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Applying the equations of motion together with corresponding boundary conditions of bulk profiles at

infrared and ultraviolet branes, we verify some lemmas on the eigenvalues of Kaluza-Klein modes in

extension of the standard model with a warped extra dimension and the custodial symmetry SUð3Þc �
SUð2ÞL � SUð2ÞR �Uð1ÞX � PLR. Using the lemmas and performing properly analytic extensions of

bulk profiles, we present the sufficient condition for a convergent series of Kaluza-Klein excitations and

sum over the series through the residue theorem. The method can also be applied to sum over the infinite

series of Kaluza-Klein excitations in a universal extra dimension. Furthermore, we analyze the possible

connection between the propagators in five-dimensional full theory and the product of bulk profiles with

corresponding propagators of exciting Kaluza-Klein modes in four-dimensional effective theory, and

recover some relations presented in the literature for warped and universal extra dimensions, respectively.

As an example, we present the correction from new physics to the branching ratio of �B! Xs� to the order

Oð�2
EW=�2

KKÞ in extension of the standard model with a warped extra dimension and the custodial

symmetry, where �KK denotes the energy scale of low-lying Kaluza-Klein excitations and �EW denotes

the electroweak energy scale.

DOI: 10.1103/PhysRevD.84.096012 PACS numbers: 11.10.Kk, 04.50.�h

I. INTRODUCTION

Extensions of the standard model (SM) with a warped
dimension [1–4], where all SM fields are propagating in the
bulk, provide a naturally geometrical solution to the hier-
archy problem regarding the huge difference between the
Planck scale and the electroweak one. The small mixing
between zero modes and heavy Kaluza-Klein (KK) exci-
tations can induce the observed fermion masses and cor-
responding weak mixing angles [5,6], and suppress flavor-
changing neutral current (FCNC) couplings [7,8]. In addi-
tion, realistic models of electroweak symmetry breaking in
the framework with a warped extra dimension are con-
structed in Refs. [9–14], and the gauge coupling unification
with a warped extra dimension is also analyzed in
Refs. [15,16].

If the SM gauge group SUð2ÞL �Uð1ÞY is chosen in the
bulk for extensions of the SM with a warped extra dimen-
sion, the electroweak precision observables, for example,
the experimental data on S, T parameters and the well-
measured Z �bLbL coupling [17–20], generally require that
the exciting KK modes are heavier than 10 TeVand exceed
the reach of colliders running now. In order to accommo-
date low-lying KK excitations with Oð1 TeVÞ masses in
the framework with a warped extra dimension, Refs.
[21,22] enlarge the gauge group in the bulk to SUð3Þc �
SUð2ÞL � SUð2ÞR �Uð1ÞX � PLR. With an appropriate
choice of quark bulk masses, one indeed obtains the agree-
ment with the electroweak precision data in the presence of

light KK excitations [23,24]. Actually, the electroweak
precision observables are consistent with the light fermion
KKmodes with masses even below 1 TeV while the masses
of KK gauge bosons are forced to be at least 2–3 TeV to be
consistent with experimental data on the parameter S.
However, the large FCNC transitions are aroused by light

exciting KK modes if we assume that the hierarchy of
fermion masses together with corresponding weak mixings
solely originate from geometry and the fundamental
Yukawa couplings in five dimensions are anarchic
[25–30]. To suppress the large FCNC processes mediated
by light exciting KK modes, Ref. [31] introduces the bulk
and brane flavor symmetries where the naturally geometric
explanation of fermion hierarchies is abandoned. The au-
thor of Ref. [32] proposes the minimal flavor protection
where a globalUð3Þ bulk flavor symmetry is imposed on the
triplet representations of the local gauge symmetry
SUð2ÞL � SUð2ÞR in the quark sector. In a similar way,
Ref. [33] chooses the global flavor symmetry Uð3ÞL �
Uð3ÞR on the lepton sector to control relevant FCNC tran-
sitions. Another approach to suppress FCNC processes in a
warped extra dimension introduces two horizontal Uð1Þ
symmetries which guarantee bulk masses in alignment
with Yukawa couplings for charge�1=3 quarks and charge
�1 leptons, respectively [34]. An analogous strategy to
solve the FCNC problems in warped geometry is based on
A4 flavor symmetry [35–37]. A very different approach has
been presented in Refs. [38,39], where the bulk mass ma-
trices are expressed in terms of five-dimensional Yukawa
couplings, thus flavor violation at low energy can be sup-
pressed rationally. Comparing with the choices mentioned*fengtf@dlut.edu.cn
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above, thewarped extra dimension with a soft-wall [40–45]
perhaps provides a natural solution to accommodate FCNC
transitions at an acceptable level and the lightest KK ex-
citations aroundOð1 TeVÞ masses simultaneously [46].

In the framework with a warped extra dimension and
the custodial symmetry SUð3Þc � SUð2ÞL � SUð2ÞR �
Uð1ÞX � PLR, a meticulous analysis on the electroweak
and flavor structure is provided in Ref. [47], a complete
study of rare K and B meson decays is presented in
Ref. [48], and the impact from KK excitations of fermions
on the couplings among the SM particles is given in
Ref. [49]. Assuming all fields are propagating in the
bulk, the authors of Ref. [50] analyze the FCNC processes
mediated by a light Higgs, the authors of Ref. [51] present
an analysis on production and decay of KK gravitons at the
LHC, and the authors of Ref. [52] study signals for KK
excitations of electroweak and strong gauge bosons in the
LHC. Additionally, an analysis of loop-induced rare lepton
FCNC transition �! e� in a warped extra dimension
with anarchic Yukawa couplings and IR brane localized
Higgs boson is presented in Ref. [53] through the five-
dimensional mixed position/momentum space formalism
[54] and mass insertion approach.

It is well known that all virtual KK excitations contribute
their corrections to theoretical predictions on the physical
quantities at electroweak scale, and those theoretical cor-
rections should be summed over infinite KK modes in
principle [55–57]. In this work, we verify some lemmas
on the eigenvalues of exciting KK modes in extension of
the SM with a warped extra dimension and the custodial
symmetry SUð3Þc � SUð2ÞL � SUð2ÞR �Uð1ÞX � PLR

[8,58]. Performing properly analytic extensions of the
bulk profiles, we sum over the infinite series of KK modes
through the residue theorem. In addition, we also present
the sufficient condition for a convergent series of infinite
KK modes in extensions of the SM with a warped extra
dimension. The method can also be applied to sum over the
infinite series of KK modes in a universal extra dimension.
The emphasized point here is that the authors of Ref. [56]
also propose to sum over infinite series of KK modes
applying the equations of motion and corresponding com-
pleteness relations of bulk profiles. Nevertheless, the
method proposed there can only be applied to sum over
the infinite series of KK modes for the five-dimensional
fields with zero bulk mass and zero modes in extensions of
the SM with a warped extra dimension.

The radiative decay �B! Xs� definitely provides a very
strong constraint on extensions of the SM. The SM pre-
diction on the branching ratio of �B! Xs� at next-to-next
to-leading order [59–61] (NNLO) reads

Br ð �B! Xs�Þ ¼ ð3:15� 0:23Þ � 10�4; (1)

which is calculated for a photon-energy cutoff E� >

1:6 GeV in the �B-meson rest frame. This result certainly
coincides with the current experimental observation [62],

Br ð �B! Xs�Þ ¼ ð3:55� 0:24� 0:09Þ � 10�4; (2)

with the same energy cutoff E�. Using the residue tech-

nique mentioned above, we also analyze the corrections
from exciting KK modes to the branching ratio of �B!
Xs� in the scenario with a warped extra dimension and the
custodial symmetry.
Our presentation is organized as follows. The main

ingredients of the SM extension with a warped extra di-
mension and the custodial symmetry are summarized
briefly in Sec. II; the KK decompositions of all five-
dimensional fields and relevant bulk profiles are given
here also. In Sec. III, we present the verification of relevant
lemmas on the eigenvalues of exciting KK modes in detail.
In order to sum over the infinite series of KK modes
properly, we also discuss how to extend bulk profiles
analytically. We discuss the possible relation between the
perturbative expansions in four-dimensional effective the-
ory and five-dimensional full theory in Sec. IV.
Furthermore, we also recover the equations presented in
Ref. [18] through the residue theorem. In Sec. V, we show
how to sum over the infinite series of KK modes in a
universal extra dimension by the residue theorem through
recovering an important relation applied extensively in the
literature. In Sec. VI, we present the theoretical prediction
on the effective Hamiltonian of �B! Xs� to the order
Oð�2

EW=�
2
KKÞ through residue technique in the framework

with a warped extra dimension and the custodial symmetry,
where �KK denotes the energy scale of low-lying KK
excitations and �EW denotes the electroweak energy scale.
Additionally, we also present the possible constraint from
experimental data of �B! Xs� on the parameter space of
the SM extension with a warped extra dimension and the
custodial symmetry. Our conclusions are summarized in
Sec. VII.

II. AWARPED EXTRA DIMENSION WITH THE
CUSTODIAL SYMMETRY

In the Randall-Sundrum (RS) scenario, four-dimensional
Minkowskian space-time is embedded into a slice of five-
dimensional anti de–Sitter (ADS5) space with curvature k.
The fifth dimension is a S1=Z2 � Z02 orbifold of size r
labeled by a coordinate � 2 ½��;��, thus the points
ðx�;�Þ, (x�, ���), (x�, �þ�), and ðx�;��Þ are iden-
tified all. The corresponding metric of nonfactorizable RS
geometry is written as

ds2 ¼ e�2�ð�Þ���dx
�dx� � r2d�2; �ð�Þ ¼ krj�j;

(3)

where x� (� ¼ 0; 1; 2; 3) are the coordinates on the four-
dimensional hypersurfaces of constant � with metric
��� ¼ ð1;�1;�1;�1Þ, and e� is called the warp factor.

Two branes are located on the orbifold fixed points � ¼ 0
and � ¼ �=2, respectively. The brane on � ¼ 0 is called
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the Planck or ultraviolet (UV) brane, and the brane on� ¼
�=2 is called the TeVor infrared (IR) brane. Assuming the
parameters k and 1=r to be of order the fundamental Planck
scale MPI and choosing the product kr ’ 24, one gets the
inverse warp factor

� ¼ �IR

�UV

� e�kr�=2 ’ 10�16; (4)

which explains the hierarchy between the electroweak and
Planck scale naturally. Meanwhile, the mass scale of low-
lying KK excitations is set as

�KK � k� ¼ ke�kr�=2 ¼ Oð1 TeVÞ: (5)

In the gauge symmetry SUð2ÞL � SUð2ÞR �Uð1ÞX � PLR,
the discrete symmetry PLR interchanging the local groups
SUð2ÞL and SUð2ÞR implies that the five-dimensional gauge
couplings satisfy the relation g5L ¼ g5R ¼ g5. The local
gauge group SUð2ÞL � SUð2ÞR �Uð1ÞX is broken to the
SM gauge group by the boundary conditions (BCs) on the
UV brane,

W1;2;3
L;� ðþþÞ; B�ðþþÞ; W1;2

R;�ð�þÞ;
ZX;�ð�þÞ; ð�¼ 0; 1; 2; 3Þ;
W1;2;3

L;5 ð��Þ; B5ð��Þ; W1;2
R;5ðþ�Þ; ZX;5ðþ�Þ:

(6)

Here, the first (second) sign is the BC on the UV (IR) brane,
þ denotes a Neumann BC, and � denotes a Dirichlet BC.
The zero modes of fields with ðþþÞ BCs are massless
before the electroweak symmetry is spontaneously broken,
and are identified as the SM gauge bosons. The fields with
other BCs only contain massive KK modes. The third
component of SUð2ÞR gauge fields W3

R;M and the Uð1ÞX
gauge field ~BM are expressed in terms of the neutral gauge
fields ZX;M and BM as

W3
R;M ¼

g5ZX;M þ g5XBMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g25 þ g25X

q ;

~BM ¼ �g5XZX;M � g5BMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g25 þ g25X

q ; ðM ¼ 0; 1; 2; 3; 5Þ;
(7)

where g5X is the five-dimensional gauge coupling ofUð1ÞX.
The Lagrangian for gauge sector is written as

Lgauge ¼
ffiffiffiffi
G

p
r

GKMGLN

�
� 1

4
Wi

KLW
i
MN �

1

4
~Wi
KL

~Wi
MN

� 1

4
~BKL

~BMN � 1

4
Ga

KLG
a
MN

�
: (8)

For convenience in our discussion further, we define the
following five-dimensional fields [52]:

AM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g25 þ g25X

q
BM þ g5XW

3
L;Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g25 þ 2g25X

q ;

ZM ¼
�g5XBM þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g25 þ g25X

q
W3

L;Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g25 þ 2g25X

q ;

W�L;M ¼
1ffiffiffi
2
p ðW1

L;M � iW2
L;MÞ;

W�R;M ¼
1ffiffiffi
2
p ðW1

R;M � iW2
R;MÞ:

(9)

As regards the matter fields, the quarks of one generation
are embedded into the multiplets [63],

Qi
L ¼

	i
uLð�þÞ5=3 qiuL ðþþÞ2=3

	i
dL
ð�þÞ2=3 qidLðþþÞ�1=3

 !
;

Qi
uR ¼ uiRðþþÞ2=3

~Qi
dR
¼

Xi
Rð�þÞ5=3

Ui
Rð�þÞ2=3

Di
Rð�þÞ�1=3

0
BB@

1
CCA;

Qi
dR
¼

~Xi
Rð�þÞ5=3

~Ui
Rð�þÞ2=3

diRðþþÞ�1=3

0
BB@

1
CCA;

(10)

and the states with opposite chirality are written as

Qi
R ¼

	i
uRðþ�Þ5=3 qiuRð��Þ2=3

	i
dR
ðþ�Þ2=3 qidRð��Þ�1=3

 !
;

Qi
uL ¼ uiLð��Þ2=3

~Qi
dL
¼

Xi
Lðþ�Þ5=3

Ui
Lðþ�Þ2=3

Di
Lðþ�Þ�1=3

0
BB@

1
CCA;

Qi
dL
¼

~Xi
Lðþ�Þ5=3

~Ui
Lðþ�Þ2=3

diLð��Þ�1=3

0
BB@

1
CCA:

(11)

