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An inspiraling object of mass w around a Kerr black hole of mass M(>> ) experiences a continuous
transition near the innermost stable circular orbit from adiabatic inspiral to plunge into the horizon as
gravitational radiation extracts its energy and angular momentum. We investigate the collision of such an
object with a generic counterpart around a Kerr black hole. We find that the angular momentum of the
object is fine-tuned through gravitational radiation and that the high-velocity collision of the object with a
generic counterpart naturally occurs around a nearly maximally rotating black hole. We also find that the
center-of-mass energy can be far beyond the Planck energy for dark matter particles colliding around a
stellar mass black hole and as high as 10°® erg for stellar mass compact objects colliding around a
supermassive black hole, where the present transition formalism is well justified. Therefore, rapidly
rotating black holes can accelerate objects inspiraling around them to energy high enough to be of great

physical interest.
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L. INTRODUCTION

Bafados et al. [1] discovered that the center-of-mass
(CM) energy can be arbitrarily high for the collision of two
geodesic particles moving on the equatorial plane around a
nearly maximally rotating Kerr black hole. The angular
momentum of either of the particles must be artificially
fine-tuned for such a striking event. This phenomenon is
seen not only for Kerr black holes but also for Kerr-
Newman black holes [2], exotic black holes [3], and naked
singularities [4,5]. The analysis is extended to the collision
of particles in nonequatorial motion for Kerr black holes
[6], Kerr-Newman black holes [7], and accelerating and
rotating black holes [8]. The general explanation of this
phenomenon is proposed in Ref. [9]. This phenomenon
is studied in the astrophysical contexts of dark matter
particle annihilation [1,10,11], extreme mass-ratio inspi-
rals (EMRIs), and accretion disks [6,12].

It is argued that the effects of gravitational radiation
would constrain the maximum CM energy because the
particle with the fine-tuned angular momentum can reach
the horizon after it orbits around the black hole infinitely
many times in infinitely long proper time [13,14]. On the
other hand, the effects of conservative self-force bound the
CM energy from above in the analogous system of spheri-
cal charged shells [15]. It is also argued [13,14] that the
CM energy cannot be extremely high because the non-
dimensional spin of astrophysical black holes is bounded
by Thorne’s limit 0.998 [16]. However, it is not clear
whether there is a universal bound strictly less than unity
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on the black hole spin, as Thorne’s limit is thought to be
dependent on the accretion flow models [17-19].

As for the fine-tuning problem, the present authors [12]
proposed a scenario where the fine-tuning is realized in
EMRIs. Since the ratio of the gravitational radiation time
scale tgw to the orbital period f.y, is given by fqw/fom ~
n~!, where n = u/M is the mass ratio, the inspiral
through gravitational radiation will be regarded as adia-
batic if n < 1. Noting the circularization of the orbits in
the post-Newtonian regime [20], we can assume that an
inspiraling compact object adiabatically takes a circular
orbit which is closer to the black hole as the object loses its
energy and angular momentum through gravitational ra-
diation. Once the compact object reaches the radius of the
innermost stable circular orbit (ISCO), it begins to plunge
into the black hole in the dynamical time scale. Thus, the
compact object will eventually have the energy and angular
momentum of the particle orbiting the ISCO. In the maxi-
mal rotation limit of the black hole, the fine-tuning of the
angular momentum is realized for the ISCO particle.
However, this scenario should be reconsidered carefully,
when we take radiation reaction into account seriously.
Although radiation reaction drives the inspiraling object
inwardly, it also gives the object an inward radial velocity
at the ISCO radius, implying that the energy and angular
momentum of the compact object are no longer those of the
ISCO particle. In such a situation, the formalism proposed
by Ori and Thorne [21] to describe the transition from
adiabatic inspiral to plunge into a Kerr black hole is quite
useful. This formalism is extended to restore the consis-
tency with the normalization of the four-velocity by
Kesden [22].

In the present paper, we apply the Ori-Thorne-Kesden
formalism for nearly maximally rotating black holes and
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estimate the CM energy for the collision of an object in the
transition with a generic counterpart object. We find that
the scenario proposed by the present authors [12] is justi-
fied: the fine-tuning of the angular momentum is realized
by the object in the transition from inspiral to plunge
through gravitational radiation and the CM energy for the
collision can be significantly high. Under the condition for
the Ori-Thorne-Kesden formalism to be justified, the CM
energy can be much higher than the Planck energy for dark
matter particles colliding around a stellar mass black hole
and can be as high as 10°® erg for compact objects collid-
ing around a supermassive black hole. As another applica-
tion, based on the present framework, we discuss that
radiation reaction gives subdominant contributions to the
proposal that a nearly maximally rotating black hole may
be overspun by plunging an object [23,24].

This paper is organized as follows. In Sec. II, we in-
troduce the CM energy of two colliding particles around a
Kerr black hole and its near-horizon limit. In Sec. III, we
briefly review the Ori-Thorne-Kesden formalism of the
transition from adiabatic inspiral to plunge. In Sec. IV,
we apply the Ori-Thorne-Kesden formalism to nearly
maximally rotating black holes. In Sec. V, based on the
Ori-Thorne-Kesden formalism, we estimate the CM energy
for the collision of a transition object with a generic
counterpart. Section VI is devoted to the conclusion. In
the Appendix, we revisit how the energy and the angular
momentum radiated during the transition affect the spin of
the final black hole in the merger with an inspiraling object.
We use the units in which ¢ = G =1 and the abstract
index notation of Wald [25].

II. CM ENERGY OF PARTICLES COLLIDING
AROUND A KERR BLACK HOLE

The line element in the Kerr spacetime in the Boyer-
Lindquist coordinates is given by [25,26]

2M 4Marsin*6 2
ds® = —(1 - zr)dﬂ AP dgdr + Eoar?
p p A
2Mra’sin?6
+ p2d6? + (r2 +a?+ Lzsm)sinzﬁdd)z, 2.1

where a and M are the spin and mass parameters, respec-
tively, p?> = r* + a*cos’0, and A = r> —2Mr + a>. If
0 = a?> = M?, A vanishes at r = r. = M = VM? — a2,
where r = r, and r = r_ correspond to an event horizon
and Cauchy horizon, respectively. Here, we denote r, =
ry. The surface gravity of the Kerr black hole is given by
ky = NM? — a?/(r3; + a*). Thus, the black hole has a
vanishing surface gravity and hence is extremal for the
maximal rotation a? = M2, while it is subextremal for
the nonmaximal rotation a> < M?. The angular velocity
of the horizon is given by
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"%—1 + a?’

Oy = (2.2)

We can assume a = 0 without loss of generality.

Let particles 1 and 2 of rest masses . and w, have four-
momenta p{ and p4 at the same spacetime point, respec-
tively. The CM energy E., of the two particles is then
defined by

EZ, = —(p¢ + p)(Pra + P2a)

= ui+ p3—28prapw (2.3)
The derivation of the expression for the CM energy of two
general particles around a Kerr black hole is described in
detail in the authors’ previous papers [6,12]. We do not
repeat it here but quote the formula for the particles mov-
ing on the equatorial plane, where @ = 77/2 and the Carter
constant identically vanishes. Equation (3.2) of Ref. [6]
then reduces to

2 [?17)2 — g1 R0 R,
A

Em=pituit s

— (L, — aE)(L, — aEz)], 24

where o, = sgn(p}), E; = —py. L; = piy,
R,;=R,r)=Pi(r)? — A(r)[u?r* + (L; — aE)?],
(2.5)

Tl' = ’_Pi(r) = (r2 + az)E,- - aLi, (26)

and i = 1, 2. Thus, the CM energy can be given in terms of
M E;, Ly, and r. If we assume that o, and o, are of
the same sign, Eq. (2.4) for the near-horizon limit then
reduces to

I
Edn = pi+pi+ r—z{[ﬂﬁrﬁz + (L) — aE)’]

H
E, — QyL,
“E =0, [m3rgy + (Ly = aEy)*]
E, — QuL
X m = 2(Ly = aEy)(L, — GEQ)}. 2.7)

It is clear that the necessary condition for the CM energy to
be arbitrarily high is that (E — L) is arbitrarily close to
zero for either of the two particles.

III. TRANSITION FROM ADIABATIC
INSPIRAL TO PLUNGE

We here briefly review the formalism of the transition
from adiabatic inspiral to plunge proposed by Ori and
Thorne [21] and extended by Kesden [22].
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A. Ori-Thorne formalism

The geodesic equation and the normalization of the four-
velocity of a massive particle of rest mass w in the Kerr
spacetime are given by

A2 7 10V

fr=—_—_ 3.1

47 2 9F G.D
and

di\2 N

(—f) — B, (3.2)

a7

respectively, where the effective potential V = V(7 E, L)
is given by
N [*+a* - Ea® 2L — Ea)?

V(FEL)=1-
(7 ) 2 3

IR\

(3.3)

and we define nondimensional quantities 7= r/M,
i=t/M, a=a/M, 7=1/M, E=E/u, and L =
L/(uM).

We first expand the effective potential in the Taylor
series around the ISCO radius, energy, and angular
momentum, i.e. (7 E, L) = (fisco» Eisco» Lisco), in terms
of R =F— Fisco. X = Qusco(E — Ejsco), and & =L —
Lisco up to O(R3, x, &), where O = (d¢/dt) = Q/M is
the angular velocity of a particle and leco is Q for a
particle orbiting the ISCO. Then, the geodesic equation
(3.1) becomes

d*R ) 1(~ a2V)

= —aR" + ——1Q— — &+
d7? “ Be 2 OEOT ISCO(X &)

3.4)

where

1/9°V 1/0*V  ~ 9°V
a = — =3 , = — = ~—~+Q = ,

4\ 07 /1sco 2\9Lo7 0Ed7/1sco

(3.5)

and the subscript ISCO means the value estimated at

(7, E, L) = (Fisco» Ersco» Lisco)-
To take radiation reaction into account, we introduce

as follows:
~ dE df ~ dE di
= — 071 _2——> = _(Qil _1—~—) ,
“ ( " ar dr ISCO " dr ar ISCO
(3.6)

where 7 = u/M is the mass ratio. It is « that drives the
object in the radial direction. We assume that the loss of
the object’s energy is radiated away through gravitational
radiation, i.e.

dE . 32 .« .
—(57) = Eow = = 0?0, 3.7

( dt) GW 5 n 3.7
where & is the nondimensional correction factor to the

Newtonian quadrupole formula for the gravitational wave
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luminosity [27]. & contains all the relativistic effects in-
cluding those from the spin of the black hole. « is then
rewritten as

K= 2((27/3£5) . (3.8)
ISCO

5 a7

For the neighboring circular orbits, we find 6E = (6L
(see e.g. Ref. [28]). It suggests y = & and we can take
radiation reaction into account from Eq. (3.7),

x = &= —nkt . 3.9)
In terms of the redefined variables, Eq. (3.4) yields
X=-X>*-T, (3.10)
where
R = n*PRyX, F=n"157T, 3.11)
Ry = (BxPlSa™5, 1y = (apr) 'V

and the dot in Eq. (3.10) denotes the derivative with respect
toT.

Ori and Thorne numerically obtained a unique solution
to Eq. (3.10) with the initial condition

X=~+-T

as T — —oo. With this condition it is assumed that the
object orbits circularly at the potential minimum, which
moves inwardly adiabatically at early times. The solution
is shown in Figs. 2 and 3 of Ref. [21]. This solution
monotonically decreases with 7" and diverges to negative
infinity at T = Ty, [29] as

(3.12)

6

X~——
(Tgy — T)*

(3.13)

where Ty, = 3.412 [21,22]. This divergence should be
regarded as the breakdown of the Taylor-series expansion
at very large values of |X|.

The location of the ISCO, 7 = Figcq, in terms of X is of
course given by X = 0. The location of the horizon 7 = 7y
in terms of X is given by

_2y5 T ~ Tisco

Ry (3.14)

Xy =m
We denote the time 7 when the object crosses the ISCO
radius as Ty, i.e. X(Ty) = 0, while the time T when it
crosses the event horizon as Ty, i.e. X(Ty) = X. The
numerical value of T is given by T, = 0.72 [22]. Clearly,
Ty < Ty < Ty, holds.

B. Kesden’s extension

Through the Taylor-series expansion around the ISCO
particle, the normalization (3.2) becomes
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(%)2 = - 270‘1?3 +2BR¢ + (z—g)lsco()( — &)

~ 0%V
—(Qa ) (x — &R+ ---. (3.15)
ISCO

IEIF
Taking the same procedure as in the derivation of
Eq. (3.10), we reduce Eq. (3.15) to

X2 = -2X3 - 2XT. (3.16)

It can be seen that the Ori-Thorne solution does not satisfy
Eq. (3.16). Noting that the relation y = ¢ is required only
for the quasicircular orbits, Kesden [22] introduces Y in
Eq. (3.15) through

X — E=1(xy — &)Y,

SV (3.17)
(x = 6= a (e (57)
dL/1sco
Then, we obtain
X2=-3X3-2XT +Y. (3.18)

To restore the consistency between the equation of motion
(3.10) and the normalization relation (3.18), ¥ must satisfy

Y =2X. (3.19)

The solution for Y to Eq. (3.19) is numerically obtained
and shown in Fig. 3 of Ref. [22]. In particular, the solution
shows the asymptotic behaviors

Y = —4(-1)3? (3.20)

for T — —oo, and

Y= — 12 (3.21)
Toy — T’ .
for T — Tdiv-

The energy or angular momentum of the object is now
not conserved because the object no longer moves along
a geodesic of the background geometry. The energy and
angular momentum change as

E = Eco + AE, + AE o, L = Lisco + AL,

(3.22)

where
AE, = QuscoALy = —Qyscon*’ k7T,
AEnorm = QIsco776/5()( —&)Y.

It should be noted that the correction to restore the nor-
malization of the four-velocity may also be added to the
angular momentum of the object. This ambiguity does not
affect our conclusion in the present paper.

It is natural to take Eq. (3.17) into account also in
Eq. (3.4). This implies

X=-X2-T+ €Y,

(3.23)

(3.24)
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where

€ = 7]2/5C,

_ L 2/5[~32_V(ﬂ)_1]
¢ 2 “ (Br) @ dEaF\oL 1SCO
Thus, Eq. (3.24) justifies the Ori-Thorne solution as a
solution if € < 1.
The consistency of Eq. (3.24) with the normalization
relation (3.18) of the four-velocity requires that ¥ must
satisfy

Y =2X + 2eYX. (3.25)

Equivalently, we can eliminate Y from Eq. (3.18) and
obtain from Eq. (3.24)

X=-X2-T+ e(X2 + §X3 + ZXT). (3.26)
Kesden numerically integrated Eqgs. (3.24) and (3.25) si-
multaneously with different values of € and the solutions
are shown in Fig. 6 of Ref. [22]. As for the initial values for
X, X, and Y, X =X =0 is assumed in Egs. (3.18) and
(3.24) and X and Y are solved algebraically at some small
value of 7 [30]. Since Eq. (3.12) no longer provides a
proper asymptotic solution of Egs. (3.24) and (3.25) for
€ # 0, this choice of the initial condition is one of the
natural choices as the matching to the adiabatic inspiral
phase at early times. We can see in Fig. 6 of Ref. [22] that
the numerical solutions are very close to the Ori-Thorne
solution (e = 0) for € < 1 and behave qualitatively simi-
larly even for € ~ 1. Although one can still obtain numeri-
cal solutions to Egs. (3.24) and (3.25) with this initial
condition even if € = 1, such numerical solutions may
probably be invalid because higher-order terms in the
Taylor-series expansions or higher-order terms in € should
not be negligible. We can here only assume that the Ori-
Thorne-Kesden formalism is justified so that the numerical
solutions for X and Y for € = 0, i.e., the Ori-Thorne
solution to Eq. (3.10) for X together with Kesden’s solution
to Eq. (3.19) for Y, qualitatively give the right behaviors for
€ =< 1. Hereafter, we restrict the analysis within the regime
€= 1.

IV. MAXIMAL ROTATION LIMIT

In the maximal rotation limit 6 = 1 — a — 0, the nu-
merical results by the GREMLIN code can be fit by

E=Ad", 4.1)

where A = 1.80 and m = 0.317 [22]. There is another argu-
ment by Chrzanowski [31] which suggests m =~ 1/3 [22].

We can obtain the dependence of the quantities on
6 =1—a <1 as follows:

Fa=1+(28)2 QHzé[l—(%)'/z] 4.2)
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for the black hole event horizon,

Fisco = 1 + (48)13 + 1(48)%3, 4.3)
Q5o = %I:l —3(46)13 — 2(46)*3 ] 4.4)
Esco = %[1 + (46)1/3 — %(45)2/3], 4.5)
Lisco = %[1 +(48)13 + é(45)2/3 ] (4.6)

(df )ISCO - i(45)*1/3[1 - 2(45)'/3 + 37—2 (45)2/3]

@ hsco = 3
4.7

for the ISCO particle [12,32], and
a=1—4(48)/3, (4.8)
B= \f(45)‘/3, (4.9)

vV 4
— ~——(48)'3, 4.10
(aL)ISCO \/§( ) ( )
<82V) ~—£[1 —2(45)1/3] 4.11)
dEd7)1sco \/5 2 '

from Eq. (3.3) for the derivatives of the effective potential
for the ISCO particle. As for the dynamics driven by
gravitational radiation, from Egs. (3.8), (4.1), (4.4), and
(4.7), we obtain

16
K~——=A8M1/3,
53

and then Ry, 7, (x — &)y, C, and € are written in terms of &
and 7 as follows:

(4.12)

Ry = 922/155-2/5 A2/5 52m/5’ 4.13)

To = 27 /IS51/5471/5 5m/5, (4.14)

(x — &) = 926/1531/25—6/5 A6/5 56m/5—1/3’ (4.15)
C ~2-1/55-2/542/5 52m/571/3’ (4.16)
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€~ 2—1/55—2/5A2/5 7]2/5 52m/5—1/3. (4_17)

Since C is divergent as § — 0 if m < 5/6, the parameter
€ is divergent if we take the maximal rotation limit 6 — 0
as the mass ratio 7 is kept constant. In this case, the Ori-
Thorne-Kesden formalism may be invalid. Clearly, the two
limits 6 — 0 and 7 — 0 cannot be taken independently. As
6 is kept constant, we can always take the limit n — 0,
where the Ori-Thorne-Kesden formalism is justified. Note
that Eq. (4.17) can be solved for n as follows:

n = 5\/§A—155/6—1n65/2.

This implies that the present transition formalism is valid
for a rather wide range of the mass ratio if we consider a
reasonable value of the black hole spin.

The time varying parts of the energy and angular mo-
mentum of the object in the transition are given by

AEtr = QISCOAEtr
—034/153=1/25-4/5 44/5 ,,74/5 S4m/5—1/3

(4.18)

1R

~ —28/33-1/281/32T, @.19)
AE~‘n0rm = 211/1531/25_6/SA6/5 7}6/566m/5—1/3Y
~ 24/331/232/363}’. (4.20)

If we substituted 7 = Ty, ¥ would diverge to negative
infinity and hence AE,,,,, would diverge. However, since
we are interested in the CM energy of two objects colliding
outside the event horizon, we should stop the calculation at
T = Ty. Noting

XH ~ _2—4/552/5A—2/5n—2/55—2m/5+1/3 ~ — Zi’ (421)
€

we find Ty, — Ty = 2/3€ from Eq. (3.13). Hence,
Eq. (3.21) implies Y(Ty) = —2+/3€~"/2 and then

AE, = —28/337125153¢2T,, (4.22)

AE, . = —27/338%36&5/2, (4.23)

Therefore, the energy and angular momentum extracted
through gravitational waves should be finite until the object
plunges into the horizon.

V. CM ENERGY FOR THE COLLISION OF AN
OBJECT IN THE TRANSITION

The CM energy can be directly calculated in terms of the
four-velocities of the two colliding objects. Since the four-
velocity can be uniquely expressed by 7, E, and L for the
equatorial motion in the Kerr spacetime, we can use the
formula for the CM energy in terms of £ and L of each
particle using their values at the moment of collision. The
formula (2.7) implies that the CM energy can be arbitrarily
high if the quantity (E — Q4L) is arbitrarily close to zero
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at the moment of collision. If we consider radiation reac-
tion, this quantity is no longer conserved.

To examine whether the CM energy is bounded or not,
we only have to see whether the quantity (E — Q4L) is
vanishing or not in the limit to the event horizon. We can
rewrite (E — QL) as follows:

E—QuL =E — Esco — Qiscoll — Lisco)
= (Qp = Qisco)(L = Lisco)
+ (Ersco = QuLisco)
= M[AEnorm - (QH - ﬂISCO)AI:tr
+ (Eysco — QpLisco)]
where we can find

_(QH _ QISCO)AEU ~ D14/1531/25-4/5 24/5 774/5 s4m/sT

(5.1

= 243312252137, (5.2)
= A T 1 12
Eisco — Qylisco = \/—5(23) . (5.3)

We can now compare Egs. (4.23), (5.2), and (5.3) at
T = Ty. In the limit 6 — 0 as € is kept constant, we find
that (Eisco — QHI:ISCO) gives a dominant contribution.
Therefore, the formula for the CM energy for the collision
of an ISCO particle with a generic particle obtained in
Ref. [6,12] is applicable. The result is the following:

2174 V2E; — L,

Ecmzm\/ﬂlﬂZT’ (5.4)

where we assume object 1 is in the transition while object 2
is a generic counterpart. Because of the condition € < 1,
there appears a maximum value of the CM energy, which
weakly depends on the mass ratio 7;:

2\1/4/ A \-3/[2(5—6m)] = =
E., = (g) (ﬁ) V2E, — L,

% mn(ll73m)/(576m)615/[4(576m)]‘

Assuming m = 1/3,A = 1.8, E, = 1,and L, = 0, we find

12/ M \1/2
Ey =26 X 10 G V( K2 ) ( ) 5/4
om ““\oogev) \tom,) €

(5.6)

(5.5)

1/2
~ 4.6 X 10°8 erg(ﬂ) ! ( M

)1/265/4, (5.7)
M, 103M

and hence the maximum value realized for € = 1 will not
depend on the mass ratio of the object in the transition. If
the object in the transition collides with a dark matter
particle of mass 100 GeV around a stellar mass black
hole, the CM energy can be much greater than the
Planck energy. If the collision counterpart is a stellar
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mass compact object around a supermassive black hole,
the CM energy can be as energetic as 10°% erg.

It is also interesting to see the CM energy for the
collision at the ISCO radius. In this case, we cannot take
the near-horizon limit before taking the maximal rotation
limit. If we neglect radiation reaction, the particle orbiting
the ISCO has a vanishing radial velocity by construction
and we obtain [6,12]

22/3 2E~'2 - Ez

Ecn = A VHRIk T e (5.8)

When we take radiation reaction into account, since the
object in the transition has a nonvanishing radial velocity at
the ISCO radius, it is not trivial whether or not the ex-
pression given by Eq. (5.8) is still valid. Indeed, substitut-
ing the expressions for £ and L obtained in the previous
section into the general equatorial formula (2.4) and eval-
uating it at the ISCO radius, we can find that the above
expression gives the leading-order term in the limit 6 — 0
as € is kept constant. Then, the condition € < 1 taken into
account, we estimate E_, as follows:

A \“V/G=6m) —— —
ECm222/33_1/4(m) " 2E2 - L2

% M?(l—2m)/[2(5—6m)]M§/2M1/(sfﬁm)es/[z(sfom)]. (5.9)

Assumingm = 1/3,A = 1.8, E, = 1,and L, = 0, we find

1/6
E. ~13X10 G V(L)
cm “¥\100Gev

o 1/2( M )1/3

X ( ) /%, (5.10)
100Gev) \10M,
~2.3 X 107 erg(ﬂ)%(ﬂ)l/2
M, M,
M \1/3
X (W) e/, (5.11)
0]

Thus the CM energy is lower than that for the near-horizon
collision but still significantly high.

It should be noted that the fact that the maximum CM
energy that can be reached within the present framework is
extremely high suggests that the collision with reasonably
high CM energy occurs rather frequently, although the
precise estimate of its frequency is out of the scope of
the present paper.

VI. CONCLUSIONS

When we consider the collision of two colliding parti-
cles around a nearly maximally rotating Kerr black hole,
the CM energy of the particles can be arbitrarily high if
gravitational radiation is neglected. Although the origi-
nally proposed scenario through direct collision from
infinity needs an artificial fine-tuning of the angular
momentum of either of the particles, it turns out that the
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fine-tuning is naturally realized for a particle orbiting the
ISCO in the EMRI. We have studied this scenario with
gravitational radiation reaction, where the object experi-
ences a continuous transition from adiabatic inspiral to
plunge into the horizon. Applying the Ori-Thorne-
Kesden formalism of transition, we have found that it is
gravitational radiation reaction that realizes the fine-tuning
of the angular momentum and the expression for the CM
energy is not affected. Then, we have discussed how high
the CM energy can reach within the condition where the
present transition formalism is well justified. We find that
the CM energy can still be high enough to be of great
physical interest. However, it should be noted that the
present analysis incorporates some but not all the effects
of self-force. A systematic approach is necessary to study
the effects of conservative self-force on the problem of
two-body collision around a rapidly rotating black hole.

Finally, we comment on the possibilities and difficulties
of observing the consequences of the high-velocity colli-
sions. It is shown in Ref. [14] that the Killing energy of the
ejecta particle from the high-energy collision of two par-
ticles of rest mass m is at most 2m. This can be explained
by the effect of strong redshift. Thus, it is not expected that
high-energy ejecta particles can be directly observed by a
distant observer. On the other hand, it is suggested in e.g.
Refs. [1,6,10-12] that some indirect signatures of the high-
energy collision of particles near the black hole horizon
might be observed by means of electromagnetic waves
and/or gravitational waves. Further studies are necessary
to reveal what observational signatures are expected.
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APPENDIX: FINAL SPIN OF THE BLACK
HOLE IN THE MERGER

The present estimate also applies to the final spin after a
rapidly spinning black hole swallows an inspiraling object.
One can estimate the final spin of the black hole in the
merger as follows:

N a+ n(L + AL,)
a s — =
! [1 + T](EISCO + AEtr + AEnorm):l2

=a+ n(A&ISCO + AEltr + AElnorm)’ (Al)

where
Adiisco = Lisco — 2E1sco * 823, (A2)
Ad, = AL, — 2AE,, « —8*P Ty « —8*3€?,  (A3)
Adporm = —2AE, o & —823€3Y, o« 823652, (A4)

Note that we should take 7" = Ty for this estimate. We can
see that Ad, and Ad,., cannot dominate Adgco so that
the effects of radiation reaction do not prevent or promote
the overspinning of the black hole. The above estimate is
slightly different from that in Ref. [22], where Ad, gy, is
estimated to be negative and dominant if 5 — 0 as 5(>0)
is kept constant. In the present analysis, since we assume
€ = 1, we obtain Egs. (A2)—(A4), where all three are well
controlled. If we further assume € << 1, we can see that
Adgco is positive and dominant, Ad, is negative and
subdominant and Ad,.., iS positive and subdominant.
Therefore, the effects of radiation reaction are subdomi-
nant within the transition formalism and this is consistent
with the result in Ref. [23]. Although we will still need to
consider the contribution of ingoing gravitational waves
into the horizon, this would not change our conclusion.
Thus, it is suggested that for € < 1, radiation reaction
would not play an important role in an attempt to overspin
a black hole by plunging an object and the conservative
part of the self-force should be critical, which we have
neglected in the present analysis.
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