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The generalized harmonic equations of general relativity are written in 3 + 1 form. The result is a

system of partial differential equations with first-order time and second-order space derivatives for the
spatial metric, extrinsic curvature, lapse function and shift vector, plus fields that represent the time
derivatives of the lapse and shift. This allows for a direct comparison between the generalized harmonic
and the Arnowitt-Deser-Misner formulations. The 3 + 1 generalized harmonic equations are also written
in terms of conformal variables and compared to the Baumgarte-Shapiro-Shibata-Nakamura equations

with moving puncture gauge conditions.
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L. INTRODUCTION

The generalized harmonic equations [1-3] are a sym-
metric hyperbolic formulation of general relativity. They
were originally written as a second-order system of partial
differential equations for the spacetime metric “) guv- By
adding extra variables to represent derivatives of g wrs the
generalized harmonic equations can be written as a fully
first-order system [4,5], or as a system with first-order time
and second-order space derivatives [6]. Typically the fun-
damental variables are the components of the spacetime
metric and its derivatives.

In this paper we carry out a 3 + 1 splitting of the
generalized harmonic (GH) equations. In this way the
GH system is written in terms of traditional 3 + 1 variables
with first-order time and second-order space derivatives.
The 3 + 1 variables include the spatial metric g;;, extrinsic
curvature K;;, lapse function @ and shift vector Bi. The
extrinsic curvature is directly related to the time derivative
of the spatial metric; likewise, we introduce fields 77 and p’
that are directly related to the time derivatives of a and 3.
The result of this analysis is a concise and elegant expres-
sion of Einstein’s theory.

Currently there are two formulations of the Einstein
equations in widespread use in the numerical relativity
community. One is the generalized harmonic system, the
other is the Baumgarte-Shapiro-Shibata-Nakamura
(BSSN) system [7,8] along with moving puncture gauge
conditions [9,10]. The BSSN equations are direct descend-
ants of the Arnowitt-Deser-Misner (ADM) equations,
which are obtained from a 3 + 1 splitting of the Einstein
equations [11]. (See also Refs. [12,13].) ADM and BSSN
are typically written as systems with first-order time and
second-order space derivatives. The fundamental variables
for ADM are the 3 + 1 variables g;;, K;;, @ and B. BSSN
is obtained from a change of variables, defined by confor-
mal splitting, and the introduction of new independent
variables, namely, the conformal connection functions.
Most often the BSSN system is supplemented with the
moving puncture gauge conditions which take the form
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of evolution equations for the lapse function and shift
vector.

In earlier work, Friedrich and Rendall [14] (see also
Ref. [15]) wrote the generalized harmonic equations in
terms of 3 + 1 variables g;;, a and Bi. Their motivation
was not to compare GH to ADM or BSSN. Consequently,
the relationship between the GH and ADM or BSSN
systems has remained obscure. In Sec. III the precise
relationship between the GH equations and the ADM
equations is presented. The relationship between the GH
equations and the BSSN equations is displayed explicitly
in Sec. V. Note that in Refs. [16,17] the Z4 formulation
[18] of general relativity is written in 3 + 1 form with a
conformal splitting, and used to compare Z4 to BSSN.

In Sec. II we review the generalized harmonic formula-
tion of general relativity and discuss its interpretation as an
initial value problem. In Sec. III we write the GH equations
in 3 + 1 form, compare the results to ADM, and show that
the system is symmetric hyperbolic. Technical details are
contained in Appendix A. In Sec. IV the 3+ 1 GH
equations are written in terms of conformal variables.
The GH equations are compared to BSSN and the
moving puncture gauge in Sec. V. In Appendix B we
show that the GH system with moving puncture gauge
conditions has the same level of hyperbolicity as BSSN
with the moving puncture gauge. A brief summary is
provided in Sec. VL.

II. GENERALIZED HARMONIC EQUATIONS

Let (4)g#,, denote the physical spacetime metric with
Christoffel symbols (4)F”Up, covariant derivative V,,, and
Ricci curvature WR wr- Let (4)1_”‘@ denote a background
connection; this connection might be built from a back-
ground metric g uv- As discussed in Ref. [19], the back-
ground connection is needed for general covariance. For
practical applications it would be natural to choose ['*,, 5 10
be the flat connection. If the coordinates are interpreted as
Cartesian, then the components f"‘(,p are zero.
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Now introduce a spacetime vector field H#, the “gauge
source vector’’, and define

CHr=HIr + ((4)1“;Lop — (4)I_‘M0_p)go'ﬂ_ (1)

Note that the physical and background connections only
appear as the difference (4)1“”@ — Wf‘“gp, which trans-
forms as a tensor.

The generalized harmonic equations are

(4)R/w - V,.C, = —«ln,C, — (4)gﬂ,,n"CU/2]
+87G[T,, — Yg,,T3/2], (2a)
cr = 0. (2b)

The term proportional to Newton’s constant G represents
the matter content, where 7, is the matter stress-energy-
momentum tensor. The matter equations of motion imply
the conservation laws V, T#” = 0. The term proportional
to the constant k enforces constraint damping; it depends
on a timelike, future-pointing unit vector field n*. Below
we assume that this vector field is the unit normal to a set of
spacelike hypersurfaces ¢ = const.