Here, i ¼ 1; 2; 3 denotes the index of generation and the
Uð1ÞX charges are all assigned as

YQi ¼ Yui ¼ YQi
d
¼ 2

3
: (12)

In order to give the kinetic terms of triplets, we redefine
the quarks in triplet as
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~Ti
QR
¼

1ffiffi
2
p ðXi

R þDi
RÞ

iffiffi
2
p ðXi

R �Di
RÞ

Ui
R

0
BBB@

1
CCCA; Ti

QR
¼

1ffiffi
2
p ð ~Xi

R þ diRÞ
iffiffi
2
p ð ~Xi

R � diRÞ
~Ui
R

0
BBB@

1
CCCA;

~Ti
QL
¼

1ffiffi
2
p ðXi

L þDi
LÞ

iffiffi
2
p ðXi

L �Di
LÞ

Ui
L

0
BBB@

1
CCCA; Ti

QL
¼

1ffiffi
2
p ð ~Xi

L þ diLÞ
iffiffi
2
p ð ~Xi

L � diLÞ
~Ui
L

0
BBB@

1
CCCA:

(13)

Correspondingly, the Lagrangian for kinetic terms of quarks can be written as

LQ ¼
ffiffiffiffi
G

p
2r

X3
i¼1

�
ð �QiÞa1a2 iEM

A �
A

��
1

2
ð@M � @

 
MÞ þ ig5sT

aGa
M þ ig5XYQi ~BM

�

a1b1
a2b2 þ ig5

�
�c1

2

�
a1b1

Wc1
L;M
a2b2

þ ig5

�
�c2

2

�
a2b2

Wc2
R;M
a1b1

�
ðQiÞb1b2 þ ð �QiÞa1a2½iEM

A �
A!M � sgnð�ÞkðcBÞij�ðQjÞa1a2

þ �ui
�
iEM

A �
A

�
1

2
ð@M � @

 
MÞ þ ig5sT

aGa
M þ ig5XYui

~BM

�

ij þ iEM

A �
A!M � sgnð�ÞkðcSÞij

�
uj

þ ð �~Ti
QÞa1iEM

A �
A

��
1

2
ð@M � @

 
MÞ þ ig5sT

aGa
M þ ig5XYQi

d

~BM

�

a1b1 þ g5"a1b1c1W

c1
L;M

�
ð ~Ti

QÞb1

þ ð �~Ti
QÞa1½iEM

A �
A!M � sgnð�Þð�3Þij�ð ~Tj

QÞa1 þ ð �Ti
QÞa1 iEM

A �
A

��
1

2
ð@M � @

 
MÞ þ ig5sT

aGa
M þ ig5XYQi

d

~BM

�

a1b1

þ g5"a1b1c1W
c1
R;M

�
ðTi

QÞb1 þ ð �Ti
QÞa1½iEM

A �
A!M � sgnð�ÞkðcTÞij�ðTj

QÞa1 þ H:c:

�
; (14)

with �A ¼ ð��;�i�5Þ, the inverse vielbein EA
B ¼

diagðe�ð�Þ; e�ð�Þ; e�ð�Þ; e�ð�Þ; 1rÞ, and the spin connection
!A ¼ ðsgnð�Þ i2 ke��ð�Þ���

5; 0Þ. Generally, three bulk
mass matrices cB, cS, cT are arbitrary Hermitian 3� 3
matrices.

To break down the electroweak symmetry, we introduce
an IR brane located Higgs which transforms as a self-dual
bidoublet under the gauge group SUð2ÞL � SUð2ÞR, and
transforms as a singlet with charge YH ¼ 0 under the gauge
group Uð1ÞX,

H ¼ �i�þ= ffiffiffi
2
p �ðh0 � i�0Þ=2

ðh0 þ i�0Þ=2 i��=
ffiffiffi
2
p

 !
: (15)

After normalizing the kinetic term of Higgs in five dimen-
sions, we write the corresponding Lagrangian as

LH ¼ Tr½ðD��ðxÞÞyðD��ðxÞÞ� ��2Trð�yðxÞ�ðxÞÞ
þ �

2
½Trð�yðxÞ�ðxÞÞ�2; (16)

with DMH ¼ @MHþ i
2g5ð

P
3
a¼1 W

a
L;M�

aÞH þ
i
2 g5Hð

P
3
a¼1 W

a
R;M�

aÞT . Accordingly, the Yukawa cou-

plings between quarks and Higgs field can be formulated as

LQ
Y ¼ ekr�=2

ffiffiffiffiffiffiffiffiffiffiffiffi
�GIR

q X3
i;j¼1
f ffiffiffi

2
p

�u
ij
�Qi
a�Ha�u

j

� 2�d
ij½ �Qi

a�ðcÞabð ~Tj
dÞcHb�

þ �Qi
a�ðcÞ��ðTj

dÞcHa�� þ H:c:g; (17)

here the metric on IR brane G��
IR ¼ ekr�=2���. In the

following we choose to work in the background gauge
[64]. Furthermore, we also assume that three bulk mass
matrices cB, cS, cT are real and diagonal, i.e. each of them
is described by three real parameters. This can always be
obtained through some appropriate field redefinitions.
For convenience in our analysis, we define the gauge

couplings in four dimensions which are related to the five-
dimensional gauge couplings via

g ¼ g5ffiffiffiffiffiffiffiffiffi
2�r
p ; gX ¼ g5Xffiffiffiffiffiffiffiffiffi

2�r
p : (18)

Correspondingly, the constant of electromagnetic coupling
and Weinberg angle in four dimensions are given through

e ¼ ggXffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2g2X

q ; sin�W ¼ gXffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ 2g2X

q : (19)
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In terms of the Weinberg angle �W and the constant of
electromagnetic coupling e, the gauge couplings in
Eq. (18) are written as

g ¼ e

sin�W
; gX ¼ effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2sin2�W
p : (20)

The KK decompositions of five-dimensional gauge
fields are extensively studied in the literature, and can be
written in our notations as

A�ðx;�Þ ¼ 1ffiffiffi
r
p X1

n¼0
AðnÞ� ðxÞ	G

ðþþÞðyGðnÞðþþÞ; tÞ;

Z�ðx;�Þ ¼ 1ffiffiffi
r
p X1

n¼0
ZðnÞ� ðxÞ	G

ðþþÞðyGðnÞðþþÞ; tÞ;

ZX;�ðx; �Þ ¼ 1ffiffiffi
r
p X1

n¼1
ZðnÞX;�ðxÞ	G

ð�þÞðyGðnÞð�þÞ; tÞ;

W�L;�ðx;�Þ ¼
1ffiffiffi
r
p X1

n¼0
W�ðnÞL;� ðxÞ	G

ðþþÞðyGðnÞðþþÞ; tÞ;

W�R;�ðx;�Þ ¼
1ffiffiffi
r
p X1

n¼1
W�ðnÞR;� ðxÞ	G

ð�þÞðyGðnÞð�þÞ; tÞ;

Ga
�ðx;�Þ ¼ 1ffiffiffi

r
p X1

n¼0
Ga;ðnÞ

� ðxÞ	G
ðþþÞðyGðnÞðþþÞ; tÞ:

(21)

As G ¼ A, Z, W�L , g, y
GðnÞ
ðþþÞ (n ¼ 0; 1; � � � ;1) denote the

roots of equation z2RG;�
ðþþÞðzÞ � 0 with

RG;�
ðþþÞðzÞ ¼ Y0ðzÞJ0ðz�Þ � J0ðzÞY0ðz�Þ: (22)

When G ¼ ZX, W
�
R , y

GðnÞ
ð�þÞ (n ¼ 1; 2; � � � ;1) denote the

roots of equation RG;�
ð�þÞðzÞ � 0 with

RG;�
ð�þÞðzÞ ¼ Y0ðzÞJ1ðz�Þ � J0ðzÞY1ðz�Þ: (23)

In order to give the bulk profiles of those five-dimensional
fields conveniently, we introduce a coordinate t ¼
� expð�ð�ÞÞ which takes values between t ¼ � (UV brane)
and t ¼ 1 (IR brane). In terms of the variable t, we write
the bulk files for those gauge fields as

	G
ðþþÞðyGðnÞðþþÞ; tÞ ¼

t�GðþÞ
ðuvÞ ðyGðnÞðþþÞ; tÞ

NGðþÞ
ðuvÞ ðyGðnÞðþþÞÞ

¼ t�GðþÞ
ðirÞ ðyGðnÞðþþÞ; tÞ

NGðþÞ
ðirÞ ðyGðnÞðþþÞÞ

;

	G
ð�þÞðyGðnÞð�þÞ; tÞ ¼

t�Gð�Þ
ðuvÞ ðyGðnÞð�þÞ; tÞ

NGð�Þ
ðuvÞ ðyGðnÞð�þÞÞ

¼ t�GðþÞ
ðirÞ ðyGðnÞð�þÞ; tÞ

NGðþÞ
ðirÞ ðyGðnÞð�þÞÞ

;

(24)

with

�GðþÞ
ðuvÞ ðy; tÞ ¼ Y0ðy�ÞJ1ðytÞ � J0ðy�ÞY1ðytÞ;

�GðþÞ
ðirÞ ðy; tÞ ¼ Y0ðyÞJ1ðytÞ � J0ðyÞY1ðytÞ;

�Gð�Þ
ðuvÞ ðy; tÞ ¼ Y1ðy�ÞJ1ðytÞ � J1ðy�ÞY1ðytÞ;

�Gð�Þ
ðuvÞ ðy; tÞ ¼ Y0ðy�ÞJ0ðytÞ � J0ðy�ÞY0ðytÞ;

�Gð�Þ
ðirÞ ðy; tÞ ¼ Y0ðyÞJ0ðytÞ � J0ðyÞY0ðytÞ;

�GðþÞ
ðuvÞ ðy; tÞ ¼ Y1ðy�ÞJ0ðytÞ � J1ðy�ÞY0ðytÞ:

(25)

It is easy to check Eq. (25) satisfying the equations of
motion,

t
@�GðþÞ

ðuvÞ
@t

ðy; tÞ þ�GðþÞ
ðuvÞ ðy; tÞ ¼ yt�Gð�Þ

ðuvÞ ðy; tÞ;

t
@�GðþÞ

ðirÞ
@t

ðy; tÞ þ�GðþÞ
ðirÞ ðy; tÞ ¼ yt�Gð�Þ

ðirÞ ðy; tÞ;

t
@�Gð�Þ

ðuvÞ
@t

ðy; tÞ þ�Gð�Þ
ðuvÞ ðy; tÞ ¼ yt�GðþÞ

ðuvÞ ðy; tÞ;

t
@�Gð�Þ

ðuvÞ
@t

ðy; tÞ ¼ �yt�GðþÞ
ðuvÞ ðy; tÞ;

t
@�Gð�Þ

ðirÞ
@t

ðy; tÞ ¼ �yt�GðþÞ
ðirÞ ðy; tÞ;

t
@�GðþÞ

ðuvÞ
@t

ðy; tÞ ¼ �yt�Gð�Þ
ðuvÞ ðy; tÞ:

(26)

The corresponding normalization constants are formulated
as

½NGðþÞ
ðuvÞ ðyÞ�2 ¼

2

kr

�
ð�GðþÞ
ðuvÞ ðy; 1ÞÞ2 � �2ð�GðþÞ

ðuvÞ ðy; �ÞÞ2 þ ð�Gð�Þ
ðuvÞ ðy; 1ÞÞ2 �

2

y
�GðþÞ
ðuvÞ ðy; 1Þ�Gð�Þ

ðuvÞ ðy; 1Þ
�
;

½NGðþÞ
ðirÞ ðyÞ�2 ¼

2

kr

�
ð�GðþÞ
ðirÞ ðy; 1ÞÞ2 � �2ð�GðþÞ

ðirÞ ðy; �ÞÞ2 � �2ð�Gð�Þ
ðirÞ ðy; �ÞÞ2 þ

2�

y
�GðþÞ
ðirÞ ðy; �Þ�Gð�Þ

ðirÞ ðy; �Þ
�
;

½NGð�Þ
ðuvÞ ðyÞ�2 ¼

2

kr

�
ð�GðþÞ
ðuvÞ ðy; 1ÞÞ2 � �2ð�GðþÞ

ðuvÞ ðy; �ÞÞ2 þ ð�Gð�Þ
ðuvÞ ðy; 1ÞÞ2 �

2

y
�GðþÞ
ðuvÞ ðy; 1Þ�Gð�Þ

ðuvÞ ðy; 1Þ
�
:

(27)
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Similarly, the KK decompositions of five-dimensional quark fields are written as

	i
uLðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

	i;ðnÞ
uL ðxÞfL;c

i
B

ð�þÞðy
ciBðnÞ
ð��Þ; tÞ; 	i

dL
ðx;�Þ ¼ e2�ð�Þffiffiffi

r
p X

n

	i;ðnÞ
dL
ðxÞfL;ciBð�þÞðy

ciBðnÞ
ð��Þ; tÞ;

qiuLðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

qi;ðnÞuL ðxÞfL;c
i
B

ðþþÞðy
ciBðnÞ
ð��Þ; tÞ; qidLðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

qi;ðnÞdL
ðxÞfL;ciBðþþÞðy

ciBðnÞ
ð��Þ; tÞ;

uiRðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

ui;ðnÞR ðxÞfR;ciSðþþÞðy
ci
S
ðnÞ

ð��Þ; tÞ; Xi
Rðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

Xi;ðnÞ
R ðxÞfR;ciTð�þÞðy

ciT ðnÞ
ð��Þ; tÞ;

Ui
Rðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

Ui;ðnÞ
R ðxÞfR;ciTð�þÞðy

ciT ðnÞ
ð��Þ; tÞ; Di

Rðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

Di;ðnÞ
R ðxÞfR;ciTð�þÞðy

ciT ðnÞ
ð��Þ; tÞ;

~Xi
Rðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

~Xi;ðnÞ
R ðxÞfR;ciTð�þÞðy

ciT ðnÞ
ð��Þ; tÞ; ~Ui

Rðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

~Ui;ðnÞ
R ðxÞfR;ciTð�þÞðy

ciT ðnÞ
ð��Þ; tÞ;

diRðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

di;ðnÞR ðxÞfR;ciTðþþÞðy
ciT ðnÞ
ð��Þ; tÞ; Xi

Lðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

Xi;ðnÞ
L ðxÞfL;ciTðþ�Þðy

ciT ðnÞ
ð��Þ; tÞ;

