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Departamento de Fı́sica Atómica, Molecular y Nuclear, Universidad Complutense de Madrid, 28040 Madrid, Spain

Leandros Perivolaropoulos†

Department of Physics, University of Ionnina, Greece
(Received 20 October 2011; published 23 December 2011)

A global monopole (or other topological defect) formed during a recent phase transition with core size

comparable to the present Hubble scale, could induce the observed accelerating expansion of the

Universe. In such a model, topological considerations trap the scalar field close to a local maximum of

its potential in a cosmologically large region of space. We perform detailed numerical simulations of such

an inhomogeneous dark energy system (topological quintessence) minimally coupled to gravity, in a flat

background of initially homogeneous matter. We find that when the energy density of the field in the

monopole core starts dominating the background density, the spacetime in the core starts to accelerate its

expansion in accordance to a �CDM model with an effective inhomogeneous spherical dark energy

density parameter��ðrÞ. The matter density profile is found to respond to the global monopole profile via

an anticorrelation (matter underdensity in the monopole core). Away from the monopole core, the

spacetime is effectively Einstein-de Sitter (��ðroutÞ ! 0) while at the center ��ðr ’ 0Þ is maximum.

We fit the numerically obtained expansion rate at the monopole core to the Union2 data and show that the

quality of fit is almost identical to that of �CDM. Finally, we discuss potential observational signatures of

this class of inhomogeneous dark energy models.
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I. INTRODUCTION

The simplest cosmological model consistent with the
observed accelerating expansion of the Universe is the
�CDM model [1] which assumes that about 70% of
the energy density of the Universe consists of a homoge-
neous and constant in time energy density the cosmological
constant. Despite of its simplicity, this model is faced by
theoretical (fine tuning and coincidence problem) and
observational challenges (e.g. the cosmic microwave back-
ground (CMB) anomalies [2] and large scale velocity
flows [3,4]).

Most models generalizing �CDM are motivated by the
theoretical challenges of the model and they are based on
breaking the time translation invariance of the cosmologi-
cal constant while retaining large scale homogeneity.
They involve either dark energy [1,5] (a time dependent
form of energy with negative pressure) or extensions of
general relativity with repulsive gravitational properties on
large scales. However, observational challenges of �CDM
(CMB anomalies and large scale velocity flows) appear to
hint towards violation of large scale homogeneity [6].
Theoretical models generalizing �CDM and involving
violation of large scale homogeneity include Lemaı̂tre-
Tolman-Bondi models [7] based on large voids of matter
and no dark energy [8], anisotropic dark energy [9,10],
fundamental modifications of large scale topology and

geometry [11], a Hubble scale magnetic field [12], dark
energy with Hubble scale inhomogeneities [13] etc. A
common problem of these models is that most of them
lack a well defined causal mechanism that generates the
proposed Hubble scale inhomogeneities starting from early
time homogeneity. For example the size of the matter void
required by Lemaı̂tre-Tolman-Bondi models is about
2 Gpc and is unlikely to produce in the context of any
known viable cosmological model.
In this study we extend recent work investigating obser-

vational constraints on the existence of a Hubble scale
spherically symmetric dark energy inhomogeneity [13].
Such inhomogeneity was found to be consistent with cur-
rent observations provided that its radius is larger than
about 2 Gpc [13]. We point out that such inhomogeneity
can be naturally produced by a global monopole with a
Hubble scale core formed during a recent phase transition.
Such a mechanism, called topological quintessence has
similar features as ‘‘topological inflation’’ [14–16] which
may have occurred in the early Universe and involves
accelerating cosmological expansion triggered in the core
of global topological defects when proper conditions
are satisfied. The investigation of these conditions and
the required values of model parameters in the context of
the recent Universe where matter is also present is the goal
of the present study.
The structure of this paper is as follows: In the next

section we set up the basic equations of gravitating global
monopoles in an expanding universe with matter and use
analytical approximations to derive the parameter values
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that would lead to accelerating expansion in the monopole
core at recent times and on Hubble scales. In Sec. III we
present a numerical solution of the full system of field
equations coupled to gravity and show that indeed accel-
erating expansion takes place in the monopole core when
its energy density starts dominating over matter. We also fit
the predicted expansion rate in the core to the Union2 data.
Finally in Sec. IV we summarize our main results and
discuss future prospects of this project.