The GH equations (2) are equivalent to the Einstein
equations ¥R, = 87G[T,, — Wg,,TJ/2]. This follows
trivially by inserting Eq. (2b) into Eq. (2a). What makes the
GH equations interesting, and useful, is their interpretation
as an initial value problem.

Let us define M, = —(¥G,, — 87T, )n” where
(4)Guv is the Einstein tensor and n* is the unit normal
to the ¢ = const slices. Note that H = —2M wn* and
M; are the Hamiltonian and momentum constraints,
respectively.

The initial value interpretation of the GH equations
relies on two key results. The first is obtained by contract-
ing Eq. (2a) with the unit normal n,. This yields an
equation of the form [5,19]

9,C* = {terms ~ M, C, 9,C}, 3)

where the terms on the right-hand side are proportional to
the constraints M, and C#, and spatial derivatives of C*.
This equation can be rearranged to show that MH* is
proportional to C*, the time derivative of C#, and spatial
derivatives of C*. It follows that for any solution of the GH
equations (2), the Hamiltonian and momentum constraints
M# = 0 must hold.

The second key result is obtained from the covariant
derivative of Eq. (2a). After applying the Ricci identity and
using the result (3), we find [5,19]

atm'“ = {terms -~ M, 8,-.',7\/1, C, aiC, ala]C} (4)

Together, Egs. (3) and (4) show that as long as the con-
straints C* = 0 and 2M# = 0 hold at the initial time, then
they will continue to hold for all time.

From the preceding analysis we see that a solution of
Einstein’s equations can be found by choosing initial data
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that satisfy both sets of constraints, C* = 0 and M* = 0,
at the initial time, and then evolving this data into the
future using the GH equation (2a).

The generalized harmonic formulation of general rela-
tivity is important because the GH equations are symmetric
hyperbolic, provided the gauge source vector H* is speci-
fied directly as a function of the spacetime coordinates x*
and metric ¥ & uv- In particular, the second derivative terms
in Eq. (2a) combine to form a wave operator ¥ g??9 4 P
acting on the spacetime metric @g uv- If, on the other hand,
the H*’s are specified directly and depend on 9,%g v
then Eq. (2a) will include terms that interfere with the nice
wave operator. In general the system will no longer be
symmetric hyperbolic.

In much of the early numerical work with the GH
equations, H* was not specified directly. Rather, H* was
elevated to the status of a dynamical variable by introduc-
ing “driver” equations. With a driver equation, V,V*H"
or 9,H" is set equal to some function of g wpv and H* and
their derivatives [3,20]. In this case the analysis of hyper-
bolicity is more complicated.

Recent work by Szilagyi, Lindblom, and Scheel [21] has
shown the practical benefits of the ‘“damped wave gauge.”
For this gauge condition H* is specified directly as a
function of the spacetime metric. Throughout this paper I
will assume that the gauge source vector is specified di-
rectly. If it depends only on the coordinates x* and metric
@g uv- then the system is symmetric hyperbolic. In Sec. V
we consider the GH equations with the moving puncture
gauge. In this case H* depends on derivatives of the
metric, and the system is not symmetric hyperbolic. In
Appendix B we show that this system has the same level
of hyperbolicity as BSSN with the moving puncture gauge.

III. GH EQUATIONS IN 3 + 1 FORM

Let us begin by reviewing the 3 + 1 decomposition of
the Einstein equations [11-13]. The analysis yields evolu-
tion equations

GJ_gU = _2CYKU, (Sa)
—8wGals;; — gii(s — p)/2] (5b)

for the spatial metric g;; and extrinsic curvature K;;. Here,
D; and R;; denote the covariant derivative and Ricci tensor
built from the spatial metric. The lapse function is « and
the shift vector is 3. The time derivative operator is
defined by 0, = 9, — L4, where L is the Lie derivative
along the shift. The matter variables are the energy density
p = n*n"T,,, momentum density j; = —n*T,;, and spa-
tial stress s;; = T;;. The 3 + 1 splitting of the matter
conservation equations V uTH" =0 gives [22]

124012-2



GENERALIZED HARMONIC EQUATIONS IN 3 + 1 FORM

d, p= asinij + apK — aD,;j' — 2j'D;a, (6a)
a_Lji = O(K]l - sl]D/a - pD,a - CYD]SU (6b)

The spatial metric and extrinsic curvature must also satisfy
the Hamiltonian and momentum constraints,

H =K>-K;K'+R—-16mGp =0, (7a)
M; = D,K! — DK — 87Gj; = . (7b)

If the constraints hold at the initial time, then the evolution
equations (5) and (6) insure that they will continue to hold
at future times.

In the numerical relativity community the results (5) are
referred to as the Arnowitt-Deser-Misner (ADM) equations
[11]. Here we use the common convention of writing these
equations in the form used by Smarr and York [22,23].