Ui
Lðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

Ui;ðnÞ
L ðxÞfL;ciTðþ�Þðy

ciT ðnÞ
ð��Þ; tÞ; Di

Lðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

Di;ðnÞ
L ðxÞfL;ciTðþ�Þðy

ciT ðnÞ
ð��Þ; tÞ;

~Xi
Lðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

~Xi;ðnÞ
L ðxÞfL;ciTðþ�Þðy

ciT ðnÞ
ð��Þ; tÞ; ~Ui

Lðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

~Ui;ðnÞ
L ðxÞfL;ciTðþ�Þðy

ciT ðnÞ
ð��Þ; tÞ;

diLðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

di;ðnÞL ðxÞfL;ciTð��Þðy
ciT ðnÞ
ð��Þ; tÞ; uiLðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

ui;ðnÞL ðxÞfL;ciSð��Þðy
ciSðnÞ
ð��Þ; tÞ;

	i
uRðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

	i;ðnÞ
uR ðxÞfR;c

i
B

ðþ�Þðy
ciBðnÞ
ð��Þ; tÞ; 	i

dR
ðx;�Þ ¼ e2�ð�Þffiffiffi

r
p X

n

	i;ðnÞ
dR
ðxÞfR;ciBðþ�Þðy

ciBðnÞ
ð��Þ; tÞ;

qiuRðx;�Þ ¼
e2�ð�Þffiffiffi

r
p X

n

qi;ðnÞuR ðxÞfR;c
i
B

ð��Þðy
ciBðnÞ
ð��Þ; tÞ; qidRðx;�Þ ¼

e2�ð�Þffiffiffi
r
p X

n

qi;ðnÞdR
ðxÞfR;ciBð��Þðy

ciBðnÞ
ð��Þ; tÞ:

(28)

In Eq. (28), the eigenvalues ycðnÞð��Þðn � 1Þ satisfy the equation Rc;�
ð��ÞðzÞ � 0, ycðnÞð��Þðn � 1Þ satisfy the equation Rc;�

ð��ÞðzÞ �
0, ycðnÞð��Þðn � 1Þ satisfy the equation Rc;�

ð��ÞðzÞ � 0, and the eigenvalues ycðnÞð��Þðn � 1Þ satisfy the equation Rc;�
ð��ÞðzÞ � 0,

respectively. Here, the concrete expressions of Rc;�
ð��ÞðzÞ, Rc;�

ð��ÞðzÞ, Rc;�
ð��ÞðzÞ, Rc;�

ð��ÞðzÞ are

Rc;�
ð��ÞðzÞ ¼

8<
:YNðzÞJNðz�Þ � JNðzÞYNðz�Þ; c ¼ N þ 1

2

J�cþð1=2ÞðzÞJc�ð1=2Þðz�Þ � Jc�ð1=2ÞðzÞJ�cþð1=2Þðz�Þ; c � N þ 1
2

;

Rc;�
ð��ÞðzÞ ¼

8<
: JNþ1ðzÞYNðz�Þ � YNþ1ðzÞJNðz�Þ; c ¼ N þ 1

2

Jcþð1=2ÞðzÞJ�cþð1=2Þðz�Þ þ J�c�ð1=2ÞðzÞJc�ð1=2Þðz�Þ; c � N þ 1
2

;

Rc;�
ð��ÞðzÞ ¼

8<
:YNðzÞJNþ1ðz�Þ � JNðzÞYNþ1ðz�Þ; c ¼ N þ 1

2

J�cþð1=2ÞðzÞJcþð1=2Þðz�Þ þ Jc�ð1=2ÞðzÞJ�c�ð1=2Þðz�Þ; c � N þ 1
2

;

Rc;�
ð��ÞðzÞ ¼

8<
: JNþ1ðzÞYNþ1ðz�Þ � YNþ1ðzÞJNþ1ðz�Þ; c ¼ N þ 1

2

Jcþð1=2ÞðzÞJ�c�ð1=2Þðz�Þ � J�c�ð1=2ÞðzÞJcþð1=2Þðz�Þ; c � N þ 1
2

:

(29)
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In terms of the variable t, those bulk profiles for five-dimensional fermions are formulated as

fL;cðþþÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cðþÞ
LðuvÞ ðycðnÞð��Þ; tÞ

NcðþÞ
LðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cðþÞ
LðirÞ ðycðnÞð��Þ; tÞ

NcðþÞ
LðirÞ ðycðnÞð��ÞÞ

; fL;cðþ�ÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cðþÞ
LðuvÞ ðycðnÞð��Þ; tÞ

NcðþÞ
LðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cð�Þ
LðirÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
LðirÞ ðycðnÞð��ÞÞ

;

fL;cð�þÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cð�Þ
LðuvÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
LðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cðþÞ
LðirÞ ðycðnÞð��Þ; tÞ

NcðþÞ
LðirÞ ðycðnÞð��ÞÞ

; fL;cð��ÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cð�Þ
LðuvÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
LðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cð�Þ
LðirÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
LðirÞ ðycðnÞð��ÞÞ

;

fR;cðþþÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cðþÞ
RðuvÞ ðycðnÞð��Þ; tÞ

NcðþÞ
RðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cðþÞ
RðirÞ ðycðnÞð��Þ; tÞ

NcðþÞ
RðirÞ ðycðnÞð��ÞÞ

; fR;cðþ�ÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cðþÞ
RðuvÞ ðycðnÞð��Þ; tÞ

NcðþÞ
RðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cð�Þ
RðirÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
RðirÞ ðycðnÞð��ÞÞ

;

fR;cð�þÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cð�Þ
RðuvÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
RðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cðþÞ
RðirÞ ðycðnÞð��Þ; tÞ

NcðþÞ
RðirÞ ðycðnÞð��ÞÞ

; fR;cð��ÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cð�Þ
RðuvÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
RðuvÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cð�Þ
RðirÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
RðirÞ ðycðnÞð��ÞÞ

(30)
with

’cðþÞ
LðirÞ ðy; tÞ ¼

�YNðyÞJNþ1ðytÞ � JNðyÞYNþ1ðytÞ; c ¼ N þ 1
2

J�cþð1=2ÞðyÞJcþð1=2ÞðytÞ þ Jc�ð1=2ÞðyÞJ�c�ð1=2ÞðytÞ; c � N þ 1
2

;

’cðþÞ
LðuvÞ ðy; tÞ ¼

�YNðy�ÞJNþ1ðytÞ � JNðy�ÞYNþ1ðytÞ; c ¼ N þ 1
2

J�cþð1=2Þðy�ÞJcþð1=2ÞðytÞ þ Jc�ð1=2Þðy�ÞJ�c�ð1=2ÞðytÞ; c � N þ 1
2

;

’cð�Þ
LðirÞ ðy; tÞ ¼

�YNþ1ðyÞJNþ1ðytÞ � JNþ1ðyÞYNþ1ðytÞ; c ¼ N þ 1
2

J�c�ð1=2ÞðyÞJcþð1=2ÞðytÞ � Jcþð1=2ÞðyÞJ�c�ð1=2ÞðytÞ; c � N þ 1
2

;

’cð�Þ
LðuvÞ ðy; tÞ ¼

�YNþ1ðy�ÞJNþ1ðytÞ � JNþ1ðy�ÞYNþ1ðytÞ; c ¼ N þ 1
2

J�c�ð1=2Þðy�ÞJcþð1=2ÞðytÞ � Jcþð1=2Þðy�ÞJ�c�ð1=2ÞðytÞ; c � N þ 1
2

;

’cð�Þ
RðirÞ ðy; tÞ ¼

�YNðyÞJNðytÞ � JNðyÞYNðytÞ; c ¼ N þ 1
2

J�cþð1=2ÞðyÞJc�ð1=2ÞðytÞ � Jc�ð1=2ÞðyÞJ�cþð1=2ÞðytÞ; c � N þ 1
2

;

’cð�Þ
RðuvÞ ðy; tÞ ¼

�YNðy�ÞJNðytÞ � JNðy�ÞYNðytÞ; c ¼ N þ 1
2

J�cþð1=2Þðy�ÞJc�ð1=2ÞðytÞ � Jc�ð1=2Þðy�ÞJ�cþð1=2ÞðytÞ; c � N þ 1
2

;

’cðþÞ
RðirÞ ðy; tÞ ¼

�YNþ1ðyÞJNðytÞ � JNþ1ðyÞYNðytÞ; c ¼ N þ 1
2

J�c�ð1=2ÞðyÞJc�ð1=2ÞðytÞ þ Jcþð1=2ÞðyÞJ�cþð1=2ÞðytÞ; c � N þ 1
2

;

’cðþÞ
RðuvÞ ðy; tÞ ¼

�YNþ1ðy�ÞJNðytÞ � JNþ1ðy�ÞYNðytÞ; c ¼ N þ 1
2

J�c�ð1=2Þðy�ÞJc�ð1=2ÞðytÞ þ Jcþð1=2Þðy�ÞJ�cþð1=2ÞðytÞ; c � N þ 1
2

:

(31)

It should be pointed out that those bulk profiles satisfy the following equations of motion:

t
@’cð�Þ

LðirÞ

@t
ðy; tÞ þ

�
cþ 1

2

�
’cð�Þ

LðirÞ ðy; tÞ ¼ yt’cð�Þ
RðirÞ ðy; tÞ; t

@’cð�Þ
RðirÞ

@t
ðz; tÞ �

�
c� 1

2

�
’cð�Þ

RðirÞ ðy; tÞ ¼ �yt’cð�Þ
LðirÞ ðy; tÞ;

t
@’cð�Þ

LðuvÞ

@t
ðy; tÞ þ

�
cþ 1

2

�
’cð�Þ

LðuvÞ ðy; tÞ ¼ yt’cð�Þ
RðuvÞ ðy; tÞ; t

@’cð�Þ
RðuvÞ

@t
ðy; tÞ �

�
c� 1

2

�
’cð�Þ

RðuvÞ ðy; tÞ ¼ �yt’cð�Þ
LðuvÞ ðy; tÞ:

(32)

Meanwhile, the normalization factors can be written as
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½NcðþÞ
LðirÞ ðyÞ�2 ¼

2

kr�

�
ð’cðþÞ

LðirÞ ðy; 1ÞÞ2 � �2ð’cðþÞ
LðirÞ ðy; �ÞÞ2 � �2ð’cð�Þ

RðirÞ ðy; �ÞÞ2 þ ð2cþ 1Þ �
y
’cðþÞ

LðirÞ ðy; �Þ’cð�Þ
RðirÞ ðy; �Þ

�
;

½Ncð�Þ
RðirÞ ðyÞ�2 ¼

2

kr�

�
ð’cðþÞ

LðirÞ ðy; 1ÞÞ2 � �2ð’cðþÞ
LðirÞ ðy; �ÞÞ2 � �2ð’cð�Þ

RðirÞ ðy; �ÞÞ2 þ ð2c� 1Þ �
y
’cðþÞ

LðirÞ ðy; �Þ’cð�Þ
RðirÞ ðy; �Þ

�
;

½Ncð�Þ
LðirÞ ðyÞ�2 ¼

2

kr�

�
��2ð’cð�Þ

LðirÞ ðy; �ÞÞ2 þ ð’cðþÞ
RðirÞ ðy; 1ÞÞ2 � �2ð’cðþÞ

RðirÞ ðy; �ÞÞ2 þ ð2cþ 1Þ �
y
’cð�Þ

LðirÞ ðy; �Þ’cðþÞ
RðirÞ ðy; �Þ

�
;

½NcðþÞ
RðirÞ ðyÞ�2 ¼

2

kr�

�
��2ð’cð�Þ

LðirÞ ðy; �ÞÞ2 þ ð’cðþÞ
RðirÞ ðy; 1ÞÞ2 � �2ð’cðþÞ

RðirÞ ðy; �ÞÞ2 þ ð2c� 1Þ �
y
’cð�Þ

LðirÞ ðy; �Þ’cðþÞ
RðirÞ ðy; �Þ

�
;

½NcðþÞ
LðuvÞ ðyÞ�2 ¼

2

kr�

�
ð’cðþÞ

LðuvÞ ðy; 1ÞÞ2 � �2ð’cðþÞ
LðuvÞ ðy; �ÞÞ2 þ ð’cð�Þ

RðuvÞ ðy; 1ÞÞ2 �
2cþ 1

y
’cðþÞ

LðuvÞ ðy; 1Þ’cð�Þ
RðuvÞ ðy; 1Þ

�
;

½Ncð�Þ
RðuvÞ ðyÞ�2 ¼

2

kr�

�
ð’cðþÞ

LðuvÞ ðy; 1ÞÞ2 � �2ð’cðþÞ
LðuvÞ ðy; �ÞÞ2 þ ð’cð�Þ

RðuvÞ ðy; 1ÞÞ2 �
2c� 1

y
’cðþÞ

LðuvÞ ðy; 1Þ’cð�Þ
RðuvÞ ðy; 1Þ

�
;

½Ncð�Þ
LðuvÞ ðyÞ�2 ¼

2

kr�

�
ð’cð�Þ

LðuvÞ ðy; 1ÞÞ2 þ ð’cðþÞ
RðuvÞ ðy; 1ÞÞ2 � �2ð’cðþÞ

RðuvÞ ðy; �ÞÞ2 �
2cþ 1

y
’cð�Þ

LðuvÞ ðy; 1Þ’cðþÞ
RðuvÞ ðy; 1Þ

�
;

½NcðþÞ
RðuvÞ ðyÞ�2 ¼

2

kr�

�
ð’cð�Þ

LðuvÞ ðy; 1ÞÞ2 þ ð’cðþÞ
RðuvÞ ðy; 1ÞÞ2 � �2ð’cðþÞ

RðuvÞ ðy; �ÞÞ2 �
2c� 1

y
’cð�Þ

LðuvÞ ðy; 1Þ’cðþÞ
RðuvÞ ðy; 1Þ

�
:

(33)

With the preparations above, we verify some lemmas on
the eigenvalues of KK modes in extensions of the SM with
a warped extra dimension, then show how to sum over the
infinite series of KK modes using the residue theorem.

