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Anisotropic power-law inflation for the Dirac-Born-Infeld theory

Tuan Q. Do and W. F. Kao

Institute of Physics, Chiao Tung University, Hsin Chu, Taiwan
(Received 9 October 2011; published 28 December 2011)

We find a new set of the Bianchi type I power-law expanding solutions in a string-motivated Dirac-
Born-Infeld theory. Stability analysis shows that these power-law inflationary solutions remain stable with
or without the contribution of the Dirac-Born-Infeld effect. We also find a new set of Bianchi type I
expanding power-law solutions in a two scalar Dirac-Born-Infeld model with an additional phantom field.
It is shown that the inclusion of the phantom field turns the Bianchi type I power-law solutions unstable

during the inflationary phase.
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I. INTRODUCTION

An inflationary universe is a nice resolution to many
important phenomenona coded with cosmic microwave
background radiation that is consistent with the observa-
tions by the Wilkinson Microwave Anisotropy Probe [1,2].
Research interests have been pretty active in trying to
understand the physical origin of the highly isotropic uni-
verse. One of the most important predictions associated
with the inflation is the cosmic no-hair conjecture. This
conjecture claims that all classical hair should disappear
once the vacuum energy dominates. Note that the field
equations of the gravitational system with a cosmological
constant A can always be cast as

Guy —Tuy + Aguy =0, (1.1)
with the Einstein tensor G, representing the geometric
impact of the gravitational effect driven by the energy
momentum tensor 7', and the cosmological constant A.
Gibbons and Hawking [3] and Hawking and Moss [4]
claimed that all models with a positive cosmological con-
stant will approach a late time de Sitter space, which was
later named as the cosmic no-hair theorem for Einstein
gravity. Robert Wald [5] provided a partial proof of this
conjecture. It was shown in Ref. [5] that the universe will
eventually evolve towards the late time de Sitter spacetime,
at least locally, for all non-type-IX Bianchi spaces under
certain physical conditions:

(a) there is a positive cosmological constant coupled to

the system,

(b) the matter sources obey both the dominant energy

condition and the strong-energy condition (SEC).

Note that the dominant energy condition (strong-energy
condition) is defined by the inequality T,,t*t" =0
(T, — 38, T)t*t” = 0] for all timelike vectors * [5]
with T, and T denoting the energy momentum tensor and
its trace for all the fields coupled to the gravitational
system. It was also shown in Ref. [5] that the type IX
Bianchi space behaves similarly provided that A is suffi-
ciently large.
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Many known examples have been shown to support the
cosmic no-hair theorems under a number of different con-
straints on the field parameters [5—14]. Counterexamples
are, however, known to exist. These are examples that the
energy conditions do not hold exactly [15-17]. Many of
these solutions can be shown to be unstable [10,18-20].
Therefore, these results all appear to support the
Hawking’s no-hair conjecture. Consequently, it is very
important to examine all existing counterexamples to test
the validity of the no-hair conjecture.

Some of the studies focus on the effect of the higher
derivative corrections [21-52]. Recently, a new set of
anisotropic inflationary solutions seems to act as one
more counterexample to the no-hair conjecture [53-58].
It shows that, with a vector field coupled with the inflaton,
there could be a small anisotropic expansion in the Bianchi
type I (BI) space. This set of newly found anisotropic
inflation is also shown to be an attractor solution [59].

Analytic power-law solutions can also be found in a
model with an exponential scalar potential motivated by
supergravity theory [59]. In this approach, the anisotropic
hair seems to persist without the presence of a cosmologi-
cal constant. The one-scalar-field model studied in
Ref. [59] will be referred to as the Kanno-Soda-
Watanabe (KSW) model in this paper. In the hope that
the no-hair conjecture will prevail one way or the other, a
phantom field is introduced. The two-scalar-fields model
also admits a new set of power-law solutions. As a result,
we can show that the phantom field contribution does lead
the new set of solutions to collapse.

Note that the Dirac-Born-Infeld (DBI) model moti-
vated by string theory has attracted much attention lately
[60-69]. It is known that DBI inflation is driven by the
motion of a D3-brane in a warped throat region of a closed
and bounded internal space. In addition to a noncanonical
kinetic term, the effective action incorporates a potential
arising from the quantum interaction between D-branes. In
particular, one of the main reasons for the popularity of this
model is due to its large non-Gaussianity. Indeed, it was
shown that the DBI model has a strict lower bound on the
non-Gaussianity of the cosmic microwave background

© 2011 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.84.123009

TUAN Q. DO AND W.F. KAO

radiation power spectrum [60,61]. More discussions on this
subject can be found in Refs. [62-64,70-87].

Therefore, we would like to study the effect of the DBI
scalar field on the KSW model. A new set of power-law
solutions will be shown to exist shortly in this paper. To
investigate the stability of the obtained anisotropic power-
law inflation, we will extend the method proposed by
Ref. [65] for the stability analysis of the DBI field in the
isotropic universe. Stability analysis shows, however, that
this new set of solutions is still stable under the power-law
perturbations. In fact, we can extract the large-f effect of
the perturbation equations. The result shows that this set of
inflationary solutions remains stable even if the f term is
pretty large.

Therefore, we will turn our attention to the two-scalar-
fields DBI model with an additional phantom field coupled
to the system [88—90]. We will study the effect of this new
model on the stability of the BI space. Indeed, we will show
that a new set of power-law anisotropic expanding solu-
tions does exist in the BI space. A detailed stability analy-
sis will also be performed. The result shows that the
phantom field does lead to the collapse of this new set of
solutions as expected.

This paper will be organized as follows: (i) A brief
review of the motivation of this research has been given
in Sec. I, (ii) in Sec. II, a one-scalar-field DBI model will be
introduced and analyzed, (iii) anisotropic Bianchi type I
solutions will be solved in Sec. III, (iv) in Sec. IV, we will
show that this new set of inflationary solutions is a set of
attractor solutions and remains stable in the presence of the
DBI scalar field, (v) the two-scalar-fields DBI model will
be discussed in Sec. V. In particular, we will show that the
system is unstable in the inflationary phase when the
phantom field is introduced. (vi) Finally, concluding re-
marks will be given in Sec. VI. In addition, some detailed
calculations related to the two-scalar-fields model will be
presented in the Appendix.

