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New approach to solution generation using SL(2, R) duality of a dimensionally reduced space
in five-dimensional minimal supergravity and new black holes
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The dimensional reduction of (the bosonic sector of) five-dimensional minimal supergravity to four
dimensions leads to a theory with a massless axion and a dilaton coupled to gravity and two U(1) gauge
fields (one of which has Chern-Simons coupling), whose field equations have SL(2, R) invariance.
Utilizing this SL(2, R)-duality, we provide a new formalism for solution generation. As an example,
applying it to the Rasheed solutions, which are known to describe dyonic rotating black holes (from the
four-dimensional point of view) of five-dimensional pure gravity, we obtain rotating Kaluza-Klein black
hole solutions in five-dimensional minimal supergravity. We also show that the solutions have six charges:
mass, angular momentum, Kaluza-Klein electric/magnetic charges and electric/magnetic charges of the
Maxwell field, four of which are related by a constraint.
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I. INTRODUCTION

Black holes are among the most mysterious objects in
Nature. Being real objects directly observed in the uni-
verse, black holes have attracted much attention from
theorists in both general relativity and string theory, ever
since the first exact solution was found in 1916 [1]. By the
middle 1990s, it became recognized that extended black
objects were quite common solutions (see [2] for a review)
to equations of motions of effective low-energy super
gravity of string theory, and they are understood as macro-
scopic realizations of D-branes, which reduce to black
holes if all the extended dimensions wrap around cycles
of some compact internal manifold. Various duality trans-
formations have been applied to various combinations of a
stack of D-branes to yield a variety of black hole solutions.
In some cases this correspondence allows to reproduce
black hole entropies by counting the number of D-brane
states [3].

In most cases in higher dimensions, asymptotically flat
black holes have been considered in various theories; the
stationary, axisymmetric black holes (with multiple rota-
tional symmetries) of this category are simple generaliza-
tions of the well-known four-dimensional black holes to
higher dimensions. Since, however, our real observable
world is macroscopically four-dimensional, extra dimen-
sions have to be compactified in realistic space-time mod-
els in a certain appropriate way. Therefore it is of great
interest to consider higher-dimensional Kaluza-Klein
black holes with compact extra dimensions, which behave
as a higher-dimensional object near the horizon but
look like a four-dimensional one for an observer at large
distances [4]. Because of the lack of global geometrical
symmetry, the construction of Kaluza-Klein black holes
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is a nontrivial problem. Examples of known exact
Kaluza-Klein black holes are the ones of cohomogeneity
one, which are obtained by squashing the same class of
noncompactified black hole solutions [5-10].

Kaluza-Klein black hole solutions which asymptote to
some nontrivial S!'-bundle over the four-dimensional
Minkowski space-time were also generalized to supersym-
metric solutions. The first supersymmetric Kaluza-Klein
black hole solution of this type was a black hole in Taub-
NUT space [11,12]. A similar type of supersymmetric
black hole was obtained in Ref. [13] by taking a black-
hole limit of the supersymmetric black ring in Taub-NUT
space; further generalizations to other supergravity theo-
ries, or to black strings and black rings in Taub-NUT space,
were also considered by many authors [10,13-27]. In the
nonextremal cases, a similar type of Kaluza-Klein black
hole was considered by Ishihara-Matsuno [5], who have
found static charged Kaluza-Klein black hole solutions in
five-dimensional FEinstein-Maxwell theory by using the
squashing technique in the five-dimensional Reissner-
Nordstrom solution. Subsequently the Ishihara-Matsuno
solution was generalized to many different cases in five-
dimensional supergravity theories. In Ref. [7], the squash-
ing transformation was applied to the five-dimensional
Cvetic-Youm charged rotating black hole solution [28]
with equal charges, and as a result, a nonextremal charged
rotating Kaluza-Klein black hole solution in the super-
symmetric limit [11,12] was obtained. Furthermore, the
application of the squashing transformation to nonasymp-
totically flat Kerr-Godel black hole solutions [29-32] was
first considered in Refs. [8,9,33]. These solutions [7-9]
correspond to a generalization of the Ishihara-Matsuno
solution to the rotating black holes in five-dimensional
minimal supergravity.

Hidden symmetries that a theory possesses often make
it possible for us to find new solutions. It has been known
for a long time that dimensionally reduced gravity (and

© 2011 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.84.104009

SHUN’YA MIZOGUCHI AND SHINYA TOMIZAWA

supergravity) theories typically possess a noncompact
group global symmetry [34-38], which enables us to gen-
erate a new solution by acting this group transformation on
a known “seed” solution. The dimensional reduction of
five-dimensional minimal supergravity [39] to four dimen-
sions was performed in [40] and reconsidered in [41],
where in the latter the similarity of five-dimensional mini-
mal supergravity to 11-dimensional supergravity was em-
phasized. In particular, it was shown there [41] that the
D = 4 reduced theory have SL(2, R) symmetry precisely
in the same manner as D = 4, N = 8 supergravity (which
is obtained by dimensional reduction of D = 11 supergrav-
ity [42]) exhibits E7, 7 symmetry [38], which is the con-
tinuous version of U-duality [43] (see [44] for a review) in
type-II string theory. Also, in the presence of two spacelike
commuting Killing vector fields, it is described by the
Ga(+2)/SO(4) (or /SO(2,2) = /[SL(2,R) X SL(2, R)] if
one of the Killing vector is timelike) sigma model couple
to gravity analogous to the Eg(,g/SO(16) sigma model
[45] arising in the dimensional reduction of D = 11 su-
pergravity to three dimensions. The similarity of the struc-
tures of these two sigma models is made manifest by the
use of Freudenthal’s realization of the Lie algebras, G, and
Eg [41,46,47].