III. SUMMING OVER INFINITE SERIES
OF KK MODES

As mentioned above, the radiative corrections from all
virtual KK modes to the physics quantities at electroweak
scale should be summed over in principle in order to obtain
the theoretical predictions in extensions of the SM with a
warped or universal extra dimension. When fðzÞ is an
analytic function except some limited-in-number nonzero
poles z1; z2; � � � ; zn0 and the possible pole z ¼ 0, we con-

struct another function GðzÞ in order to sum over the

infinite series
P1

n¼1ðfðycðnÞðBCsÞÞ þ fðycð�nÞðBCsÞ ÞÞ. Here the func-

tion GðzÞ is analytic except its poles of order one

ycð�1ÞðBCsÞ ; � � � ; ycð�nÞðBCsÞ ; � � � , and the possible pole of order

m: z ¼ 0ðm � 1Þ. Furthermore, the residues of GðzÞ are
uniform ones at nonzero poles z ¼ ycð�1ÞðBCsÞ ; � � � ; ycð�nÞðBCsÞ ; � � � .
If the closed rectifiable contour CrðnÞ does not pass through

any of the points ycð�kÞðBCsÞ ðk ¼ 1; 2; � � � ; nÞ, and the region

with the boundary CrðnÞ contains the points

0; ycð�1ÞðBCsÞ ; � � � ; ycð�nÞðBCsÞ and z1; z2; � � � ; zn0 , we obtainI
CrðnÞ

GðzÞfðzÞdz ¼ i2�

�Xn
i¼1
½fðycðiÞðBCsÞÞ þ fðycð�iÞðBCsÞÞ�

þ ResðGðzÞfðzÞ; z ¼ 0Þ

þXn0
i¼1

ResðGðzÞfðzÞ; z ¼ ziÞ
�

(34)

according the residue theorem [65]. If the limit

lim
n!1

I
CrðnÞ

GðzÞfðzÞdz ¼ 0;

then we can sum over the infinite series

X1
i¼1
½fðycðiÞðBCsÞÞþfðycð�iÞðBCsÞÞ�¼�ResðGðzÞfðzÞ;z¼0Þ

�Xn0
i¼1

ResðGðzÞfðzÞ;z¼ziÞ: (35)

To construct the functionGðzÞ and find the suitable contour
CrðnÞ , we verify some lemmas on the eigenvalues of KK

modes first.

Lemma 1.—If ycðnÞðBCsÞðn ¼ 1; 2; � � � ;1Þ satisfy the equa-

tion Rc;�
ðBCsÞðycðnÞðBCsÞÞ ¼ 0, where c denotes the bulk mass of

five-dimensional fermions, then ycðnÞðBCsÞ is real.
Proof.—Taking ðBCsÞ ¼ ð��Þ as an example, we show

how to demonstrate that the roots of Rc;�
��ðycðnÞ��Þ ¼ 0 are

real. If the left-handed five-dimensional fermion satisfies
the BCs ðþþÞ and the dual right-handed five-dimensional
fermion satisfies the BCs ð��Þ, the corresponding bulk
files are written as

fL;cðþþÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cðþÞ
LðirÞ ðycðnÞð��Þ; tÞ

NcðþÞ
LðirÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cðþÞ
LðuvÞ ðycðnÞð��Þ; tÞ

NcðþÞ
LðuvÞ ðycðnÞð��ÞÞ

;

fR;cð��ÞðycðnÞð��Þ; tÞ ¼
ffiffi
t
p

’cð�Þ
RðirÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
RðirÞ ðycðnÞð��ÞÞ

¼
ffiffi
t
p

’cð�Þ
RðuvÞ ðycðnÞð��Þ; tÞ

Ncð�Þ
RðuvÞ ðycðnÞð��ÞÞ

;

(36)

FENG et al. PHYSICAL REVIEW D 84, 096012 (2011)

096012-8



where ’cðþÞ
LðirÞ ðycðnÞð��Þ; tÞ, ’cðþÞ

LðuvÞ ðycðnÞð��Þ; tÞ, ’cð�Þ
RðirÞ ðycðnÞð��Þ; tÞ,

’cð�Þ
RðuvÞ ðycðnÞð��Þ; tÞ satisfy the equations of motion in

Eq. (32). Using Eq. (32), we can easily derive the following
equations:

1

t

@

@t

�
t
@’cðþÞ

LðirÞ

@t

�
ðycðnÞð��Þ; tÞ

þ
�
½ycðnÞð��Þ�2 �

ðcþ 1
2Þ2

t2

�
’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞ ¼ 0;

1

t

@

@t

�
t
@’cð�Þ

RðirÞ

@t

�
ðycðnÞð��Þ; tÞ

þ
�
½ycðnÞð��Þ�2 �

ðc� 1
2Þ2

t2

�
’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞ ¼ 0: (37)

If ycðnÞð��Þ ¼ rþ is (r, s are real and s � 0) satisfies

Rc;�
ð��ÞðycðnÞð��ÞÞ ¼ 0, then its conjugate �ycðnÞð��Þ ¼ r� is also

satisfies Rc;�
ð��Þð �ycðnÞð��ÞÞ ¼ 0. This implies

1

t

@

@t

�
t
@’cðþÞ

LðirÞ

@t

�
ð �ycðnÞð��Þ; tÞ

þ
�
½ �ycðnÞð��Þ�2 �

ðcþ 1
2Þ2

t2

�
’cðþÞ

LðirÞ ð �ycðnÞð��Þ; tÞ ¼ 0: (38)

Using the first equation in Eq. (37) and that in Eq. (38), we
find

ð½ycðnÞð��Þ�2 � ½ �ycðnÞð��Þ�2Þ
Z 1

�
dtt’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞ’cðþÞ
LðirÞ ð �ycðnÞð��Þ; tÞ

¼
�
t’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞ
@’cðþÞ

LðirÞ

@t
ð �ycðnÞð��Þ; tÞ

� t’cðþÞ
LðirÞ ð �ycðnÞð��Þ; tÞ

@’cðþÞ
LðirÞ

@t
ðycðnÞð��Þ; tÞ

�
1

�

¼ ft �ycðnÞð��Þ’cðþÞ
LðirÞ ðycðnÞð��Þ; tÞ’cð�Þ

RðirÞ ð �ycðnÞð��Þ; tÞ
� t �ycðnÞð��Þ’

cðþÞ
LðirÞ ð �ycðnÞð��Þ; tÞ’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞg1�: (39)

Similarly, we also obtain

ð½ycðnÞð��Þ�2 � ½ �ycðnÞð��Þ�2Þ
Z 1

�
dtt’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞ’cð�Þ
RðirÞ ð �ycðnÞð��Þ; tÞ

¼ f�t �ycðnÞð��Þ’cð�Þ
RðirÞ ðycðnÞð��Þ; tÞ’cðþÞ

LðirÞ ð �ycðnÞð��Þ; tÞ
þ t �ycðnÞð��Þ’

cð�Þ
RðirÞ ð �ycðnÞð��Þ; tÞ’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞg1�: (40)

Since t 2 ð�; 1Þ is real,’cðþÞ
LðirÞ ð �ycðnÞð��Þ; tÞ ¼ ½’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞ�	,
’cð�Þ

RðirÞ ð �ycðnÞð��Þ; tÞ ¼ ½’cð�Þ
RðirÞ ðycðnÞð��Þ; tÞ�	, then

Z 1

�
dtt’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞ’cðþÞ
LðirÞ ð �ycðnÞð��Þ; tÞ

¼
Z 1

�
dttj’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞj2 > 0;

Z 1

�
dtt’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞ’cð�Þ
RðirÞ ð �ycðnÞð��Þ; tÞ

¼
Z 1

�
dttj’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞj2 > 0

(41)

for the nontrivial functions ’cðþÞ
LðirÞ ðycðnÞð��Þ; tÞ; ’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞ.
If r � 0, then ½ycðnÞð��Þ�2 � ½ �ycðnÞð��Þ�2 ¼ i4rs � 0. Applying

ð��Þ BCs satisfied by the bulk profiles of right-handed
fermions, we derive the following equations from Eqs. (39)
and (40):

Z 1

�
dttj’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞj2 ¼ 0;

Z 1

�
dttj’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞj2 ¼ 0;

(42)

which are contrary to the inequalities in Eq. (41). For
r ¼ 0,

Z 1

�
dttj’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞj2 ¼ lim
r!0

1

i4rs
ft �ycðnÞð��Þ’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞ’cð�Þ
RðirÞ ð �ycðnÞð��Þ; tÞ � t �ycðnÞð��Þ’

cðþÞ
LðirÞ ð �ycðnÞð��Þ; tÞ’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞg1�

¼ 1

i4s

�
t’cðþÞ

LðirÞ ðycðnÞð��Þ; tÞ’cð�Þ
RðirÞ ð �ycðnÞð��Þ; tÞ þ

�ycðnÞð��Þ
ycðnÞð��Þ

t2
@’cðþÞ

LðirÞ

@t
ðycðnÞð��Þ; tÞ’cð�Þ

RðirÞ ð �ycðnÞð��Þ; tÞ

þ t2’cðþÞ
LðirÞ ðycðnÞð��Þ; tÞ

@’cð�Þ
RðirÞ

@t
ð �ycðnÞð��Þ; tÞ � t’cðþÞ

LðirÞ ð �ycðnÞð��Þ; tÞ’cð�Þ
RðirÞ ðycðnÞð��Þ; tÞ

� ycðnÞð��Þ
�ycðnÞð��Þ

t2
@’cðþÞ

LðirÞ

@t
ð �ycðnÞð��Þ; tÞ’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞ � t2’cðþÞ
LðirÞ ð �ycðnÞð��Þ; tÞ

@’cð�Þ
RðirÞ

@t
ðycðnÞð��Þ; tÞ

�
1

�

¼ 1

2
fj’cðþÞ

LðirÞ ðycðnÞð��Þ; 1Þj2 � �2j’cðþÞ
LðirÞ ðycðnÞð��Þ; �Þj2g: (43)
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In the last step, we apply the equation of motion for the
bulk profiles of fermions in Eq. (32) and ð��Þ BCs sat-
isfied by the bulk files of right-handed fermions. Similarly,
we can derive

Z 1

�
dttj’cð�Þ

RðirÞ ðycðnÞð��Þ; tÞj2 ¼ �
1

2
fj’cðþÞ

LðirÞ ðycðnÞð��Þ; 1Þj2

� �2j’cðþÞ
LðirÞ ðycðnÞð��Þ; �Þj2g: (44)

Equations (43) and (44) are also contrary to the inequalities
in Eq. (41). In other words, Rc;�

ð��ÞðzÞ ¼ 0 only has the real
roots. Analogously, we can verify that the equations
Rc;�
ð��ÞðzÞ ¼ 0, Rc;�

ð��ÞðzÞ ¼ 0, Rc;�
ð��ÞðzÞ ¼ 0, RG;�

ðþþÞðzÞ ¼ 0,
and RG;�

ð�þÞðzÞ ¼ 0 only have real roots.

Lemma 2.—If ycðnÞðBCsÞðn ¼ 1; 2; � � � ;1Þ satisfy

Rc;�
ðBCsÞðycðnÞðBCsÞÞ ¼ 0, then ycð�nÞðBCsÞ ¼ �ycðnÞðBCsÞ and

�ycð1ÞðBCsÞ; � � � ;�ycðnÞðBCsÞ; � � � are the zeros of order one of

the function Rc;�
ðBCsÞðzÞ.

Proof.—Assuming ðBCsÞ ¼ ð��Þ, we first demonstrate

that ycð1Þð��Þ; � � � ; ycðnÞð��Þ; � � � are the zeros of order one of the
function Rc;�

ð��ÞðzÞ. For c � N þ 1
2

dRc;�
ð��Þ
dz

ðzÞ ¼ ½J�c�ð1=2ÞðzÞJc�ð1=2Þðz�Þ
þ Jcþð1=2ÞðzÞJ�cþð1=2Þðz�Þ�
� �½J�cþð1=2ÞðzÞJcþð1=2Þðz�Þ
þ Jc�ð1=2ÞðzÞJ�c�ð1=2Þðz�Þ�
þ 2c� 1

z
½J�cþð1=2ÞðzÞJc�ð1=2Þðz�Þ

� Jc�ð1=2ÞðzÞJ�cþð1=2Þðz�Þ�
¼ ’cðþÞ

RðirÞ ðz; �Þ � �’cðþÞ
LðirÞ ðz; �Þ

þ 2c� 1

z
’cð�Þ

RðirÞ ðz; �Þ: (45)

As c ¼ N þ 1=2,

dRc;�
ð��Þ
dz

ðzÞ¼�½YNþ1ðzÞJNðz�Þ�JNþ1ðzÞYNðz�Þ�
��½YNðzÞJNþ1ðz�Þ�JNðzÞYNþ1ðz�Þ�
þ2N

z
½YNðzÞJNðz�Þ�JNðzÞYNðz�Þ�

¼’cðþÞ
RðirÞ ðz;�Þ��’cðþÞ

LðirÞ ðz;�Þþ
2c�1

z
’cð�Þ

RðirÞ ðz;�Þ:
(46)

When ycðnÞð��Þðn ¼ 1; 2; � � � ;1Þ satisfy the equation

Rc;�
ð��ÞðycðnÞð��ÞÞ ¼ 0, then

dRc;�
ð��Þ
dz

ðzÞj
z¼ycðnÞð��Þ

¼’cðþÞ
RðirÞ ðycðnÞð��Þ;�Þ��’cðþÞ

LðirÞ ðycðnÞð��Þ;�Þ�0:

(47)

In other words, ycðnÞð��Þðn ¼ 1; 2; � � � ;1Þ are the zeros of

order one for the function Rc;�
ð��ÞðzÞ. Using concrete

expressions of the Bessel functions J� and Y�, we can

verify directly Rc;�
ð��Þð�ycðnÞð��ÞÞ ¼ 0 if Rc;�

ð��ÞðycðnÞð��ÞÞ ¼ 0.

