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We study radion phenomenology in an warped extra-dimension scenario with standard model fields in

the bulk, with and without an additional fourth family of fermions. The radion couplings with the fermions

will be generically misaligned with respect to the standard model fermion mass matrices, therefore

producing some amount of flavor-violating couplings and potentially influencing production and decay

rates of the radion. Simple analytic expressions for the radion-fermion couplings are obtained with three

or four families. We also update and analyze the current experimental limits on radion couplings and on

the model parameters, again with both three- and four-family scenarios. We finally present the modified

decay branching ratios of the radion with an emphasis on the new channels involving flavor-diagonal and

flavor-violating decays into fourth-generation quarks and leptons.
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I. INTRODUCTION

Warped extra-dimensional models have been introduced
to explain the origin of the discrepancy between Planck
scale and the electroweak scale [1]. In the original sce-
nario, two branes are introduced, one with an energy scale
set at the Planck scale, the other at the TeV scale, and with
the standard model (SM) fields localized on the TeV brane
and gravity allowed to propagate in the bulk. However, in
this scenario, higher-dimensional operators of the IR fields
in the 4-dimensional effective theory are only suppressed
by TeV scales, leading to large flavor violation and rapid
proton decay.

Allowing SM fermions and gauge fields to propagate in
the bulk effectively suppresses such operators and can also
be used to explain the fermion mass hierarchy by fermion
localization [2,3]. Concrete realizations of generating fer-
mion masses through localization in the bulk are presented
in Ref. [4]. The drawback is that, in minimal models,
excitations of the bulk fields are subjected to tight bounds
from precision electroweak tests [5] and from flavor phys-
ics [6] and constrained to be heavier than a few TeV,
making it very hard to produce and observe heavy reso-
nances of these masses at the LHC.

One hope to observe new states from these scenarios
might be the radion graviscalar and its associated phenome-
nology. The radion is a scalar field associated with fluctua-
tions in the size of the extra dimension and is a novel feature
of warped extra-dimensional models [1]. The mass of the
radion depends on the mechanism that stabilizes the size of
the extra dimension. In a simple model with a bulk scalar
which generates a vacuum expectation value (VEV), the
radion field emerges as a pseudo-Goldstone boson associ-
atedwith breaking of translation symmetry [7]. Generically,

the radion may be the lightest new state in an Randall-
Sundrum–type setup, with its mass suppressed with respect
to Kaluza-Klein (KK) fields by a volume factor of �40, at
least in the small backreaction limit [8]. This might put its
mass between a few tens to hundreds ofGeV,with couplings
allowing it to have escaped detection at LEP, and consistent
with precision electroweak data [9]. In general, the radion
couplings are similar to Higgs couplings in that they are
proportional to the mass of the particles they couple with.
Moreover, the radion field can mix with the Higgs boson
after electroweak symmetry breaking, which involves an-
other parameter, the coefficient of the curvature-scalar term
[10]. Radion phenomenology with and without Higgs-
radion mixing has been discussed in several papers [9,11].
More recently, it has been shown that a tree-level misalign-
ment between the flavor structure of the Yukawa couplings
of the radion and the fermion mass matrix will appear when
the fermion bulk parameters are not all degenerate [12]. The
mechanism responsible for these flavor-changing neutral
currents (FCNC’s) is different than the one producing
Higgs-mediated FCNC’s in these same models [13,14].
New data seems to indicate some inconsistencies with

the SM predictions as pertaining to the third generation
[15]. The simplest explanation is that the Cabibbo-
Kobayashi-Maskawa (CKM) mixing matrix deviates from
the standard, three-generation form [16]. A simple exten-
sion of the SM to four generations, SM4, (adding a new
family of quarks and leptons, mirroring the existing ones)
alleviates the problem and may offer resolutions to some
other outstanding problems in the SM [17].
Recently, we have shown that, if the fourth generation

is incorporated into warped space models, the flavor-
changing couplings of the Higgs boson can be enhanced,
and both the production and decays of the Higgs bosons
and the decay pattern of the heavy quarks and leptons are
altered significantly with respect to the patterns expected in
SM4, thus giving rise to distinguishing signals at the
colliders [18]. It is thus expected that in a warped scenario
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with extra generations (seen as a natural extension of the
warped space model as in Ref. [19]), the flavor-changing
couplings of the radion will also yield characteristic signals
at colliders.

There are several reasons to perform a separate study for
the radion flavor-changing interactions. A priori, we expect
the radion phenomenology to be very different from the
Higgs boson in four generations. As will be explained later
in the text, the production cross section for the Higgs
bosons in 4 generations is enhanced by a factor of about
10, while the production cross section for the radion will
remain essentially unchanged by the presence of an extra
family. Also, contrary to the Higgs phenomenology in
these models [18], exotic flavor-violating decays of heavy
quarks into radions Q ! �q should be highly suppressed
with the new flavor-violating couplings of the radion.
These will become important in radion decays into quarks
� ! qq, qq0 as well as into leptons � ! �0� and
� ! �4��. Very recent data from ATLAS [20] and CMS
[21] experiments at the LHC indicate that a Higgs boson in
a scenario with four generations must be very heavy. These
measurements do not affect the radion mass directly, but
will set limits on the combined radion mass-interaction
scale parameter space. While we stated that the phenome-
nology with three and four generations is quite similar,
there are (new) FCNC effects of fourth-generation quarks
and leptons interacting with the radion.

Our paper is organized as follows. In the next section
(Sec. II), we briefly review the warped model with fermi-
ons in the bulk, concentrating, in particular, on the mis-
alignment between the fermion masses and radion-fermion
Yukawa couplings. We describe in more detail the flavor
structure with four families in Sec III and proceed to
evaluate the radion FCNC couplings, presenting both ana-
lytical and numerical results in Sec. IV. We discuss phe-
nomenological constraints in Sec. Vand branching ratios in
Sec. VI. We summarize and conclude in Sec. VII. Some
details of our calculations are left to Appendix .

II. THE MODEL

The radion graviscalar can be thought of as a scalar
component of the 5-dimensional (5D) gravitational pertur-
bations, and basically it tracks fluctuations of size of the
extra dimension (i.e. its ‘‘radius’’). The anti-de Sitter met-
ric including the scalar perturbation F corresponding to the
effect of the radion is given in the Randall-Sundrum coor-
dinate system by [22]

ds2 ¼ e�2ðAþFÞ��� � ð1þ 2FÞ2dy2

¼
�
R

z

�
2ðe�2F���dx

�dx� � ð1þ 2FÞ2dz2Þ; (1)

where AðyÞ ¼ ky. Note that the perturbed metric is no
longer conformally flat, even in z coordinates. At linear or-
der in the fluctuation, F, the metric perturbation is given by

�ðds2Þ � �2Fðe�2A���dx
�dx� þ 2dy2Þ

¼ �2F

�
R

z

�
2ð���dx

�dx� þ 2dz2Þ: (2)

In the absence of a stabilizing mechanism, the radion is
precisely massless, however it was shown that the addition
of a bulk scalar field with a vacuum expectation value leads
to an effective potential for the radion after taking into
account the backreaction of the geometry due to the scalar
field VEV profile [8]. In the analysis that follows, we
assume that this backreaction is small and does not have a
large effect on the 5D profile of the radion.
The relation between the canonically normalized 4-

dimensional (4D) radion field �ðxÞ and the metric pertur-
bation Fðz; xÞ is given by

Fðz; xÞ ¼ 1ffiffiffi
6

p R2

R0

�
z

R

�
2
�ðxÞ ¼ �ðxÞ

��

�
z

R0

�
2
; (3)

with �� �
ffiffi
6

p
R0 the radion interaction scale.

The 5D interaction terms between the radion and the
bulk SM fermion fields are given by the action

Sfermion ¼
Z

d4xdz
ffiffiffi
g

p �
i

2
ð �Qi�

ADAQi �DA
�Qi�

AQiÞ

þ cqi
R

�QiQi �
cui
R

�UiUi �
cdi
R

�DiDi

þ ðYij

ffiffiffiffi
R

p
�QiHUj þ H:c:Þ

�
; (4)

where
cqi
R ,

cui
R and

cdi
R are the 5D fermion masses, and we

choose to work in the basis where these are diagonal in 5D
flavor space. The Higgs boson in the bulk acquires a VEV
vðzÞ localized towards the IR brane, thus solving the
Planck-weak hierarchy problem.
One can express the 5D fermions in two-component

notation,

Q i ¼ Qi
L

�Qi
R

� �
; Ui ¼ Ui

L
�Ui
R

� �
; Di ¼ Di

L
�Di
R

� �
; (5)

and perform a ‘‘mixed’’ KK decomposition as

Qi
Lðx; zÞ ¼

X
j

Qij
L ðzÞqjLðxÞ; �Qi

Rðx; zÞ ¼
X
j

Qij
R ðzÞ �ujRðxÞ;

Ui
Lðx; zÞ ¼

X
j

Uij
L ðzÞqjLðxÞ; �Ui

Rðx; zÞ ¼
X
j

Uij
R ðzÞ �ujRðxÞ;

Di
Lðx; zÞ ¼

X
j

Dij
L ðzÞqjLðxÞ; �Di

Rðx; zÞ ¼
X
j

Dij
R ðzÞ �djRðxÞ:

(6)

Here, qjLðxÞ, ujRðxÞ and djRðxÞ are the 4D fermions and

Qij
L;RðzÞ,Uij

L;RðzÞ andDij
L;RðzÞ are the corresponding profiles

along the extra dimension. The fields qiLðxÞ, ujRðxÞ and

djRðxÞ satisfy the Dirac equation
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� i ���@�q
i
L þmu

ij �u
j
R ¼ 0; (7)

� i��@�q
i
L þmd

ij
�djR ¼ 0: (8)

The 4D SM fermion mass matrix mij is the eigenvalue

which emerges from the solution of the coupled bulk
equations of motion and is not necessarily diagonal in
flavor space. The couplings between the radion and SM
fermions can be obtained by inserting the perturbed metric
and the 5D fermion KK decompositions of Eq. (6) into the
action of Eq. (4). We proceed by using a perturbative
approach in treating the 4D fermion masses mij as expan-

sion parameters and keep only first-order terms.1 A 5D
bulk Higgs is considered and its field perturbation contains
itself some radion degree of freedom. Including all the
contributions, the radion coupling to fermions can be ex-
pressed finally as

��ðxÞ
��

ðqiLujR þ �qiL �u
j
RÞmu

ij½IðcqiÞ þ IðcujÞ� þ ðu ! dÞ;
(9)

with the definition

I ðcÞ ¼
� ð12 � cÞ
1� ðR=R0Þ1�2c

þ c

�
�

�
cðc > 1=2Þ
1
2ðc < 1=2Þ : (10)

This result from Ref. [12] is consistent with the original
calculation obtained for the case of a brane Higgs and a
single family of fermions in Ref. [9].

Nonuniversalities in the term ½IðcqiÞ þ IðcujÞ� will lead
to a misalignment between the radion couplings and the
fermion mass matrix. After diagonalizing the fermion mass
matrix, flavor-violating couplings of the u-type quarks and
radion will be generated, with straightforward extensions
to the down quark and lepton sectors. We study these in
Sec. IV, after describing the flavor structure of the model
with four generations.

III. FLAVOR STRUCTURE WITH FOUR FAMILIES

Warped scenarios have been used before to study an
extension of the SM with four generations [19]. Our em-
phasis here is on flavor-changing interactions between the
radion and the fermions. The fermion mass matrices are

mu ¼ FQYuFu; (11)

md ¼ FQYdFd; (12)

where FQ, Fu and Fd are 4� 4 diagonal matrices whose

entries are given by the values at the IR brane of the
corresponding zero-mode wave functions:

FQ ¼ DiagðfQ1
; fQ2

; fQ3
; fQ4

Þ;
Fu ¼ Diagðfu1 ; fu2 ; fu3 ; fu4Þ;
Fd ¼ Diagðfd1 ; fd2 ; fd3 ; fd4Þ;

(13)

where fðcÞ is given by

fðcÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2c

1� ðR=R0Þ1�2c

s
: (14)

The matrices Yu and Yd are the 5-dimensional Yukawa
couplings, i.e. general 4� 4 complex matrices. Because
most of the entries in the diagonal matrices Fq are ‘‘natu-

rally’’ hierarchical (for UV-localized fermions), the physi-
cal fermion mass matrices mu and md will inherit their
hierarchical structure independently of the nature of the
true 5D Yukawa couplings Yu and Yd, which can therefore
contain all of its entries with similar size (of order 1) and
have no definite flavor structure. This is the main idea
behind scenarios of so-called ‘‘flavor anarchy’’, which
we will consider also here, but applied to a four-family
scenario.
To diagonalize the mass matrices, we use

UQu
muW

y
u ¼ mdiag

u ; (15)

UQd
mdW

y
d ¼ mdiag

d : (16)

One can in fact obtain a relatively simple formulation of
the rotation matrices UQu

, UQd
, Wu and Wu by expanding

their entries in powers of ratios fi=fj, where i < j and with

i ¼ 1, 2 and j ¼ 1, 2, 3, 4. Keeping only the leading terms,
we obtain for UQu

, UQd
(see Ref. [23] for the three-family

case):

UQu
¼

1 ½Yu�21
½Yu�11

fQ1

fQ2

UQu

13 UQu

14

� ½Yu��21
½Yu��11

fQ1

fQ2

1 UQu

23 UQu

24

½Yu��31
½Yu��11

fQ1

fQ3

� ½Yu��11;32
½Yu��11;22

fQ2

fQ3

cos�Qu
sin�Qu

� ½Yu��41
½Yu��11

fQ1

fQ4

½Yu��11;42
½Yu��11;22

fQ2

fQ4

�sin��Qu
cos��Qu

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
;

(17)

and similarly forQu ! Qd; and for the right-handed quark
mixing matrix Wu:

1This perturbative calculation is equivalent to the use of the
zero-mode approximation at lowest order and therefore neglects
higher-order corrections coming from the mixing with heavy KK
fermions.
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Wu ¼

1
½Yu��12
½Yu��11

fu1
fu2

W u
13 W u

14

� ½Yu�12
½Yu�11

fu1
fu2

1 W u
23 W u

24

½Yu�13
½Yu�11

fu1
fu3

� ½Yu�11;23
½Yu�11;22

fu2
fu3

cos��u sin��u

� ½Yu�14
½Yu�11

fu1
fu4

½Yu�11;24
½Yu�11;22

fu2
fu4

� sin�u cos�u

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
;

(18)

with similar expression for u ! d.
Using the definition of the fermion mixing matrix VCKM,

VCKM ¼ Uy
Qu
UQd

; (19)

we can obtain, for example, a simple expression for Vus as

Vus ¼
fQ1

fQ2

�½Yd�21
½Yd�11 �

½Yu�21
½Yu�11

�
: (20)

Similar expressions can be obtained for other CKMmixing
angles, as shown in Ref. [18]. Since the 5DYukawa matrix
elements are expected to be all of order 1, the observed
hierarchies among the CKM elements can be explained by
hierarchies among the fi parameters.

IV. FLAVOR-CHANGING NEUTRAL
COUPLINGS OF THE RADION

The couplings between bulk SM fermions and the radion
were calculated in Ref. [9] for the case of one generation.
Including the flavor structure and the possibility of a bulk
Higgs, these couplings are the same for four generations as
in the three-generation case, presented in Ref. [12], and
take the form of Eq. (9). After diagonalization of the
fermion mass matrix, flavor-violating couplings will be
generated. One can see this explicitly by performing the
bi-unitary rotation leading to the fermion mass basis and
writing the radion couplings to fermions in that basis (in
matrix form):

��ðxÞ
��

�d
phys
L ½Uy

qL ÎqUqLm̂
diag
d þ m̂

diag
d Wy

dR
ÎdWdR�dphys

R :

(21)

Here, dphys is the physical state and is now a 4-vector in
flavor space, given that we have introduced an extra fourth

generation. Also, we have defined Îq ¼ diag½IðcqiÞ� and
Îd ¼ diag½IðcdiÞ�. One observes that unless the diagonal

matrices Îq and Îd are both proportional to the unit

matrix,2 there must be some degree of flavor misalignment

in the radion couplings. The extension to the up-quark
sector and charged leptons is immediate.

A. Radion FCNC’s in flavor
Anarchy—Analytical results

We explicitly parametrize the radion couplings with
fermions by showing the mass dependence as

Lq;FV ¼ � ~adij
��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdimdj

p
� �diLd

j
R � ~auij

��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
muimuj

p
� �uiLu

j
R

þ H:c:; (22)

where di, ui are the quark mass eigenstates with masses
mdi , mui . Because of the simplicity of the flavor structure

in the radion couplings, it is now possible to give ana-
lytical expressions for these couplings, to leading order
in ratios of fi=fj. The general expressions are, for

i < j:

~adij ¼
ffiffiffiffiffiffiffiffi
mdj

mdi

s X3
k¼1

½ðIðcqkÞ � Iðcq4ÞÞUQd�
ki U

Qd

kj � þO
�
mdi

mdj

�
;

~auij ¼
ffiffiffiffiffiffiffiffi
muj

mui

s X3
k¼1

½ðIðcqkÞ � Iðcq4ÞÞUQu�
ki UQu

kj � þO
�
mui

muj

�
;

(23)

and for i > j:

~adij ¼
ffiffiffiffiffiffiffiffi
mdi

mdj

s X3
k¼1

½ðIðcdkÞ � Iðcd4ÞÞWd
kiW

d�
kj � þO

�mdj

mdi

�
;

~auij ¼
ffiffiffiffiffiffiffiffi
mui

muj

s X3
k¼1

½ðIðcukÞ � Iðcu4ÞÞWu
kiW

u�
kj � þO

�muj

mui

�
:

(24)

Note that when i < j, the couplings are controlled by ‘‘left-
handed’’ bulk masses (cq) and mixings (UQ), and when

i > j, the couplings are controlled by ‘‘right-handed’’ bulk
masses (cu;d) and mixings (Wu;d). The resulting 3� 3
substructure of these couplings, i.e. without the fourth
generation, match the results presented in Ref. [12].
The expansion of the mixing angles in terms of ratios

of f’s gives U
Qðd;uÞ
ij � fQi

=fQj
, Wd

ij � fdi=fdj , and Wu
ij �

fui=fuj . With these, we can obtain the parametric depen-

dence of the radion couplings up to corrections of order
one.3

2Note that this can easily be achieved if the bulk mass
parameters, the ci’s, are all degenerate, but then the scenario
cannot be used to produce/explain fermion hierarchies. 3See Appendix for details.
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The diagonal terms are simply

~a d
ii � IðcqiÞ þ IðcdiÞ; ~auii � IðcqiÞ þ IðcuiÞ: (25)

As the function IðcÞ, defined in Eq. (10), tends to c for
c > 1=2 and approaches quickly the value 1=2 for c < 1=2,
the diagonal terms in the down sector can be written as

~ad11 � ðcq1 þ cd1Þ; ~ad22 � ðcq2 þ cd2Þ;
~ad33 �

�
1

2
þ cd3

�
; ~ad44 � 1;

while the off-diagonal terms also get very simple expres-
sions:

~ad12�
ffiffiffiffiffiffiffi
ms

md

s
ðcq1 �cq2Þ

fQ1

fQ2

; ~ad21�
ffiffiffiffiffiffiffi
ms

md

s
ðcd1 �cd2Þ

fd1
fd2

;

~ad13�
ffiffiffiffiffiffiffi
mb

md

s �
cq1 �

1

2

�
fQ1

fQ3

; ~ad31�
ffiffiffiffiffiffiffi
mb

md

s
ðcd1 �cd3Þ

fd1
fd3

;

~ad23�
ffiffiffiffiffiffiffi
mb

ms

s �
cq2 �

1

2

�
fQ2

fQ3

; ~ad32�
ffiffiffiffiffiffiffi
mb

ms

s
ðcd2 �cd3Þ

fd2
fd3

;

~ad14�
ffiffiffiffiffiffiffiffi
mb0

md

s �
cq1 �

1

2

�
fQ1

fQ4

; ~ad41�
ffiffiffiffiffiffiffiffi
mb0

md

s �
cd1 �

1

2

�
fd1
fd4

;

~ad24�
ffiffiffiffiffiffiffiffi
mb0

ms

s �
cq2 �

1

2

�
fQ2

fQ4

; ~ad42�
ffiffiffiffiffiffiffiffi
mb0

ms

s �
cd2 �

1

2

�
fd2
fd4

;

~ad34�
ffiffiffiffiffiffiffiffi
mb0

mb

s
½Iðcq3Þ�Iðcq4Þ�

fQ3

fQ4

;

~ad43�
ffiffiffiffiffiffiffiffi
mb0

ms

s �
cd3 �

1

2

�
fd3
fd4

: (26)

Note that in the above, we took cq3 � cq4 � cd4 ¼ 1=2,

except in ~ad34 where the dominant term comes from the

(expected small) difference between cq4 and cq3 .

Similarly, in the up sector, we obtain

~au11 � ðcq1 þ cu1Þ; ~au22 � ðcq2 þ cu2Þ;
~au33 � 1; ~au44 � 1;

and for the off-diagonal terms:

~au12�
ffiffiffiffiffiffiffi
mc

mu

s
ðcq1 �cq2Þ

fQ1

fQ2

; ~au21�
ffiffiffiffiffiffiffi
mc

mu

s
ðcu1 �cu2Þ

fu1
fu2

;

~au13�
ffiffiffiffiffiffiffi
mt

mu

s �
cq1 �

1

2

�
fQ1

fQ3

; ~au31�
ffiffiffiffiffiffiffi
mt

mu

s �
cu1 �

1

2

�
fd1
fd3

;

~au23�
ffiffiffiffiffiffi
mt

mc

s �
cq2 �

1

2

�
fQ2

fQ3

; ~au32�
ffiffiffiffiffiffi
mt

mc

s �
cu2 �

1

2

�
fu2
fu3

;

~au14�
ffiffiffiffiffiffiffi
mt0

mu

s �
cq1 �

1

2

�
fQ1

fQ4

; ~au41�
ffiffiffiffiffiffiffi
mt0

mu

s �
cu1 �

1

2

�
fu1
fu4

;

~au24�
ffiffiffiffiffiffiffi
mt0

mc

s �
cq2 �

1

2

�
fQ2

fQ4

; ~au42�
ffiffiffiffiffiffiffi
mt0

mc

s �
cu2 �

1

2

�
fu2
fu4

;

~au34�
ffiffiffiffiffiffiffi
mt0

mt

s
½Iðcq3Þ�Iðcq4Þ�

fQ3

fQ4

;

~au43�
ffiffiffiffiffiffiffi
mt0

mt

s
ðIðcu3Þ�Iðcu4ÞÞ

fu3
fu4

: (27)

Here, we assumed cq3 � cq4 � cu3 � cu4 ¼ 1=2, ex-

cept in ~au34, ~a
u
43, for the same reasons given for the down

sector. This situation is very different from the case of
FCNC couplings of the Higgs boson [18] where the
couplings a34, a43 are large due to significant misalign-
ment in the 3–4 family. It is clear from the expressions
for ~adij, ~a

u
ij that the flavor-changing couplings of the radion

are of the simple form
ffiffiffiffiffi
mj

mi

q
½IðciÞ � IðcjÞ� fifj . We explore

typical values of this function as contours in a ci, cj plane

and determine the localization coefficients for which this
function is maximal in Fig. 1, for ci < cj. The light-light

0.0002 0.0002

0.002

0.002

0.005

0.01

0.013

ci c j

`Light Light'
mixing

`Heavy Light'
mixing

`Heavy Heavy'
mixing

0.4 0.5 0.6 0.7 0.8

0.0

0.2

0.4

0.6

0.8

ci

c j

FIG. 1 (color online). Contours in the plane ðci; cjÞ of the

function âij ¼ ½IðciÞ � IðcjÞ� fðciÞfðcjÞ , which sets the size of radion

FCNC couplings with fermions. These are estimated to be ~aij ’ffiffiffiffiffi
mi

mj

q
âij and so from these contours, one can quickly estimate the

size of these couplings by knowing the values of the bulk mass
parameter ci of each fermion.
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regions correspond to mixing among the first two
families and bR. Corresponding to localization of light
quarks, these are maximal and the FCNC couplings
of the radion ~aij can reach a maximum of 0.013. The

heavy-light mixing correspond to the fourth-family mix-
ing, or third-family doublet, or tR mixing, with the light
two families and bR. These mixings can reach
0.01, although they are more likely to be in the (0.002–
0.005) region. Finally, the heavy-heavy mixing [among
fourth families, ðtbÞL and uR] can reach 0.02 as cq3 , cu3
deviate from 1=2. The results of the analytic calculations
agree with our numerical scan presented in the next
subsection.

B. Radion FCNC’s in flavor
Anarchy—Numerical results

We complement our analytical consideration by per-
forming a numerical scan over the parameter space. We
proceed as follows. We generate random complex entries
for Yu and Yd, then obtain values for fui , fdi and fQi

in the

same way as for the Higgs FCNC couplings [18], in matrix
form. Using fðcÞ from Eq. (14), we solve for the coeffi-
cients ci. We then use the expression for IðciÞ to calculate
mass matrices m̂u, m̂d, then obtain the eigenvalues and
the matrices Wu;d and UQu;d

. We then have all the ingre-

dients to calculate the fermion-radion couplings. From the
scan in parameter space, we find the ~adij, ~a

u
ij as follows

~a d
ij �

1:295� 1:315 0:017� 0:039 0:010� 0:025 0:089� 0:290
0:013� 0:034 1:215� 1:231 0:006� 0:016 0:065� 0:179
0:080� 0:201 0:016� 0:050 1:129� 1:151 0:0002� 0:001
0:024� 0:076 0:018� 0:049 0:004� 0:012 1:000� 1:001

0
BBB@

1
CCCA; (28)

~a u
ij �

1:294� 1:320 0:065� 0:164 0:081� 0:212 0:094� 0:268
0:022� 0:055 1:135� 1:158 0:019� 0:047 0:019� 0:053
0:030� 0:098 0:042� 0:103 1:002� 1:016 0:0003� 0:002
0:023� 0:078 0:030� 0:075 0:001� 0:005 1:000� 1:002

0
BBB@

1
CCCA: (29)

The above ranges show the 50% quantile of acceptable
points, which means that 25% of points found predict
lower ~adij, ~adij values and 25% of points predict higher
values than those shown in the matrices. The results of
the scan are consistent with the values obtained through
analytical considerations and from the values estimated
using Fig. 1, once typical sizes of the bulk masses are
associated to the appropriate fermions.

C. Radion FCNC’s in flavor Anarchy—Leptons

We proceed in a similar fashion to calculate the FCNC
couplings of the radion with the leptons. Assuming the
neutrinos to be Dirac-type, we parametrize the couplings as

Ll;FV ¼ � ~alij
��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mlimlj

p
��liLl

j
R � ~a�ij

��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m�i

m�j

p
� ��i

L�
j
R

þ H:c: (30)

The couplings of the charged leptons will resemble those
of the down-type quarks, the only difference being that
cL3

� 1
2 . The coefficients cLi

; i ¼ 1, 2, 3 are very close and

can be large, while cL4
¼ 1

2 . The matrix ÎL ¼
diag½IðcLj

Þ�, j ¼ 1, 2, 3, 4 in Eq. (9) can be written as a

diagonal matrix plus a nondiagonal one, with entries
diagð0; 0; 0;�cÞ, where �c ¼ cL4

� cLi
can be large.

As the neutrinos are massless, the only FCNC nonzero
couplings involve the fourth family, that is, ~a�ij � 0 only if

either i ¼ 4 and/or j ¼ 4, as one can see from the
Lagrangian in Eq. (30) and the couplings in Eq. (27), where

aij, aji �
ffiffiffiffiffi
mi

mj

q
, i > j. While couplings with quark are re-

stricted by the CKM matrix (its 3� 3 substructure), the
lepton mixing matrixUPMNS is not as well-known, and thus
restrictions on theUPMNS

i4 ,UPMNS
4j are even less established.

We assume that the left-handed matrix UL is hierarchical,
thus almost diagonal and U� nonhierarchical and almost
the same as UPMNS.
This would imply the same type of parametric depen-

dence as in the quark sector:

~a�14 ¼
ffiffiffiffiffiffiffiffi
m�4

m�1

s
½cL1

� IðcL4
Þ� fL1

fL4

Oð1Þ;

~a�24 ¼
ffiffiffiffiffiffiffiffi
m�4

m�2

s
½cL2

� IðcL4
Þ� fL2

fL4

Oð1Þ;

~a�34 ¼
ffiffiffiffiffiffiffiffi
m�4

m�3

s
½cL3

� IðcL4
Þ� fL3

fL4

Oð1Þ;

(31)

where the coefficients cLi
describe the localization of the

lepton doublets and can be large, and fLi
are the values of

the zero-mode wave functions for the doublet lepton i at
the IR brane. For the right-handed neutrinos, W� is almost
diagonal to insure small neutrino masses. Thus, ~a4j, j � 4

are small and can be neglected. Here, the dominant term
could be ~a�34. For cLi

, c�i
> 1=2, the zero modes wave

functions are localized towards the UV brane; if cLi
, c�i

<

1=2, they are localized towards the IR brane. However, the
size of ~a�34 is also determined by the mixing terms UL

33U
L�
34 ,
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as given in Eq. (23). Thus, the mixing will be proportional

to fðcÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1�2c

1�	1�2c

q
where the hierarchically small parame-

ter 	 ¼ R=R0 � 10�15 is generally referred to as the warp
factor. Thus, we must choose a value for cL3

which max-

imizes the expression ~a�34 � ½IðcL3
� IðcL4

Þ�fðcL3
Þ.

These values correspond to the region of Fig. 1 for the
light-heavy region.

V. PHENOMENOLOGY

Bounds on radion-mediated FCNC couplings

The off-diagonal Yukawa couplings induce FCNC in both
quark and lepton interactions, which affect low energy ob-
servables and also give possible signatures at colliders. In
this section, we discuss restrictions on radion flavor viola-
tion coming from tree-level processes�F ¼ 2, such asK �
�K, B� �B, D� �D mixing. We use an effective Lagrangian
approach [24,25] to isolate the contributions. The �F ¼ 2
process are described by the Hamiltonian [26,27]

H �F¼2
eff ¼ X5

a¼1

CaQ
qiqj
a þ X3

a¼1

~Ca
~Q
qiqj
a ; (32)

with

Q
qiqj
1 ¼ �q
jL��q



iL �q

�
jL�

�q�iL; Q
qiqj
2 ¼ �q
jRq



iL �q

�
jRq

�
iL;

Q
qiqj
3 ¼ �q
jRq

�
iL �q

�
jRq



iL; Q

qiqj
4 ¼ �q
jRq



iL �q

�
jLq

�
iR;

Q
qiqj
5 ¼ �q
jRq

�
iL �q

�
jLq



iR; (33)

where 
, � are color indices. The operators ~Qa are obtained
from Qa by exchange L $ R. For K � �K, Bd � �Bd, Bs �
�Bs, D� �D mixing, qiqj ¼ sd, bd, bs and uc, respectively.

Exchange of the flavor-violating radions gives rise to

additional contributions to C2, ~C2 and C4 operators. These
are given below, using the model-independent bounds on
beyond the standard model contributions as in Ref. [27] to
present coupled constraints on ~aij couplings and the radion

mass m�.

At the scale m� ¼ 60 GeV, the limits on the C2, ~C2 and

C4 operators are

ReC2
K�

�
1

5:3�106 GeV

�
2
; ReC4

K �
�

1

9:1�106 GeV

�
2
;

ImC2
K�

�
1

9:5�107 GeV

�
2
; ImC4

K�
�

1

1:2�108 GeV

�
2
;

jC2
Dj�

�
1

1:8�106 GeV

�
2
; jC4

Dj�
�

1

2:6�106 GeV

�
2
;

jC2
Bd
j�

�
1

8:7�105 GeV

�
2
; jC4

Bd
j�

�
1

1:3�106 GeV

�
2
;

jC2
Bs
j�

�
1

1:0�105 GeV

�
2
; jC4

Bs
j�

�
1

1:6�105 GeV

�
2
:

(34)

Using these bounds, we obtain the constraints on radion
flavor-violating Yukawa couplings (as compared to the ~aij
in the scan):

�2 Reð~ad�12Þ2 � 2:6; �2 Reð~ad21Þ2 � 2:6;

�2 Reð~a�d12 ~ad21Þ � 0:90; �2 Imð~ad�12Þ2� 0:0082;

�2 Imð~ad21Þ2 � 0:0082; �2 Imð~ad�12 ~ad21Þ � 0:0050;

�2j~au�13j2 � 3:2; �2j~au31j2 � 3:2;

�2j~au�31 ~au13j � 1:4; �2j~ad�13j2 � 1:9;

�2j~ad31j2 � 1:9; �2j~ad�13 ~ad31j � 0:87;

�2j~ad�32j2 � 6:5; �2j~ad23j2 � 6:5;

�2j~ad�32 ~ad23j � 2:8; (35)

where � ¼ ð60 GeV
m�

Þð2 TeV
��

Þ. Using our analytic results, the

bounds translate parametrically on restrictions on the bulk
mass parameters of the appropriate fermions. From the 	K
bounds,

Im ð~ad�12 ~ad21Þ ¼ �ms

md

ðcq1 � cq2Þðcd1 � cd2Þ

� fQ1
fd1

fQ2
fd2

Im

�½Yd��21½Yd��12
ð½Yd��11Þ2

�

¼ Oð1Þðcq1 � cq2Þðcd1 � cd2Þ; (36)

where in the last expression we used the hierarchic nature
of the Yukawa couplings.4 This is a remarkable result, as it
relates the magnitude of 	K directly to the bulk mass
parameters (or the localization coefficients) of the d; s
quarks in the Uð1ÞR singlet and SUð2ÞL doublet represen-
tations. Similarly, we can obtain appropriate expressions to
obtain parametric restrictions on the bulk mass parameters
coming from B0 � �B0 and D0 � �D0 mixing:

j~ad�13 ~ad31j ¼ Oð1Þ
�
cq1 �

1

2

�
ðcd1 � cd3Þ;

j~ad�32 ~ad23j ¼ Oð1Þ
�
cq2 �

1

2

�
ðcd2 � cd3Þ;

j~au�13 ~au31j ¼ Oð1Þ
�
cq1 �

1

2

��
cd1 �

1

2

�
:

(37)

One can see from the bounds, that unless the radion is very
light (m� � 10 GeV), the most significant constraints

come from the 	K bounds, especially those on the coeffi-
cient C4. We thus use these bounds as the main flavor
constraints on our model and present the restrictions in
Fig. 2 in them� ��� plane (for the typical value of ~ad12 �
~ad21 � 0:05). The region below the ads ¼ 0:05 curve is thus
named ‘‘flavor disfavored’’, since typical flavor anarchy
parameter points would produce too large contributions to
	K in that region. Note that we considered the scenarios

4See Appendix for details.
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with both 3 and 4 generations of fermions, and the bounds
are basically the same. The small difference is due to the
renormalization group running of operators, which is
slightly altered by the presence of extra fermion families.

In the same figure, we present the most recent direct
bounds on radion phenomenology coming from collider
data. Indeed, one can easily use the existing Higgs bounds
to restrict regions in the m� ��� plane, since the search

strategy for both the Higgs and the radion are identical.
This is due to the fact that the couplings of the radion with
matter particles are proportional to the mass of the particles
(just like the couplings of the Higgs). The main difference
is that the Higgs couplings are controlled by the electro-
weak scale v, whereas the radion couplings are controlled
(suppressed) by the much heavier scale ��.

LEP bounds [28] do apply for very light radion, although
the restrictions on �� are not too strong, and one sees that

in that region, the generic flavor bounds are much stronger
(although less robust).

For heavier radions, the Tevatron and very recently the
LHC do put strong bounds in the allowed parameter region
of our scenario. In both experiments, the main production
mechanism for the radion is via gluon fusion but, unlike the
Higgs, the other possible production mechanisms such as
vector boson fusion or associated W and Z production are
extremely suppressed. This is due to the special enhance-
ment of the coupling of radion to gluons through the trace
anomaly. The consequence of this fact is that Higgs
searches must be appropriately translated into radion
bounds by subtracting events coming from scalars pro-
duced via vector boson fusion. One can do this roughly
by adjusting the production cross section of the Higgs in
order to only obtain the gluon-fusion cross section. A better

way of translating Higgs searches into radion is to use
fourth-generation Higgs searches. This is because a
Higgs with 4 generations will mainly be produced in gluon
fusion (with almost no other production channel) and so
there will be no need of subtracting events coming from
other production mechanisms.
Another important issue when translating Higgs bounds

is that the width of a heavier Higgs (mh > 200 GeV) starts
to be relevant (i.e. becomes larger than the experimental
resolution). This means that more background events must
be integrated in order to optimize signal events. But the
radion width is always going to remain much smaller than
experimental resolution due to its couplings being sup-
pressed by �� (and not v as in the Higgs case). We must

therefore adjust again the Higgs limits in order to take this
fact into account, since fewer background events should be
kept in a pure radion search [10].
With all this in mind, we translate Tevatron and LHC

bounds from Higgs searches and show the excluded re-
gions in Fig. 2. From the Tevatron collider, we use the CDF
and D0 combined search for a fourth-generation Higgs,
which allows interesting bounds up to masses of m� ¼
300 GeV [29]. This search focuses on the Higgs decay into
pairs of W bosons and makes use of an integrated lumi-
nosity of 8:2 fb�1. As for the LHC, we use the recent
results from the ATLAS experiment [30], in which they
perform a combination of different channels, with inte-
grated luminosities up to 1:7 fb�1. As one can see, LHC
data from a single experiment outperforms the Tevatron
and quite interesting bounds can be set up to a mass of
m� ¼ 600 GeV. We note that because the relative impor-

tance of different channels is not exactly the same for
Higgs and radion (especially the branching of the � !
�� channel differs from h ! ��), in the lower mass region
mh < 160 GeV, we avoid the combination and use exclu-
sively the ATLAS limits from the h ! �� search. Above
that point, the branchings of Higgs and radion into heavy
vector bosons are essentially the same, especially if we
assume for the plot that the fourth generation of fermions
(if it exists) is heavy enough, with masses greater than
300 GeV.
Finally, we note from this figure that radion phenome-

nology does not really change due to the addition of a
fourth family.5 This might seem surprising because the
Higgs phenomenology is greatly affected by the presence
of a fourth family of fermions (especially fourth-family
quarks) due to an important enhancement in the Higgs
production cross section. This does not happen in the
case of the radion because its couplings with massless
gauge bosons are quite indifferent to the addition of new
heavy degrees of freedom. Even though the new added

4Gen Bounds

3Gen Bounds

LEP EXCLUSION

TEVATRON
EXCLUSION

8.2 fb 1

1.7 fb 1
EXCLUSION

ATLAS

WW

FLAVOR DISFAVORED

ads 0.05

20 50 100 200 500

1000

2000

3000

4000

5000

6000

m GeV

G
eV

FIG. 2 (color online). Restrictions in the m� ��� plane from
collider exclusion limits and flavor constraints for 	K (we have

defined ads ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Imð~ad�12 ~ad21Þ

q
). One sees that for lighter radion

(m� < 160 GeV), direct bounds are quite weak and flavor phys-

ics provide stronger constraints (although less robust). Heavier
radions are mostly constrained by the golden mode pp ! � !
ZZ and also pp ! � ! WW at the LHC, while p �p ! � !
WW is used at Tevatron.

5We assume here that the radion decays to fourth-generation
fermions (especially leptons and neutrinos) is negligible. For an
alternative scenario, see the next section.

MARIANA FRANK, BESTE KORUTLU, AND MANUEL TOHARIA PHYSICAL REVIEW D 84, 115020 (2011)

115020-8



fields will produce new loop contributions to� ! gg or to
h ! ��, their presence will also alter the � functions of
the appropriate gauge groups, which will affect the cou-
plings of the radion to massless bosons through the trace
anomaly. The new trace anomaly effects coming from a
fourth family will in fact cancel the previous loop contri-
butions in the limit of very heavy new states [9] and so
basically, the radion couplings to photons and gluons re-
main the same, controlled only by the light degrees of
freedom of the theory [31].

VI. FLAVOR-CHANGING RADION DECAYS IN
THE 4-GENERATION MODEL

Radion couplings to fermions, massive and massless
gauge bosons have all been investigated before [9,12].
Here, we investigate the changes in branching ratios due
to the effect of a fourth generation and of flavor-changing
interactions. We assume no Higgs-radion mixing. We
present our results in Fig. 3. Note that we keep the radion
mass above �5–10 GeV to avoid constraints from
B-meson decays and astrophysical data [32].

Depending on the masses of the fourth-generation lep-
tons and neutrinos, FCNC decay channels (� ! ��0, ���4)
could open for m� 	 100 GeV. At higher radion masses,

the WW, ZZ and t�t dominate. In this region, the radion
could be observed through the semileptonic channel � !
WlepWhad and, similarly, � ! t�t ! b �bWhadWlep (avoiding

the fully hadronic channel which suffers from large QCD
dijet background), but the decay rate would be comparable
to that of a direct Higgs boson production.

Finally, for light (Dirac) fourth-generation neutrinos or
leptons, near the present bounds, radion branching ratios to

�4�4 and �0�0 can be significant and compete with ZZ and
WW decays, and thus significantly alter radion decay
patterns for m� > 200 GeV.

VII. CONCLUSIONS AND OUTLOOK

In this work, we have investigated the phenomenology
of the couplings, especially the flavor-violating ones, of the
radion to fermions in a warped model with three and four
generations where the fermions are allowed to propagate in
the bulk. We have shown how to obtain these couplings
analytically and presented leading-order expressions for
them in a compact form. Although the radion FCNC
couplings have been analyzed before, some of the analytic
expressions presented here are new. We also explored the
regions in which the couplings lie and maximal values for
these, as contour plots in a plane defined by coefficients
describing quark localization with respect to the TeV
brane. We are able to predict typical (and maximal) values
for the radion coupling to heavy-heavy, light-light and
heavy-light quarks, and these results are confirmed by an
extensive numerical scan.
Applying these to phenomenology of the radion, we

calculated the tree-level FCNC contributions to K0 � �K0,
	K, D0 � �D0 and B0 � �B0 mixing and the restrictions
imposed on the couplings. We obtain simple expressions
relating quark localization to these experimental values.
The most stringent constraints are from 	K, yielding a
region of space in m� ��� parameter space disfavored

by flavor-violation consideration. We add to these the most
recent constraints on Higgs masses, from ATLAS and
CMS, translating them into combined radion mass-scale
limits. Our figure shows that a large range around a light
radion mass-low scale (�� � 2 TeV, m� � 60 GeV) sur-

vives. Our analysis also shows that, unlike the case of the
Higgs boson, there are minute differences between radion
mass-scale limits in 3 and 4 generations, and thus these
limits are quite independent of the number of generations.
This conclusion stands in the case where the radion decays
are not significantly influenced by decays into fourth-
generation fermions (in particular to fourth-generation
neutrinos or leptons, which have the lowest mass bounds).
In a complete decay plot, we include all branching ratios of
the radion. Expected to be light, the radion decays primar-
ily to gg and b �b at low masses (m� � 100 GeV), while for

heavier radions (m� � 100 GeV), FCNC decay channels

such as �4�� (assuming Dirac neutrinos) and �0� open,
with branching ratios of 10�3. These are the most promis-
ing FCNC decays of the radion, barring the unlikely ap-
pearance of � ! t0c at the highmt0 ¼ 400 GeV threshold.
However, flavor-conserving radion decays into fourth-
generation leptons and neutrinos can be large (for m�4

,

m�0 ’ 100 GeV) and alter the dominant decay modes for a
heavier radion r ! ZZ, WW. These are typical decays for
a radion in a model with four generations and would
provide a distinguishing signal for the model. If a heavy

bb
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tt

tc

' '
4 4

WW

ZZ

gg

4
t'c

b's

100 200 300 400 500 600
10 5

10 4

0.001

0.01

0.1

1

m GeV

B
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2X

FIG. 3 (color online). Decay branching fractions of the radion
in a warped scenario with four generations of fermions. The
flavor anarchy setup (masses and mixings explained through
fermion localization, with random 5D Yukawa couplings) pre-
dicts generic flavor-violating couplings of the radion, leading to
a few new interesting decay channels such as � ! bb0 and � !
��0. The masses chosen for this plot are mb0 ¼ 350 GeV, mt0 ¼
400 GeV, m�0 ¼ 120 GeV and m�4

¼ 90 GeV, and the KK

scale is ðR0Þ�1 ¼ ð ffiffiffi
6

p Þ1500 GeV ð�3675 GeV).
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Higgs-like state is discovered at the LHC with the usual
‘‘golden mode’’, pp ! h ! ZZ, a width measurement
could rule out a conventional Higgs boson. A careful study
for different and/or exotic decay channels of that resonance
might be the key to discover both a fourth generation of
fermions and a warped extra dimension.

ACKNOWLEDGMENTS

M.T. would like to thank Nobuchika Okada for earlier
collaboration and discussions on translating Higgs and
other experimental bounds into radion bounds. M. T. would
also like to thank Alex Azatov and Lijun Zhu for discus-
sions. We acknowledge NSERC of Canada for partial
financial support under Grant No. SAP105354.

APPENDIX

In the mass basis, the radion couplings with fermions are

L q;FV ¼ � ~adij
��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdimdj

p
� �diLd

j
R � ~auij

��

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
muimuj

p
� �uiLu

j
Rþ;

(A1)

where di, ui are the quark mass eigenstates with masses
mdi ,mui . Because of the simplicity of the flavor structure in

the radion couplings, it is now possible to give analytical
expressions for these couplings, to leading order in ratios
of fi=fj. In the down sector, the general expressions are,

for i < j,

~a d
ij ¼

ffiffiffiffiffiffiffiffi
mdj

mdi

s X3
k¼1

½ðIðcqkÞ � Iðcq4ÞÞUQd�
ki UQd

kj � þO
�
mdi

mdj

�
;

(A2)

and for i > j,

~a d
ij ¼

ffiffiffiffiffiffiffiffi
mdi

mdj

s X3
k¼1

½ðIðcdkÞ � Iðcd4ÞÞWd
kiW

d�
kj � þO

�mdj

mdi

�
;

(A3)

where the function IðcÞ is defined by

I ðcÞ ¼
� ð12 � cÞ
1� ðR=R0Þ1�2c

þ c

�
�

�
cðc > 1=2Þ
1
2ðc < 1=2Þ : (A4)

Note that when i < j, the couplings are controlled by
left-handed bulk masses (cq) and mixings (UQ), and when

i > j, the couplings are controlled by right-handed bulk
masses (cu;d) and mixings (Wu;d).

We can use the previous analytical expressions for these
couplings to obtain surprisingly simple parametric depen-
dences in terms of the 5D mass parameters, up to leading
order in ratios of the fermion masses mi=mj and of wave

function profiles fi=fj. The final results were presented in

the main text. Here, we show how to extract these depen-
dences carefully for a few terms.

We focus first on the couplings between the radion, the
down quark and the bottom quark. The couplings involved
are ~ad13 and ~ad31. From Eq. (A2), we can write explicitly

~ad13 ¼
ffiffiffiffiffiffiffi
mb

md

s
½ðcq1 � Iðcq4ÞÞUQd�

11 U
Qd

13

þ ðcq2 � Iðcq4ÞÞUQd�
21 UQd

23 þ ðIðcq3Þ
� Iðcq4ÞÞUQd�

31 UQd

33 � þO
�
md

mb

�
: (A5)

We have assumed explicitly that Iðcq1Þ ¼ cq1 and

Iðcq2Þ ¼ cq2 , given that the left-handed down and strange

quark are supposed to be UV-localized. On the other hand,
the left-handed bottom quark and the left-handed b0 quark
are TeV-brane-localized, and so their bulk mass parameters
cq3 and cq4 must be greater than 1=2, and thus we have

Iðcq3Þ ’ Iðcq4Þ ’ 1
2 . We thus obtain the simpler expression

(since Iðcq3Þ � Iðcq4Þ ’ 0):

~a d
13 ’

ffiffiffiffiffiffiffi
mb

md

s ��
cq1 �

1

2

�
UQd�

11 UQd

13 þ
�
cq2 �

1

2

�
UQd�

21 UQd

23

�
:

(A6)

Finally, from the dependence of mixing angles with fer-

mion profiles, i.e U
Qðd;uÞ
ij � fQi

=fQj
, it is clear that the two

remaining terms are of the same order�fQ1
=fQ3

. Since cq1
is greater than cq2 , we derive the parametric result pre-

sented in the main text:

~a d
13 ¼

ffiffiffiffiffiffiffi
mb

md

s �
cq1 �

1

2

�
fQ1

fQ3

Oð1Þ: (A7)

A slightly different example is the calculation for ~ad31,
which we write first as

~ad31 ¼
ffiffiffiffiffiffiffi
mb

md

s
½ðcd1 � cd3ÞWd

11W
d�
13 þ ðcd2 � cd3ÞWd

21W
d�
23

þ ðIðcd4Þ � cd3ÞWd
41W

d�
43 � þO

�
md

mb

�
: (A8)

One difference now is that the right-handed bottom quark
is UV-localized and so we have Iðcd3Þ ¼ cd3 �

1
2 . Also,

now Wd
41W

d�
43 � fd1fd3

f2
d4


 fd1
fd3

�Wd
11W

d�
13 �Wd

21W
d�
23 and so

the expression becomes

~ad31 ’
ffiffiffiffiffiffiffi
mb

md

s
½ðcd1 � cd3ÞWd

11W
d�
13 þ ðcd2 � cd3ÞWd

21W
d�
23 �

¼
ffiffiffiffiffiffiffi
mb

md

s
ðcd1 � cd3Þ

fd1
fd3

Oð1Þ; (A9)

the last step simply using the fact that ðcd1 � cd3Þ> ðcd2 �
cd3Þ so that at least the parametric dependence (up to order

one corrections) is satisfied.
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Finally, we show the calculation for the coupling ~ad12,
between down and strange quarks, which can be obtained
with a slightly different choice of unitarity relations. We
have

~ad12 ¼
ffiffiffiffiffiffiffi
ms

md

s
½ðcq1 � cq2ÞUQd�

11 UQd

12 þ ðIðcq3Þ � cq2ÞUQd�
31 UQd

32

þ ðIðcq4Þ � cq2ÞUQd�
41 UQd

42 � þO
�
md

ms

�
: (A10)

Taking into account hierarchies in the wave functions fi,
we can directly neglect higher-order terms and obtain

~a d
12 ¼

ffiffiffiffiffiffiffi
ms

md

s
ðcq1 � cq2Þ

fQ1

fQ2

Oð1Þ: (A11)

All other terms in the down and the up sector can be
computed in the same manner, and thus one can derive
from precise analytical expressions like those in Eqs. (A5),
(A8), and (A10) the much simpler approximative results
presented in the main text in Eqs. (26), (27), and (31).
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