II. DIRAC-BORN-INFELD MODEL

The action of the Dirac-Born-Infeld model ¢ [60-67]
we will be interested in is given by

S = jd“x@[%R —@(\/1 + f($)d, po"p — 1)

~ V)~ RADF | @

with F,, = d,A, — 9,A, the U(1) field tensor, and V(¢)
a non-negative potential arising from quantum interactions
between a D3-brane associated with ¢ and other D-branes
[65]. h(¢) is a scalar field potential coupled to the U(1)
field [59]. We have also set the Planck scale M, = 1 for
convenience. Note that the above DBI f-dependent model
will be equivalent to the one-scalar-field model
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S— SKSW = /d4x\/§[%R - %auq’)ﬁ"‘(ﬁ - V(¢)

1
-7 h2(¢)Fwa] 2.2)
when we take the limit f — 0. This one-scalar-field model
will be referred to as the KSW model [59] in this paper.
Similar to Ref. [59], we will also focus on the BI metric
given by

ds?> = —dr* + exp[2a(t) — 40(t)]dx?

+ exp2a(t) + 20(H)]|(dy* + dz?). (2.3)
In addition, the scalar field ¢ and the vector field A, will
be chosen as ¢ = ¢(r) and A, = (0, A,(1), 0, 0), respec-
tively, consistent with the Bianchi type I homogeneous
space.

The field equations of this model can be shown to be

3, [/=8(h*(p)Fr")] = 0, (2.4)
(_ 3d 05V uf(y+2)(y—1) ;, high )
- ,yz(lﬁ Y’ 2f  (y+ 1)y ¢ 293 F oy Fr,
2.5)

o) o)

V() + %hz(cﬁ)vaFpa] —WAS)F, FL=0.  (2.6)

Note that a new variable vy

1/41 — f(#)h? characterizing the motion of the brane
[65]. Tt is clear that y = 1 for non-negative f(¢) [65].

Equation (2.4) can be solved directly to give the solution
of the gauge field as

A (1) = h2(p)exp[—a — 40]p,,

is defined as vy =

2.7

with p, a constant of integration. As a result, the scalar
field equation (2.5) can be shown to be

L 3a . agV agf (y+2y—1) .,
p=—F¢b—-—F5 -
Y y 2f  (y+ 1y
h=30 4k
+ 2
Y

exp[—4a — 4o]p3. (2.8)

In addition, the metric equation (2.6) reduces to the follow-
ing component field equations:

) ] 1 ,y2 . 1 _
a2=02+§[ﬁ¢2+v(¢)+§h Zexp[_4a_40]p124]’

(2.9)
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_ —3a2+[7(7 1)

Y V@]

1
+ ghfz expl—4a — 40]p3, (2.10)
& = —3da o +ih 2 exp[—4a — 4o]p3. (2.11)
Note that we have used the identity
2

vy —1
f= : (2.12)

Yl

in deriving the above equations. Note again that these
equations will agree with the field equations of the con-
ventional scalar field KSW model discussed in [59] once
we take the limit y — 1.

III. ANISOTROPIC POWER-LAW SOLUTIONS

We will focus on the model with the exponential scalar
potential of the following form:

V(¢) = Voexp[Ad] (3.1
The gauge kinetic potentials will also be chosen as

h(¢) = hoexplpd] (3.2)

f(@) = foexplre] (3.3)

Here we have chosen constants Vj, hy, fo, p, A, and 7
carrying the boundary information of these potentials.

Note that the DBI theory motivated by string theory has
been studied in Refs. [60—-64]. In such a theory, inflation
can be shown to be driven by the motion of a D3-brane in a
warped throat domain of closed and bounded internal
space. In particular, f(p) is the inverse of the D3-brane
tension with geometrical information about the throat in
the internal space [60—65]. The coupled potentials can be
of many different forms. In particular, exponential poten-
tials f(¢) and V(¢) given in Egs. (3.1) and (3.3) have been
studied in detail in Ref. [65] for their effect on the evolu-
tion of the flat Friedmann-Robertson-Walker space. The
other forms of potential such as f(¢) = v|¢| 7 and
V(¢p) = o|$|? have also been discussed in [65] too. The
case where f(¢) = constant has also been analyzed in
Ref. [69].

We will try to find a set of solutions following the ansatz
given by [59]:

a = {log(1); ¢ = &log(t) + .

For the latter’s convenience, we will also introduce the
following new parameters:

u = Vyexp[Adyl

o = nlog(1); (3.4
(3.5)

v = PAho Zexp[—2p o], (3.6)
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k = foexplTeol (3.7)

It is clear that u, v are positive constants. As a result, y can
be shown to be

1
Y=
V1 — Ekt7e72

Note that -y becomes a constant if 7& = 2. We will set this
constant as 7y, such that

(3.8)

|7l
VENT e (3.9)
Apparently, 7> > 4« is required for the existence of such
solutions. This inequality implies that 72 > 4f, exp[7¢,]
which could be realized if f, << 1. Hence we will focus on
the solutions with 7& = 2 from now on. Note that vy > 1,
serving as the Lorentz factor, characterizes the motion of
the brane. A constant y implies a constant velocity of the
D3-brane in the throat domain.
The field equations (2.8), (2.9), (2.10), and (2.11) can be
reduced to the following equations,

_§+ﬁ+ﬂ+(70+z)(70_1)§_ﬁ:0 (3.10)
Y % (o + Do vy
. WE u v
9t + 30y + 1)+3+6 0, (3.11)

B ,_ Yol —DE v
¢+3¢ B u— 0, (3.12)

v
—77+3§n—§= ) (3.13)

along with the following constraint equations that make all
terms in the field equations have the same power in time:

pE+20+2m =1, (3.14)

(3.15)

Equation (3.15) and 7¢ = 2 imply that 7 = —A <0.
Recall that y > 1, serving as the Lorentz factor, charac-
terizes the motion of the brane. A constant y implies a
constant velocity of the D3-brane in the throat domain. We
have shown that the condition y = constant leads naturally
to the relation 7 = — A. This has to do with the fact that the
power-law solution of the form shown above, requiring
each term in the field equations to have the same power in
time, exists only when this condition is met. We will also
show again, in Sec. IV, that this set of power-law solutions
is also the fixed point solution of this system under the
choice y = constant, or equivalently 7 = —A. Therefore
this model appears to be the only interesting model with
possible fixed point solutions from a dynamical view.
Hence we will focus on the model with 7 = — A only [65].
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In addition, the choice 7= —A, or equivalently
f(d)V(ep) = foVy = constant, gives a DBI term of the
following form:

1
W f(@du9m6 = 1)

(149, xo*x)/? = 1] (3.16)

4
— /\27/\/2[
with y = 2./f;exp[—A¢/2]/A. Therefore, the parameter
T = —A represents the strength of coupling shown
above. Indeed, if we rewrite the potential V(¢) as V(¢) =
4£,Vy/(Ax)?, as a result, the scalar part of the Lagrangian
becomes

1
Ty WL f(@0,804 = 1) + V(@)

4
= )‘2/\/2 [(1 + a,u/\/a'u/\/)l/z -1+ foV()]. (3.17)

Therefore, the contribution of the effective scalar action
becomes negligible when A — oco. This is consistent with
the result of looking at the behavior of V(¢) in the limit
A — oo, Indeed, V will be very large when ¢ > 0 in this
limit. Note that ¢ tends to decrease under the influence of
the exponential potential with positive A. As a result, once
¢ crosses over the zero point, V will become extremely
small and negligible. Therefore, the scalar field will appear
to be a free field once ¢ < 0.
Note that Eq. (3.14) can be written as

Ly
1;—2 {~I—A. (3.18)
Hence we can solve Eq. (3.13) as
v — — 33¢ — D2 — DA —2p] (3.19)

2A

with the help of Eq. (3.18). In addition, the constant u can
be solved as

_262-2%
Pyo+ 1)
_3[6pAL* — (6p* + 5pA + 4 + p(A + 2p)]y
20%(yg + 1)
~3p(3¢ — DI2L — DA — 2p)]
20 D , (3.20)

with the help of Egs. (3.10), (3.18), and (3.19). As a result,
{ can be shown to obey the following equation:

6A(A +2p)% — (A2 + 8pA + 12p2 + 8y, = 0.
(3.21)

Other than a trivial solution { = 0, there is another non-
trivial solution
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A2+ 8pA + 12p% + 8y

¢ OAA T 2p)

(3.22)

Finally, 1, u, and v can now be written as functions of the
parameters p, A, and y:

_ X +2ph— 4y,

AN+ 2p) (3.23)
_ 29y — 1D
w= gy~ LS (3.24)

(A2 4+ 2pA — 4yg)(— A2 + 4pA + 12p% + 8y,)
v= ,
2A%(A + 2p)?
(3.25)
with
_ (pA+2p +2y0)(=A* + 4pA + 12p° + 8y,)
202X + 2p)? '

Ug

(3.26)

If the solutions we are looking for represent expanding
solutions, both { + n and { — 27 have to be positive. It is
easy to see that { + n = 1/2 + p/A > 0 implies that

XA+ 2p) > 0. (3.27)

Hence we will assume that both A and p are positive

constants. For { — 27 to be positive,

_)\2 + 4p2 + 870
2M(A + 2p)

[—2n= >0 (3.28)

implies that

4p% + 8y, > A2 (3.29)

As a result, —A% +4pA + 12p% + 8y, > 0 is ensured.
Therefore, the constraint v >0 implies the following
constraint:

22+ 2pA > 4y, (3.30)

By defining E = p/A and F = v,/(A* + 2Ap), we can
write the constraints in a more compact form:

2E+1>2E+8F —1>0. (3.31)

Note that u is always positive under the above constraints.
The constraint u >0 implies, however, the following
constraint:

2y0(yo — 1)
(Yo + 1)

In summary, the field parameters p, A, 7y, are required to
obey three inequalities shown above in Egs. (3.31) and
(3.32). In addition, inflationary solutions will require that
p > A

We can also define the average slow-roll parameter
given by [59]

U\ > (3.32)
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H 6A(A + 2p)
H?> A2+ 8pA+12p>+ 8y,

(3.33)

e = —

and the anisotropy defined as

j 2(A%2 +2pr—4
2_o_ 2N H2pddy) 5y,
H & A +8pA+12p~ + 8y

The relation between the average slow-roll parameter and
the anisotropy is hence given by
S 1

Z =_]g,

3 (3.35)

with

4y,

[=3p=1-—2"7__
37 AL+ 2p)

(3.36)
Note that the inequality (3.30) leads us to the constraint
0 <1 < 1. Therefore, it is clear that the anisotropy will
have to be small for all inflationary solutions.

Moreover, the power-law solutions we found will drive
the gauge field to grow according to A, o ¢~ ({41208 o
*¢72. As aresult, the gauge field grows very fast during the
inflationary phase. Therefore the F 2=F M,,F ¥ term in the
field equation (2.6) grows as ¢ *¢ ™7~ In fact, this is
exactly the special feature of the anisotropically expanding
power-law solution [59]. It keeps the evolution of anisot-
ropy, characterized by ¢ in Eq. (2.11), from decaying to
nothing. Indeed, the power-law solutions we found require
each single term in Eq. (2.11) to grow as 1/7>. The last term
in Eq. (2.11) is derived from the 4% F? coupling in Eq. (2.6).
Therefore, the F? term has to explode when /h%(¢) tends to
zero even faster. As a result, the F2 term can successfully
compensate the decreasing rate of the contribution from the
h? term. Nonetheless, we can only observe the effect of the
gauge field through the complete coupling 4% F?. Indeed, we
can only observe exp[A¢]F ,, instead of F,, directly.

In fact, Eq. (2.10) can be interpreted as the total energy
shared by the anisotropy (o), the scalar field (¢), and the
scalar-vector coupling (h>F?), which together drive the
expansion of the universe characterized by &?. According
to Eq. (2.11), the growth of the anisotropy (J) can be
interpreted as being driven by the nonvanishing contribu-
tion from the h2F? term. Indeed, it is easy to see that the
trivial solution ¢ = 0 does not exist in the presence of the
nonvanishing coupling #%F?. In short, the coupled scalar
potential i(¢) plays a very unique role in the evolution of
the anisotropy that attracts our attention.

IV. STABILITY ANALYSIS OF
THE EXPANDING SOLUTIONS

A. Dynamical equations

The field equations (2.8), (2.10), and (2.11) can be
recombined and cast as a set of a dynamical system with
autonomous equations of the following form:
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X 72 y?
—=(X+D+ X[S(X2 -1+ —A], .1
da 3 2y
dYy I [ Y? ] .
—=PAN3X* =D+ ———— |+3(X* =Y
da VA ) $(F+1) (
54 o 2
+[7M+§]Y_+[Zw3(ﬁ+p)]zz,
y+1 Y12 3 2
(4.2)

dz Y? 72
—=Z[3(X2— D+—=+=—-2X—pY+ 1], (4.3)
da 29 3

2 dy
Y? da
2 Y 72
—Z|3X*P -1+ —+=+3|} @4
Y[( AT ]} 9

dy _ (- ?Z)Y{
da 2%

with an e-folding number as the new time coordinate da =
adt [59,65]. Here we have defined the following dimen-
sionless variables:

s
a. b

ng; Y = Z=h(¢)exp[—a+20’]—7,7;
& @

“Zexp[—a — 40]p,. 4.5)

wm=h
We have also defined 9 = 1/ for convenience. Note that
Egs. (4.3) and (4.4) are in fact constraint equations repre-
senting the dynamics of the potentials h(¢) and f(¢)
[59,65]. We have totally three field variables: «, o, and
¢. There should be totally three independent field equa-
tions for the system. After we parametrize these field
variables as dimensionless variables, X, Y, and Z, the
second order field equations (2.8), (2.10), and (2.11) reduce
to a set of first order differential equations. Moreover, ¥
can be regarded as an auxiliary field representing the
constraint on y. As a result, Eq. (4.4) can be regarded as
a constraint equation. We will be looking for consistent
fixed point solutions for the system. Recall that we have
already shown in Sec. III that the choice 7 = — A is in fact
equivalent to the choice y = constant. Therefore, we are
naturally led to add (4.4) as an additional dynamical equa-
tion. The condition will then emerge naturally as the fixed
point equation requiring d%/da = 0.

In addition to the above set of field equations, we also
have the Hamiltonian constraint derived from Eq. (2.9):

Y2 z_ V()

33X -+ —+= .
( ) yy+1) 2 a®

(4.6)

At the fixed points where dX/da = dY/da = dZ/da =
dy/da = 0, Egs. (4.1) and (4.3) can be rearranged as

7> =3X(1 — 2X) — 3pXY, 4.7)

123009-5



TUAN Q. DO AND W.F. KAO

2

2 Y 1,
3(X* =) +—==2X+pY—-1—=-Z7~ (4.8)
2y 3

As a result, the fixed point equation derived from Eq. (4.4)
implies that

4
Y = (X +1).
T—2p

4.9)

Here we have ignored all trivial solutions such as y = 1,
X=0,Y =0, and Z = 0 since we are looking for non-
trivial solutions. We can eliminate Y and Z from Eq. (4.8)
and find that the equation of X becomes a linear equation if
X + 1 # 0. As aresult, X can be solved directly to give

_ 2[y7(r — 2p) — 4]
(72 —81p + 12p2) + 8

(4.10)

Hence we can obtain the fixed point solutions to Y and Z:

_ 129(r — 2p)
(2 — 81p + 12p2) + 8’

4.11)

_ 18[97(r — 2p) — 4][#(—7%> — 471p + 12p?) + 8]
[$(72 — 87p + 12p?) + 8]

ZZ
(4.12)

The fixed point equation dY/da =0 derived from
Eq. (4.2) therefore gives us the following algebraic con-
straint on the field parameters:

3 2 _ y? Zz] -

A+ 7)Y [3(X 1) + EEEY + 5 0. (4.13)
The A-independent combination in the above equation is
nothing but V(¢)/&? from the Hamiltonian constraint (4.6)
. V(¢) will not vanish for all ¢p. Hence 7 = — A is the only
fixed point solution to the dynamical system (4.1), (4.2),
(4.3), (4.4), (4.5), and (4.6).

This is a very unique property of the DBI theory with an
exponential potential adopted in this paper and also in
Ref. [65]. For these models of interest, the only way to
admit a stable fixed point solution is to set 7 = — A. Recall
that we derive this condition because this is the only way
that each single term in the field equations will have the
same order in time for the power-law solutions.
Alternatively, we can also derive this condition from solv-
ing the fixed point solution in the dynamical approach. In
fact, the dynamical approach reveals enriched information
concerning the dynamical details of the system.

As a result, we have a set of fixed point solutions for
T=—A\

¥ — 2[YAA + 2p) — 4]
F(A2 + 8Ap + 12p2) + 8’

(4.14)

129(A + 2
Y=——— 7 mz , (4.15)
P(A* 4+ 8Ap + 12p%) + 8
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. 18[FA(A + 2p) — 4][ (=A% + 4Ap + 12p?) + 8]
[§(A% + 8Ap + 12p?) + 8T

(4.16)

Indeed, this set of fixed point solutions is exactly the set of
power-law solutions we have presented in Sec. III.

In addition, we can also show that this set of fixed point
solutions is an attractor solution to the dynamical equation
given above. Indeed, the stability of the dynamical system
can also be solved analytically in the inflationary phase
where p/A > 1 or equivalently / —2% > 1 and ¢ +
1 > 1. Consequently, it can be shown that X =~ A/(3p) <
1,Y=—-2/p < 1,and Z?> ~3\/p < 1 during the infla-
tionary phase. As a result, we can perturb the dynamical
equations around the anisotropic fixed points (X, Y, Z) and
obtain the following perturbation equations:

dox —30X, 4.17)
da
ar —3928Y + 2933ApdZ, (4.18)
a
doz —/3Ap8Y — 26Z. (4.19)
da
Setting the perturbation as [59,65]
60X o« expldal, 8Y x exploa],
8Z x exploa], 89 x exploal, (4.20)

the following eigenvalues @ can be easily solved: @; = 0,
@, = —3, and

2+3WiJ@+3VV—MVﬂ+Ap%<O
5 =0.

A

W34 = —

“4.21)

Therefore, all modes are apparently stable modes. As a
result, we can show that the fixed points we found are
attractor solutions. In particular, the numerical result
shown in Fig. 1 also shows clearly that the fixed point
solution is indeed an attractor solution.

B. Power-law perturbations

We can show directly from the dynamical equation given
above that the fixed point solutions are stable solutions
following the method presented in Refs. [59,65]. The proof
will not be easy once we introduce an additional phantom
field later in Sec. V. Indeed, the perturbation method can
only predict whether a solution is stable or not near the fixed
point. It will not predict whether such a solution is an
attractor solution or not. The perturbation method can,
however, still be very helpful if we only want to know
whether a fixed point is unstable. In such cases, the pertur-
bation method turns out to be a very convenient method. In
order to study the stability of this set of expanding solutions
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z
0.10
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FIG. 1 (color online). The phase flow in the phase space span
by X, Y, Z depicted for A = 0.1, p = 50, and y = 1.5 indicates
that the trajectories converge to the anisotropic fixed point.

near the fixed point and compare it with a more complicated
system involving additional phantom field coupling, we will
consider the power-law perturbations of the following
fields: da = A, 1", S0 = A, t", 6¢ = Ayt" [91]. In par-
ticular, 6y can be shown to be

2
Sy = —=ky{(1 + n)Ayr". (4.22)

A

Note that the parameter k can be written as a function of vy
following Eq. (3.9):

(v — DA°
K = — 2 -
4vs

Consequently, we can show that the perturbation of y
becomes

(4.23)

1+n
oy = ( 5 )yo(l - y%)AA¢t". (4.24)
In addition, we will also define the following parameters for

convenience:

(vo — D@2y + 1))\

LN cvay | 22

v, — - Yo(¥o —21(1507(1 +1 )270 - 1) N 426)
Y, = M)\, form=—2,-3, (427
= 7”?;:0!1)1). (4.29)

With the help of these parameters we can show that the
perturbation of Egs. (2.8), (2.10), and (2.11) can be
written as

PHYSICAL REVIEW D 84, 123009 (2011)

A“Aa + A]on. + A13A¢ = 0, (430)
A21Aa + A22A0. + A23A¢ = 0, (431)
A31Aa + A32A0. + A33A¢ = O, (432)

6vo’n _, _
Ay = ( o 4703pv>; A = —4y pu;

2Y 6
Az = {—n2 + [1 —2M + _,\1 =3 Yl
2Y, 6
+ Y_3(_)\u + pv)]n + T] + XY_zg

=75 (Vu+2p%v) + Y_3(—Au + pv)}; (4.33)

2 2
A21 == —[n2 + (6§ - 1)1’! + ?U], A22 = — ?v,
2Nn 2Y27’l pv 2Y2>
Aye = (N1 _ PP, 434
23 ( /\ e ut = (4.34)

4v 2 4v
Ay = —(?mn +—); Az = —[n +(3{—Dn +?j|;

3
2

Ay =— %. (4.35)
These equations can hence be written as a matrix equation,

Aa A 11 A 12 A13 Aa
Dl As | =] An Ap Ap || As | =0, (436)

Ay Azl Axn As Ay

As a result, a nontrivial solution exists only when

detD = 0. (4.37)

It is straightforward to show that this determinant equation
gives a degree 6 polynomial equation of n of the following
form:

n(—n>+...+a)=0. (4.38)

In addition, it is also straightforward to show that the
coefficient a; is

a; = —2v(y 3N 2u + Y_3hu — Y_3pv — 6Y_,A7 ¢
SOV AL — = 1) — dygdulu + 2Y5070)

X[(BL =3n = DpA =2yl
(4.39)
Therefore, the necessary condition for the existence of a
nontrivial solution 7 is that n has to obey the following
equation:

f(n) = n® —asn* — ayn® — azn®* —a,n + by =0

(4.40)

with bl = —a and
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VoA
v

Note again that a; reduces to the coefficient ¢; in the
stability equation of the KSW model when we take the
limit yy = 1 [91]. It is known that the polynomial equation
f(n) = 0 will have at least one positive root if b; < 0. On
the contrary, if b; = 0, the property of the roots to the
equation f(n) = 0 is comparably difficult to predict with-
out the highly complex analysis of the coefficients a,, as,
ay, and as.

Furthermore, if the expanding solutions represent infla-
tionary solutions, it will require that  — 2% > 1 and { +
n >> 1. In particular,  + 1 > 1 implies that

p> A (4.42)
In addition, the parameters ¢, u,, and v behave as
p
{zx, =§, uy =322, v=3, (443)

in the inflationary phase. Note that { =~ p/A + 1/6 with
1/6 much smaller as compared to p/A >> 1. Therefore the
small factor 1/6 is omitted in the above approximation. In
addition, n = 1/3 really means that = O(1). The DBI
term is considered as the leading correction to the KSW
scalar field model. Therefore, vy is expected to be close to
the limit v = 1. Hence we will assume that 7y, is of the
order of 1, y, = O(1), as compared to the scaling factor
{ = p/A. For simplicity, we will also assume A is also of
the order of 1, A = O(1). As a result, we can examine the
approximated behavior of the coefficient b; during the
inflationary phase:
332
YA b~ 604 3[6¢ + 5]

v

(4.44)

It is apparent that »; > 0 during the inflationary phase
unless 7y, is extremely large. However, y, cannot be too
large because of the constraint v > 0. This constraint
implies that A> + 2pA > 4y, following Eq. (3.30). In or-
der to extract the contribution of the vy, terms, we can
assume that y, = pA. If y,/A? is of the same order as the
term p/vyy, v will pick up another correction: v = 3/ —
60/ A>. Therefore, by counting powers of y,/A” and p/A,
the leading order terms that are large in the vy, contribution
can be shown to come from those terms that are propor-
tional to (7% — 1). Therefore, the DBI effect can be ex-
tracted by collecting all the dominating terms that are
proportional to y3 — 1in b;.

It is then quite straightforward to show that the domi-
nating effect of the large 7y, is in fact positive definite:

332
YA — 1843p2 > 0.
v

(4.45)
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2
by = {2070 + 303 = D W2y — (paw + 4y0) + S JJi50 — m - 100

+ 4[A%uy — yo(yvd — DIBL =31 — D)pA — 2]

(4.41)

Therefore, the 7y contribution will not affect the positivity
of the coefficient b,. As a result, the inflationary power-law
solutions in the BI space appear to be stable for the DBI
model. Hence, we will turn our attention to the effect of an
additional scalar field on the stability property of similar
power-law expanding solutions in Bianchi type I space.
Fortunately, we can also find a new set of power-law
solutions for the two-scalar-fields DBI model.

V. THE TWO-SCALAR-FIELDS DBI MODEL

A. The model

The action of the two-scalar-fields DBI model [59-67]
mentioned earlier is given by the following action:

(. —[R_ 1
s= =35 i)
=L,y = Vi)~ Vo) — (S, w)F,wFW].

5.1

W1+ (), pord—1)

Here i is either a canonical or phantom field depending on
the sign of w. Field equations of the action (5.1) can be
shown to be

d =g Fr)] =0, (5.2)
) 3H . 94V duf (y+2)(y—1)
b=—"gd— Lt - TR g2
Y Y 2f  (y+ Dy
ha gh »
—2—y3FWF , (5.3)
. . 0,V, hdyh
§=-3H)—L2-'"F, Fm, (5.4)
w 2w

1
(R/U/ - ERg,uv) - 78M¢6V¢ - wa,ul!’avl//

o 1/1

~|—§g/“,6 l!/f),,l,l/-i-gl“,[?(;—l)%-vl-l-Vz
h2 2 Y

+ ZFP"FM] — 12F, F] =0, (5.5)

Similarly, we will consider the exponential potentials,

Vi(¢) = Vo exp[A, ], (5.6)
Va(ih) = Vg explhaif] (5.7)

and the exponential gauge kinetic functions,
h(¢, i) = hyexplp,dlexplpr ] (5.8)
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f(¢) = foexplre], (5.9

with Vy;, hg, fo, pi» A;; T as constants specified by the
corresponding boundary values. Note that Eq. (5.2) can

still be solved to give
A (t) = h2exp[—a — 40]p,, (5.10)

with p4 a constant of integration. We will be looking for
power-law solutions of the following forms [59]:

a = {log(1); o = nlog(1);
¢ = & log(t) + bo; b = & log(t) + .

For convenience, we will also introduce the following new
variables:

(5.11)
uy = Vo exp[A; o, (5.12)

(5.13)
|

uy = Vopexp[ A, 4],

PHYSICAL REVIEW D 84, 123009 (2011)

o = pihy?expl—2p1do — 2p2b0) (5.14)

k = foexplTol (5.15)
Note that u; and v are all positive parameters. We can show
that (see the Appendix for details) y is a constant when
Té‘:l =2:

-
Y= 70=L- (5.16)

7 — 4k
Similar to the discussion in the previous section, we will
also focus on the special case that 7&; = 2. With the ansatz
given by Eq. (5.11), the whole set of the field equations
(A1)—(AS) can be solved to give the following solutions
given by the parameters

_ 4y + Ap)(2A1 A + 3410y + 3M501) + ATAS + 8(wAT + yoA)

5.17
¢ 62 oM Ay + 20,01 + 2A0p1) G-
_ MM Ay + 241 py + 20:p1) — 4HwAT + yoA3) (5.18)
30N + 24 p, +245p) ’ .
2 -1
= g — 7"(7’7‘)2) (5.19)
(yo + DA}
b — Q X [A(Aaps + 2p3 + 20) + 24 A3p1py + @A py — Yorapr)] (5.20)
’ 201 (A Ay + 241 py + 24p1) ’ '
5= Q X [A 040 + 2415 + 20,p1) — HwAT + yoA3)] (5.21)
2[A1A2(A A5 + 21 py + 2250 F ' .
with
g = Q X[A3(A1p1 + 2p7 + 270) + 241 02p1p2 — HwA1py — YoAaps)] (5.22)
’ 2 A (A A + 241 py + 200p1) P ’ '
Q =402 + Lop) (N A2 + 34105 + 340p) — ATAS + 8(wA] + ¥A3). (5.23)
|
t It can then be shown that {+ 1 =1/2+ (A;p, + 2v0(vo — 1) 506
Aap1)/(A1Ay) is always positive for positive A; and p;. “o (yo + DAZ (5.26)
Therefore, we can also show that !
2 _ 3252 2 2
{—2n= Ahps + Aap1)” = M3 + B(@AY F yod)) Note that u, is always positive if @ = —1. Hence, for
22X (A2 + 24, py + 24,p1) convenience, we will focus on the case that w = —1;

(5.24)

Consequently, the constraint of the expanding solutions
with ¢ — 271 > 0 implies that

4(A1py + Ap1)? — AN+ 8(wA? + ypA3) > 0. (5.25)

In addition, ) > 0 if the inequality (5.25) holds. Moreover,
u; > 0 implies that

namely, ¢ will be assumed to be a phantom field from
now on. In addition, the positivity of the parameters u, and
¥ implies two more constraints:

A (Apy +2p3 + 20) + 20 1,01 02

+ 4(wAip; — Yorap2) >0, (5.27)
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)\1)\2(/\1/\2 + 2)\1[)2 + 2/\2,01) - 4(0))\% + '}/0/\%) > 0.
(5.28)

Similarly to earlier results, we can also write the inequal-
ities (5.25) and (5.28) in a more comprehensive form as

2E+1>2E—-8F —1>0, (5.29)
by defining the following parameters:
- +
B= Aips )‘Zpl,
Aty
- A2+ yoA3 1
F= DA T Yo . (5.30)

—_ > —_
A A (A Ay +2A1p, + Aypy) 4

In summary, we have totally four independent inequalities
to be observed: (5.26) and (5.27), if the power-law solu-
tions we found are to represent expanding solutions in the
BI space.

B. Stability analysis of the expanding solutions

In order to study the stability of this set of expanding
solutions, we will consider the power-law perturbations of
the following fields: da = B,t", 00 = B,1", §¢ = B,t",
oY = By 1" [91]. Similarly, 6y can also be shown to be

1+n
Sy = ( 5 )yo(l — YA Byt (5.31)

Note that we are trying to show that this new set of
solutions is composed of unstable solutions; therefore
power-law perturbation will be shown to be good enough
for this task. Moreover, the perturbation equations of
Egs. (A1), (A2), (A4), and (A5) also form a set of algebraic
equations that can be written as a matrix equation:

B, By By Byz Biy'| [ Ba

- | B By, By, Bz B B

Hl Bo | =| P P2 B B =0 32
By, B3y By, By Biy || By
By By By Byz By 1\By

6y, °n 4 .
Bn:( 0 _4703,01”); 312:_4703,011);

2Y 6
B3 = {—n2 + [1 —2M + —Al —3 Yl
1 1
2y, 6
+ Y_3(_A1M1 + plﬁ)]n + /\—1 + /\_Y—2§
1 1

= v5 (Aluy +2p30) + Y_3(—Au; + Plﬁ)};

By = —2y,°p1p2; (5.33)

PHYSICAL REVIEW D 84, 123009 (2011)

6n - - -
BZI =</\—2+4p2‘l)), 322=4P2U; B23=_2p1p2v;

Byy=—[n*+ (3¢~ Dn— Mu, —2p}]; (5.34)
20 20
B31 = —[n2 + (6{ - l)n + ?U], B32 - _?v’
2Nn 2Y 2Y.
333 = —(—n — —;n - )\lul + M - _22)’
Ay Al 3 A
B3y = Auy — p3iv; (5.35)

49 4%

2p2ﬁ
By=-"1", B,=-""2
43 3 44 3

(5.36)

Note that we have used the same notations for Y,,, M, and
N as defined in Eqs. (4.25), (4.26), (4.27), (4.28), and (4.29)
except that A is replaced by A; in this section for the two-
scalar-fields model.

Since nontrivial solutions exist only when

detD = 0, (5.37)

it is straightforward to show that this determinant equation
gives a degree 8 polynomial equation of 7 in the following
form:

nn”+...+¢c)=0, (5.38)
with

The parameters K; are defined, respectively, as

2 o~ )‘%ul -
Kl == _2/\21421} 3 + /\1Y,3M1 - plY,:;'U
Yo
Y_ Y
_ e 2l _ 2—1>, (5.40)
Ay Ay
-1 5~
K, = _4/\21421’{?[/\1()\1!72 + Apiuy + 4pipor]
0
Y ol .
- P2[6 /\? — Y 3(Auy — .011’)]
2 (A p )}
+—(—==Y, — p Y, )}, 5.41
X <)\1 7 » — p2Y) (5.41)
_ 1 u A -
K3 = 8”2”{_—2[(/\% - Vo)l%)—l - 4—2P1P2U]
Yo Yo Ay
- Y,
— Y 3(Auy — pi9) + 6/\—5
1
+2<)‘%Y+Y>} (5.42)
/\1 ‘y(z))t% 2 11t .
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From the definitions of the parameters Y,,, M, and N
defined by Eqgs. (4.25), (4.26), (4.27), (4.28), and (4.29),
we can rewrite K|, K,, and K3 explicitly as functions of the
parameters A; and p;:

/\uv
K1= 2

{(3 — 1Ay —3(y2 = DAy py 5 +4y0l]
0
(yo— DQ2yo+ 1)7%}

Yo+ 1 ’

+4

(5.43)

K, = 4)\2u2v

v {()\1/02 + Aap)Ajuy + 4pipyd
0

3 -
+ 5(7(2) = Dpo[ Xy (Ayuy — py9) —

~(yo — D7} [(vo + 2y — 1) A
Yot 1 Yo )\1

4y{]

=22y, + I)Pz]}y (5.44)

4
Ky = uzv {3(
7

0

— Dl4yod — Li(Auy — p9)]

+ 2[ I/tl + ')/O)\2</\2M1 + 4-)l pzv)]

20y — D}

W[Z(Z‘}’o DA? + (v3 + 2y — 1)/\2]}
(5.45)

Furthermore, if the expanding solutions represent infla-
tionary solutions, they will require that { — 2% > 1 and

{ + m> 1. Firstof all, { + » > 1 implies that
)\]pz + /\zpl > )l]/\z. (546)

As a result, the parameters ¢, 7, i, i,, U can be shown to
behave as

P11, P2 1 -
2——"-—’ =, /\ 23 »
{ PN n=3 1y =3pi{
Ay = 3p5 ¢, U=~ 3/, (5.47)

during the inflationary phase. In addition, when v, is close
to 1, we can extract the leading order contribution of K,
K,, and K; as

Ky = =2Au,5A%u; <0,
K> = —40u,0[(A1p3 + Aap1)Auy + 4pip,0] <O,

[l

K3 = 8”25[(70/\% — ADuy + 4702—?/01/’217]- (5.48)
During the inflationary phase, K| and K, terms will dictate
the sign of the coefficient c;. Therefore, it is clear that c; is
negative during the inflationary phase under the condition
A1pa + Ayp; > A A, As a result, the power-law pertur-
bation admits at least a positive mode with n > 0. Hence,

PHYSICAL REVIEW D 84, 123009 (2011)

the power-law solutions become unstable consistent with
the no-hair conjecture [3-5]. Note again that the result
shown in this section reduces to the result shown in
Ref. [91] in the limit vy — 1.

Similar to the arguments of the large-vy, effect, we
wish to know the impact of the vy, terms in c¢;. 7y, can
not be too large because of the constraint © > 0. This
constraint implies that A;Ay(A;A, + 2400 +2A5p)) +
4A% > 4,23 following the constraint Eq. (A25). In order
to extract the contribution of the vy, terms, we can assume
that yo/A} =~ ¢ =p,;/A, + py/A,. For convenience, we
will define ¥ = yo/A, p1 = pi/A1, P2 = pa/As, and
P = pi1/A + pa/Ay. We will also assume that they are
all of the same order, i.e., ¥ =~ p =~ p; = p,.

As a result, the parameters £, 7, iy, u,, 0 behave as

{=p, n=3 0=3p1p t 6¥ps,

Uy = 3prp — 6P, U=3p— 6y (5.49)

during the inflationary phase with the large-vy, effect in-
cluded. Therefore, by counting powers of ¥ and p, it is
apparent that the leading order terms dominating the 7,
contribution come from those terms that are proportional to
¥3. Therefore, the DBI effect can be extracted by collect-
ing all the dominating terms that are proportional to y3 in
Ci.

It is then quite straightforward to show that the domi-
nating effect of the large 7 is in fact negative definite:

= —36u,p* A, p, <O. (5.50)

Therefore, the y contribution will not affect the sign of the
coefficient c;. In fact, it only enhances the unstable trend of
the power-law solutions we found.

VI. CONCLUSION

The inflationary universe is a nice resolution to a number
of important phenomena associated with the cosmic mi-
crowave background radiation. Trying to understand the
physical origin of the highly isotropic universe is therefore
very important. The cosmic no-hair conjecture is appar-
ently one of the most important predictions along this line.
It is based on a belief that all classical hair should disappear
once the vacuum energy dominates.

Among the many advances in the study of this approach,
a new set of anisotropic inflationary solutions seems to act
as a heuristic and important counterexample to the no-hair
conjecture [56,57]. Indeed, it was shown that, when a
vector field is coupled to the inflaton, there could be a
small anisotropic expansion in the Bianchi type I space.
This type of newly found anisotropic inflation is also
known to be an attractor solution [59] in BI space.
Shortly after the discovery of this result, analytic power-
law solutions were also found explicitly in a model with
an exponential scalar potential motivated by supergravity
theory[59].
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In this approach, the anisotropic hair seems to persist in
the absence of a cosmological constant in contrast to the
earlier known counterexamples. A modified version of
scalar field theory, the DBI model, is then introduced in
this paper to study the DBI effect on the power-law solu-
tions. As a result, a new set of power-law solutions is
shown to exist in this paper. To investigate the stability
of the obtained anisotropic power-law inflation, we extend
the method proposed by Ref. [65] for the stability analysis
of the DBI field in the isotropic universe. Stability analysis
indicates clearly that this new set of inflationary solutions
is a set of attractor solutions and remains stable under field
perturbations. The large-y effect, constrained by the in-
equality v > 0, is also shown to favor the stability during
the perturbations. In fact, the inclusion of the large-y effect
enhances the stability tendency of the power-law solutions.

Finally, we turn our attention to a two-scalar-fields DBI
model with an additional phantom field coupled to the
system. We have studied the effect of this new field on
the stability of the BI space. A new set of power-law
anisotropic expanding solutions is then shown to exist in
the BI space. The exponential potential introduced in this
paper with 7 = —A is shown to be a physical condition
critical to the existence of fixed point solutions in this
model. After a detailed stability analysis was introduced,
the result shows that the phantom field does lead the new
two-scalar-field DBI solutions to collapse as expected. In
addition, the large-y effect, constrained by the inequality
¥ > 0, is also shown to enhance the collapse of the power-
law expanding solutions.

The results shown in this paper indicate that the high
energy effect derived from the KSW model, the DBI
model, and the effect of the phantom field coupling are
all very heuristic in the study of the physics origin under-
lying the no-hair conjecture. The DBI scalar field, the
exponential potentials, and the coupled phantom field all
deserve greater attention for their roles in the evolution of
the early universe.
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APPENDIX: FIELD EQUATIONS AND THE
SOLUTIONS OF THE TWO-SCALAR-FIELDS
MODEL

Equations (5.3) and (5.4) can be shown to become

g 3a, 0V 9 (vt 2y - D) 5,
-3
+ h=3d4h exp[—4a — 4o]p3, (Al)

,)/3
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f=-3ay——+L-= exp[—4a —4o]p3.

w

dyVa h739,h
R e (A2)
w

Moreover, the metric equation (5.5) reduces to the follow-
ing component equations:

1 ,y2 . w¢2
=02+ = 2+ + V) +
o (0a 3 I:y 1 ¢ 3 Vl V2
h™? )
+ - exp[—4a — 4o]p? | (A3)
-1,
o a2 + '}’('}’ 2 + + :|
o 3a [—2(?, 1 10) vV, +V,
h™? 5
+ e exp[—4a — 40]p3, (A4)
, . h? 2
o= —3aa'+Texp[—4a —4o]ps3. (A5)
It is straightforward to show that y reduces to
1
e — (A6)
J1 - Exre?
Hence 7 is a constant when 7&; = 2:
|7|
Y=Y T — (A7)
‘ > — 4K

Similar to the discussion in the previous section, we will
also focus on the special case that 7&; = 2. With the ansatz
given by Eq. (5.11), the whole set of the field equations
(A1)—(AS5) can be reduced to a set of algebraic equations,

- 3¢60 My (vo+2)(yo — Dér_ pi0 0
Yo (vo + Do Yo
(A8)

Ay prv
— &+ 306+ -—=0, (A9)

w w

— 2+t YoEE w8t T
(A10)
Yoo — 1)5% v
432 =N IS =Y =0, (ALl
{+3¢ 2ot 1) (uy +uy) 6 (AL1)
v

—n+3§n—§=0, (A12)

along with the following constraints equations that make
all terms have the same power in time:

pi1é1 T préy + 20+ 20 =1,

MéE = =2

(A13)

(A14)
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hé = -2 (A15)
Note that Eq. (A14) and the constraint 7&; = 2 imply that
7 = —A,. In addition, we have also assumed A;, p; are all

positive parameters. Hence 7 has to be negative under these
assumptions. First of all, Eqs. (A12) and (A13) can be
written, respectively, as

=373 - 1), (A16)
1 P1, P2

=_—¢c+8 45 Al7

=5 ¢ XA (A17)

Therefore Egs. (A9) and (A10) can be solved to give

L _3pmBL =) 2% =2y +3¢]
! A (yo + DA}

, (AIB)
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b — 3pam(3{— 1) n 203 - 1)
: A N

(A19)

As aresult, { can be shown to obey the following equation:

6A1 (A1 Ay + 241 py + 200p1)¢?
—4[(A1p2 + A2p1)(2A1A5 + 341p5 + 345p,)
+ A202 + 8(wA? + yoAd)]¢ = 0. (A20)

In addition to a trivial solution { = 0, the { equation gives
another nontrivial solution:

_ Ay + Ap )24 + 3A1py + 3A5p1) + ATAS + B(wAT + 70)‘%)‘

{ (A21)
611 A2(A1 Ay + 24, p5 + 245p1)
With the { given above, 1, u;, u,, ¥ can be solved explicitly as
n = MA (A + 24,05 + 2A45p1) — H@A] + yoA)) (A22)
3MA2(A 1Ay + 245 + 2M5p)) ’
2 -1
Uy = iig — Yo(¥o 2)’ (A23)
(vo + DAY
"y = Q X[A{(Ayp3 + 2p5 + 20) + 20, A3p105 + HwAipy — Yorap))] (A24)
2[A1 (A2 + 241 py + 2050 '
5= Q X [A1A(A1A; + 24105 + 245p1) — HwA] + yoA))] (A25)
2[A10:(A1 A5 + 2, p5 + 20,0 '
with
QO X[BAp; +2pT + 2y0) 22X hp1py — HwAipr — YoArpo)]
ig= 5 , (A26)
2L (X125 + 241 p5 + 245p)]
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