Furthermore, we can obtain those similar results on zeros

of the functions Rc;�
ð��ÞðzÞ, Rc;�

ð��ÞðzÞ, Rc;�
ð��ÞðzÞ, RG;�

ðþþÞðzÞ and
RG;�
ð�þÞðzÞ.
When z! 0 and c � N þ 1

2 , the function Rc;�
ð��ÞðzÞ is

approximated as

Rc;�
ð��ÞðzÞ ¼

2ð�c�ð1=2Þ � �ð1=2Þ�cÞ
ð1� 2cÞ�ð12� cÞ�ð12þ cÞ f1þOðz2Þg: (48)

When z! 0 and c ¼ N þ 1
2 , the function Rc;�

ð��ÞðzÞ is

approximated as

Rc;�
ð��ÞðzÞ ¼

8<
:

1��2N
N��N

f1þOðz2Þg; N � 0

� 2 ln�
� f1þOðz2Þg; N ¼ 0

: (49)

In other words, z ¼ 0 is not the zero of Rc;�
ð��ÞðzÞ. Similarly,

we find that z ¼ 0 is not the zero of the functions Rc;�
ð��ÞðzÞ

as well as RG;�
ðþþÞðzÞ also, and is the pole of order one of the

functions Rc;�
ð��ÞðzÞ, Rc;�

ð��ÞðzÞ together with RG;�
ð�þÞðzÞ.

Lemma 3.—Let function fðzÞ be analytic except for
limited-in-number isolated singularities on the complex
plane. If there are two constants M> 0 and R> 0, we
have jzfðzÞj 
M when jzj>R. Then

lim
n!1

I
CrðnÞ

�
2

z
þ 1

Rc;�
ðBCsÞðzÞ

dRc;�
ðBCsÞ
dz

ðzÞ
�
fðzÞdz ¼ 0; (50)

where the path CrðnÞ is the rectangular contour with four

vertices ð1� iÞrðnÞ and ð�1� iÞrðnÞ with ycðnÞðBCsÞ < rðnÞ <
ycðnþ1ÞðBCsÞ .
Proof.—First, we illustrate how to demonstrate the

lemma for the case ðBCsÞ ¼ ð��Þ. Since jzfðzÞj 
M
when jzj>R, all singularities of the function fðzÞ all
distribute within the region jzj 
R. This implies that
zfðzÞ is analytic at z ¼ 1,

zfðzÞ ¼ a0 þ a1
z
þ a2

z2
þ � � � ; jzj>R; (51)

or

fðzÞ ¼ a0
z
þ a1

z2
þ a2

z3
þ � � � ; jzj>R: (52)
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Applying the residue theorem, we have

I
CrðnÞ

�
2

z2
þ 1

zRc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
�
dz

¼ i2�

�
Res

�
2

z2
þ 1

zRc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ; z¼ 0

�

þXn
i¼1

�
Res

�
1

zRc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ; z

¼ ycðiÞð��Þ

�
þRes

�
1

zRc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ; z¼�ycðiÞð��Þ
���

:

(53)

Because 2=z2 þ ðdRc;�
ð��ÞðzÞ=dzÞ=ðzRc;�

ð��ÞðzÞÞ is an even

function of z, its Laurent series at the point z ¼ 0 does
not contain the term which is proportional to 1=z. One
directly has

I
CrðnÞ

�
2

z2
þ 1

zRc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
�
dz

¼ i2�
Xn
i¼1

�
Res

�
1

zRc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ; z ¼ ycðiÞð��Þ

�

þ Res

�
1

zRc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ; z ¼ �ycðiÞð��Þ
��

¼ i2�
Xn
i¼1

�
1

ycðiÞð��Þ
þ 1

�ycðiÞð��Þ

�
¼ 0; (54)

then gets

I
CrðnÞ

�
2

z
þ 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
�
fðzÞdz

¼
I
CrðnÞ

�
2

z
þ 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
��
fðzÞ � a0

z

�
dz: (55)

For fðzÞ�a0=z¼1=z2fa1þa2=zþ���þanþ1=znþ���g,
a1 þ a2=zþ � � � þ anþ1=zn þ � � � is the analytic function
and its absolute value has an upper limit in the region
jzj �R0, R0 >R. Assuming��������a1 þ a2

z
þ � � � þ anþ1

zn
þ � � �

��������
M0; as jzj �R0;

(56)

then one gets��������fðzÞ � a0
z

��������
M0

jzj2 ; as jzj �R0: (57)

As n is sufficiently large, we have jzj �R0 for z 2 CrðnÞ ,

then get

��������
I
CrðnÞ

�
2

z
þ 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
��
fðzÞ�a0

z

�
dz

��������

4rðnÞM0

r2ðnÞ
�
�
the upper bound of

�������� 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
��������

forz2CrðnÞ

�
: (58)

In order to obtain the upper bound of
jðdRc;�

ð��ÞðzÞ=dzÞ=Rc;�
ð��ÞðzÞj for z 2 CrðnÞ , we express the

Bessel functions as [66]

J�ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2�z
p

�
½eiðz�ð��=2Þ�ð�=4ÞÞ

þ e�iðz�ð��=2Þ�ð�=4ÞÞ�
�
1þO

�
1

z2

��

þ i

2�

�
�2 � 1

4

�
½eiðz�ð��=2Þ�ð�=4ÞÞ

� e�iðz�ð��=2Þ�ð�=4ÞÞ�
�
1þO

�
1

z2

���
;

Y�ðzÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2�z
p

�
�i½eiðz�ð��=2Þ�ð�=4ÞÞ

� e�iðz�ð��=2Þ�ð�=4ÞÞ�
�
1þO

�
1

z2

��

þ 1

2�

�
�2 � 1

4

�
½eiðz�ð��=2Þ�ð�=4ÞÞ

þ e�iðz�ð��=2Þ�ð�=4ÞÞ�
�
1þO

�
1

z2

���
; (59)

for jzj ! 1. Using the above equations, we approximate
Rc;�
ð��ÞðzÞ and dRc;�

ð��ÞðzÞ=dz as

Rc;�
ð��ÞðzÞ¼�

icosc�

�
ffiffiffi
�
p

z

�
½eið1��Þz�e�ið1��Þz�

�
1þO

�
1

z2

��

þ icðc�1Þ
2z

�
1

�
�1

�
½eið1��Þz

þe�ið1��Þz�
�
1þO

�
1

z2

���
;

dRc;�
ð��Þ
dz

ðzÞ¼ cosc�

�
ffiffiffi
�
p

z

�
ð1��Þ½eið1��Þz

þe�ið1��Þz�
�
1þO

�
1

z2

��

þ i

z

�
1þ

�
1�ð1þ�2Þ

2�

�
cðc�1Þ

�
½eið1��Þz

�e�ið1��Þz�
�
1þO

�
1

z2

���
; (60)

for c � N þ 1=2 and jzj ! 1. When c ¼ N þ 1=2, the
functions Rc;�

ð��ÞðzÞ and dRc;�
ð��ÞðzÞ=dz at jzj ! 1 can be

similarly approximated as
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Rc;�
ð��ÞðzÞ ¼ �

i

�
ffiffiffi
�
p

z

�
½eið1��Þz � e�ið1��Þz�

�
1þO

�
1

z2

��
þ i

2z

�
N2 � 1

4

��
1

�
� 1

�
½eið1��Þz þ e�ið1��Þz�

�
1þO

�
1

z2

���
;

dRc;�
ð��Þ
dz

ðzÞ ¼ 1

�
ffiffiffi
�
p

z

�
ð1� �Þ½eið1��Þz þ e�ið1��Þz�

�
1þO

�
1

z2

��
þ i

z

�
1þ

�
1� ð1þ �2Þ

2�

��
N2 � 1

4

��

� ½eið1��Þz � e�ið1��Þz�
�
1þO

�
1

z2

���
: (61)

Using Eq. (60) and (61), one obtains

1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ ¼ ið1� �Þ e
ið1��Þz þ e�ið1��Þz þ i

z ½ 1
1��� ð1��Þcðc�1Þ2� �½eið1��Þz � e�ið1��Þz�

eið1��Þz � e�ið1��Þz þ icðc�1Þ
2z ð1�� 1Þ½eið1��Þz þ e�ið1��Þz�

�
1þO

�
1

z2

��
: (62)

If n is sufficiently large, ycðnÞð��Þ is approximately given by [63]

ycðnÞð��Þ ’
�
nþ 1

2

���������cþ 1

2

���������1
�
� 1

4

�
�: (63)

The fact implies that the interval between ycðnÞð��Þ and ycðnþ1Þð��Þ is about � as n� 1. When

ycðnÞð��Þ <
�

1� �

�
N0 þ 1

4

�
<

�

1� �

�
N0 þ 3

4

�

 ycðnþ1Þð��Þ (64)

or

ycðnÞð��Þ <
�

1� �

�
N0 þ 1

4

�
< ycðnþ1Þð��Þ 


�

1� �

�
N0 þ 3

4

�
; (65)

where the positive integer N0 obviously turns large along with increasing of the number n, one can choose

rðnÞ ¼ �

1� �

�
N0 þ 1

4

�
: (66)

When the point z belongs to the left and right borders of CrðnÞ , i.e. z ¼ �ðN0 þ 1=4Þ�=ð1� �Þ þ iy with
�ðN0 þ 1=4Þ�=ð1� �Þ 
 y 
 ðN0 þ 1=4Þ�=ð1� �Þ, we have
�������� 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
�������� 
 ð1� �Þ je

ið1��Þz þ e�ið1��Þzj þ 1
jzj j 1

1��� ð1��Þcðc�1Þ2� jjeið1��Þz � e�ið1��Þzj
jeið1��Þz � e�ið1��Þzj � jcðc�1Þj

2jzj ð1�� 1Þjeið1��Þz þ e�ið1��Þzj
�
1þO

�
1

jzj2
���������


 ð1� �Þ
�
1þ 1

rðnÞ

�
1

1� �
þ jcðc� 1Þj

�
1

�
� 1

����
1þO

�
1

r2ðnÞ

��
: (67)

When the point z belongs to the upper and lower borders of CrðnÞ , i.e. z ¼ x� iðN0 þ 1=4Þ�=ð1� �Þ with
�ðN0 þ 1=4Þ�=ð1� �Þ 
 x 
 ðN0 þ 1=4Þ�=ð1� �Þ, we similarly obtain

�������� 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
��������
 ð1��Þ je

i2ð1��Þxþ eð2N0þð1=2ÞÞ�jþ 1
jzj j 1

1���ð1��Þcðc�1Þ2� jjei2ð1��Þx� eð2N0þð1=2ÞÞ�j
jei2ð1��Þx� eð2N0þð1=2ÞÞ�j� jcðc�1Þj

2jzj ð1�� 1Þjei2ð1��Þxþ eð2N0þð1=2ÞÞ�j
�
1þO

�
1

jzj2
���������


 ð1��Þ
�
1þ 1

jzj
�������� 1

1��
�ð1��Þcðc� 1Þ

2�

��������þjcðc� 1Þj
2jzj

�
1

�
� 1

��

� eð2N0þð1=2ÞÞ�þ 1

eð2N0þð1=2ÞÞ�� 1� jcðc�1Þjjzj ð1�� 1Þ
�
1þO

�
1

jzj2
��


 2ð1��Þ
�
1þ 1

rðnÞ

�
1

1� �
þjcðc� 1Þj

�
1

�
� 1

����
1þO

�
1

r2ðnÞ

��
: (68)

As

�

1� �

�
N0 þ 1

4

�

 ycðnÞð��Þ <

�

1� �

�
N0 þ 3

4

�
< ycðnþ1Þð��Þ ; (69)
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we choose

rðnÞ ¼ �

1� �

�
N0 þ 3

4

�
; (70)

and similarly get the upper bounds in Eqs. (67) and (68).
Applying Eq. (58), we have

lim
rðnÞ!1

��������
I
CrðnÞ

�
2

z
þ 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
��
fðzÞ � a0

z

�
dz

��������

 lim

rðnÞ!1
4ð1� �ÞM0

rðnÞ

�
1þ 1

rðnÞ

�
1

1� �

þ jcðc� 1Þj
�
1

�
� 1

����
1þO

�
1

r2ðnÞ

��
¼ 0: (71)

In other words, the integral

lim
rðnÞ!1

I
CrðnÞ

�
2

z
þ 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
�
fðzÞ ¼ 0: (72)

Using Eqs. (29) and (59), we have

1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ

¼ ið1� �Þ e
ið1��Þz � e�ið1��Þz

eið1��Þz þ e�ið1��Þz

�
1� i

2z

�
cðc� 1Þ

�

� c� 1þ ðc
2 � 1Þ�2
1� �

�
eið1��Þz þ e�ið1��Þz

eið1��Þz � e�ið1��Þz

þ ic

2z

�
c� 1

�
� c� 1

�
eið1��Þz � e�ið1��Þz

eið1��Þz þ e�ið1��Þz

�

�
�
1þO

�
1

z2

��
; (73)

for the case BCs ¼ ð��Þ. If n is sufficiently large, ycðnÞð��Þ is
approximately given by [63]

ycðnÞð��Þ ’
�
nþ 1

2

���������cþ 1

2

���������1
�
þ 1

4

�
�: (74)

The fact also implies that the interval between ycðnÞð��Þ and
ycðnþ1Þð��Þ is about � as n� 1. When

ycðnÞð��Þ <
�

1� �

�
N0 � 1

4

�
<

�

1� �

�
N0 þ 1

4

�

 ycðnþ1Þð��Þ

(75)

or

ycðnÞð��Þ <
�

1� �

�
N0 � 1

4

�
< ycðnþ1Þð��Þ 


�

1� �

�
N0 þ 1

4

�
;

(76)

one can choose

rðnÞ ¼ �

1� �

�
N0 � 1

4

�
; (77)

where the positive integer N0 obviously turns large along
with increasing of the number n. As

�

1� �

�
N0 � 1

4

�

 ycðnÞð��Þ <

�

1� �

�
N0 þ 1

4

�
< ycðnþ1Þð��Þ ;

(78)

one can choose rðnÞ ¼ ðN0 þ 1=4Þ�=ð1� �Þ. Then per-

forming the similar analysis above, we finally get

lim
rðnÞ!1

I
CrðnÞ

�
2

z
þ 1

Rc;�
ð��ÞðzÞ

dRc;�
ð��Þ
dz

ðzÞ
�
fðzÞ ¼ 0: (79)

As for the functions Rc;�
ð��ÞðzÞ, Rc;�

ð��ÞðzÞ, RG;�
ðþþÞðzÞ, and

RG;�
ð�þÞðzÞ, we derive the similar equations.