So far, various types of black hole solutions in five-
dimensional theories have been derived with the help of
recent development of solution-generation techniques,
such as nonlinear sigma model approach [19-22,48-53],
as well as supersymmetric black hole solutions [11,54,55].
In this paper, we utilize the above-mentioned SL(2, R)
symmetry of the dimensionally reduced five-dimensional
minimal supergravity to four dimensions. The bosonic
sector consists of two Maxwell fields, a massless axion
and a dilaton, all coupled to gravity. As was shown in
Ref. [41], the equations of motions (derived by the dimen-
sional reduction) are invariant under the action of a
global SL(2, R) group, by which Maxwell’s fields are
related to Kaluza-Klein’s electromagnetic fields. This
SL(2, R)-duality admits us to generate a new solution in
(the bosonic sector of) five-dimensional minimal super-
gravity by stating from a certain known solution in the
same theory [56]. One of the advantages of this D = 4

TABLE I.
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SL(2, R) duality is that, unlike the D = 3 (Gy(1)) duality,
one need not integrate back the dualized scalar potentials
to recover the U(1) gauge fields, which is in general a
complicated problem. Another advantage is that this trans-
formation preserves the asymptotic behavior of the solu-
tions at infinity. The similar type of electric-magnetic
duality in nonlinear electromagnetism has been studied in
earlier works [57,58].

The known examples of Kaluza-Klein black holes
within (the bosonic sector of) five-dimensional minimal
supergravity are summarized in Table I (except trivial
solutions such as black strings), where they are classified
according to their conserved charges (mass, angular mo-
mentum, Kaluza-Klein electric/magnetic charges and elec-
tric/magnetic charges of the Maxwell field) which the
dimensionally reduced four-dimensional black holes carry.
As seen in the list, the most general black hole solutions
having six independent charges, which are expected to
exist, have not been discovered so far [59]. The purpose
of this paper is to develop a new solution-generation tech-
nique by applying the framework of the SL(2, R)-duality to
a known starting-point solution in five-dimensional theo-
ries, in order to find exact solutions of such general black
hole solutions with six charges in five-dimensional mini-
mal supergravity. As we will see, we will indeed find a
six-charge solution starting from a four-charge (the
Rasheed) solution, but unfortunately these six charges are
not independent but related by a single constraint. We
expect, however, that by further applying another different
SL(2, R) transformation associated with a different choice
of a Killing vector we may be able to find full six-
parameter solutions; the work is in progress.

The remainder of this paper is organized as follows: In
the next section, we will briefly describe our strategy for
the solution-generation technique and write down some
necessary formulas, such as the equations of motion and
the definitions of relevant fields. In Sec. III, by acting the
SL(2, R) transformation on a certain seed solution, we
write down some necessary formulas. In Sec. IV, we pro-
vide some necessary information concerning the Rasheed
solution, which we use as a seed in this paper. In Sec. V, we
present new black hole solutions and study some basic

Classification of Kaluza-Klein black holes in five-dimensional minimal supergravity: The six charges, M, J, O, P, g and p

denote, respectively, their mass, angular momentum, Kaluza-Klein electric charge, Kaluza-Klein magnetic charge, electric charge and

magnetic charge.

Solutions in D = 5 minimal supergravity M J o P q )4

Gaiotto-Strominger-Yin [12] yes? no yes yes? yes? no
Elvang-Emparan-Mateos-Reall [13] yes® no yes yes® yes” yes”
Ishihara-Matsuno [5] yes no no yes yes no
Nakagawa-Ishihara-Matsuno-Tomizawa [7] yes no yes? yes? yes? yes®
Tomizawa-Ishihara-Matsuno-Nakagawa [8] yes no yes yes yes yes
Tomizawa-Yasui-Morisawa [49] yes yes no yes yes no

“Here the charges with an “a” for each solution are not independent but related by a certain constraint.
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properties, such as asymptotic charges, its topology and
regularity. Section VI, is devoted to summarizing our
results and discussing our formalism.

Notational remark: In this paper we use many “A’”’s for
different quantities; to avoid confusion we summarize their
definitions here: A,,; denotes the five-dimensional Maxwell
field in minimal supergravity. A, is the four-dimensional
space-time component, and As is the fifth component and
becomes an axion upon reduction to four dimensions. A}, is
the Kaluza-Klein-independent gauge potential, and A u 18
the dual gauge potential. All these are transformed by the
SL(2, R) transformation and have corresponding ‘new”’
quantities, which are indicated by the superscript "*%. On
the other hand, by just “A” we mean the scalar function
used in the metric of the Rasheed solution. This A does not
change under the SL(2, R) transformation, and hence there

is no ‘“new” quantity for this A (see below). The symbol

2A$aSheed), which only appears in the remark above (23)

and a footnote, is replaced in this paper with B, the
Kaluza-Klein gauge potential. Finally, the calligraphic
A is used as the five-dimensional 1-form A,;dx™, and
AMY = APVdx# as well as AV = ApVdx* are also
1-forms. (Without “new’” we do not use such an abbrevia-
tion, otherwise it would conflict with Rasheed’s scalar
function A.)

IL. D = 4SL(2, R) DUALITY

In this section we review the SL(2, R) duality symmetry
[41] of five-dimensional minimal supergravity [39,40] di-
mensionally reduced to four dimensions. The bosonic
Lagrangian that we use is

1 1
.E = E(5)<R(5) - ZFMNFMN) - —12\/§€MNPQRFMNFPQAR.
(1)

The indices M, N, ... run over 0, 1, 2, 3 and 5. Fyy =

dyAy — dyAy. EO is the determinant of the vielbein

EES,)A, related to the five-dimensional metric Gﬁf,)N as

Gy = EEY 4, @
Nap = diag(—l, +1, +1, +1, +1), 3)

and hence E® = +/—G®). Finally, e¥NPCR is densitized,
taking values *1.

We consider solutions which allow a Killing vector field,
and take a suitable coordinate system so that the Killing
vector is written as d/dx>. Denoting the rest of the coor-
dinates as x* (u = 0, 1, 2, 3), we decompose the vielbein
and gauge field in the form

—(1/2) g4
EQN = (p e e ) @)
P
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Ay = (AWAs)' (5)

Such a class of solutions satisfy equations of motion
derived from the Lagrangian with the x° dependence
dropped [40]:

3 1
£ = E(4)(R(4) - EGM lnpc')'“ lnp - Ep_ZGMAja'“AS

1 1
_ Zp3BMVB,u,1/ _ ZpFﬁl)}F(M,u,V
1
W ﬁE(4)‘le””P”FMVFpUA5), (6)
where
Fi) = F,, + B,,As, @)
F;L,, = aMA’,, - a,,A;L, ®)
A;L =A, - B,As, 9)
and
B,,=0d,B,—9,B,. (10)

The scalar part of the Lagrangian (6) is already in the
form of the SL(2, R)/U(1) nonlinear sigma model. To
show that the whole system has an SL(2, R) symmetry,
one needs to express the degrees of freedom of the four-
dimensional gauge field A, in terms of its electromagnetic

dual A » [38,41]. To do this we add to (6) a Lagrange
multiplier term

1 ~
-ELag mult — EEMVPO—AU'apF,Iu,w (11)

partially integrate it and complete the square. Discarding
the perfect square, one finds [41]

.£ + £Lagmult = E<4)R(4) + ‘[:S + .EV,

3 1
L= —E(4)<§8M Inpd#Inp + 5,0723,“1453’%5)’

1
‘EV = _ZE(4)G,{LVNMVPUGp0" (12)
where
A
G =) (13)
nv B;w
A, =0,A,-03,A, (14)

NH#PP7 is a two-by-two matrix in the form
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NHEVPT = | HPPO 4 q(%)RVPO,

Viimvl=K-— %((I)CI)*K + KD*D) + %q)cb”m),

1 .
VlayTh = 0K = @ + J(PDTK + KOTP)
1 1
P00 - 7 POUKD, (15)
where
1#VPo = l(G(4)/LpG(4)wr _ G(4)VPG(4)'”'”), (16)
2
| Q.
(*):”'VPU = 5E(4) 16'“”’7”, (17)
with
~1/2
v=|("” ,
( 0 p(3/2)>
o= 0 V3¢
\VEs 0 ) (18)

o=(*0)
0 O

1
K=+ ®2), p'As.  (19)

*=F
The square term discarded in (12) gives a relation between
A, and A,:

1 ~
4 _ _ _ Iyl Iyl
* FMV = M/“’/’«/V/p l(ﬁA%B”’ A* ), (20)

L 2 v /V/
(M*WWVEQ+7?f%wﬂ““, @1)
or
i, = p(xF¥ 2+ L 22
A;W_P(*F )/LV_\/g SFMV+\/§ 5B/u/- ( )

The dimensionally reduced system has two independent
four-dimensional gauge fields, the Kaluza-Klein gauge
field B, (=2A%""Y in the notation of [48]) and the
dual of the four-dimensional component of the gauge field
A,. The SL(2, R) symmetry mixes these two and their

electromagnetic duals together into a linear combination.
More precisely, if one defines

A
j-[;u/ = <ﬁ§:) = m(*g)MV - aG,MV (23)

and writes the four ‘““field strengths™ in a single column
vector

PHYSICAL REVIEW D 84, 104009 (2011)

fyyz(j?”) (24)

nv

then it can be shown that F,,, satisfies

Fun=QVIVE-V V. 6P (25)
where
V() vl )
(26)
and
-1
0= ! 27)

is the invariant matrix of Sp(4).

To see the SL(2, R) invariance in the vector sector, it is
convenient to introduce representation matrices of the
SL(2, R) Chevalley generators embedded in Sp(4):

(0 3 )
E= 0 2
0 V3)
\ 0/
ﬂ% . )
F = , (28)
2 0
\ Vo)
(3
_ 1
H == _1 ’
\ 3
and their similarity transformations
E' =P 'EP, F'= P 'FP, H' =P 'HP,
(29)
0 0 0 1
1 0 00
— (p—1\T =
P= (P 00 1 0 (30)
01 0 0

Then we can write
V _V, =exp(¢pE')exp(— logp /P H'). 31)
Let A € SL(2, R) generated by E’, F' and H'. Then
ATFL,=AQVIVIV_ V. (+F),,
= QATVIVEV_ VL MA EF) . (32)

Therefore the equations of motion and the Bianchi identity
are invariant under

104009-4
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Fuw=> A F (33)
V_V.—V_V,A (34)
Also using R=(V_V)'V_V,., the scalar
Lagrangian can be written as
3 (4) -1
.E s = EE TraﬂR B“R, (35)

which is also invariant under (34). The trace in (35) is taken
in the 4 representation (29).

This is precisely analogous to the dimensional reduction
of 11-dimensional supergravity [42] to four-dimensions
[38], where the coset is then E;,7/SU(8) and 28 vector
fields are similarly doubled and transform as 56 of E;
represented as Sp(56) matrices [43]. The four gauge fields
(A u» B, and their electromagnetic duals) transform as 4
(that is, spin-3) representation of SL(2 - R). Therefore, A s

B, are not on equal footing; upon further dimensional

reduction to three dimensions, A «(B,) corresponds to a
short(long) root of the non-simply-laced Lie algebra
G, [46].

Finally, since 3—[?;,, (23) is the “‘dual of dual,” it is
essentially the field strength of the original gauge field
before the dual is taken. More precisely, it can be shown
that

Hi, =-F,, (36)

III. SOLUTION GENERATION

Utilizing the SL(2, R) symmetry which the field equa-
tions in the dimensionally reduced four-dimensional
space-time have, one can generate new solutions from
already known solutions within five-dimensional minimal
supergravity; the latter are often called seed solutions in the
context of solution-generation techniques. The strategy to
generate a new solution consists in the following steps:
First, to reduce the five-dimensional space-time to four
dimensions, one must choose a Killing vector £ = 9/aw
so that the metric and gauge potential 1-form does not
depends on the parameter w (in this paper, we take it to
be the U(1) generator of compactified fifth direction
d/9x>). The dimensional reduction of the five-dimensional
metric and the Maxwell field yields the four-dimensional
Einstein theory with two Maxwell fields, a dilaton, and
an axion. From the dimensionally reduced metric and the
gauge fields, one reads off the dilaton, axion (p, As) and the
Maxwell field, Kaluza-Klein gauge field (A w B M). In terms
of the scalar fields and vector fields for a seed solution, one
constructs the matrix R and the field-strength vector F ,,,.
Next, applying a suitable SL(2, R)-transformation to the

PHYSICAL REVIEW D 84, 104009 (2011)

matrix R and the four-vector F,, representing the
seed solution, i.e. R — ATRA, F,,— A'F,, for
A € SL(2,R), one can get a new matrix R"™ and a
four-vector 5. It is straightforward to read off the
dilaton and axion for the new solution from the trans-
formed matrix R"™Y. Also, from the transformed field-
strength vector ,T‘;f,fv , one can read off the field strengths
(B, Fii5Y) of the transformed solution. Integrating Bjs,,
one gets the Kaluza-Klein gauge field B". Further, inte-
grating F7%5" and combining Eq. (9), one obtains the

Maxwell field A}™ of the transformed solution.

A. Scalar fields: axion and dilaton

To derive the transformation rules for the two scalar
fields, it is more convenient to use the 2 X 2-matrix
representation of SL(2, R) rather than the 4 X 4-matrix
representation introduced in the previous section. The iso-
morphism 7 maps the generators as follows:

0
m(F') = (1 ) (37)

In general, any group element of SL(2, R) can be decom-
posed in this defining representation as

a b 1 —a)/é O 1 0
(¢ a)=( )6 &) 1) o
if d # 0, where a, b, ¢, d, a, 8 and § are all real numbers
with ad — bc =0 and 6 # 0. Also, the element with
d =0 can be obtained by blowing up the singularity

that occurs in the limit § — 0. Therefore, a general choice
for A is

A= e*aE/e(logrS)H’ef,BF" (39)

However, it turns out that the middle factor coming from
the Cartan subalgebra does not produce any new solution
but only changes the values of the parameters of the
solution. Therefore we choose

A=e e P (40)

and compute RV, following Eq. (34). Using the isomor-
phism (37), we find

-1

p — 5P As ) (41)

m(R) = _ v
(-7‘;p 'As 3p AT Hp

104009-5
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— 7(R"™) = 7(ATRA) =

In particular, if we transform vacuum solutions of five-
dimensional Einstein theory, we can set the axion As to be
0. In this case, from Eq. (42), the transformed dilaton field
and axion field read:

p

(e )2
(ol e

PHYSICAL REVIEW D 84, 104009 (2011)

O

As S
a + i) P +p
(42)

B. Vector fields: Kaluza-Klein gauge field
and Maxwell field

Next, we consider the sector of two vector fields, the
Kaluza-Klein gauge field and the Maxwell field. The trans-
formation (33) with A = e~ *F'¢=AF yjelds

A e Pk @ A,
Fur=| 2t (45)
new a(l + ap) + Bp? 5
Al _\/5(1+a3)2+32p2' (44) HE,
|
1+ 3ap V3a2(1 + ap) a2 + 3ap) V3B A,,
ooy pig | VBB e (tapy  VBEU+ap? B || B 46)
wy v B2 +3aB)  Ba(l+aB)? 1+4aB+3a28> BB || —Fi. |
Va 3 J3a? 1 5‘[5,,

Again, if the seed solution has no Maxwell fields, the field-
strength vector F,, is simplified to

0

B
Fuw=| 8 | @7

p>(#B),,

and the new Kaluza-Klein gauge field strength can be
written in the form:

By = (1+ ap)’B,, + Bp’(+B),,. (48)

Here, let us define the dual 1-form B = B wdx* for the
I-form B = B, dx"* [61] by

dB = p? = dB. (49)

The equation of motion for the vector B, assures existence
of such a 1-form B. Then, for the transformed solutions, in
terms of B, the Kaluza-Klein gauge potential 1-form
B = Bj™dx* can be written as

B™ = (1+ aB)’B + B°B. (50)

On the other hand, from the third column of the four-

vector 7Y, it turns out that

= FiY = Ba(l + aB?B,, + V320 (<B),,, (51)
which can be integrated to give

A = —3a(1 + aB)?B — 3B2B. (52)

|
Recall (Eq. (9)) that the 1-form A% can be written as
Alnew — Anew —_ AI;GWBHBW‘ (53)
Therefore, the new gauge potential 1-form A"V =
A dx* s
A™Y = [(1 + aB)’AlY — V3a(l + aB)’]B
+[BAs —V3p%1B. (54)

IV. RASHEED SOLUTION

In the following section, using the
SL(2, R)-transformation mentioned in the previous section,
we will generate a new rotating black hole solution,
starting from the Rasheed solution [48]. Hence, in this
section, we briefly review the Rasheed solutions in five-
dimensional pure gravity. The metric of the Rasheed solu-
tion is given by

B A
ds* = Z(de + B, dx*)* + \gds(24), (55)

where the four-dimensional (dimensionally reduced) met-
ric is given by

f2
— ——(dt + a)oq,)a’¢)2 +

VAB

VAB

A dr?* + VABd#*?

2
ds(4) =

A
+ sin’6d ¢>. (56)
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Here the functions (4, B, C, w0¢, w5¢, % A) and the 1-
form B, [62] are

(. I\ 2P3 s,
A—(r \/5) 72_\/§M+acos0
2JPQ cosf
(M + 3/3)2 = 0% oD
= E : — 2Q22 2 2
B <r+\/§) E+\/§M+acos€
B 2JPQ cosf
(1~ S/\BF P oY
_ B _ 2PJ cosb(M + 3/+/3)
C=20(r—3/3) RS INR (59)
2Jsin%6
a)od) = f2 [r -M
(M? + 32— P* — Q)M + 3//3)
N ES T (ol B
a)5¢
:ZPAcos6‘

f2
20Jsin?0[r(M — 3/\/3) + M3 /3 + 32— P2 — 0]
FAM+3/V3)7?— 0% ’

(1)
A=pr—-2Mr+P*+Q*-3>+a%  (62)

2= —2Mr+ P*+ Q* — 3% + a’cos’0,  (63)

C C
B, dxt = Edt + (“’5¢ + Ew°¢)d¢, (64)

where B, describes the electromagnetic vector potential
derived by dimensional reduction to four dimension. Here
the constants, (M, P, Q,J,Y), mean the mass, Kaluza-
Klein magnetic charge, Kaluza-Klein electric charge,
angular momentum along the fourth dimension and dilaton
charge, respectively, which are parametrized by the two
parameters (&, ,@)

(1 + cosh?acosh?B) cosha

My, (65)

24/1 + sinh?acosh? 3

s — V3 cosha(l — cosh?B + sinh?d&cosh?B) M., (66)

2\/ 1 + sinh?&cosh?3

PHYSICAL REVIEW D 84, 104009 (2011)

Q = sinh& \/1 + sinh?a&cosh? 8 M, (67)

sinh3 cosh 3

P_

= M, (68)
Y1 + sinh?acosh? 3

J = coshBy/1 + sinh?acosh?BaM,.  (69)

Note that all the above parameters are not independent
since they are related through the equation

Q? N P2 23
S+3M  S-BM 3’
and the constant M, is written in terms of these parameters

M = M?>+ 3% - P> - Q° (71)

(70)

The constant J is also related to a by

_ LM+ 3/V3P2 - Q%M — 3/33)* — P?]
a M +32—P -2 :

J2
(72)

The dilaton and axion fields for the Rasheed solution

are, respectively,
B
=4/— As=0. 73
p ‘/; 5 (73)

The Kaluza-Klein gauge field and Maxwell field are,
respectively,

C C
Bydxt = —di + (w5¢ + Ew0¢)d¢, Ay dxt = 0,

(74)

V. NEW SOLUTIONS

Performing a series of the SL(2, R) transformations
A = e *E'¢=BF' (o, B: constants) for the Rasheed solu-
tions in five-dimensional Einstein theory, we can obtain
new solutions in the bosonic sector of five-dimensional
minimal supergravity. From Egs. (73), (43), and (44), the
dilaton field and axion field for new solutions are given by,
respectively,

new — lB/A 75
P T 0+ ap? + B2B/A 7

V3(a + a®?B + BB/A)

A U+ apy + BBJA

(76)

Integrating Eq. (49) for the Rasheed solutions (see
Eq. (64)) and further using the formulas (50) and (54),
we see that the Kaluza-Klein U(1) field and Maxwell U(1)
field for the new solutions are written as
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B = (1 + aB)B, + 1333#’ (77)  where
Byt =Sart (w5, + S0, )a 79
ArY = (1 + aBP[(1 + aB)A™Y — \3alB, pdatt = pdt +| 0y +p oty |dg, (79)
+ BA(BA™Y — V3)B,, (78)
J
(M=3/3)
5 gun 2P(r + 3/3/3) +2J0 SN cosf "
" A
2P WD o jp PO EBM) 4 9420 cosf
- <2Q cosf + —— M-XBP-P ;M‘E/ Byor sinzb?)dg{). (80)
I
To summarize, in terms of the two parameters (a, 8), the  and
metric is in the form:
ds2 AB le = AdeM

T v apy T gy Tt BB
AQ+ e+ BB

[AB 4y

where the four-dimensional metric is the same as that of
the seed solutions (given by Eq. (56)).

In order that the metric takes the standard asymptotic
form, let us now consider the rescale of the coordinates:

+ BB, dxt P + (81)

1/2 dx® 5 1/2
N'=dt — dt, ~N dx?, NY=dr — dr, (82)
and the redefinition of the parameters:
N'’M—M, NI—J  N72Q0—0, 83
N'/2p — p, N'2g — q, NY/23 =3, (89

where N = B2 + y? (y = 1 + a). In this case, we note
that

NA— A, NB — B, NC—C,

NA — A,

/2,0 _, 0
N'-w & "y,
N2’ — o, Nf2— f2. (84)
The rescaled metric and gauge field are written in the form:

AB o~
— 5 ~3 s 3 ©n12
(A7 + B'BY [dx> + B, dx* + B°B,dx*]
AV + BB
+2Y P ds?

/AB )

ds?

(85)

—4BE oM + 2
ds? = (—1 + B By (9(r*2)>dt2 + 2(
r

2B°P +2%°Q
r

N 2((2731’ —2B°0)27%°Q + 233P) cosh — Jsin26

r

+ @(r*2))dtd¢ + (1 +

= [(#B, + BB, )AF™
— V3N'2(a§2B,, + B*B,)ldx" + A®VdxS,  (86)
where the four-dimensional metric is also invariant under

the rescale (given by Eq. (56)). The dilaton field and axion
are also written as, respectively,

\JAB
P = (87)
Ay* + B°B
3 -
Anew = 3 <N1/2 e ) (88)
B ¥+ Bp?
Here, the constants 3 and % are defined by
y = N—(I/Z)% B = N—(I/Z)B_ (89)

A. Asymptotic structure and conserved charges

Next we study the asymptotics of the obtained solutions.
The metric at infinity, r — oo, behaves as

+ @(fZ))dzdxs

Ay - )X
r

2 (9(;»*2))(61)&)2

+ r2sin?0(1 + O(r~1)d¢> + 22%°P — 2820 + O(r "))dx’dp + (1 + O(r—1)dr* + r*(1 + O(r—1))d6?, (90)
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and the gauge potential behaves as

2=~ <2J§/§ 7[7rQ - BP]

+ (Q(r_z))dt

+ VBTN = 5+ O ))dx®
+23(B (9P + BQ)cosh + O(r1)dp.  (91)

At infinity, our solutions behave as a four-dimensional flat
space-time plus a circle and hence describe a Kaluza-Klein
black hole. As shown by Ref. [63], this coincides with the
asymptotic behaviors for a compactified space-time in the
five-dimensional minimal supergravity. Thus, we see that
the SL(2, R) transformation preserves the five-dimensional
Kaluza-Klein asymptotic. On the other hand, the four-
dimensional metric at infinity behaves as

2M
ds(y) = —(1 -—+ (9(r‘2)>dt2
r

_ (2] sin%6

4 (D(r’Z))dtdgﬁ
" (1 LMy @(r—Z))drz
r
+ r2(1 + O(r—))(d#* + Sin20d¢2). 92)

The gauge potentials for Kaluza-Klein and Maxwell fields
behaves as, respectively,

dxt =~ (M + @(ﬂ))dz

+(2(BQ —

B,

yP)cosd + O(r~1))dep, (93)

Aludx

oo <z¢§g 7[7rQ — AP, (o(r—2))dt

+ 2V3(8 (7P + BQ) cosh + O(r~1))déb.
94)

Here, the constants M and J are the asymptotic conserved
mass and angular momentum for the dimensionally
reduced space-time. For stationary, axisymmetric space-
times with Killing symmetries & = (9/d1)* and {5” =
(0/0¢p)*, the charges can be defined over the two- surface
at spatial infinity SZ as, respectively,

1
J=_—

iom ) €0 O

1
M = __f *d &y,
8%

8

where &, and §, without the index denote 1-forms, i.e.,
& = gudx* and £, = g4, dx*. The (Kaluza-Klein) elec-
tric charge and magnetic charge for the gauge field B, are
defined as, respectively,

Q—Lf p’* B,

87

P——ffB (96)
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where S? denotes a closed two-surface surrounding
the black hole and the 2-form field B is defined by
B = %B,“,dx" A dx”. Similarly, the electric charge and
magnetic charge for the gauge field A, are defined

as, respectively,

R

€D
= @ —
- [S (F® — 4sB),

where F =1F,,dx* A dx” and F® = %Fﬁfldx“ A dx”.
From the asymptotic behaviors of the metric and gauge
potential, we can read off the values of the charges of the

new solutions:

MY =M, (98)

Jev = J, (99)

Q™Y = 3P+ 5°Q, (100)
PV = $3p — 33Q, (101)
9" =3B ¥(¥Q — BP), (102)
P =3B Y(BQ + ¥P). (103)

We mention that similar transformations of charges have
been obtained in a (different) N = 2 supergravity [64]. The
scalar charge 2, and axion charge 2., are written as

= -pHs, 3, =4B%3 (104)

B. Horizon

As will be shown below, the horizons exist at the values
of r = r. which satisfies the quadratic equation A =0

when the parameters satisfy the inequality
M? = P>+ Q>+ a* - 32, (105)

which is the necessary condition for existence of horizons.
Let us introduce the new coordinates (¢, ¢/, x”°) defined by

dt = dt' + F(r)dr, (106)
dp = do' + G(r)dr, (107)
dx> = dx” + H(r)dr, (108)
where the functions F', H and H are defined by
F(r) = —a° ,(r-)G(r), (109)
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G(r) =%, (110)
2 M+ R+ P -0+ 3(3M -3
H() = — 7305, (r)G () + B 2JP[(M +22%2 %l TE = “ban
NG

Here, we denote d,(rJr 0) and w (ﬁ(rJr 0) by w ¢(r+) and w ¢(r+) simply, respectively. In terms of the coordinates
(¢, ¢', x), the metric can be written as

in20 .
ds>=p [dx’5 + B, dx'* + 7 7 {ZP cosf — [(MZSJE(?/I\/_)ZE/\QZ)]sm 3 — @, (re) + %(MSIH j — (I)Od,(ri))}d
N BS{ 2JP(M + 3.//3) Caley(r—re)? + o(r—re) + ¢) +20a((r — re) + dy) cos@}dr]2
a[(M_E/\/g)z_Pz]("_r:) (r—r:)A
+ p_lds(24), (112)

where the four-dimensional metric is

f? [ 2Jsin’6 2 dr’  2asin’6 Asin®6
ds?, = — dr' + o ,d¢’ + (7 — o° (m))dr] + Jxﬁ(— = Zdrd¢' + d6* + ¢’2)
@ JaB A= Pt P Iz
(113)
The constants ¢; (i = 0, 1, 2)and d,) are
27 M+ 3@ = 2+ (e = DBre = ) + 2= — R~ 02 + (M - 3)
o= 2 52
4jp M + M = P* = 0>+ 32) +20°(r. = ) 4Jp
_—2 = E 2 _—(r+ M), (114)
a (M + 75) - a?
2JP [3(M + R)re + P2 = 02+ (M — 33) 202 11s)
G =3 Sy _ N SV2 _ ]
a (M —3%?—P M+ %)
2JP(M + 2)
CcH = , 116
PaM - X7 - P (o
23, 27°PX(M + %)
dy=2r. ——+ 53 3 - (117)
V3 a(M — 7~ P + )? - 7]
|
We can see that the metric well behaves at r = r.. ds? ~ p(ri)z[dx”s + f1dr]2 + p(ri)_l
Furthermore, to see that the surfaces » = r. are Killing 5.
horizons, we introduce coordinates (v, ¢”, x'°) defined by [ﬂ(w%(&) A" + frdr)?
dt' = dv, (118) A(r:)B(r=)
+ ‘[A r+)B(rs + do?
dp = d¢" — 4 (r-)"'dv, (119) ( (f( +)?
_z n_ .0 -1
dxlS — dx//S + [(B¢(ri)w0¢(ri)*l _ B,(ri))]dv adr(d¢ w ¢(ri) dv)):l, (121)
— By(rs)de". (120)
Then, near r = r., the metric behaves as where the functions f; and f, are defined by
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— s34 _ 20J(M —3/3)sin0
fi=% TP {2P0050 [(M+3/V3) — 02(rs — ru)
C(r.) (2Jsin’6
_ a)5¢(ri) + m<ri — _ w0¢(rt))}
Iy { 2JP(M + 3//3)
a[(M — 3 /3 = P*](r- — rs)
)
a in?
fr= W(ijs%ri - w%(e)). (123)

From this, one see that the Killing vector V = d/dv be-
comes null on the null surfaces r = r.. Moreover
V,dx* = g,.dr holds there, so that V is tangent to the
surfaces. Therefore this shows that the surfaces r = r. are
Killing horizons.

We now consider what the topology of the spatial
cross section of the horizon, which is given by the roots
of A = 0, is from the five-dimensional point of view. From
the four-dimensional point of view, it is evident that each ¢,
r = constant surface is topologically S2. It hence follows
that in the five-dimensional space-time, each f, r =
constant surfaces can be regarded as a U(1) principle
bundle over S2. In this case, to know the topology of the
fiber bundle, it is convenient to consider the first Chern
number of the surface. which is defined as

1
C1(B)= _A—x5_/-323’

where B = %B urdx® A dx” and the periodicity of the fifth
coordinate x> is set to be

(124)

AXS =47 (29P — 2330). (125)

From Eq. (85), we can compute the first Chern number as

ley(B) = 1, (126)
which means that each 7, r = constant surface (hence the
spatial cross-section of the horizon) is diffeomorphic to $3.

VI. SUMMARY AND DISCUSSION

In this paper, we have presented new Kaluza-Klein black
hole solutions in five-dimensional minimal supergravity.
We have used the SL(2, R) duality symmetry that the
reduced Lagrangian possesses upon reduction to four di-
mensions. We have also studied regularity on horizons and
have shown that our black hole solutions have six con-
served charges (but see below). From a four-dimensional
point of view, our solutions can be regarded as dyonic
rotating black holes which have electric and magnetic

PHYSICAL REVIEW D 84, 104009 (2011)

charges of the Maxwell fields in addition to Kaluza-Klein
electric and magnetic monopole charges. From the five-
dimensional point of view, like known Kaluza-Klein
charged black hole solutions, the black hole space-time
has two horizons, the outer and inner horizons, and
although the cross-section geometry of the outer horizon
is of §°, at large distances the space-time behaves effec-
tively as a four-dimensional space-time.

First, we would like to comment on how many indepen-
dent parameters our solutions have. As mentioned previ-
ously, although our solutions carry six charges, we find that
not all are independent. To see this, it is straightforward to
compute the Jacobian, which is computed as

a(Qnew, Pnew, anW’ pnew)
d(Q, P, a, B)

This means that the relation between the four charges
(Qnew, prew ghew pteW)  and  the four parameters
(Q, P, a, B) is not one-to-one. This fact can also be recog-
nized as follows: In terms of 8 and y(= 1 + a3), the new
charges are written as

=0.

pnew 1 ,yz _63
QHCW B ,y ( P )

_ (127
o B W N
g -yB* By

where for simplicity we divide (p"™¥, ¢g"¥) by +/3. The set
of charges (P, Q)can be solved in two ways, using x =

B/

2 new
(g)=y?x64:11)(_lx3 xf)(gnew), (128)
(5)=2( 2=y am
Eliminating (P, Q) from these equations, we find
x= s =V AL (130)
where
g LEIpI 4 QR (131)

5 QUew pnew . pnew gnew :

s is determined by the two ratios p"™¥/¢™¥ and
P /¥ If the length of (p™Y, ¢"V) is fixed to some
value, then (p"™", ¢"*V)is determined, and (p"", g"*%) is
also determined by the equation

PIICW _ 2s i 1 pHBW
Qnew 1 25 anW :

(132)
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Only the solutions with charges satisfying (132) can be
generated. For this reason, our solutions do not have a limit
to the Ishihara-Matsuno solutions.

The constraint between the charges may be regarded as a
consequence of the fact that the E7 7 U-duality trans-
formation does not change the quartic invariant [38], which
is made of an E5 multiplet in the 56 representation. Indeed,
by using the consistent truncation [65], one can see what
becomes of the quartic invariant of E;(,7) in the dimen-
sionally reduced D = 5 minimal supergravity. The result is
a certain quartic invariant of SL(2, R) made out of, in this
case, an SL(2, R) multiplet in the 4 representation.

It is natural to think that the most general black hole
solutions within the theory—if exist—should have inde-
pendent six charges. In principle, our technique would
allow to generate such solutions with a maximal number
of parameters (a mass, an angular momentum, two electric
charges, and two magnetic charges), depending on the
choice of a seed and a Killing vector. We leave this issue
open for future work.

Moreover, in connection with the above discussion con-
cerning the parameter independence, we here mention the
difference between the five-parameter solutions con-
structed in this paper and other five-parameter solutions
in Ref. [51], which have recently been constructed by a
nonlinear sigma model approach (SO(4, 4)-duality) in five-
dimensional U(1)? ungauged supergravity (as well known,
identifying three U(1) gauge fields and freezing out the
moduli fields [50] in the theory yields five-dimensional
minimal supergravity.). For the solutions in Ref. [51] the
dimensionally reduced solutions have not only the electric
charge ¢ and magnetic charge p but also a nut parameter,
so that the four-dimensional metric is no longer asymptoti-
cally Minkowskian. When one takes the vanishing limit
of the nut parameter, both the charges must vanish. By
contrast, our solutions does not have such a nut parameter,
and it turns out that when the parameters satisfy yQ = BP
(or yP = — BQ), the electric charge ¢"®% (p™") vanishes
but the magnetic charge p™% (¢"®") does not.

Next, we provide some further remarks on the solution-
generation technique by the (D = 3) nonlinear sigma in
[52] model and the SL(2, R)-duality that we have used in
this paper. Our transformation requires at least a single
Killing vector, while the (D = 3) nonlinear sigma model
approach needs the existence of two commuting Killing
vectors. For the nonlinear sigma model approach, the
bosonic sector of five-dimensional minimal supergravity
theory with two commuting independent Killing symme-
tries can be described by three-dimensional gravity
coupled with eight scalar fields P4 (A=1,---,8)describ-
ing the coset space Gy(4+)/[SL(2, R) X SL(2, R)]. Thus,
the solutions of the original system can be expressed by a
symmetric, unimodular matrix M(®*). In this case, one
must identify the target space coordinates ®* correspond-
ing to the seed solution and form the coset matrix M(P*)

PHYSICAL REVIEW D 84, 104009 (2011)

on the symmetric space Gy12)/[SL(2,R) X SL(2,R)].
This dualization involves solving certain linear partial
derivative equations on the three-dimensional base
space. Then, we make a desirable type of a global
Gy(+y transformation M(P*) — M'(P4) = A'M(DH)A
for A € Gy(1y). From the relation M(P4) = M'(d4),
one can express the new target space variables ®’4 in terms
of the old target space variables ®#. Finally, one identifies
the metric and gauge potential of the new solution with the
new target space coordinates @4, which is so-called
inverse dualization and also requires solving some linear
partial differential equations. Although the construction of
the new target space variables via the hidden symmetry
transformations is a relatively simple problem, some com-
plications often arise in solving the dualization equations
for the 1-form fields to scalars. However, for our formal-
ism, we would like to emphasize that unlike the sigma
model approach, it is only when one computes the 1-form
B from the Kaluza-Klein gauge field B for a seed solution
in Eq. (49) that one has to solve such partial differential
equations. An interesting application can be expected for
the construction of a wider class of black hole solutions.
Finally, we would like to make a few comments on the
transformation preserving asymptotics. All the actions of
the SL(2, R) group on a five-dimensional Kaluza-Klein
type of solution preserve its asymptotic structure, i.e., if
we start with an asymptotically Kaluza-Klein solution as a
seed, the transformed solution is also sure to be an asymp-
totically Kaluza-Klein solution. (This should be compared
with the D = 3 duality, where only the denominator sub-
group H of the G/H sigma model preserves the asymp-
totics [66]; the D = 4 SL(2, R) here becomes a part of the
denominator subgroup upon further reduction to three
dimensions.) We can see this by the following simple
consideration: When we choose the generator of the fifth
direction 9/dx> as a Killing vector in dimensional reduc-
tion, it is evident that for the starting-point Kaluza-Klein
black-hole solution, the dilaton field p and axion field
As at infinity behave as constants. From Eq. (43), it hence
follows that under the global SL(2, R) linear transforma-
tion, the transformed dilaton field at infinity also has to
behave as constant, and that furthermore under the
transformation, the four-dimensional metric ds(24) 1s invari-

ant. Therefore, Kaluza-Klein asymptotics is preserved
by this transformation, while, as is easily seen, the
SL(2, R)-transformation in general cannot preserve asymp-
totic flatness (asymptotic Minkowskian).
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