The mathematical details of the 3 + 1 splitting of the
generalized harmonic equations (2) are presented in
Appendix A. The result is the following system of evolu-
tion equations,

918 = —2akKy,
- KagijCJ_/z - 87TGCY[SU - gij(s —p)/2]  (8b)

(8a)

0, a=a’T—a’H |, (8c)
9,8'=pB'D;B'+ a’p'—aD'a+ a’H', (8d)
d,7m=—akK;;K'+D;D'a+CD;a—«kaC, /2
—47Galp + ), (8e)
d,p'=g"DyDyB' + aD'w—7D'a—2KD;a
+ 2aK-7kAFijk + kaC' —167Gaj’, (81)
and constraints,
C,=m+K, (9a)
Cl=—p + AFijkgjk, (9b)
H =K?— K;;KV + R — 167Gp, 9c)
M, = D,K! — DK — 87Gj (9d)

The dependent variables include the spatial metric g,
extrinsic curvature K;;, lapse function « and shift vector
Bi. We have also introduced the variables 7 and p'.
Equation (8c) shows that 7 is related to the time derivative
of a. Likewise, from Eq. (8d) we see that p’ is related to
the time derivative of 8’. Note that the gauge source vector
H* appears in these equations as a spatial scalar H, and a
spatial vector H'. The source H appears in the evolution
equation (8c) for the lapse a, while the source H' appears
in the evolution equation (8d) for the shift B'.

In deriving the 3 + 1 GH equations (8) and (9) we have
assumed that the only non vanishing components of the
background connection (‘*)I_‘“l,,J are the spatial components
SN jk- This is equivalent to building the background con-

nection from a background metric ¥g u» Which, under a
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3 + 1 splitting, has unit lapse, vanishing shift, and a time-
independent spatial metric. In this case the only remaining
background structure is the spatial connection whose
components are I, = @I, We also assume that the
background spatial connection is flat, and in Egs. (8) and
(9) use the notation

ATV, =T, — I (10)

Finally, we let D; denote the covariant derivative built from
the background connection.

Comparing the 3 + 1 GH equations (8a) and (8b) with

the ADM equations (5), we find

(018i)cn — (918i))apm = O, (ITa)

(01K;j)on — (0. K;j)apm = —aC K;; — aDC)

— kag;Cy /2. (11b)

As expected, the difference is proportional to the con-

straints (9).

The constraint evolution system for the 3 + 1 general-

ized harmonic equations is

0,C,=—aKC, +aH +C'D;a—aD,C' —2kaC,,
(12a)
d,C;=C,Dija—aD,C; —2aM,;— 2aK,~jC/ — kaC;,
(12b)
0, H=-2amH +2aRC, —4M,;D'a —2aD'M,
+2a(K7 - Kg")D,C; —2kaC; —32wGapC,
(12¢)
9 M;=—HD,a+ (K8 —K)Dj(aC,)—L1aD, 3
—amM;+D/aDC;;+D(aD;C’) —iaR;,C/
—aDiDC;+ kD;(aCy) —87GajCy.  (12d)

These results are found from the evolution equations (6)
and (8) applied to the definitions (9).

The GH equations are symmetric hyperbolic. This can
be shown by considering the second-order system (2a), or
the fully first-order system of Refs. [4,5]. Gundlach and
Martin-Garcia [24] have given a definition of symmetric
hyperbolicity that applies to quasilinear systems of partial
differential equations with first-order time and second-
order space derivatives. We can apply their definition to
the 3 + 1 GH equations (8).

To begin, we assume that the matter fields are not
derivatively coupled to gravity; that is, the matter
Lagrangian does not contain derivatives of the metric.
Then the matter variables p, j', and s, ; do not contain
derivatives of the gravitational variables 8ij» Kij, «, T,
B, and p’. We also assume, as discussed in Sec. II, that
the gauge sources H' and H | are directly specified in terms
of the spacetime coordinates and the metric variables g;;,
«a, and ,Bi , not on their derivatives.
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The analysis can be described as follows. In effect, we
assign weight 0 to the metric variables and weight 1 to the
“velocities™ K;;, r, and p'. One unit of weight is added for
each derivative. We introduce the weight 1 variables

8Emij = amgij’ (133)
a; = 0;a, (13b)
Bi; = (9:85 g (13¢)

defined as derivatives of the weight O variables, and com-
pute their equations of motion by differentiating Eqgs. (8a),
(8¢c), and (8d). Note that d;cr;, 9;g» and 9;(B;,g"*) are
symmetric in i and j. The principal parts of the GH equa-
tions (8) are constructed from the highest weight terms in
the equations of motion for the weight 1 variables; these are

v

318mij = 20,8 — 2ad,,K;j, (14a)
3K = —tagd, g+ adip, — d;a;,  (14b)
d,0; = 9,1, (14c)
5,77' = gijaiaj, (14d)
3B = a’d;p; — ad;a, (14e)
dipi = adim + ¢, By, (14f)