Using the lemmas verified above and Eq. (34),
we summarize the summing over infinite series of KK
modes as

X1
i¼1
½fðycðiÞðBCsÞÞ þ fð�ycðiÞðBCsÞÞ�

¼ �Res
��

2

z
þ 1

Rc;�
ðBCsÞðzÞ

dRc;�
ðBCsÞ
dz

ðzÞ
�
fðzÞ; z ¼ 0

�

�Xn0
i¼1

Res

��
2

z
þ 1

Rc;�
ðBCsÞðzÞ

dRc;�
ðBCsÞ
dz

ðzÞ
�
fðzÞ; z ¼ zi

�
;

X1
i¼1
½fðyGðiÞðBCsÞÞ þ fð�yGðiÞðBCsÞÞ�

¼ �Res
��

2

z
þ 1

RG;�
ðBCsÞðzÞ

dRG;�
ðBCsÞ
dz

ðzÞ
�
fðzÞ; z ¼ 0

�

�Xn0
i¼1

Res

��
2

z
þ 1

RG;�
ðBCsÞðzÞ

dRG;�
ðBCsÞ
dz

ðzÞ
�
fðzÞ; z ¼ zi

�
;

(80)

where

lim
jzj!1

jzfðzÞj 
M; 0<M<1: (81)

Actually, Eq. (81) is the sufficient condition to judge if the

infinite series
P1

i¼1½fðycðiÞðBCsÞÞ þ fð�ycðiÞðBCsÞÞ� is convergent.
In extensions of the SM with a warped extra dimension,

the bulk profiles in Eqs. (24) and (30) affect amplitudes for

relevant processes in terms of ½	G
ðBCsÞðyGðnÞðBCsÞ; tÞ��

½	G
ðBCsÞðyGðnÞðBCsÞ; t

0Þ�, ½fL;cðBCsÞðycðnÞðBCsÞ; tÞ�½fL;cðBCsÞðycðnÞðBCsÞ; t0Þ�, and

½fR;cðBCsÞðycðnÞðBCsÞ; tÞ�½fR;cðBCsÞðycðnÞðBCsÞ; t0Þ�. In order to sum over

the infinite series of KK modes properly, one should ana-
lytically extend the above combinations of bulk profiles to
the complex plane. Here, we illustrate how to extend
analytically the combinations of bulk profiles for gauge
fields satisfying ðþþÞ [ð�þÞ] BCs in the complex plane.

When y ¼ yGðnÞðþþÞ satisfies the equation RG;�
ðþþÞðyGðnÞðþþÞÞ ¼ 0,
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the combination of bulk profiles for gauge fields with ðþþÞ
BCs can be formulated as

½	G
ðþþÞðy;tÞ�½	G

ðþþÞðy;t0Þ�¼
tt0�GðþÞ

ðuvÞ ðy;tÞ�GðþÞ
ðuvÞ ðy;t0Þ

½NGðþÞ
ðuvÞ ðyÞ�2

¼ tt0�GðþÞ
ðirÞ ðy;tÞ�GðþÞ

ðirÞ ðy;t0Þ
½NGðþÞ
ðirÞ ðyÞ�2

¼ tt0�GðþÞ
ðuvÞ ðy;tÞ�GðþÞ

ðirÞ ðy;t0Þ
½NGðþÞ
ðuvÞ ðyÞ�½NGðþÞ

ðirÞ ðyÞ�

¼ tt0�GðþÞ
ðirÞ ðy;tÞ�GðþÞ

ðuvÞ ðy;t0Þ
½NGðþÞ
ðuvÞ ðyÞ�½NGðþÞ

ðirÞ ðyÞ�
: (82)

When y ¼ yGðnÞð�þÞ satisfies the equation RG;�
ð�þÞðyGðnÞð�þÞÞ ¼ 0,

the combination of bulk profiles for gauge fields with the
BCs ð�þÞ can be written as

½	G
ð�þÞðy;tÞ�½	G

ð�þÞðy;t0Þ�¼
tt0�Gð�Þ

ðuvÞ ðy;tÞ�Gð�Þ
ðuvÞ ðy;t0Þ

½NGð�Þ
ðuvÞ ðyÞ�2

¼ tt0�GðþÞ
ðirÞ ðy;tÞ�GðþÞ

ðirÞ ðy;t0Þ
½NGðþÞ
ðirÞ ðyÞ�2

¼ tt0�Gð�Þ
ðuvÞ ðy;tÞ�GðþÞ

ðirÞ ðy;t0Þ
½NGð�Þ
ðuvÞ ðyÞ�½NGðþÞ

ðirÞ ðyÞ�

¼ tt0�GðþÞ
ðirÞ ðy;tÞ�Gð�Þ

ðuvÞ ðy;t0Þ
½NGð�Þ
ðuvÞ ðyÞ�½NGðþÞ

ðirÞ ðyÞ�
: (83)

The combinations of bulk profiles for gauge fields certainly
satisfy the corresponding BCs,

@

@tðuvÞ
½	G
ðþþÞðy; tÞ�½	G

ðþþÞðy; t0Þ�jtðuvÞ¼� ¼ 0;

@

@tðirÞ
½	G
ðþþÞðy; tÞ�½	G

ðþþÞðy; t0Þ�jtðirÞ¼1 ¼ 0;

½	G
ð�þÞðy; tÞ�½	G

ð�þÞðy; t0Þ�jtðuvÞ¼� ¼ 0;

@

@tðirÞ
½	G
ð�þÞðy; tÞ�½	G

ð�þÞðy; t0Þ�jtðirÞ¼1 ¼ 0;

(84)

with tðuvÞ ¼ minðt; t0Þ, tðirÞ ¼ maxðt; t0Þ. Considering

Eq. (84), we analytically extend the combinations of bulk
profiles from Eqs. (82) and (83) in the complex plane as

½	G
ðþþÞðz; tÞ�½	G

ðþþÞðz; t0Þ�

¼ tt0

½NGðþÞ
ðuvÞ ðzÞ�½NGðþÞ

ðirÞ ðzÞ�
f�ðt� t0Þ�GðþÞ

ðuvÞ ðz; t0Þ�GðþÞ
ðirÞ ðz; tÞ

þ �ðt0 � tÞ�GðþÞ
ðuvÞ ðz; tÞ�GðþÞ

ðirÞ ðz; t0Þg;
½	G
ð�þÞðz; tÞ�½	G

ð�þÞðz; t0Þ�

¼ tt0

½NGð�Þ
ðuvÞ ðzÞ�½NGðþÞ

ðirÞ ðzÞ�
f�ðt� t0Þ�Gð�Þ

ðuvÞ ðz; t0Þ�GðþÞ
ðirÞ ðz; tÞ

þ �ðt0 � tÞ�Gð�Þ
ðuvÞ ðz; tÞ�GðþÞ

ðirÞ ðz; t0Þg: (85)

Here, the step function �ðxÞ is defined as

�ðxÞ ¼

8>>><
>>>:
1; x > 0;
1
2 ; x ¼ 0;

0; x < 0:

(86)

To guarantee that the combinations of bulk profiles are
uniformly bounded in the complex plane, we analytically
extend the corresponding normalization factors in
Eq. (85) as

jNGðþÞ
ðuvÞ ðzÞj2 ¼

2

krðz2 � �z2Þ f �z�
GðþÞ
ðuvÞ ðz; 1Þ�Gð�Þ

ðuvÞ ð �z; 1Þ

� z�GðþÞ
ðuvÞ ð�z; 1Þ�Gð�Þ

ðuvÞ ðz; 1Þg þ
2

kr
�ðzÞ;

jNGð�Þ
ðuvÞ ðzÞj2 ¼

2

krðz2 � �z2Þ f �z�
Gð�Þ
ðuvÞ ðz; 1Þ�GðþÞ

ðuvÞ ð �z; 1Þ

� z�Gð�Þ
ðuvÞ ð�z; 1Þ�GðþÞ

ðuvÞ ðz; 1Þg þ
2

kr
�ðzÞ;

jNGðþÞ
ðirÞ ðzÞj2 ¼

2�

krðz2 � �z2Þ fz�
GðþÞ
ðirÞ ð�z; �Þ�Gð�Þ

ðirÞ ðz; �Þ

� �z�GðþÞ
ðirÞ ðz; �Þ�Gð�Þ

ðirÞ ð �z; �Þg þ
2

kr
�ðzÞ: (87)

Here, �z represents the conjugate of z, and the non-negative
function �ðzÞ is defined as

�ðzÞ ¼ 1

�2jzj2
�
ð1� �Þðe�ið1��Þðz��zÞ þ eið1��Þðz��zÞÞ

þ e�ið1��Þðz��zÞ � eið1��Þðz��zÞ

iðz� �zÞ
�
: (88)

In the limit of �z ¼ z (i.e. z is real), one easily gets

lim
�z!z

�ðzÞ ¼ 0 (89)

and the normalization factors in Eq. (87) recover the
corresponding expressions in Eq. (27). Similarly, we can
analytically generalize the normalization constants of bulk
profiles for fermions as
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jNcðþÞ
LðirÞ ðzÞj2 ¼

2

krðz2 � �z2Þ fz’
cðþÞ
LðirÞ ð�z; �Þ’cð�Þ

RðirÞ ðz; �Þ � �z’cðþÞ
LðirÞ ðz; �Þ’cð�Þ

RðirÞ ð�z; �Þg þ
2cos2c�

kr�
�ðzÞ;

jNcðþÞ
LðuvÞ ðzÞj2 ¼

2

kr�ðz2 � �z2Þ f�z’
cðþÞ
LðuvÞ ðz; 1Þ’cð�Þ

RðuvÞ ð�z; 1Þ � z’cðþÞ
LðuvÞ ð �z; 1Þ’cð�Þ

RðuvÞ ðz; 1Þg þ
2cos2c�

kr�
�ðzÞ;

jNcð�Þ
RðirÞ ðzÞj2 ¼

2

krðz2 � �z2Þ f�z’
cðþÞ
LðirÞ ð �z; �Þ’cð�Þ

RðirÞ ðz; �Þ � z’cðþÞ
LðirÞ ðz; �Þ’cð�Þ

RðirÞ ð�z; �Þg þ
2cos2c�

kr�
�ðzÞ;

jNcð�Þ
RðuvÞ ðzÞj2 ¼

2

kr�ðz2 � �z2Þ fz’
cðþÞ
LðuvÞ ðz; 1Þ’cð�Þ

RðuvÞ ð�z; 1Þ � �z’cðþÞ
LðuvÞ ð �z; 1Þ’cð�Þ

RðuvÞ ðz; 1Þg þ
2cos2c�

kr�
�ðzÞ;

jNcð�Þ
LðirÞ ðzÞj2 ¼

2

krðz2 � �z2Þ fz’
cð�Þ
LðirÞ ð �z; �Þ’cðþÞ

RðirÞ ðz; �Þ � �z’cð�Þ
LðirÞ ðz; �Þ’cðþÞ

RðirÞ ð�z; �Þg þ
2cos2c�

kr�
�ðzÞ;

jNcð�Þ
LðuvÞ ðzÞj2 ¼

2

kr�ðz2 � �z2Þ f�z’
cð�Þ
LðuvÞ ðz; 1Þ’cðþÞ

RðuvÞ ð�z; 1Þ � z’cð�Þ
LðuvÞ ð �z; 1Þ’cðþÞ

RðuvÞ ðz; 1Þg þ
2cos2c�

kr�
�ðzÞ;

jNcðþÞ
RðirÞ ðzÞj2 ¼

2

krðz2 � �z2Þ f�z’
cð�Þ
LðirÞ ð �z; �Þ’cðþÞ

RðirÞ ðz; �Þ � z’cð�Þ
LðirÞ ðz; �Þ’cðþÞ

RðirÞ ð�z; �Þg þ
2cos2c�

kr�
�ðzÞ;

jNcðþÞ
RðuvÞ ðzÞj2 ¼

2

kr�ðz2 � �z2Þ fz’
cð�Þ
LðuvÞ ðz; 1Þ’cðþÞ

RðuvÞ ð�z; 1Þ � �z’cð�Þ
LðuvÞ ð �z; 1Þ’cðþÞ

RðuvÞ ðz; 1Þg þ
2cos2c�

kr�
�ðzÞ:

(90)

Using the above normalization constants, we write the uniformly bounded combinations of bulk profiles for fermion fields
in the complex plane as

½fL;cðþþÞðz; tÞ�½fL;cðþþÞðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

NcðþÞ
LðuvÞ ðzÞNcðþÞ

LðirÞ ðzÞ
f�ðt� t0Þ’cðþÞ

LðuvÞ ðz; t0Þ’cðþÞ
LðirÞ ðz; tÞ þ �ðt0 � tÞ’cðþÞ

LðuvÞ ðz; tÞ’cðþÞ
LðirÞ ðz; t0Þg;

½fR;cð��Þðz; tÞ�½fR;cð��Þðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

Ncð�Þ
RðuvÞ ðzÞNcð�Þ

RðirÞ ðzÞ
f�ðt� t0Þ’cð�Þ

RðuvÞ ðz; t0Þ’cð�Þ
RðirÞ ðz; tÞ þ �ðt0 � tÞ’cð�Þ

RðuvÞ ðz; tÞ’cð�Þ
RðirÞ ðz; t0Þg:

½fL;cðþ�Þðz; tÞ�½fL;cðþ�Þðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

NcðþÞ
LðuvÞ ðzÞNcð�Þ

LðirÞ ðzÞ
f�ðt� t0Þ’cðþÞ

LðuvÞ ðz; t0Þ’cð�Þ
LðirÞ ðz; tÞ þ �ðt0 � tÞ’cðþÞ

LðuvÞ ðz; tÞ’cð�Þ
LðirÞ ðz; t0Þg;

½fR;cð�þÞðz; tÞ�½fR;cð�þÞðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

Ncð�Þ
RðuvÞ ðzÞNcðþÞ

RðirÞ ðzÞ
f�ðt� t0Þ’cð�Þ

RðuvÞ ðz; t0Þ’cðþÞ
RðirÞ ðz; tÞ þ �ðt0 � tÞ’cð�Þ

RðuvÞ ðz; tÞ’cðþÞ
RðirÞ ðz; t0Þg;