II. GRAVITATING GLOBAL MONOPOLES
AND COSMOLOGICAL EXPANSION

Global monopoles [17] are formed in the context of
scalar field theories when the vacuum manifold M
contains surfaces that cannot be continuously shrunk to a
point, namely, when �2ðMÞ � I. The corresponding
global field configurations are topologically distinct from
the vacuum and have most of their energy localized in a
spherically symmetric region of space, the global mono-
pole core. The vacuum energy localized in the global
monopole core has negative pressure and therefore can
induce accelerating cosmological expansion. In order for
this expansion to have interesting observable cosmological
consequences two basic conditions must be satisfied:

(i) The scale of the monopole core should be cosmo-
logical and comparable to the Hubble scale. This
condition is necessary so that the effects of the
accelerating expansion are applicable on cosmologi-
cal scales thus affecting cosmological observations
(e.g. Hubble diagrams).

(ii) The vacuum energy in the core dominates over other
forms of energy with non-negative pressure (matter
or radiation). This condition is necessary so that
cosmological dynamics is determined by the nega-
tive pressure of the monopole rather than by the
other forms of energy present.

These two conditions are easily translated to constraints on
the parameters of the field theory that predicts the existence
of the global monopole. Consider, for example, the action

S ¼
Z

d4x
ffiffiffiffiffiffiffi�g

p �
m2

Pl

16�
R� 1

2
ð@��aÞ2 � Vð�Þ þLm

�
;

(2.1)

where Lm is the Lagrangian density of matter fields,
�aða ¼ 1; 2; 3Þ is an Oð3Þ symmetric scalar field and

Vð�Þ ¼ 1
4�ð�2 � �2Þ2; � �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�a�a

p
: (2.2)

The vacuum energy density in the monopole core and the
size of the core are determined by the two parameters of the
model � (the vacuum expectation value) and � (the cou-
pling constant). The global monopole field configuration is
described by the hedgehog ansatz

�a ¼ �ðr; tÞr̂a � �ðr; tÞðsin� cos’; sin� sin’; cos�Þ
(2.3)

with boundary conditions

�ð0; tÞ ¼ 0; �ð1; tÞ ¼ �; (2.4)

where we have allowed for a time dependence having in
mind a cosmological setup of an expanding background.
The general spherically symmetric spacetime around a
global monopole may be described by a metric of the form

ds2 ¼ �dt2 þ A2ðr; tÞdr2 þ B2ðr; tÞr2ðd�2 þ sin2�d’2Þ:
(2.5)

In order to derive the cosmological dynamical equations
we need the total energy-momentum tensor T��. We as-

sume a cosmological setup at recent cosmological times
and therefore T�� is dominated by the global monopole

vacuum energy and matter, i.e.

T�� ¼ TðmonÞ
�� þ TðmatÞ

�� : (2.6)

The energy-momentum tensor of the monopole is given by

TðmonÞ
�� ¼ @��

a@��
a � g��½12ð@��aÞ2 þ Vð�Þ�: (2.7)

For example for the monopole energy density we have

�mon ¼ Tmon
00 ¼

� _�2

2
þ �02

2A2
þ �2

B2r2
þ �

4
ð�2 � �2Þ2

�
:

(2.8)

The energy-momentum tensor of matter is that of a perfect
fluid with zero pressure (p ¼ 0)

TðmatÞ
�� ¼ �matu�u�; (2.9)

where �mat ¼ �matðr; tÞ is the matter density and u� is the
velocity 4-vector of the fluid

u� ¼
�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ;
v

A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ; 0; 0

�
(2.10)

with v ¼ vðr; tÞ the radial matter fluid velocity.
Extremizing the action (2.1) with the metric (2.5), the
ansatz (2.3) and the presence of matter we obtain the
dynamical equations

�G0
0¼K2

2ð2K�3K2
2Þ�2

B00

A2B
� B02

A2B2
þ2

A0B0

A3B
�6

B0

A2Br

þ2
A0

A3r
� 1

A2r2
þ 1

B2r2

¼ 8�

m2
Pl

� _�2

2
þ�02

2A2
þ �2

B2r2
þ�

4
ð�2��2Þ2þ �mat

1�v2

�
;

(2.11)
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1

2
G01 ¼ K20

2 þ
�
B0

B
þ 1

r

�
ð3K2

2 � KÞ

¼ 4�

m2
Pl

�
_��0 � v

1� v2
A�mat

�
; (2.12)

1

2
ðG1

1 þG2
2 þG3

3 �G0
0Þ ¼ _K � ðK1

1Þ2 � 2ðK2
2Þ2

¼ 8�

m2
Pl

�
_�2 � �

4
ð�2 � �2Þ2

þ 1

2

1þ v2

1� v2
�mat

�
; (2.13)

and

€�� K _���00

A2
�

�
�A0

A
þ 2B0

B
þ 2

r

�
�0

A2
þ 2�

B2r2

þ ��ð�2 � �2Þ ¼ 0; (2.14)

where the prime (dot) denotes differentiation with respect
to radius r (time t) and

K1
1 ¼ �

_A

A
; K2

2 ¼ K3
3 ¼ � _B

B
; K ¼ Ki

i: (2.15)

The conservation of the energy-momentum tensor for the
matter fluid (2.9) in the metric (2.5) leads to the following
equations for v and �mat:

_v

v
¼ ðv2 � 1Þ

_A

A
� v0

A
; (2.16)

_�mat

�mat
¼ _v

v
� 2

_B

B
� v

A

ð�matÞ0
�mat � 2

v

A

B0

B
� 2v

rA
: (2.17)

Notice that in the homogeneous FRW limit (Bðr; tÞ ¼
Aðr; tÞ ¼ aðtÞ, �ðr; tÞ ¼ �) we obtain the familiar
Friedmann equations with v ¼ 0 and the usual conserva-
tion of matter equation.

It is straightforward to show [17] that for �mat ¼ 0, the
system (2.11), (2.12), (2.13), and (2.14) has a static solution
�ðr; tÞ ¼ fðrÞ that is stable for a range of the parameters �
and � of the model. It is straightforward to show using
(2.14) that in a locally flat space (A ’ B ’ 1), the core scale
(where �=� & 1) of this static global monopole is

	 ’ ��1=2��1; (2.18)

while the vacuum energy density in this core region is

�core ’ ��4

4
: (2.19)

In addition, in the flat space approximation the asymptotic
behavior of the static global monopole solution may be
found using Eq. (2.14) to be of the form

�ðrÞ ’ �r=	; r � 	; (2.20)

�ðrÞ ’ �

�
1� 1

ðr=	Þ2
�
; r � 	: (2.21)

The above described flat space approximation is valid as
long as � � mPl. For � comparable to mPl the effects of
gravity must be taken into account and the coupled system
(2.11), (2.12), (2.13), and (2.14) needs to be solved. An
approximate solution may be obtained valid far away from
the monopole core [18] (r � 	) where �ðrÞ ’ � and

�mon ’ �2

B2r2
. In the coordinates of the metric (2.5), this

approximate solution is of the form [18]:

Aðr; tÞ ¼ 1; (2.22)

Bðr; tÞ ¼ 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8�

�2

m2
Pl

s
t

r
; (2.23)

where the contribution of matter has been ignored. In the
Appendix we show a generalization of Eqs. (2.22) and
(2.23) when matter is also present.
Deep inside the monopole core (r � 	), spacetime is

approximately homogeneous and we may set Aðr; tÞ ’
Bðr; tÞ � ainðtÞ. In this limit, Eq. (2.11) becomes

3HinðtÞ2 ¼ 8�

m2
Pl

�
��4

4
þ �mat

0;in

�
a0;in
ain

�
3
�
; (2.24)

where a0;in � ainðt0Þ is the scale factor at the present time

t0, �
mat
0;in is the present density of matter in the monopole

core and

HinðtÞ �
�
_ain
ain

�
: (2.25)

Similarly, far away from the monopole core (r � 	),
spacetime is also approximately homogeneous and we
may set Aðr; tÞ ’ Bðr; tÞ � aoutðtÞ. In this limit, Eq. (2.11)
becomes

3HoutðtÞ2 ¼ 8�

m2
Pl

�mat
0;out

�
a0;out
aout

�
3
; (2.26)

corresponding to a flat matter dominated universe.
In the context of topological quintessence a cosmolog-

ically large region of space associated with the core of a
recently formed global monopole starts an accelerating
expansion in accordance with Eq. (2.24). For proper values

of the parameters of the model � and� (so that ��
4

4 * �mat
0;in)

the local expansion rate predicted by (2.24) is identical to
that of �CDM.
Around a time t0 when ��4 � �mat

0 the vacuum energy

dominates over matter, the scale factor may be approxi-
mated as

aðtÞ ’ aðt0ÞeH0ðt�t0Þ; (2.27)

where
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H0 � Hðt0Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2���4

3m2
Pl

s
: (2.28)

The slow evolution of the scalar field � may also be
approximately obtained using (2.14). For r � 	 and in
the slow roll approximation this becomes

3Hðt0Þ _� ’ ��2�; (2.29)

where t0 is the present time. This leads to [14]

�ðr; tÞ ’ �ðr; t0Þe��2=3H0ðt�t0Þ: (2.30)

In the limit

��2

3H2
0

� 1 (2.31)

the field is practically static on cosmological time scales
(�t ’ H�1

0 ) and the static monopole approximation of

Eqs. (2.18), (2.19), (2.20), and (2.21) holds. Notice how-
ever, that despite of the approximately static profile of the
scalar field, the expansion rate inside the monopole core
[Eq. (2.24)] may differ significantly from the expansion
rate far away [Eq. (2.26)].

For

��2

3H2
0

* 1 (2.32)

the field profile evolution is significant on cosmological
time scales. The corresponding condition on the parame-
ters of the model is easily obtained from Eqs. (2.31) and
(2.28) as

� *

ffiffiffiffiffiffiffi
1

2�

s
mPl ’ 0:4mPl: (2.33)

This is the condition for breakdown of the static monopole
solution. A similar result (derived in a different manner)
was also presented in Ref. [14] in the context of topologi-
cal inflation (see also [15]) and confirmed numerically in
Ref. [19] and with the presence of radiation in Ref. [18].
The numerically obtained condition for accelerating ex-
pansion of the monopole core (in physical coordinates) was
found to be�> 0:33mPl in good agreement with Eq. (2.33)
. Notice that in this case there is no condition imposed on
the coupling constant �.

In the context of late time accelerating expansion in the
presence of matter, the two conditions that need to be
satisfied for consistency with observations are translated
to conditions on the model parameters as follows:

(1) The scale of the monopole core should be compa-
rable to the Hubble scale (	 ¼ 
H�1

0 where 
 is a

parameter whose range is to be determined obser-
vationally). This is expressed by the condition

8�

3m2
Pl

�
��4

4
þ�0m�0cr

�
’ ��2


2
; (2.34)

where �0m � �mat
0

�0cr
is the present fractional density

of matter over the critical density �0cr ’
8� 10�47h2 GeV4 inside the core, with h the
Hubble parameter in units of 100 km=ðsec�MpcÞ.

(2) The vacuum energy density in the monopole core
must be large enough to start dominating over the
matter energy density today. This condition implies
that

��4

4
� �TQ�0cr ¼ ð1��0mÞ�0cr

’ 4ð1��0mÞ10�123m4
Plh

2; (2.35)

where �TQ ¼ 1��0m ’ 0:73 is the normalized

vacuum energy density in the monopole core.

Using Eqs. (2.34) and (2.35) we find

�� 2 ¼ 3� ð1��0mÞ
2�
2

; (2.36)

� ¼ 64� �2
4

9ð1��0mÞ 10
�123h2; (2.37)

where �� � �
mPl

is the dimensionless vacuum expectation

value of the global monopole field potential. The fine
tuning of the coupling constant � is worth noting but it is
not worse than the fine tuning corresponding to the stan-
dard �CDM model.
We have therefore used analytical arguments to derive

the values of the global monopole model parameters that
are required to induce the observed accelerated cosmologi-
cal expansion in the context of topological quintessence. In
what follows we solve the system (2.11), (2.12), (2.13),
(2.14), (2.15), (2.16), and (2.17) numerically in order to
demonstrate explicitly that the topological quintessence
mechanism is observationally viable.

III. NUMERICAL SOLUTION OF MATTER—
GLOBAL MONOPOLE SYSTEM

A. Method

In order to solve the system (2.11), (2.12), (2.13), and
(2.14) numerically we use the following rescaled dimen-
sionless variables:

�r � ffiffiffiffi
�

p
�r; �t � ffiffiffiffi

�
p

�t; �� � �

�

��mat � �mat

��4
; ��mon � �mon

��4

and in what follows we omit the bar for simplicity. It is
straightforward to express the system of Eqs. (2.11), (2.12),
(2.13), (2.14), (2.15), (2.16), and (2.17) in terms of the
above dimensionless quantities. The form of the equations
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remains almost unchanged with the following minor
modifications:

(i) We replace all dimensional parameters with the cor-
responding barred dimensionless while � and � get
eliminated by the rescaling and are replaced by 1 in
all equations.

(ii) The factor 8�
m2

Pl

on the right-hand side of Eq. (2.11)

gets replaced by 8� ��2, and similarly for Eqs. (2.12)
and (2.13).

We solve the system of Eqs. (2.12), (2.13), (2.14), (2.15),
(2.16), and (2.17) [in its rescaled form] and use the con-
straint in Eq. (2.11) as a test of the accuracy of the solution.
We find that in all runs this constraint is satisfied at a level
better than 1%. We start the evolution at a rescaled time t0
well in the matter era assuming an initially homogeneous
background of matter �matðr; t0Þ ¼ 4:5, which implies that

�matðr; t0Þ
�core

¼ 18; (3.1)

where �core � �monð0; tÞ ¼ 1
4 . The initial field profile cor-

responds to the static monopole solution �ðr; t0Þ ¼ fðrÞ.
We thus use the following initial conditions chosen
so that Eq. (2.11) is satisfied (all quantities are rescaled
dimensionless):

�matðr; t0Þ ¼ 4:5; (3.2)

vðr; t0Þ ¼ 0; (3.3)

t0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

6�ðt0; rÞ� ��2

s
; (3.4)

Aðr; t0Þ ¼ Bðr; t0Þ ¼ 1; (3.5)

�ðr; t0Þ ¼ fðrÞ; (3.6)

_�ðr; t0Þ ¼ 0; (3.7)

K2
2ðr; t0Þ ¼ � �ffiffiffi

3
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�matðr; t0Þ þ �monðr; t0Þ

q
; (3.8)

Kðr; t0Þ ¼ � 3�ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�matðr; t0Þ þ �monðr; t0Þ

q
: (3.9)

These initial conditions correspond to the physical as-
sumption of the formation of a global monopole during a
recent phase transition that takes place in a flat homoge-
neous matter dominated universe. Initial curvature could
be introduced by modifying the initial condition for the
scale factors Aðr; t0Þ ¼ Bðr; t0Þ ¼ 1. The corresponding
boundary conditions used during the evolution are the
following:

�ð0; tÞ ’ 0; (3.10)

�0ð0; tÞ ’ f0ðr ¼ 0Þ; (3.11)

Kð0; tÞ ¼ 3K2
2ð0; tÞ: (3.12)

The present time tp where the evolution of the above

system stops is determined by demanding that

�matð0; tpÞ
�core

¼ �0m

1��0m

’ 0:37; (3.13)

where we have set �0m ¼ 0:27. It is now straightforward
to evolve the above cosmological system from the initial
time t0 to the present time tp. In the next subsection we

present the results of this evolution and the comparison
with observations. The key assumption in the interpretation
of these results is that the core size of the global monopole
constitutes a large part of the present Hubble scale as
discussed in the previous section.

B. Results

The only parameter that needs to be fixed in the
evolution of above system is the scale of symmetry break-
ing �. We have considered values of � in the range � 2
½7� 10�4; 0:6� with no significant change in the form of
the rescaled expansion rate profile at recent cosmological
times. The results presented here correspond to � ¼ 0:1
unless otherwise noted. The value of the coupling constant
� is fixed implicitly for each � by demanding that the
energy density at the monopole core is comparable to the
present matter density

�matð0; tpÞ ¼ 0:37�core ¼ 0:37

4
(3.14)

[see Eq. (3.13)].
In Fig. 1 we show the evolution of the scalar field profile

for � ¼ 0:1 and � ¼ 0:6 from the time t0 up to the present
time tp. As expected from Eq. (2.33), for � ¼ 0:1 the field

rolls down to its vacuum on a time scale less than H�1
0 .

This roll-down takes place at all comoving radii r and
manifests itself as a collapse of the scalar field profile in
comoving coordinates. For � ¼ 0:6 the effect is much
slower because for constant �core (as is the requirement is
our case) the exponent of Eq. (2.30) is written as

�ð�Þ � ��2

3H0

�t ¼ 4�core

3H0

�t

�2
� ��2 (3.15)

since in our case�t � tp � t0,H0 and �
core are fixed as we

vary �. Thus as we increase � by a factor of 6, the
exponent of Eq. (2.30) decreases by a factor of 36 and
the evolution of � gets suppressed. Indeed we have
checked that in our simulations the rescaled exponent of

Eq. (2.30)
tp�t0
Hp

varies with � as ��2 as expected from the

above arguments.
In Fig. 2 we show the evolution of the scale factors

Aðr; tÞ (upper panel) and Bðr; tÞ (lower panel) profile for
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� ¼ 0:1 and � ¼ 0:6 from the time t0 up to the present
time tp. Even though the evolution of the scalar field

changes significantly as we change � from � ¼ 0:1 to
� ¼ 0:6 (see Fig. 1) the corresponding evolution of the
scale factors around the present time tp is mildly modified.

This is due to the fact that as we decrease �, � has to
increase more rapidly so that the monopole core contribu-
tion to the energy density of the Universe at the present
time tp remains unchanged and comparable to the contri-

bution of the matter density. This rapid increase of � leads
to a decrease of the monopole core scale compared to the
Hubble scale. Thus, even though the expansion rate in the
monopole core at the present time is not affected by
the value of �, we cannot decrease � by many orders of
magnitude below � ¼ 0:1 since this would lead to a
monopole core scale that is much smaller than the
Hubble scale and therefore would have minor cosmologi-
cal implications. Thus it is hard to avoid the fine tuning
implied by Eqs. (2.36) and (2.37).

It is now straightforward to obtain the Hubble expansion
rate corresponding to each scale factor as a function of

redshift and of the comoving distance from the monopole
center. For example in the case of the scale factor Aðr; tÞwe
have

HAðr; zÞ ¼
_Aðr; tðr; zÞÞ
Aðr; tðr; zÞÞ ; (3.16)

where the function tðr; zÞ is obtained by solving numeri-
cally the equation Aðr; tÞ ¼ 1

1þz with respect to t.

The derived forms of the Hubble expansion rates
HAðr; zÞ, HBðr; zÞ are well fit by the �CDM form of
H�ðr; zÞ2 ¼ H2

0ð��ðrÞ þ ð1���ðrÞÞð1þ zÞ3Þ where

��ðrÞ interpolates smoothly between ��ð0Þ ¼ 0:73 and
��ðr � 1Þ ’ 0. This is demonstrated in Fig. 3 where we
show HAðr; zÞ=HAðr; 0Þ and HBðr; zÞ=HBðr; 0Þ for r ¼ 0,
r ¼ 0:5 and r ¼ 5 along with the corresponding
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FIG. 2 (color online). Evolution of the scale factors Aðr; tÞ and
Bðr; tÞ profile for � ¼ 0:1 (black lines) and � ¼ 0:6 (blue lines)
from the time t0 up to the present time tp. A mesh of dots is

superimposed to the curve corresponding to � ¼ 0:1, t ¼ tp to

distinguish it from the curve obtained for � ¼ 0:6, t ¼ tp. The

profiles shown correspond to t0 (dotted line), tp=3 (dot-dashed

line), 2tp=3 (dashed line), tp (solid line). Higher curves corre-

spond to more recent times. Notice that even though the evolu-
tion of the scalar field changes significantly as we change � from
� ¼ 0:1 to � ¼ 0:6 (see Fig. 1) the corresponding evolution of
the scale factors is only slightly changed. The (rescaled) region
of accelerated expansion is slightly smaller in the case of smaller
� as expected due to the more rapidly shrinking core seen in
Fig. 1.
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FIG. 1. Evolution of the scalar field profile for � ¼ 0:1 (top
panel) and � ¼ 0:6 (bottom panel) from the time t0 up to the
present time tp. The profiles shown correspond to t0 (dotted

line), tp=2 (dot-dashed line), 2tp=3 (dashed line), tp (solid line)

and the profile collapses as time increases. Notice that the
evolution gets much slower as we increase � because the
exponent of Eq. (2.30) decreases as ��2 for fixed monopole
core density.
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H�ðr; zÞ=H0 for �� ¼ 0:73 (thick, dashed line), for
�� ¼ 0 (dot-dashed line) and for the best fit �� corre-
sponding to r ¼ 0:5.

The profiles of ��ðrÞ that provide the best fit to
HAðr; zÞ=HAðr; 0Þ and to HBðr; zÞ=HBðr; 0Þ are shown in
Fig. 4. A similar profile forHBðr; zÞ=HBðr; 0Þ has been used
in Ref. [13] to derive detailed observational constraints for

inhomogeneous dark energy models. It was argued using
qualitative arguments that the expansion rate predicted by
topological quintessence could be well described by such a
profile. Our numerical analysis confirms this expectation
and also derives the precise form of this profile shown in
Fig. 4.
The isocurvature nature of the global monopole dark

energy inhomogeneity is demonstrated in Fig. 5 where we
show the evolution of the dark energy and matter density
profiles. The dark energy density profile is defined in
Eq. (2.8). Notice the anticorrelation between dark matter
and dark energy inhomogeneities which is expressed by the
development of matter underdensity in the monopole core
where dark energy is overdense. This nonlinear result
confirms the perturbative analysis of Ref. [20] where this
anticorrelation was also pointed out. The evolution of the
velocity of matter was also evaluated during the simulation
and was found to remain very close to 0 throughout the
evolution.
Using the derived forms of the Hubble expansion rates it

is now straightforward to obtain the luminosity distance
using HBðr; zÞ. This luminosity distance may be fit to the
Union2 data [21] and the value of �2ðrÞ=d:o:f: (�2 per
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FIG. 3. Ratios HAðr; zÞ=HAðr; 0Þ and HBðr; zÞ=HBðr; 0Þ for
r ¼ 0 (lower solid line), r ¼ 0:5 and r ¼ 5 (upper solid lines)
along with the correspondingH�ðr; zÞ=H0 for�� ¼ 0:73 (thick,
dashed line) and for�� ¼ 0 (dot-dashed line). Also included for
comparison H�ðr; zÞ=H0 for the best fit values of ��ðrÞ shown
in Fig. 4: ��ð0:5Þ ’ 0:27 (top panel) and ��ð0:5Þ ’ 0:54 (bot-
tom panel). We have set � ¼ 0:1.
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degree of freedom) may be evaluated as a function of r.
The predicted distance moduli curves (residual with re-
spect to �CDM best fit) for various values of r are shown
in Fig. 6 (top panel) superposed on the Union2 data. Notice
how the agreement deteriorates as r increases away from
the core r ’ 1 to the Einstein-de Sitter matter dominated
region. This is quantitatively expressed in Fig. 6 (bottom
panel) where we show the �2ðrÞ=d:o:f:which changes from
a value less than 1 close to the center to a value close to 2
away from the core. Thus a global monopole with a Hubble
scale core provides a good fit to the Union2 data. A
corresponding analysis of spherical inhomogeneous dark
energy, based on a toy model but taking into account the
detailed inhomogeneous structure of the dark energy pro-
file may be found in Ref. [13].

IV. CONCLUSION

We have introduced a simple new mechanism called
topological quintessence that constitutes a generic

generalization of �CDM. Instead of breaking time trans-
lation invariance of the cosmological constant which oc-
curs in most studied generalizations of �CDM (e.g. the
usual quintessence), topological quintessence involves
breaking space translation invariance of the cosmological
constant. This breaking is achieved via a recent low energy
phase transition which gives rise to topological defects
with Hubble scale core and energy density in the core
comparable to the present matter density.
We have studied in some detail the case of spherical

global defects (global monopoles) while our mechanism
can be easily generalized to different symmetries and
different field varieties. We have shown that for proper
values of field theory parameters shown in Eqs. (2.36) and
(2.37) topological quintessence is consistent with the
Union2 Type Ia supernovae data and predicts recent accel-
erating expansion on Hubble scales very similar to the one
predicted by �CDM. Because of the cosmologically large
scale of the dark energy inhomogeneity there is also no
breaking of the Copernican principle.
The recent nature of the phase transition involved in

topological quintessence allows for a matter era that is for
the most part indistinguishable from that of the standard
�CDM model. Therefore only the large scale low multi-
pole part of the CMB spectrum is expected to be modified.
A general study of such anticipated observational conse-
quences in this class of models may be found in Ref. [13].
In order to implement the general observational constraints
obtained in Ref. [13] to the particular case of topological
quintessence, we need to establish the correspondence
between the general parameters of Ref. [13] and the pa-
rameters of the topological quintessence models. This
correspondence may be summarized as follows:
(i) The size of the dark energy inhomogeneity r0 of

Ref. [13] should be identified with the scale of the

global monopole core 	 ’ ��1=2��1.
(ii) The normalized dark energy density in the center of

the inhomogeneity (�Xin of Ref. [13]) should be
identified with the normalized potential energy of

the global monopole center �core

�c
’ ��4

4�c
where �c is

the present critical density for flatness.
(iii) The distance robs of the observer from the center

has an identical meaning in both approaches.
The constraints on the parameters r0, �Xin and robs

obtained in Ref. [13] may be summarized as follows:
The Union2 SnIa data constrain r0, �Xin � 1��0m to
15 Gpc> r0 > 1:76 Gpc (the upper bound corresponds to
homogeneous �CDM) 0:8>�Xin > 0:54 at the 3� level
(Fig. 2 of Ref. [13]). The 3� range of r0 corresponds to
a range of the parameter 
 [defined above Eq. (2.34)] as
5>
> 0:6. Using the 3� range of the parameters �Xin

and robs [or equivalently �0m and 
 defined above
Eq. (2.34)] and Eqs. (2.36) and (2.37) we obtain the ob-
servationally determined 3� range of the model parameter
� and ��. We find at the 3� level
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FIG. 6 (color online). Top panel: Predicted distance moduli
curves (residual with respect to �CDM best fit) based on the
expansion rate for various values of r are shown in the left panel
superposed on the Union2 data. The distance moduli curves
correspond to r ¼ 0 [best fit to Union2; red (upper) line], r ¼
0:25, r ¼ 0:5, r ¼ 5 (worst fit corresponding to Einstein-
de Sitter matter dominated universe away from the monopole
core). Bottom panel: The quality of fit of the expansion rate
HBðr; zÞ to the Union2 data expressed through �2ðrÞ=d:o:f:. The
dashed line corresponds to �CDM in both panels.
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4� 10�117h2 > �> 1:1� 10�122h2 (4.1)

and

0:63> ��> 0:02: (4.2)

The value of robs is very weakly constrained by the SnIa
data and it can be close to the r0 (Fig. 6 of Ref. [13])
especially for large inhomogeneity scales r0 (4 Gpc or
larger). The value of robs is more severely constrained by
the smallness of the observed CMB dipole. For r0 up to
7 Gpc, robs is constrained to be less than 110 Mpc (Fig. 7 of
Ref. [13]) while the CMB dipole constraint on robs is
alleviated if the inhomogeneity reaches the distance to
the last scattering surface (r0 ’ 13 Gpc). An extended
study of these constraints as well as derivation of specific
observational signatures of topological quintessence is an
important next step but is beyond the scope of the present
study.

The following directions could lead to useful extensions
of the present project:

(i) A more detailed investigation of the above men-
tioned observational consequences and their relation
to CMB anomalies [2] and other puzzles [22] of the
standard �CDM model [1].

(ii) The consideration of multidefect configurations
could reveal interesting new effects and observatio-
nal signatures. Such signatures are expected to in-
clude Hubble scale velocity flows experienced by
off center observers, aligned low multipole CMB
moments in multidefect configurations, directional
variations of fundamental constants due to possible
coupling to the defect scalar field etc.

(iii) The application of our analysis to the case of non-
minimally coupled scalar field (extended topologi-
cal quintessence). In this case we anticipate a more
drastic reaction of the matter profile at the mono-
pole core.

(iv) The consideration of alternative topological defects
(a global string, a wall or a gauged defect). The
identification of distinct observational signatures
for each defect geometry constitutes an useful
probe of this class of models.

(v) Finally our numerical tools may also be used with
proper initial conditions to investigate the effect of

dark energy (minimally and nonminimally coupled)
on the profiles of bound matter structures like
clusters of galaxies. This analysis is currently in
progress.

V. NUMERICAL ANALYSIS FILES

The Mathematica files used to produce the figures of this
study may be downloaded from http://leandros.physic-
s.uoi.gr/topquint.

APPENDIX

In the presence of matter and far away from the mono-
pole core (r � 	), using Eq. (2.11) we find that the ap-
proximate form of the scale factors Aðr; tÞ and Bðr; tÞ
satisfy the equations:

3

2
3=2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 Bðr; tÞ

Bmat

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �1 Bðr; tÞ

Bmat

s

� sinh�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1 Bðr; tÞ

Bmat

s �
’ t

tmat

; (A1)

Aðr; tÞ ’ Bðr; tÞ; (A2)

where  � Beq

Bmat
, Beqðr; teqÞ is the scale factor at the time

when the density of matter is equal to the energy density of
the monopole (�matðteqÞ ¼ �monðteqÞ, Bðr; teqÞ � Beq) and

Bmat is the scale factor at an early time tmat when matter
dominates (tmat � teq). It is easy to check that the above

expression reduces to the anticipated forms in the matter
dominated (B � Beq) and in the monopole dominated

(B> Beq) eras. These expressions are of the form

Aðr; tÞ ’ Bðr; tÞ ’
�

t

tmat

�
2=3

; B � Beq; (A3)

Aðr; tÞ ’ Bðr; tÞ ’
ffiffiffiffiffiffiffiffiffiffiffiffi
8��2

3m2
Pl

s
t

r
; B � Beq; (A4)

where the rescaling of the scale factor in the monopole era
1ffiffi
3

p compared to Eq. (2.23) is due to the matching with the

preceding matter era.
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