where = denotes equality apart from lower weight terms.
Here we have defined the operator d, = 9, — 8%9,.
We now define the quadratic form

|
e = M"’M[ng"gmijgnke"‘(Kij_,B(ij)/a)(Kke_B(ke)/a)]
1
+ M”I:ggk(ﬁkiﬁ{{j +(pi — a;/a)(p; — aj/a):l
1 ..
+M|:(7T)2 +—2g’/a,-afj:|, (15)
a

where the tensors MY M/ and M (not related to one
another) are positive definite. Direct calculation using

al’)?ij = _%5’ijD_k,3k —2aA
91 =Dy B —ak,

ij

0, K= aAiinj +%aK2 —e *[D*a+2D'pD;al+ a(H —KC| —D,C' —6C'd;¢) —3akC, /2 +4mGa(p + ),
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Egs. (14) shows that the time derivative of & has a principal
part that can be written as the gradient of a vector ¢'; that
is, 9,6 = 9,¢". This shows that & is a quadratic, positive-
definite energy density with flux ¢'. It follows from the
theorems of Gundlach and Martin-Garcia [24] that the
system (8) is symmetric hyperbolic.

IV. GH EQUATIONS IN CONFORMAL VARIABLES

In 3 + 1 form the GH variables are g,;, K;;, o, 7, B', p".
Introduce a time-independent spatial density of weight 2,
denoted ¥. As this notation suggests, ¥ can be chosen as
the determinant of a background metric ¥;;, and this same
background metric can be used to define the background
connection %, ;- Now consider the conformal variables ¥,

Aij, ¢, K, A, @, , and B’ defined by

Vi = (7/8)"gi; (16a)
Ay = (7/9) LK — LgyK] (16b)

¢ =$In(g/¥), (16¢)
A= (g/9)'"p + Ug/7)2*Di(g/7). (16d)

Note that the determinant of ¥;; is ¥ and the trace of A; j
vanishes. The inverse relations are

gij = e**¥,, (17a)
K;; = e**(A;; + 17:,K), (17b)
pl = e A — 2674‘/"}7’78”0. (17¢)

Indices on the new variables A, ; and A are raised and
lowered with the conformal metric ¥;;.

In terms of the conformal variables, the GH equations
(8) are

(18a)
(18b)
(18c)

alAl] = 6_4‘0[0111,-]» - 2aD~1D~qu + 4aD~quD~qu - D~1D~]a + 4D~(ZCYD~])§D - SWGaSij]TF

2

- gAijDkBk - 2aAlkA‘5 + CYKA‘U - aCJ_A‘U + ae_4¢[4C(l‘[jj)§D - CkAf‘(ij)k]TF,

(18d)

9 N =FDyD B +2A'Dy fF +1D'(Dy ) — 2A% 9, o + 22 A AT ) + 1204 0, 0

—%aD'K +aD'C) +3ae**KC' + kae**C' — 167G ae*® ',

d,a=a’T—a’H|,

0,8'=p/D;B + a’H' + a’e *[A' —2Dip — D'a/a]

9 m= —aAUA’j —1aK? + e *(D*a+2D'¢D;a)+C'D;a — kaC, /2 —47Galp +s),

where

(18e)
(18f)
(18g)
(18h)
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R ;= —37“DiD¥i; + FHIAT" (AT i

+ 201" AT )0 + AT AT, 5] + 913D A"
(19)
We have also defined
ALY, =T, T, (20)

where T "« are the Christoffel symbols built from the con-
formal metric.
In terms of conformal variables, the constraints (9) are

CL=m+K, (21a)
Cl':_‘/ii"‘Af‘ijk"}u/jk, (21b)
2 O
g-[=§K2 _AijAlj - 167TGP
+e *¢[R—8D'¢D;p —8D*¢], (21c)
M,;=D;Al —2D.K+6AID,¢ —87Gj, (21d)

where R is the Ricci scalar built from the conformal metric
¥ij- One must remember that the indices on C; and M, are
raised and lowered with the physical metric g;;. Thus, for
example, C' = e *¢(=A' + A", 57).

The system (18) is, of course, symmetric hyperbolic as
long as H | and H; do not depend on the weight 1 variables

(K, A, i Al ) or derivatives of the weight O variables
(%4> @, @, B). We can confirm this by defining

Ymij = OmVij» (22a)

Bij = (3:8" %), (22b)

a; = 0;a, (22c)

¢, =900, (224d)

and computing the principal parts of the evolutions equa-
tions for the weight 1 variables:

. 2
at’ymz/ 2amB(z/) 71/7 amBk( 2aamAl/’ (233)
) T
atgong'yuamﬂij_gaaml{’ (23b)
. iy 1
J,K= ae““”?”[&i/\ —8d,¢;— G,aj] (23¢)
- 1
d,A;; =—ae*4‘”§)7k€8k77€ij+ae*4“’
- 1 TF
><|:8,AJ—28,¢,——8,01J:| y (23d)
X o
. 1 1
d,N; =70, By + y €9, Bk(——aa K+adm  (23e)
d,0;=a?9;m, (23f)
. o~ _ ~ 1
O,Bijéaze 4(P[(9ZAJ_26,§D]_5616¥J], (23g)
dm=e 70, (23h)
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One can show by explicit calculation that the positive-
definite energy density

€ :Mijk€€4¢|:%5’m"(f’mij +45;0m) (Ve + 4V ®n)
+e*(A;+9,K/3 —ﬁ(iﬁ/a)(AM+5’k€K/3—,é(ke)/a):|
M e P By + (A =26, ayf )
><(/~Xj— cv/a)i|+M|:(7T)2 ale ‘i, aj]
(24)

satisfies the conservation equation 9, = 9,¢".

V. COMPARISON WITH BSSN AND THE MOVING
PUNCTURE GAUGE

The BSSN equations in covariant form are [25]

917 = ;%JDk,B Ajj, (25a)
d1 o =4DyB* — (25b)
9, K= aAiin-i + %ozK2 —e *[D*a+2D'¢D;a]

+47Gal(p + ), (25¢)
d,1A;;= 6_4‘P[aﬁij —2aD;D;p+4aD;¢D;¢
—D;,D o+ 4lj(iaDj)¢ —8mGas;;I'"

~ 24D, B — 20k A% + aK Ay, (25d)

1A =—y*C;D B+ YDy DB+ 37 ALY D B
+ %DNI(D_]{IBIC) - ZAikaka
+2aAMAT , +120A% 9,0 — %aD”'K

—167mGae*® (25¢e)

The variables A’ are the “conformal connection func-
tions.” If the background is flat and the coordinates are
interpreted as Cartesian, then the background connection
vanishes, f‘ijk = (. (We also have D; = 9,.) In this case it
is common to use the notation I =T" jk?jk for these
variables rather than A’. Also observe that the first term
on the right-hand side of Eq. (25¢), —%/*C,D\B' =
ND;p! — #*ATlY, D, B, and the Lie derivative term on
the left-hand side, —Lﬁf\i = —,Bijf\i + AJD_jBi, com-
bine to insure that only derivatives of [~\i, and not A’ itself,
appear in Eq. (25e). This rule is discussed in Ref. [10] and
is followed by most numerical relativity groups who use
the BSSN system.

The BSSN equations are usually accompanied by the
moving puncture gauge conditions,

d,a = Bid;a — 2ak,
9,8 = B'D,;B + 3N — np,

(26a)
(26b)
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where 7 is a parameter, independent of the field variables.
Equations (26a) and (26b) are the 1 + log slicing [9] and
the gamma-driver shift conditions, respectively. The
gamma-driver shift is often written as a system of first-
order equations for the shift vector 8 and an auxiliary field
B’ [10]. As shown in Ref. [26], these equations can be
integrated to yield the single Eq. (26b) for B'.

By explicitly comparing the GH equations in conformal
variables, Egs. (18), with the BSSN equations (25), we find

(0:¥i)on — (0,%:;)Bssn =0, (27a)
(9:0)gn — (9,¢)pssn =0, (27b)
(0,K)gn — (9,K)pssy = a(H —KCy —D,C'—6C'9,¢)

—3akC, /2, 27¢)

(atAij)GH - (atAij)BSSN = _aCJ.Aij

+aei4‘/’[4C(,-D~j) Q- CkAf(ij)k]TF,
(27d)
(9, A)6n — (,A)pssn = Y5C,Dy B —37C, Dy B¥
+aD'Cy +2aK¥C;/3

+ Kaf/ijcj. (27e)

As expected, the differences between GH and BSSN are
proportional to the constraints. Note that the terms propor-
tional to C; simply exchange 7 for —K; likewise, the
terms proportional to C; simply exchange A’ for
Af‘ijkyfk_ Also observe that only a few of the terms on
the right-hand sides of Egs. (27) contribute to the principal
parts of the equations. In particular, we have

(0,K)ci — (3,K)pssx = a(H — D,CY,
(9, A)6n — (8, A)pssny = aDCy.

(28a)
(28b)

The principal parts of the GH and BSSN equations for ¥, i
¢, and AI-J- coincide.

The results (27) provide a simple prescription for con-
verting a BSSN code into a GH code. First, add the terms
on the right-hand sides of Eqs. (27) to the BSSN equations
of motion. Next, add the equation of motion (18h) for 7.
Finally, modify the evolution equations for & and B’ so that
they take the form of Eqgs. (18f) and (18g).

With an appropriate choice of the gauge sources H | and
H;, we can adopt moving puncture gauge conditions within
the generalized harmonic formalism." In terms of confor-
mal variables, we need

H, =7+2K/a, (29a)
H=e*(—A'+2D'¢+Dia/a)
3 -, 1 .
+ 2 K- g 29b
4a? azﬂ (29)

"Moving puncture gauge conditions for the Z4 formulation of
general relativity have been discussed in Refs. [16,17,27].
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so that the GH equations (18f) and (18g) coincide with the
moving puncture equations (26). In terms of the original
3 + 1 variables, we have

H, =7+ 2K/a, (30a)
. 3 _ o1 o i
H = —2[(g/y)‘/3p’ +—(g/7) 2/3D’(g/3f)]
4o 6
_pi+Dia/a_£2Bi’ (30b)
@
and the moving puncture gauge conditions read
d,a = B'd;a —2ak, (31a)
0,8 = B'D,B — np
+3le/9' o + 48/ D(g/P)] (31b)

With the moving puncture gauge, the H’s depend on
weight 1 variables and derivatives of weight O variables.
This spoils the symmetric hyperbolicity of the system. In
Appendix B we analyze the GH equations with moving
puncture gauge conditions and show that they are strongly
hyperbolic as long as the condition 2a # (g/¥)"/? is met.
Note that one can use the constraint C' = 0 to exchange p’
for AT";, ¢/ in Eq. (31b). This does not affect the hyper-

bolicity of the system.

VI. SUMMARY

The generalized harmonic equations have been written
in 3 + 1 form using as independent variables the spatial
metric g;;, extrinsic curvature K;;, lapse function @ and
shift vector B', as well as fields 77 and p’ related to the time
derivatives of « and B'. The resulting set of evolution
equations (8) and constraints (9) are a concise and elegant
formulation of general relativity. The GH evolution system
is symmetric hyperbolic with the conserved, positive-
definite energy density displayed in Eq. (15).

The 3 + 1 GH equations are written in terms of confor-
mal variables in Egs. (18) and (21). This allows for a direct
comparison with the BSSN formulation of Einstein’s the-
ory, and provides a simple prescription for converting a
BSSN code into a GH code. The moving puncture gauge
conditions cannot be used with the GH equations without
spoiling symmetric hyperbolicity. Nevertheless, the GH
system with moving puncture gauge has the same level
of hyperbolicity as the BSSN system with moving puncture
gauge.
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GENERALIZED HARMONIC EQUATIONS IN 3 + 1 FORM
APPENDIX A: 3+1 SPLITTING

In this appendix we derive the equations of motion (8)
and the constraints (9) by carrying out a 3 + 1 splitting of
the spacetime generalized harmonic equations (2).

Let n, = —ad), denote the covariant normal to the
spacelike hypersurfaces r = const; the contravariant form
is n* = (8" — B'6¥)/a. Also introduce the operator
X! = 8! that projects spacetime covectors into spatial
covectors. The covariant form of this operator is X;L =
&), + B'8),; it satisfies X}, X4 = 8% and X},n* = 0.

The spacetime metric is written in terms of the normal,
spatial projection operator, and spatial metric as

@e = g XL X, —n,n,. (A1)

Spacetime indices u, v, etc. are always raised and lowered
with the spacetime metric Wg,,, and its inverse “g~”,
while spatial indices i, j, etc. are always raised and lowered
with the spatial metric g;; and its inverse g".

The spacetime Christoffel symbols can be written in
terms of 3 + 1 quantities as

n, YT, nn? = —(0,a)/a? (A2a)
X’L(4)I",uo_pn0'np = (atﬂi - ﬁjajﬁi)/az

+ (D'a)/ e, (A2b)
n, YTk, XIX? = Ky, (A2¢)
X, Wre, XoXg =T0,, (A2d)
n, W, nX! = —(9,a)/a, (A2e)
XL,WTH, ,nX? = —Ki +(3,8)/ a, (A2f)

where 9, = 9, — L is the time derivative operator used
in the main text. The results (A2) are obtained by comput-
ing the normal and tangential projections of derivatives of
the spacetime metric, 9,% g uv» and using the definition of
the Christoffel symbols. Also note that we have used the
relation 9 g;; = —2aK;; that defines the extrinsic curva-
ture. This is the equation of motion (8a) for the spatial
metric.
We will also need the splitting of the Ricci tensor,

@R, ,n#n” = (3, K + D;D'a)/a — K;;K', (A3a)
@R, X!X! = R;; + KK;; — 2K K*

- (aLKij)/a - (DiDja)/a, (A3b)
@R, ,X!n” = —D;K] + DK, (A3c)

and the curvature scalar:

@R =R+ KK+ K*>—20,K)/a —2(D;D'a)/a.
(A4)
These results can be obtained from the definition of

the Riemann tensor in terms of covariant derivatives,

DR yopVP=V,V,V,~V,V,V,, or from the definition
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of Riemann in terms of Christoffel symbols and the
results (A2).

The GH constraint C,, = H, + (WT#,, — @T#  )gor
must be split into a normal component, C; = C,n*, and a
tangential component, C; = C MXI” . These calculations de-
pend on the 3 + 1 splitting of the background connection
f‘“,,p. Let us assume that the background connection is
constructed from a background metric g uv- This metric
can be split with respect to the ¢ = const hypersurfaces into
the 3 + 1 quantities g;;, @, and B'. The results (A2),
applied to the background geometry, can be rearranged to
give the components of the background connection:

@I, =(9,a+pa,a— B K,/ a, (A5a)
@I, = (9,0 — p'K;)/ a, (ASb)
@I, =-K;/a (A5c¢)
@I, =aD'a—2ap'K ;8" — pl(a,a+ plo,a

- B'B*K )/ a+a,B + B/D;p, (A5d)

(4)1:‘ijt = _B_l(ajd - B_kkk])/d - C_ijkgki + D_jB_i, (ASG)
@k, =T*%,+ B*K;j/ a. (ASf)

Here, the background extrinsic curvature is defined by
(0, = Lp)g;; = —2aKkK;;.

The calculations for the normal and tangential compo-
nents of the constraint yield

1 a .. - 1 B
Cl:Hl+K+¥ai“_gg’-’K;j—£(6,—Lg)a

+L_A,B"A,BA"KU+£_A,B’A6,-&, (A6a)
aa T aa

, 1 1 ) _
Ci=H;+g;;g" AT, Ll _zgij(atﬁj — B*DB)
a ., 1 R
+ 7gijgk€aka +—8,;(9,8/ — B*D; B7)
o o
1 . _ _
+——giAp[0,a— (2% = BYaa + a? g K ]
a~a

1 ) P
- EgijAﬁk[AﬁjAﬁe —2a%g/ 1K . (A6b)

Here we have defined H, = H*n, and AB' = B’ — B'.

Note that each term in Eq. (A6a) is a spatial scalar, and
each term in Eq. (A6b) is a spatial covector. In these
equations we can absorb terms that depend on the physical
tensors g;;, a, B, the background tensors g;;, @, B, and
derivatives of these background tensors into H| and H,.
We cannot absorb terms that depend on derivatives of g,
a or B! because this would change the hyperbolicity of the
GH system. Thus, we have the following results:
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1
CJ_:HJ_‘FK'F?(?J_CY, (A7a)
. 1
Ci = Hi + AFijkg/k - ;aia
1 . .
- ?gi.j(atﬁj — B*D;B). (A7b)
Let us define
1
7TE—23J_C¥+HJ_, (A8a)
a
1 . A o 1
pi = ?gij(atﬂj — B*DB’) + ;aia — H;.  (A8b)

When rearranged, these definitions become the equations
of motion (8c) and (8d) for a and B'. The constraints
become

CL =7+ K,

C; = —pi + AT 8%,

(A9a)
(A9b)

which are Egs. (9a) and (9b) from the main text.
Our next task is to split the terms V(,C,). The normal
and tangential projections are

1 .
n#*n’V,C, = ;(alCl - C'o,a), (A10a)

1 1 .
n#ijV(MCV) = ﬁ(alci - Cla,a) + Eaicl + Ki/C]'
(A10c)

The projections of the spacetime GH equation (2a) are
obtained from the Eqgs. (A3), (A9), and (A10) above. The
result for the normal-normal projection is
d 7= —ak; K+ D;D'a+CD;a—kaC,/2
—47Ga(p + 3), (A11)

which is Eq. (8e) from the main text. The tangential-
tangential projection yields
— kag;C1/2 — 87Gals;; — g;(s — p)/2]
(A12)

ij

which is Eq. (8b).
The normal-tangential projection of the spacetime GH
equation leads to the result

d1p' = g"DyDAB + aD'm — wD'a — 2K D
+ 2aK*ATY ; + kaC' — 167Gaj!
+ gg"[2D(@K ;o) — Dj(@Kye) — AB"Ryees)
(A13)

We now assume the background lapse is unity, @ = 1, and
the background shift vanishes, 8' = 0. We also assume
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that the background spatial metric g;; is flat and time
independent. These assumptions imply that the back-
ground extrinsic curvature K;; and background Riemann
tensor R,,¢; vanish. Then the normal-tangential projection
becomes

a,p' = g"D.D,B + aD'mr — wD'at — 2K’7Dja

+ 2aKjkAF[jk + kaC' — 167Gaj’, (Al14)
which is Eq. (8f) from the main text.

The analysis shows that the spacetime GH equations (2)
are equivalent to the evolution equations (8) plus the
constraints C; = 0 and C; = 0. The constraint evolution
system (9) shows that C;, = 0 and C; = 0 will hold for all
time if and only if all of the constraint functions C | , C;, H,
and M, vanish. It is sufficient to impose these constraints
at the initial time; the evolution equations will insure that
they continue to hold into the future.

APPENDIX B: HYPERBOLICITY OF THE GH
EQUATIONS WITH MOVING PUNCTURE GAUGE

In this section we analyze the hyperbolicity of the
generalized harmonic equations with the moving puncture
gauge conditions (31). That is, we consider Egs. (8) with
the gauge sources H; and H; given by Eqgs. (30).
Symmetric hyperbolicity is spoiled by the presence of 7,
K, p' and derivatives of gij and a in the H’s.
Nevertheless, the equations form a quasilinear system of
partial differential equations with first-order time and
second-order space derivatives. We can apply the pseudo-
differential reduction techniques of Refs. [28-30] to check
for strong hyperbolicity.

The principal parts of the equations are constructed from
the highest weight terms. We identify the ‘‘coordinate
variables” g;;, « and B’ as weight 0 and the “‘velocity
variables” K;;, 7 and p' as weight 1. Each derivative adds
a unit of weight. The principal parts of the GH equations
with moving puncture gauge conditions are

v

0:8i; = ng(iaj),Bk - 201K,-j, (Bla)
5,Kij = —%g“akafgij + adgpj) — 9;0;a, (B1b)
d,a = —2ak, (Blc)
BB =6+ el @10
dm=g"9,0;a, (Ble)
dp' = aglo;m+ g/*a,0, B, (B1f)

where d, = 9, — B'0,;.

Let n; denote a covector normalized by the spatial
metric: n;g"n; = 1. The principal symbol for the system
(B1) above is defined by

124012-8



GENERALIZED HARMONIC EQUATIONS IN 3 + 1 FORM

Qgi; = 2gwin;)B* — 2aK;;, (B2a)
/lleij = - ggij + agyn,)p* —nin;a,  (B2b)
pa=—2ag"K;, (B2c)
BB =3/ [+ e ] ®20
L= a, (B2e)
Lpi = an'#w + B, (B2f)

where ft = u — B'n;. The proper speed (proper distance
per unit proper time as measured by observers at rest in the
t = const slices) of a characteristic mode is given by
(Bt — w)/a. (See, for example, the discussion in
Ref. [31]).

Now introduce an orthonormal triad consisting of n; and
unit vectors eg, with A =1, 2. These vectors satisfy
n;el = 0 and ¢, g, ;e = 8,5. When we project Eqs. (B2)
into the triad directions n’ and ', the principal symbol
separates into blocks that have common transformation
properties under rotations about the plane orthogonal to
n'. The scalar block is

pgiL=2B"—2ak,,, (B3a)
p8apdf = —2akK ,56"%, (B3b)
A a N N
MKLLZ—Egu"'aPl—a, (B3c¢)
N a,
MK ap 848 = _EgABBAB’ (B3d)
pa=—2a(K, +K,z56"), (B3e)
03
nB* =4—l(g/7/)1/3pl
1 _ . .
+2@/P L+ 2™, (B3D
pr=a, (B3g)
wpt=a#+ pt. (B3h)

Here and below, the L and upper case Latin indices are
defined, for example, by 2, = g;n'n/ and g,p =
gi;e,e. The vector block is

péia= Ba—2aK (B4a)
X~ a a
UK 4= 581 + 7 Pa (B4b)
~ 3 B .
wBa = Z(g/y)“pA, (B4c)
wha = Ba (B4d)

The tensor block is
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ALf

uglly = —2ak', (B5a)
N a
nkily = =5 &l (BSb)

where the superscript 7f indicates that the tensor
is trace-free in the two-dimensional surface orthogonal
to n;.

A quasilinear system is strongly hyperbolic if
its principal symbol possesses a complete set of eigenvec-
tors with real eigenvalues . The tensor block (B5) meets
these criteria with eigenvalues u = 81 = a. These eigen-
values correspond to proper speeds of *=1. The vector
block also meets the criteria for strong hyperbolicity

with w =B+ *a and u=pBL = ,/3(g/7)1/3/2. The
proper speeds for the vector modes are =1 and

+4/3(2/%)"3/2a).

The eigenvalues for the scalar block are u = 8L + «
(with multiplicity two), u = B+ = \2a, and u = gL +
(g/%)"/°. These correspond to proper speeds +1 (with
multiplicity two), ++/2/a, and +(g/7)"/°/a. The eigen-
vectors are complete unless the eigenvalues 8L + 2a
and BL = (g/9)"/° coincide. That is, the scalar block
meets the criteria for strong hyperbolicity as long as 2a #
(g/%)"3.

The GH system with moving puncture gauge condi-
tions is strongly hyperbolic everywhere, except for re-
gions of spacetime in which 2a = (g/%)'/3. This
restriction on strong hyperbolicity also applies to BSSN
with the moving puncture gauge [32]. In fact, the char-
acteristic speeds for GH with moving puncture gauge are
precisely the same as for BSSN with moving puncture
gauge. It is recognized from studies with the BSSN
equations that the condition 2 # (g/9)'/? is typically
violated in black hole spacetimes on a two-dimensional
surface in space [31,32]. The breakdown of strong hyper-
bolicity does not appear to cause problems for finite
difference codes. On the other hand, the lack of hyper-
bolicity can create serious problems for spectral codes
that rely on the passing of characteristic information
between spatial domains [33].

Recall that the moving puncture gauge conditions
(31) can be modified by using the constraint C' =0
to replace p' with AT, g/*. With this replacement
Eq. (B1d) becomes

3,8 =Xg/¥)" gVg  arge; — 188" 0,84)  (BO)

The principal symbol (B2) along with its scalar and vector
blocks are modified accordingly. However, the eigenvalues
are not changed, and once again the eigenvectors are
complete if 2a # (g/7)'/3.
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