½fL;cð�þÞðz; tÞ�½fL;cð�þÞðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

Ncð�Þ
LðuvÞ ðzÞNcðþÞ

LðirÞ ðzÞ
f�ðt� t0Þ’cð�Þ

LðuvÞ ðz; t0Þ’cðþÞ
LðirÞ ðz; tÞ þ �ðt0 � tÞ’cð�Þ

LðuvÞ ðz; tÞ’cðþÞ
LðirÞ ðz; t0Þg;

½fR;cðþ�Þðz; tÞ�½fR;cðþ�Þðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

NcðþÞ
RðuvÞ ðzÞNcð�Þ

RðirÞ ðzÞ
f�ðt� t0Þ’cðþÞ

RðuvÞ ðz; t0Þ’cð�Þ
RðirÞ ðz; tÞ þ �ðt0 � tÞ’cðþÞ

RðuvÞ ðz; tÞ’cð�Þ
RðirÞ ðz; t0Þg;

½fL;cð��Þðz; tÞ�½fL;cð��Þðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

Ncð�Þ
LðuvÞ ðzÞNcð�Þ

LðirÞ ðzÞ
f�ðt� t0Þ’cð�Þ

LðuvÞ ðz; t0Þ’cð�Þ
LðirÞ ðz; tÞ þ �ðt0 � tÞ’cð�Þ

LðuvÞ ðz; tÞ’cð�Þ
LðirÞ ðz; t0Þg;

½fR;cðþþÞðz; tÞ�½fR;cðþþÞðz; t0Þ� ¼
ffiffiffiffiffi
tt0
p

NcðþÞ
RðuvÞ ðzÞNcðþÞ

RðirÞ ðzÞ
f�ðt� t0Þ’cðþÞ

RðuvÞ ðz; t0Þ’cðþÞ
RðirÞ ðz; tÞ þ �ðt0 � tÞ’cðþÞ

RðuvÞ ðz; tÞ’cðþÞ
RðirÞ ðz; t0Þg:

(91)

The above expressions in Eq. (91) are valid for c � N þ 1=2 and one gets the corresponding expressions for
c ¼ N þ 1=2 after replacing cos2c� with 1 in the Eq. (90).
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IV. THE FOUR- AND FIVE-DIMENSIONAL
PERTURBATIVE EXPANSIONS

The KK excitations affect the theoretical predictions of
electroweak scale although it is very difficult to produce
them directly in the colliders running now. When KK
excitations of gauge fields with (þþ) BCs are virtual
intermediate particles of one-loop Feynman diagrams in
four-dimensional effective theory, the amplitudes possibly
contain the factor

�i½	G
ðþþÞðyGðnÞðþþÞ; tÞ�½	G

ðþþÞðyGðnÞðþþÞ; t
0Þ�

p2 ��2
KK½yGðnÞðþþÞ�2

; (92)

when we expand them according �2
EW=�2

KK. The denomi-

nator p2 ��2
KK½yGðnÞðþþÞ�2 originates from four-dimensional

propagators of KK excitations for gauge fields in momen-

tum space and ½	G
ðþþÞðyGðnÞðþþÞ; tÞ� and ½	G

ðþþÞðyGðnÞðþþÞ; t
0Þ�

originate from the neighbor vertices in four-dimensional

effective theory. Note that �yGð1ÞðþþÞ; � � � ;�yGðnÞðþþÞ; � � � are
zeros of the function RG;�

ðþþÞðzÞ, and the limit

lim
jzj!1

���������iz½	
G
ðþþÞðz; tÞ�½	G

ðþþÞðz; t0Þ�
p2 ��2

KKz
2

��������¼ 0; (93)

when we adopt the analytical extension for the combina-
tion of bulk profiles with ðþþÞ BCs gauge fields in
Eq. (85). Applying Eq. (80), we have

iDG
ðþþÞðp;�;�0Þ ¼ X1

n¼1

�i½	G
ðþþÞðyGðnÞðþþÞ; tÞ�½	G

ðþþÞðyGðnÞðþþÞ; t
0Þ�

p2 ��2
KK½yGðnÞðþþÞ�2

¼ i

p2

�
½	G
ðþþÞð0; tÞ�½	G

ðþþÞð0; t0Þ� �
�
	G
ðþþÞ

�
p

�KK

; t

���
	G
ðþþÞ

�
p

�KK

; t0
���

� i

2�KKp

½	G
ðþþÞð p

�KK
; tÞ�½	G

ðþþÞð p
�KK

; t0Þ�
RG;�
ðþþÞð p

�KK
Þ

@RG;�
ðþþÞ
@z

ðzÞjz¼ðp=�KKÞ

¼ � i�G
ðþþÞðp=�KKÞ
��2

KK

�
�tt0

2RG;�
ðþþÞðp=�KKÞ

½�ðt� t0Þ�GðþÞ
ðuvÞ ðp=�KK; t

0Þ�GðþÞ
ðirÞ ðp=�KK; tÞ

þ �ðt0 � tÞ�GðþÞ
ðuvÞ ðp=�KK; tÞ�GðþÞ

ðirÞ ðp=�KK; t
0Þ�
�
þ i

4�p2
; (94)

with

�G
ðþþÞðxÞ ¼

2RG;�
ðþþÞðxÞ þ x½�GðþÞ

ðuvÞ ðx; 1Þ � ��GðþÞ
ðirÞ ðx; �Þ�

x2½NGðþÞ
ðuvÞ ðxÞ�½NGðþÞ

ðirÞ ðxÞ�
: (95)

The factor in the braces of the first term behind the third equality sign in Eq. (94) is the five-dimensional mixed position/
momentum-space propagator derived in [64]. The factor �G

ðþþÞ=� originates from the normalization constants of bulk
profiles for gauge fields with ðþþÞ BCs in four-dimensional effective theory, the different definitions of couplings
involving gauge and fermion fields in five-dimensional full theory and corresponding four-dimensional effective theory,
and the difference between normalization of kinetic terms of relevant fields in five-dimensional full theory and
corresponding four-dimensional effective theory, respectively. Additionally, DG

ðþþÞðp;�;�0Þ satisfies the following
equation:

�
1

r2
@

@�

�
e�2�ð�Þ

@

@�

�
þ p2

�
DG
ðþþÞðp;�;�0Þ ¼ � i�G

ðþþÞðp=�KKÞ
��2

KKr

ð���0Þ (96)

and the corresponding BCs

@DG
ðþþÞ

@�ðuvÞ
ðp;�;�0Þj�ðuvÞ¼0 ¼ 0;

@DG
ðþþÞ

@�ðirÞ
ðp;�;�0Þj�ðirÞ¼�=2 ¼ 0: (97)

Here �ðuvÞ ¼ minð�;�0Þ, �ðirÞ ¼ maxð�;�0Þ. For small z,
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RG;�
ðþþÞðzÞ ¼ �

2 ln�

�

�
1� z2

4

�
1þ �2 þ 1� �2

ln�

�
þOðz4Þ

�
;

@RG;�
ðþþÞ
@z

ðzÞ ¼ z

�
½1� �2 þ ð1þ �2Þ ln��

�
1� z2

16

2ð1þ 4�2 þ �4Þ ln�þ 3ð1� �4Þ
1� �2 þ ð1þ �2Þ ln� þOðz4Þ

�
;

t�GðþÞ
ðuvÞ ðz; tÞ
½NGðþÞ
ðuvÞ ðzÞ�

¼ 1ffiffiffiffiffiffiffi
2�
p

�
1þ z2

4

�
t2ð1� 2 lntþ 2 ln�Þ þ 1þ 1� �2

ln�

�
þ z4

16

�
� 5

4
t4 þ �2t2 þ ðt4 þ 2�2t2Þðlnt� ln�Þ

þ
�
1� �2

ln�
þ 1þ �2

�
ðt2 � 2t2 lntþ 2t2 ln�Þ þ 2þ ln�

2
þ 47� 32�2 � 15�4

16 ln�
þ 3ð1� �2Þ2

2ln2�

�
þOðz6Þ

�
;

t�GðþÞ
ðirÞ ðz; tÞ
½NGðþÞ
ðirÞ ðzÞ�

¼ 1ffiffiffiffiffiffiffi
2�
p

�
1þ z2

4

�
t2ð1� 2 lntÞ þ �2 þ 1� �2

ln�

�
þ z4

16

�
� 5

4
t4 þ t2 þ ðt4 þ 2t2Þ lnt

þ
�
1� �2

ln�
þ 1þ �2

�
ðt2 � 2t2 lntÞ þ 2�4 � �4 ln�

2
þ 15þ 32�2 � 47�4

16 ln�
þ 3ð1� �2Þ2

2ln2�

�
þOðz6Þ

�
: (98)

Inserting the above equations into Eq. (94) and assuming p! 0, one obtains obviously

�G
ðþþÞðt; t0Þ ¼

X1
n¼1

½	G
ðþþÞðyGðnÞðþþÞ; tÞ�½	G

ðþþÞðyGðnÞðþþÞ; t
0Þ�

½yGðnÞðþþÞ�2

¼ 1

8�

�
t2ð2 lnt� 1Þ þ t02ð2 lnt0 � 1Þ � 2 ln�½t2�ðt0 � tÞ þ t02�ðt� t0Þ� � 1� �2

ln�

�
; (99)

which is coincided with Eq. (34) exactly in Ref. [18]. Actually, this result can also be gotten directly by the residue
theorem. Applying Eqs. (80) and (98), we have

�G
ðþþÞðt; t0Þ ¼

X1
n¼1

½	G
ðþþÞðyGðnÞðþþÞ; tÞ�½	G

ðþþÞðyGðnÞðþþÞ; t
0Þ�

½yGðnÞðþþÞ�2

¼ � 1

2
Res

��
2

z3
þ 1

z2RG;�
ðþþÞðzÞ

@RG;�
ðþþÞ
@z

ðzÞ
�
½	G
ðþþÞðz; tÞ�½	G

ðþþÞðz; t0Þ�; z ¼ 0

�

¼ 1

8�

�
t2ð2 lnt� 1Þ þ t02ð2 lnt0 � 1Þ � 2 ln�½t2�ðt0 � tÞ þ t02�ðt� t0Þ� � 1� �2

ln�

�
;

X1
n¼1

½	G
ðþþÞðyGðnÞðþþÞ; tÞ�½	G

ðþþÞðyGðnÞðþþÞ; t
0Þ�

½yGðnÞðþþÞ�4
¼ � 1

2
Res

��
2

z5
þ 1

z4RG;�
ðþþÞðzÞ

@RG;�
ðþþÞ
@z

ðzÞ
�
½	G
ðþþÞðz; tÞ�½	G

ðþþÞðz; t0Þ�; z ¼ 0

�

¼ � 1

32�

�
t4
�
lnt� 5

4

�
þ t2

�
2þ 1� �2

ln�
� 2ð1� �2Þ

ln�
lnt

�

þ t04
�
lnt0 � 5

4

�
þ t02

�
2þ 1� �2

ln�
� 2ð1� �2Þ

ln�
lnt0

�

þ 4t2t02
�
lnt lnt0 �

�
ln�þ 1

2

�
lnðtt0Þ þ 1

4
þ 1

2
ln�

�
� ln�½ðt4 � 4t2t02 lntÞ�ðt0 � tÞ þ ðt04 � 4t2t02 lnt0Þ�ðt� t0Þ�

þ 5ð1� �4Þ
8 ln�

þ ð1� �2Þ2
ln2�

�
; (100)

where the second equation is coincided with the Eq. (36) exactly in Ref. [18]. For the bulk gauge bosons with ð�þÞ BCs,
the Laurent series of RG;�

�þðzÞ and the profiles at z ¼ 0 can be written, respectively, as
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RG;�
ð�þÞðzÞ ¼

2

��z

�
1� z2

4
½1� �2 þ 2�2 ln�� þOðz4Þ

�
;

@RG;�
ð�þÞ
@z

ðzÞ ¼ � 2

��z2

�
1þ z2

4
½1� �2 þ 2�2 ln�� þOðz4Þ

�
;

t�Gð�Þ
ðuvÞ ðz; tÞ
½NGð�Þ
ðuvÞ ðzÞ�

¼
� �2� ln�
�ð1� 4�2 þ 3�4 � 4�4 ln�Þ

�
1=2

t1=2ðt2 � �2Þ

�
�
1� z2

2

�
� 1� 9�4 þ 8�6 þ 6�2 ln�� 12�4 ln�� 6�6 ln�

6ð1� 4�2 þ 3�4 � 4�4 ln�Þ
� �2t2ðlnt� ln�Þ

t2 � �2
þ t2 þ �2

4

�
þOðz4Þ

�
: (101)

Using the residue theorem, we correspondingly derive

�G
ð�þÞðt; t0Þ ¼

X1
n¼1

½	G
ð�þÞðyGðnÞð�þÞ; tÞ�½	G

ð�þÞðyGðnÞð�þÞ; t
0Þ�

½yGðnÞð�þÞ�2

¼ � 1

2
Res

��
2

z3
þ 1

z2RG;�
ð�þÞðzÞ

@RG;�
ð�þÞ
@z

ðzÞ
�
½	G
ð�þÞðz; tÞ�½	G

ð�þÞðz; t0Þ�; z ¼ 0

�

¼ 1

4�

� �� ln�
1� 4�2 þ 3�4 � 4�4 ln�

�
1=2
�
�ðt� t0Þ

ffiffiffi
t0
p
ðt02 � �2Þ

�
1� �2

4
þ 2�2 ln�

� 1� 9�4 þ 8�6 þ 6�2 ln�� 12�4 ln�� 6�6 ln�

6ð1� 4�2 þ 3�4 � 4�4 ln�Þ
� �2t02ðlnt0 � ln�Þ

t02 � �2
þ t02

4
� t2

2
ð1� 2 lntÞ þ 1� �2

2 ln�

�
þ ðt$ t0Þ

�
: (102)

As t � t0, �G
ð�þÞðt; t0Þ satisfies the corresponding BCs on UV and IR branes separately,

tir
@�G
ð�þÞ

@tir
ðt; t0Þjtir¼1 ¼ 0; �G

ð�þÞðt; t0Þjtuv¼� ¼ 0: (103)

When t ¼ t0 2 ½�; 1�, the function �G
ð�þÞðt; tÞ is always non-negative.

When exciting KK modes of the left-handed fields with ðþþÞ BCs are virtual intermediate particles of one-loop
Feynman diagrams in four-dimensional effective theory, the amplitudes certainly contain the factor

if6p½fL;cðþþÞðycðnÞð��Þ; tÞ�½fL;cðþþÞðycðnÞð��Þ; t0Þ� þ�KK½ycðnÞð��Þ�½fR;cð��ÞðycðnÞð��Þ; tÞ�½fL;cðþþÞðycðnÞð��Þ; t0Þ�g
p2 ��2

KK½ycðnÞð��Þ�2
; (104)

when we expand them according �2
EW=�

2
KK. The limit

lim
jzj!1

��������iz 6p½f
L;c
ðþþÞðz; tÞ�½fL;cðþþÞðz; t0Þ�
p2 ��2

KKz
2

��������¼ 0 (105)

and the function

��������z
2�KK½fR;cð��Þðz; tÞ�½fL;cðþþÞðz; t0Þ�

p2 ��2
KKz

2

�������� (106)

is uniformly bounded. Since �ycð1Þð��Þ; � � � ,�ycðnÞð��Þ; � � � are zeros of the function Rc;�
ð��ÞðzÞ, we have the following equation

using Eq. (80):
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iDc
LðþþÞðp;�;�0Þ ¼ X1

n¼1

i

p2 ��2
KK½ycðnÞð��Þ�2

f6p½fL;cðþþÞðycðnÞð��Þ; tÞ�½fL;cðþþÞðycðnÞð��Þ; t0Þ�

þ�KK½ycðnÞð��Þ�½fR;cð��ÞðycðnÞð��Þ; tÞ�½fL;cðþþÞðycðnÞð��Þ; t0Þ�g

¼ X1
n¼1

i 6p½fL;cðþþÞðycðnÞð��Þ; tÞ�½fL;cðþþÞðycðnÞð��Þ; t0Þ�
p2 ��2

KK½ycðnÞð��Þ�2

¼ i 6p
p2

�
½fL;cðþþÞð0; tÞ�½fL;cðþþÞð0; t0Þ� �

�
fL;cðþþÞ

�
p

�KK

; t

���
fL;cðþþÞ

�
p

�KK

; t0
���

� i 6p
2�KKp

½fL;cðþþÞð p
�KK

; tÞ�½fL;cðþþÞð p
�KK

; t0Þ�
Rc;�
ð��Þð p

�KK
Þ

@Rc;�
ð��Þ
@z

ðzÞjz¼ðp=�KKÞ

¼ � i 6p�L;c
ðþþÞðp=�KKÞ
��2

KK

�
�tt0

2Rc;�
ð��Þðp=�KKÞ ½�ðt� t0Þ’cðþÞ

LðuvÞ ðp=�KK; t
0Þ’cðþÞ

LðirÞ ðp=�KK; tÞ

þ �ðt0 � tÞ’cðþÞ
LðuvÞ ðp=�KK; tÞ’cðþÞ

LðirÞ ðp=�KK; t
0Þ�
�
þ i 6p

p2

��2ð1� 2cÞ� ln�
�ð1� �1�2cÞ

� ðtt0Þ�c
4

; (107)

with

�L;c
ðþþÞðxÞ ¼

2Rc;�
ð��ÞðxÞ þ x½’cðþÞ

LðuvÞ ðx; 1Þ � �’cðþÞ
LðirÞ ðx; �Þ�

x2½NcðþÞ
LðuvÞ ðxÞ�½NcðþÞ

LðirÞ ðxÞ�
: (108)

For small z,

Rc;�
ð��ÞðzÞ ¼

2�c�ð1=2Þð1� �1�2cÞ
ð1� 2cÞ�ð12� cÞ�ð12þ cÞ

�
1� z2

2ð1� �1�2cÞ
�
1� �3�2c

3� 2c
þ �2 � �1�2c

1þ 2c

�
þOðz4Þ

�
;

@Rc;�
ð��Þ
@z

ðzÞ ¼ � 2z�c�ð1=2Þ

ð1� 2cÞ�ð12� cÞ�ð12þ cÞ
��
1� �3�2c

3� 2c
þ �2 � �1�2c

1þ 2c

�
� z2

2

�
1� �5�2c

ð5� 2cÞð3� 2cÞ

þ 2ð�2 � �3�2cÞ
ð3� 2cÞð1þ 2cÞ þ

ð�4 � �1�2cÞ
ð1þ 2cÞð3þ 2cÞ

�
þOðz4Þ

�
;

ffiffi
t
p

’cðþÞ
LðuvÞ ðz; tÞ

½NcðþÞ
LðuvÞ ðzÞ�

¼ t�c

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ð1� 2cÞ� ln�
�ð1� �1�2cÞ

s �
1� z2

2

�
�2

1þ 2c
þ t2

1� 2c
� 2�1�2ct1þ2c

ð1� 2cÞð1þ 2cÞ

� ð1þ 2cÞð1� �3�2cÞ þ ð3� 2cÞð�2 � �1�2cÞ
ð3� 2cÞð1þ 2cÞð1� �1�2cÞ

�
þOðz4Þ

�
;

ffiffi
t
p

’cðþÞ
LðirÞ ðz; tÞ

½NcðþÞ
LðirÞ ðzÞ�

¼ t�c

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2ð1� 2cÞ� ln�
�ð1� �1�2cÞ

s �
1� z2

2

�
1

1þ 2c
þ t2

1� 2c
� 2t1þ2c

ð1� 2cÞð1þ 2cÞ

� ð1þ 2cÞð1� �3�2cÞ þ ð3� 2cÞð�2 � �1�2cÞ
ð3� 2cÞð1þ 2cÞð1� �1�2cÞ

�
þOðz4Þ

�
: (109)

Using Eq. (109), we derive the following equation:
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�L;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fL;cðþþÞðycðnÞð��Þ; tÞ�½fL;cðþþÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ � 1

2
Res

��
2

z3
þ 1

z2Rc;�
ð��ÞðzÞ

@Rc;�
ð��Þ
@z

ðzÞ
�
½fLðþþÞðz; tÞ�½fLðþþÞðz; t0Þ�; z ¼ 0

�

¼ �ð1� 2cÞ� ln�
ð1� �1�2cÞ

ðtt0Þ�c
4�

�
2ð1� 2cÞð1� �3�2cÞ

ð3� 2cÞð1þ 2cÞð1� �1�2cÞ
þ t2 þ t02

1� 2c
� 2

ð1� 2cÞð1þ 2cÞ ½�ðt
0 � tÞðt01þ2c þ �1�2ct1þ2cÞ þ �ðt� t0Þðt1þ2c þ �1�2ct01þ2cÞ�

�
: (110)

As t � t0, �L;c
ð��Þðt; t0Þ satisfies the corresponding BCs on UV and IR branes respectively,

�
tir

@�L;c
ð��Þ

@tir
þ c�L;c

ð��Þ

�
ðt; t0Þjtir¼1 ¼ 0;

�
tuv

@�L;c
ð��Þ

@tuv
þ c�L;c

ð��Þ

�
ðt; t0Þjtuv¼� ¼ 0: (111)

When t ¼ t0 2 ½�; 1�, the function�L;c
ð��Þðt; tÞ is always non-negative for any real bulk mass c. For the left-handed fermions

with ð��Þ BCs, the Laurent series of Rc;�
��ðzÞ and relevant profiles at z ¼ 0 can be written, respectively, as

Rc;�
ð��ÞðzÞ ¼

2��c�ð1=2Þð1� �1þ2cÞ
ð1þ 2cÞ�ð12� cÞ�ð12þ cÞ

�
1� z2

2ð1� �1þ2cÞ
�
1� �3þ2c

3þ 2c
þ �2 � �1þ2c

1� 2c

�
þOðz4Þ

�
;

@Rc;�
ð��Þ
@z

ðzÞ ¼ � 2z��c�ð1=2Þ

ð1þ 2cÞ�ð12� cÞ�ð12þ cÞ
��
1� �3þ2c

3þ 2c
þ �2 � �1þ2c

1� 2c

�
� z2

2

�
1� �5þ2c

ð5þ 2cÞð3þ 2cÞ þ
2ð�2 � �3þ2cÞ
ð3þ 2cÞð1� 2cÞ

þ ð�4 � �1þ2cÞ
ð1� 2cÞð3� 2cÞ

�
þOðz4Þ

�
;

ffiffi
t
p

’cð�Þ
LðuvÞ ðz; tÞ

½Ncð�Þ
LðuvÞ ðzÞ�

¼
��ð1� 2cÞð3þ 2cÞ ln�

2�½� ð�ÞðuvÞðc; �Þ�
�
1=2

t1þc�1þcðt�1�2c � ��1�2cÞ
�
1� z2

2

�
t1�2c � �1�2c

ð1� 2cÞðt�1�2c � ��1�2cÞ

þ �2t�1�2c � ��1�2ct2

ð3þ 2cÞðt�1�2c � ��1�2cÞ �
1þ 2�2 � �1�2c � �3þ2c

½� ð�ÞðuvÞðc; �Þ�
� 3ð1þ 2cÞ2�4
ð3� 2cÞð5þ 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ ð1� 2cÞ��1�2c
ð5þ 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ ð3þ 2cÞ�1þ2c
ð3� 2cÞ½� ð�ÞðuvÞðc; �Þ�

�
þOðz4Þ

�
;

ffiffi
t
p

’cð�Þ
LðirÞ ðz; tÞ

½Ncð�Þ
LðirÞ ðzÞ�

¼
��ð1� 2cÞð3þ 2cÞ� ln�

2�½� ð�ÞðirÞ ðc; �Þ�
�
1=2

t1þcð1� t�1�2cÞ
�
1� z2

2

�
1� t1�2c

ð1� 2cÞð1� t�1�2cÞ þ
t2 � t�1�2c

ð3þ 2cÞð1� t�1�2cÞ

þ �3þ2c þ �1�2c � 2�2 � �4

½� ð�ÞðirÞ ðc; �Þ�
� 3ð1þ 2cÞ2
ð3� 2cÞð5þ 2cÞ½� ð�ÞðirÞ ðc; �Þ�

þ ð1� 2cÞ�5þ2c
ð5þ 2cÞ½� ð�ÞðirÞ ðc; �Þ�

þ ð3þ 2cÞ�3�2c
ð3� 2cÞ½� ð�ÞðirÞ ðc; �Þ�

�
þOðz4Þ

�
; (112)

with

� ð�ÞðuvÞðc; �Þ ¼ ð3þ 2cÞ�1þ2c þ ð1� 2cÞ��1�2c � ð1þ 2cÞ2�2 � ð1� 2cÞð3þ 2cÞ;
� ð�ÞðirÞ ðc; �Þ ¼ �ð3þ 2cÞ�1�2c � ð1� 2cÞ�3þ2c þ ð1þ 2cÞ2 þ ð1� 2cÞð3þ 2cÞ�2:

(113)

From Eq. (112), one similarly obtains the following summation:
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�L;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fL;cð��ÞðycðnÞð��Þ; tÞ�½fL;cð��ÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ � 1

2
Res

��
2

z3
þ 1

z2Rc;�
ð��ÞðzÞ

@Rc;�
ð��Þ
@z

ðzÞ
�
½fLð��Þðz; tÞ�½fLð��Þðz; t0Þ�; z ¼ 0

�

¼ �ð1� 2cÞð3þ 2cÞ�3=2þc ln�
½� ð�ÞðuvÞðc; �Þ� ð�ÞðirÞ ðc; �Þ�1=2

ðtt0Þ1þc
4�

�
�
�ðt� t0Þð1� t�1�2cÞðt0�1�2c � ��1�2cÞ

�
1

1� �1þ2c

�
1� �3þ2c

3þ 2c
þ �2 � �1þ2c

1� 2c

�

þ �3þ2c þ �1�2c � 2�2 � �4

½� ð�ÞðirÞ ðc; �Þ�
� 3ð1þ 2cÞ2
ð3� 2cÞð5þ 2cÞ½� ð�ÞðirÞ ðc; �Þ�

þ ð1� 2cÞ�5þ2c
ð5þ 2cÞ½� ð�ÞðirÞ ðc; �Þ�

þ ð3þ 2cÞ�3�2c
ð3� 2cÞ½� ð�ÞðirÞ ðc; �Þ�

� 1þ 2�2 � �1�2c � �3þ2c

½� ð�ÞðuvÞðc; �Þ�
� 3ð1þ 2cÞ2�4
ð3� 2cÞð5þ 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ ð1� 2cÞ��1�2c
ð5þ 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ ð3þ 2cÞ�1þ2c
ð3� 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ 1� t1�2c

ð1� 2cÞð1� t�1�2cÞ þ
t2 � t�1�2c

ð3þ 2cÞð1� t�1�2cÞ

þ t01�2c � �1�2c

ð1� 2cÞðt0�1�2c � ��1�2cÞ þ
�2t0�1�2c � ��1�2ct02

ð3þ 2cÞðt0�1�2c � ��1�2cÞ
�
þ ðt$ t0Þ

�
: (114)

Assuming t � t0, one easily finds that �L;c
ð��Þðt; t0Þ satisfies the corresponding BCs on UV and IR branes, respectively,

�L;c
ð��Þðt; t0Þjtir¼1 ¼ 0; �L;c

ð��Þðt; t0Þjtuv¼� ¼ 0; (115)

and the function �L;c
ð��Þðt; tÞ is always non-negative for any real bulk mass c and t 2 ½�; 1�. For the left-handed fermions

satisfying ðþ�Þ BCs, the Laurent series of the profiles at z ¼ 0 can be read from Eqs. (109) and (112). The Laurent series
of Rc;�

��ðzÞ at z ¼ 0 is given by

Rc;�
ð��ÞðzÞ ¼

2�c�ð1=2Þ

z�ð12� cÞ�ð12þ cÞ
�
1� z2

2

�
1

1� 2c
þ �2

1þ 2c
� 2�1�2c

ð1� 2cÞð1þ 2cÞ
�
þOðz4Þ

�
;

@Rc;�
ð��Þ
@z

ðzÞ ¼ � 2�c�ð1=2Þ

z2�ð12� cÞ�ð12þ cÞ
�
1þ z2

2

�
1

1� 2c
þ �2

1þ 2c
� 2�1�2c

ð1� 2cÞð1þ 2cÞ
�
þOðz4Þ

�
:

(116)

Analogously, one derives

�L;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fL;cðþ�ÞðycðnