual commutation relations for the spin operator hold:

[S4, 8P = ieese. (15)

Substituting (14) into (15), this gives us a system of two
equations,

A%2(Ps — BP?) = A, A’BPs = —AB.
For nonzero B, the system is solved by
2P5

A=-pP}
while for B = 0 we get
A= Pl a7

The first solution is singular in the rest frame limit |P| — 0,
soitis excluded. The second one brings the spin operator in
the form

e = PyIW,e. (18)
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In terms of the Galilei group generators, the spin operator
is written as

S =J-P[K XP]. (19)
From the relations (10) and (11), we obtain
[Se, P*]_ =0, [J9, §P]_ = jeqbese;

i.e. S behaves like a three-dimensional vector under rota-
tions, being invariant under translations.

In contrast with the spin operator in Lorentz covariant
theories, which transforms in a noncovariant way under
Lorentz boosts, the spin operator given by Eq. (19) is
invariant under Galilean boosts as well,

[K?, SP]_ = 0.

An alternative way of introducing the Lorentz covariant
spin operator is by performing a transformation to the rest
frame and identifying the spin components as a spatial part
of the axial vector Ws,. Along the same lines, we perform
the transformation

Wi, = G, Ws,, (20)

P, = G,'P,, 1)

where G M" is a Galilean boost matrix chosen in such a way
that

P! =0.
For G ,*, we obtain
P P?
Gab — 6ab’ Gas — _G4a — __ﬂ’ G45 :_2’
G*=GS=1, G*=0, G, *=Gs*=0.

Using (22) in Eq. (21), this yields
P, =P,

demonstrating that (22) is a transformation to the rest
frame.
From Eq. (20), we also have

— [— .
Ws, =0, Wsa = Wsas
i.e. Ws, is invariant under Galilean boosts. The operator

WL, = (Ws,,0,0)

has only three nonvanishing components, and we use them
to introduce the spin operator given again by Eq. (18).
The invariant /5 becomes

I3 = P;%8,8¢,

so that P§I3 is related to the magnitude of spin.
Multiplying both sides of Eq. (19) by P, we get the

relation PS = PJ, which holds in the zero inertial mass

subspace as well. It shows that the component of the
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angular momentum J is along the direction of the linear
momentum P; i.e. helicity can be defined in all subspaces.

B. Galilean Dirac Lagrangian

The five-dimensional Dirac field model is given by the
Lagrangian density:

L) =P)iy*a, — HV(x), (23)

where k is given by Eq. (6), and W(x) is a free Dirac field
defined on the five-dimensional manifold G4y with the
Galilean metric in Eq. (2). The Dirac matrices y* in
the extended space-time are four dimensional and obey
the usual anticommutation relations:

{y#, y7h = 2g"".

We use the following representation, which is convenient
for a particle-antiparticle interpretation [26]:

W 0 io¢

Y Niee 0 )

L1
L\ -1 -1/

11 -
Y= ,
V2\1 -1
where o', 02, and o3 are the usual Pauli matrices. The

adjoint field is defined as
W(x) = Uy,

=

1

where

1 1 0
0= ___ (44 + 45 =

The Euler-Lagrange equations of motion for W(x) and
its adjoint W(x), respectively, are

(iy*a, — bW (x) =0, V(x)(iy*a, + k) =0, (24)
where (dy = (8{)yx. The action corresponding to the
Lagrangian density in Eq. (23) is assumed to be invariant
with respect to the inhomogeneous Galilean transforma-
tions of coordinates.

A transition from one reference frame x to another x’
through a Galilean transformation corresponds to a homo-
geneous linear transformation of the Dirac field,

P(x) — V'(x') = AV¥(x), (25)

where A is determined by the parameters of the Galilean
transformation.

In the manner of Lorentz covariant theories, A = 1 for
space-time translations and for translations in the x> direc-
tion. For spatial rotations, we have

PHYSICAL REVIEW D 84, 125025 (2011)
A = exp{ly*y’e® ¢}, (26)

where (¢!, ¢2, $3) are angles of rotation.

Now we compute A for Galilean boosts; that is, R = I in
Eq. (1). From Eq. (1), we find the Galilean boost trans-
formations for the derivatives:

a:z =0, — Baa&

27
aﬁl = 84 - ﬁaaa + %lBIZaSr ( )
ag = (95,

where (9, 94, d5) and (9, 9/, 9%) are the derivatives with
respect to the original and the new coordinates,
respectively.

According to Galilean covariance, the Dirac equation
must retain its form in terms of the transformed coordinates
and fields; that is,

(iy*a), — W'(x') = 0. (28)
By multiplying Eq. (28) on the left by A~!, and by using
Egs. (25) and (28), we obtain the following relations:
A—l,yaA:,yu_Ba 4’ A_l‘y4A=’y4,
ATIYA =97+ Boy + 3By
From these relations we find the transformation matrix for
Galilean boosts in the form

A = explly*y'B.} = 1 + Iy*y B, (29)

where we have used (y*)? = 0.

C. Non-Galilean boosts

The Lagrangian density given by Eq. (23) preserves its
form under the replacement

4 5

xt e ), Yt ey (30)

This symmetry reflects itself in the invariance of the action
with respect to non-Galilean transformations of the form

5 14— 4

x'=x—ax, xMt=x'-(x-7)+i7°x, 3

xXP=x,
3D

the transformation matrix for the Dirac field becoming
A=1+1yyir, (32)

In accordance with (30), the transformation (31) can be

obtained from the Galilean one by applying x* < x°, and

the transformation matrix given by Eq. (32) results from

Eq. (29) by replacing y* with y°. The parameters 7, play

the same role as the parameters 8, in the Galilean boosts,
dx®  _dx?

a f—

T Sds

where the ““velocity” dx“/ds determines the rate of change
of x“ in the fifth coordinate s.

T
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Although /; is invariant with respect to the transforma-
tion (31) as well, the invariance of I, and /5 is violated. In
particular, the energy of the system in two reference frames
connected by (31) is the same, E’ = E, while the inertial
mass transforms as follows:

1 E
m—>m’=m—@+f|1'|2_—2. (33)
2 c

Assuming that ¢ is the same in all reference frames, either
Galilean or non-Galilean, we conclude from Eq. (8) that

2 == (34)

i.e. the inertial and rest masses are transformed in such way
that the product mm remains unchanged. This gives us the
following expression for the transformed rest mass m(, in
terms of the original m and m,:

-1
(tp) [2my 1 P*\mo

The transformation (31) can be referred to as a boost in the
x direction with velocity dx/ds or a non-Galilean boost. A
general form of non-Galilean transformations includes
rotations in the way similar to Eq. (1).

D. Conserved currents and generators

As a consequence of the invariance of the action with
respect to translations, our model has five conserved
currents grouped together as an energy-momentum-mass
tensor T#7:

9,T*" =0, (36)
where
Tr = W(x)iy* 9" W(x) — Log"”.

By integrating Eq. (36) over a volume limited in the x*
direction by two four-dimensional hypersurfaces, x*
constant, and of infinite extent in other directions, and by
assuming that the fields vanish at the infinite boundaries,
we obtain the time-independent five-momentum of the
Galilean Dirac field:

P, = [d3xdx5\/§T5M.

This gives the explicit expressions for generators P, and
P 5.

P, = / PrxdeS 2~ (x)(iye0, — W)
— W(x)iy 95¥(x)) (37

and
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Ps = [ Bxdx3\2U(x)iy* 95V (x). (38)

While the first term in the right-hand side of Eq. (37)
represents the kinetic and mass term contributions to the
total energy, which have the same form as in four-
dimensional relativistic theories, the x° dependence intro-
duces a new type of interaction and therefore a new type of
energy contribution.

We rescale the generators P, and Ps and define the
Hamiltonian H and the total mass M of the system as
follows:

1
EP4=H, :Ps =M, (39)
C

As in the case of Lorentz covariant theories, we can
introduce the Belinfante tensor
Orr = Trr — 15 [W(x)FPEr P (x)], (40)
where
FPuv = P TRV — ylt PV — ¥ FPU
and
14 i 14
Frr= —1[7“,7 1
which satisfies the same conservation law as TH”,
9 M@’“’ =0, 41)

and provides us with the same expression for the time-
independent five-momentum:

Pe = [ BPxdx’\20s5, = P,,. 42)

This means that ®#” can also be regarded as the energy-
momentum-mass tensor. The explicit expression for @#” is

01" = JU()i(y# 3" + y 3" )W(x) — Logh”,  (43)

where a db = 1[adb — (da)b], O+ being symmetric,
Orr = @V,

The invariance of the action with respect to spatial
rotations and boosts gives us another set of conserved
currents:

9 ,M#P7 =0, (44)
where
MPPT = xPQHT — xT@HP, (45)

The conservation of M* 7 is provided by the symmetry of
O~7_ Integrating Eq. (45) in the same way as in the case of
translations, we obtain the time-independent tensor

MPo = f dPxdx’\2M* . (46)
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For spatial components of indices p and o, M is the
angular momentum tensor related to rotations in the x%x?
planes. As in Lorentz covariant models, M consists of
two parts,

Mab — Mgb + Sab

where

Mgt = f BPxdx>\2(xT* — xPT4a)
is the orbital part of M, while

Sab = f Pxd T (x)y Fraw(x)

is its spin part.
The tensor M“? has three independent components that
can be represented by the vector J in (3),

JO=Jg + 89,

where J§ = (1/2)e**Mp¢. The spin part of this vector is
1 _
S=— fd3xdx5\1’x 43P (x),
75 () y* 2V (x)

which is often called the Dirac spin operator, where
a_ [0 O _ia 4.5 _ 5.4
p (0 Ua) 57 =Y.
The Galilean covariant and Dirac spin operators are related
as

S =8 - P;I[K X P]+ ], A7)

Like S, the Dirac spin operator S is invariant under
Galilean boosts. In particular, under the transformation
(22) X4 transforms as follows:
PC
Ea — A*lEaA — Ea + i’)/4EabC’)/b—,

where A is given by Eq. (29) with v, = P,/Ps, while S
does not change. In the rest frame, the last two terms in the
right-hand side of Eq. (47) vanish, so the operators S and S
coincide. However, there is an important difference be-
tween the two spin operators. The Dirac spin is not, in
general, conserved in time. This is specific to Galilean
covariant theories in (4 + 1) dimensions.

When we set p = a and o = 4 or vice versa, Eq. (46)
gives us the Galilean boost generator

K% = M = x*p, — ] Bxdx3\2x,Tss.  (48)
The spin part of M is
1 }
§o4 = — dedeS‘If x) F44 (x).
NG (x) (x)

Since F9** = (), it vanishes and does not contribute to
Eq. (48).
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E. Nonconservation of Dirac spin

The remaining nonzero components of the tensor (46)
are M* and M. The conservation of

M% = x*P, — [d3xdx5 2x°Os;5 (49)

is another form of Eq. (42) for u = 4. Using Eq. (41), we
can rewrite P, as

d
P4 = E fd3xdx5 2)65@55.

Integrating this expression over x*, this gives us the time-
independent quantity represented by Eq. (49).

The component K¢ = M® is a generator of non-
Galilean boosts. In contrast with the Galilean boost gen-
erator, it has a nonvanishing spin part

Za = gos = JLE [ Lxde )y SU(R),  (50)

where 39 = —3ay5,
The nonzero commutation relations including K¢ are

[]“’ kb]_ — ieabckc’

[Pa, IZ”], — igahP4,

[R, P)- = iP*
compare to the corresponding commutators in . In
[comp h ponding in (3)]. I
addition, we get

[Ka, kb]_ — —ié'abCJC _ igabQ;

i.e. the Galilean and non-Galilean boost generators do not

commute, O = M* playing the role of the central charge.
The nonzero commutation relations for Q are

[0, K. =iK%  [Q,K‘]. = —ik*,
[0,Ps]- =iPs, [0, P,]- = —iP,.

The nonconservation in time of the Dirac spin is repre-
sented as
iS L [d3xdx5‘i’(74[i X V] —[2 X VIyH¥
dx?* \/_2_ ’
(5D

being related to the spin part of the non-Galilean boost
generator.

The x* < x> symmetry and the role of the x° coordinate
become more obvious if we represent the four-component
spinor W(x) as a set of two two-component spinors W (x)
and W,(x) as follows:

ver= (i)

For the linear combinations of these spinors,
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== (2m)= (i ") o

the Dirac equation given in Eq. (24) reduces to the system
of two equations

045, = ip-Ey, dsE, = —ip By, (53)

where
= 1
pi ‘\/z

We see that the second component =, is not dynamically
independent. Its time evolution is completely determined
by =, while the x> dependence of the first component =,
is governed by =,. Acting on both sides of these equations
by d5 and d4, respectively, this gives us

(099, = k).

040551 = p-p+ =y, 0405520 = PP+ Fa;

i.e. the second order form of these equations is the same.
The generators of the Galilei Lie algebra can be ex-
pressed in terms of E; only. For instance, the generators
of translations and the spin operator take the form
P, = fd%dﬁEIiaﬁl
and

1 L] L]
S = 2 [d3xdx5:;ra“:1.

However, =, contributes to the spin part of the non-
Galilean boost generator:

- 1
S = ——\/_ fd3xdx5HH;ra'“HH2
— 1 13)71):5‘:1'9.51{) ia—l‘—’,_,
ﬁ ! B b

making its density nonlocal in x°.
Equation (51) becomes

d 1 ] a ] —
%S“ = NG fd3xdx585(85 1:?0’ p-p+0s'Ey).
Because of the nonlocality in x°, d%S“ does not vanish

unless the x> coordinate is compactified and/or boundary
conditions on 95 'E, are imposed.

III. REDUCTION TO (3 + 1) DIMENSIONS

The reduction to (3 + 1) dimensions is performed by
factoring the x> coordinate out of the original field W(x) as

(6]
W) = e Mg (x, 1). (54)
The field ¢, (x, f) is a nonrelativistic Fermi field which

represents particles with positive inertial mass m in (3 + 1)
dimensions. The integral over x°, for instance in Egs. (37)

PHYSICAL REVIEW D 84, 125025 (2011)

and (38), is then interpreted as [ dx® — lim,_(1/1) X

) i/ 12/2 dx®, where [ is an arbitrary length; i.e. the x> coor-
dinate is first compactified and factorized and then inte-
grated out.

In two reference frames connected by the reduced
Galilean transformation (x, x*) — (x/, x’*), the fields

' (x!, ') and i, (x, 1) are related as
Pl (x, 1) = e BEIAY L (x, 1), (55)

where, in addition to the transformation matrix A dis-
cussed above, we have a space-time-dependent phase fac-
tor with

A(x, 1) = me[(Rx) - B — 3IB*x*] (56)

This phase factor is caused by the nontrivial cohomology
of the Galilei group [16,27].

The ansatz (54) breaks the invariance of the original
theory with respect to non-Galilean boosts. Assuming for a
moment that the field W(x) in (54) transforms under non-
Galilean boosts in accordance with that invariance, i.e. like
in Eq. (25) with A given by Eq. (32), this yields

lﬂﬁr(X', t/) — ei(m’—m)éstl/,_'_(X) )
or
Isyp' (X', 1) = i(lm' — m)ey!, (x', 1),

where (x/,#) and (x, r) are related by the transformation
(31), while m’" # m according to Eq. (33). Therefore, even
if we start with a Galilean reference frame in which
¥4 (x, 1) is x° independent, non-Galilean boosts bring us
to a non-Galilean one where the factorization (54) does not
hold.

The ansatz (54) is not invariant under translations in the
x> direction either. However, the factor exp{—iméd},
which appears in Eq. (54) after the translation x° — x> +
d, can be removed by performing a global phase
transformation:

o (x, 1) — ey (x,1).

With the factorization given by Eq. (54), the total mass of
the system is

M - mN+.
The symbol N,

N, = _[d3x3\f+(x, = [dsx\/il_h(x, Ny L (x, 1),
(57)

is the number of particles. We assume that the particles
have the electric charge +1, so that N stands for both the
total number of particles and the total electric charge.

By substituting this factorization into the action, we
rewrite the Lagrangian density of Eq. (23) as
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Lox)— Lo (x, 1) = (x, t)(i'}’ﬂg,a — kI (x,1),
(58)

where f runs from 1 to 4, and the matrix 7, is defined by

I being the identity matrix. Below we will also use
the matrix /_ that differs from 7, in the sign of m.
Equation (58) is the effective Lagrangian density in
(3 + 1) dimensions. The corresponding action is invariant
under global phase transformations of the field ¢, (x, )

and under reduced Galilean transformations of coordinates
(x, x*) — (x/, x").

A. Nonrelativistic Fermi field in (3 + 1) dimensions

The Euler-Lagrange equation of motion for the field

lp+(X, t) is
(iy#9, = k)4 (x,1) = 0. (39

Representing the field ¢ (x, 1) as

pae0= (40

and introducing the independent and dependent fields,
N1.+(X, 1) and 71, 4 (X, 1), respectively, in the same way as
above for the Dirac field in (4 + 1) dimensions,

ni(x 1) = (7’“("’ ’)) = ( P (1) + 4 (x1) )

M 0] \Y1+(x0— ¢y (x,1)
(60)

we bring the system given by Eq. (59) to the following
form:

104M+ T p-1m2+ =0, pimy+ —mcny =0, (61)

where
_ 1
P+ \/E

i.e. the independent field 1 ;(x, 7) obeys a Schrodinger-
type equation. For k = 0, the rest mass is equal to zero, and
this system coincides with the Lévy-Leblond equations
[12]. In what follows, we will assume that m = my,.

Another way of separating the independent and the
dependent fields is by introducing the four-component
spinors

(099, £ k);

1
o =7§1_y4w+ (62)

and
X+ =3-v'v . (63)

for the independent and dependent fields, respectively. The
inverse transformation is

PHYSICAL REVIEW D 84, 125025 (2011)

1 1
Py = 1757“1414 + m)f“lf)m. (64)

The equations of motion become

1

id = — iy Ta, — k(y° + D)x+,
4b+ 2ﬁ(w Y+ Dx+
' . (65)
EFX+ = (i?’aaa + EF)¢+:
where

1

FE\/E

(y* = ¥°) + 20F%,

Irz=0.
Equations (65) reproduce Eq. (61) if we take ¢ and y. in

the form
() (%)

With the transformation, Eq. (60), and eliminating 7, + in
favor of 7, 4, this gives us the Lagrangian density in the
form

Lox0 =l (x0(5 !

V2
reflecting once more the Schrodinger nature of the inde-
pendent field.

pP+DP-
9y + )771,+(X,l)

B. Quantization

As in Lorentz covariant models, the general solution to
Eq. (59) may be expanded in terms of the plane wave
solutions as in Ref. [26]:

1 o
holo ) = / & pa? (p)u (p)e i,

where r = 1, 2, the scalar product p ﬂxﬁ is

A= _ +E4
PaX px T~ —X,
c

with E given by Eq. (7), and a(p) and at")(p) are
annihilation and creation operators of positive mass
particles.

The positive-energy spinors u”(p) = u'")(p, E, m) obey
the equations

(vips — kL )u(p) =0
and the orthonormality conditions
it D (p)u(p) = 8, (66)
which are solved by

u(p) = d,(y*pp + kI_)u(0),
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where
g 1 ( 4me? )1/2
Y 2k\E +3mé*)

The rest frame spinors 1) (0) = u")(p = 0) are taken in

the form
u9(0) = (f (r())(o) ) 67)
with

EN0) = ((1)) £9(0) = <(1))

By using Egs. (66) and (67), we find
1 _
D u(p)a(p) = 57 (Y T kL),

Quantizing the field ¢ , (x, ) by assuming that the annihi-
lation and creation operators obey the anticommutation
relations,

{a"(p), at¥(q)} = 5,,6(p — q),

we obtain, at equal times xt = y4 = t, the following anti-
commutator:

{‘//+(X: t)’ 171+(Y: t)} = D+(X - Y)

1

where

1 1.
Do(x =) = 3 (" + Do(x = y) + 5i7°0,8(x — ¥)

The appearance of terms that do not vanish unless k — oo
is the contribution of the dependent field to the anticom-
mutator. For the independent field we have

{n,+(x 0, 0] , (.0} = 8(x —y),

which is the standard equal-time anticommutation relation
for Fermi fields.

C. One-particle states

The plane wave solution expansion for the independent
field T]],+(X, t) 18

1 o
M+ (% 1) = WZfd3pa<’)(p)u9(p)e e,

where
uD(p) = u(p) + ul(p) = d,(i0"p, + 2k)ED(0)
and

u?(0) = £0(0).

PHYSICAL REVIEW D 84, 125025 (2011)
The spinors u(l) (p) obey the same orthonormality condi-
tions as u”)(p) in Eq. (66).

Using the ansatz (54) in the expressions for generators
constructed in the previous section in the same way as in
the expression for the total mass, this gives us the corre-
sponding generators in (3 + 1) dimensions. In terms of the
annihilation and creation operators, the generators P* and
H, for instance, become

P =3 f d*ppat(p)a” (p)

and
H, = Z[dSPEp“T(r)(p)a(”(P)
with
2
p
E, =—.
2 2m

The orbital angular momentum and Dirac spin are now
separately conserved. For the corresponding operators, we
get

Joy = Zfd3pa*(’)(p)
)

d
X [ _iérs Eabcpb
pe

—%&Mqudwm
and

§¢ = Z dePaT(r)(P)[S?,+(rr s) + 85 4 (r, 53 )] (p),

respectively, where
8¢ 1 (r, 5) = 3£10(0)0*£9(0), (68)
S§ . (r,s:p) = dZETO0)](puppo’ — p*o”)

+ ke (p.a” — p,aN}ED0).  (69)

The numbers S . (r, s) can be represented as entries of the
following (2 X 2) matrices in the (r, s) space:

while S5 +(r, 53 p) satisfies

PaS5 (1, s3p) = 0.
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The S5 (7, s; p) contributions to the orbital angular mo-
mentum and Dirac spin operators are opposite in sign, so
that these contributions cancel each other in the expression
for the total angular momentum.

For bilinear combinations of S{ +(r, s) and S L(r, 53 p),
we get the conditions

3
Zslllﬂ"(q’ V)S?’_'_(S, q) = Z ars’ (70)
q

D 84 . (g, r:p)SE (s, q: p) = 2d2p%5,,,  (71)
q

and

> (8¢, (q. 1SS, (s, q: p) + S5, (g, r: p)SS 4 (5. 9)
q

= —2d’p?5,,. (72)
Let us now introduce one-particle states as
lrip; +) = at(p)l0; +), (73)
where |0; +) is the vacuum state that contains no particles,
a”(p)|0;+Yy=0 forall r and bp,
and belongs to the zero inertial mass subspace. Since

Mlr;p; +) = mlr;p; +),
Pilrip; +) = pilrip; +),
H|rip;+) = E,|rip; +),

the states |r;p; +) are characterized by the mass m, the
momentum p, and the energy E,,.

On one-particle states, the Galilean covariant spin
operator

1 .
Sﬁ_ = S‘_:_ - %Sachﬁ_Pi + Jg‘Jr,

where K% is the Galilean boost generator in (3 + 1) di-
mensions, reduces to the Dirac one,

§¢lrips +) = Stlrip: +),
so that we can use any of them. With the conditions given
by Egs. (70)—(72), we get

(2217 ps +) = lrips +)

indicating that |r; p; +) are spin-1/2 states.

For a given momentum p, there are two different states
(r =1,2), corresponding to two possible values of the
third component of spin. The action of S on the states
|r;p; +) is as follows:

ST P +) = G — fOllips +) + f2l2:p: +),
S3125ps+) = =G — f)I2sp; +) + 3115 ps +),

where

PHYSICAL REVIEW D 84, 125025 (2011)

_ (pi +ipy)(ps — i2k)
p> + 4k?

2 2
_ritp
fl_p2+4k2’ f2

’

and

fofs = f1(0 = fo).

For p; = p, =0, we have p = (0,0, p3), f; = f» =0,
and

S3I1: pss +) =31 pas +),
S312: pas +) = =312 p3i +),
so that the states |1; p5; +) and |2; p3; +) correspond to the
values of 1/2 and (—1/2) of the third component of spin,
respectively.
For p; #0, p, #0, |I;p;+) and [2;p;+) are not

eigenstates of S% . However, we can introduce their linear
combinations

;ps )+ [25ps +),

-1
3
which correspond to the same values of the third compo-

nent of spin:

1= f
ip; ) =——11
[ T;p; +) 7 |

[Lp;+)=I1;p;+) — [2;p; +)

S TP +) =3 Tips ),
STILps+) = =3l Lips +).

This is in agreement with the fact that for nonrelativistic
particles the third component of spin can be used to enu-
merate the spin states for any value of momentum [28].

According to Egs. (55) and (56), in two Galilean refer-
ence frames connected by a pure Galilean boost, the com-
ponents of the momentum of a particle are related as
follows:

p —p =p—mep.

B = (p—l_,p—z_, 0),
mc¢ mc
we can always make a transition from a reference frame
with p; # 0, p, # 0 to another one in which these two
components of the momentum are zero and the enumera-
tion of spin states is straightforward. This represents an-

other way of identifying spin states for nonzero values of
p1 and p;.

Choosing B as

D. Particle-antiparticle system

We can study the system of n particles of different mass
as well. In this case, the theory includes n sectors corre-
sponding to masses mj, m,, ..., m,. The masses can be
either positive (particles) or negative (antiparticles).

125025-10



SPIN OPERATOR AND SPIN STATES IN GALILEAN ...

Let us consider a particle-antiparticle system with
masses m and —m, respectively. In addition to the field
4 (x, 1) we get the field ¢ _(x, 1) representing antiparti-
cles. The Lagrangian density of the system becomes

‘E O(Xr t) = Z ‘EO,i(X’ t)

i=(+,-)

- Z il ;)(iyﬂ'é'ﬁ —kI)yi(x, 1. (74)

i=(+,-)

The mass superselection rule forbids the superposition of
states of different mass in (3 + 1) dimensions. However,
we can use a linear combination of ¢ , (x, ¢) and ¢ _(x, 1)
in transition from (4 + 1) dimensions to (3 + 1) dimen-
sions [26].

As in the case with a single mass sector, we can start
with the five-dimensional Dirac field model given by
Eq. (23) and then perform the reduction to (3 + 1) dimen-
sions by applying the factorization

W(x) = e My (x, 1) + €™ _(x, 1). (75)

By substituting this factorization into the corresponding
action, we find that the particle and antiparticle fields
contribute separately. The mixed terms contain the oscil-
lating factors ¢*2m% go that their contribution to the
action vanishes and the effective Lagrangian density in
(3 + 1) dimensions takes the form given in Eq. (74).

The conserved currents and generators, including the
Dirac spin operator, contain two parts, one for the positive
mass sector and the other for the negative one. For in-
stance, P=P, + P_, K=K, + K_, etc. The total
mass of the system becomes

M=m(N. — N_),

where N_ stands for the total number of antiparticles being
given by Eq. (57) with ¢ , (x, t) replaced by  _(x, t).

The exception is the Galilean covariant spin operator.
The operators S, and S_ are not additive [25], and in the
case of nonzero total mass the total spin operator S is given
by

S = P;’: S, + P;—'S‘S + Jorel
where
Ps=Ps, + Ps_, Ps. = *mécNx,
and

1
JO,rel = P_([K— X P+] + [K+ X P_])
5
Ps Ps . )
f— 14 + i _
( P5 JO‘JF P5 JO'
can be interpreted as an orbital angular momentum related

to the relative motion of particles and antiparticles.
The states that only contain particle and antiparticle pairs

PHYSICAL REVIEW D 84, 125025 (2011)

belong to the zero inertial mass subspace. For those states
the Galilean covariant spin operator cannot be defined.
The field ¢ _(x, 1) obeys the equation

(yP0, — k) _(x,1)=0

and can be quantized in the same way as the field . (x, 7).
Let ") (p) and 5T (p) be annihilation and creation opera-
tors of antiparticles and |0; —) be the vacuum state for the
negative mass sector:

b (p)|0; =y =0 for all r and p.
One-antiparticle states are defined as
lr;p; =) = b1 (p)I0; ), (76)

being characterized by the mass (—m), the momentum p,
the energy (—E,), and the spin polarization r. The total
vacuum state that contains neither particles nor antiparti-
cles is

0) = 10; +) ® |0; —).

We can connect one-particle and one-antiparticle states
by making use of the transition operators

T .(rs)= [ & pbt0 (p)a (p)

and

Ty_(r,s)= f d*pat®(p)b (p)
with
L (r,s) =T_.(s, 1)

The operator T_ , (r, s) transforms a one-particle state with
the spin polarization s to a one-antiparticle state with the
spin polarization r, while T, _(r, s) performs an inverse
transformation:

T_(r,s)ls;p; +)®10; =) = [0; +) ® |r; p; —),
T._(s,n)0;+)®|r;p;—) = |s;p; +) ®|0; —).

In the transition performed by T_, (r, s) the mass of the
state decreases by 2m, and in the transition performed by
T, _(r, s) itincreases by 2m. This is reflected in the follow-
ing commutation relations:

[Ty_(r,s),M]_ = =2mT, _(r,s),
[T_(r,s), M]_ =2mT_(r,s).
On one-particle (-antiparticle) states,
JGalsips ) @10, =) = J§ 10; +) @ |rp; —) = 0
and
Ss;p; +) ®|0; =) = S [s;p; +) @ |0; —),
§00; +) @ [rp; —) = S10; +) @ [y p; =),
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so that the operators T, _(r, s) and T_ (r, s) commute with
(59)%,

[T4_(r,s), (S9)2]_10; +) ® |r;p; =) = 0,
[T_i(r,5), (S92 ] |s;p; +) ® |0; =) = 0,

indicating that the magnitude of spin does not change in
these transitions.

The transition operators can be used to connect many-
particle states, too. Since the mass gap between the positive
and negative mass sectors is 2m, the mass difference
between such many-particle states should be an integer
multiple of 2m. By applying at?(p,)at®x
(p2). -'aT(t)(PN) and bﬂf)(‘lﬂbm)(‘h) cee bT(D(‘]N_), for
instance, on the total vacuum state, we create a many-
particle state with N particles and N_ antiparticles. The
operator T_, (r, s) transforms this state to a state with
(Ny — 1) particles and (N_ + 1) antiparticles, and the
operator T _(r, s) transforms it to a state with (N, + 1)
particles and (N_ — 1) antiparticles. In transitions between
many-particle states, the magnitude of spin is not, in gen-
eral, conserved.

IV. DISCUSSION

1. In (4 + 1) dimensions, the characteristics of spin of
the Galilean covariant Dirac field are shown to be similar to
those of the Lorentz covariant one in (3 + 1) dimensions.
The Galilean covariant and Dirac spin operators are intro-
duced in the same way as in the relativistic case, the
Galilean covariant spin operator being invariant under
time translations. The Dirac spin is not conserved in
time, and this is related to an extra symmetry with respect
to non-Galilean transformations. These transformations
include boosts that connect a Galilean reference frame to
non-Galilean ones in which the system has the same energy
but different values of the inertial and rest masses. It is

PHYSICAL REVIEW D 84, 125025 (2011)

shown that the non-Galilean boost generator has a non-
vanishing spin part and its spin density is responsible for
the nonconservation of Dirac spin.

Reduction to (3 + 1) dimensions eliminates the extra
symmetry and makes boosts to non-Galilean reference
frames impossible. The Dirac spin of the resulting non-
relativistic Fermi field is conserved. On one-particle states
the Galilean covariant and Dirac spin operators coincide
and can be equally used in the construction of spin states.

2. The inertial mass of a nonrelativistic particle is an
invariant quantity, while its rest mass can be, in principle,
changed. Two regimes are possible. (i) The inertial and rest
masses are equal; in this case the Galilean theory can be
obtained as a limit of a Lorentz covariant one, and the
parameter ¢ can be identified with the speed of light c.
(i1) The rest mass differs from the inertial one, then there is
no direct relation between the Galilean and Lorentz cova-
riant theories, and the parameter ¢ differs from ¢. Whether
transitions between these two regimes are allowed or not
depends on the choice of interactions. If we could design
interactions that change the rest mass, this would allow the
system to undergo such transitions. If in these transitions
the rest energy is conserved, then mc?> = my?, and this
gives us the following relation between the parameters ¢
and c:

where Am = m, — m is the difference between the rest
and inertial masses.
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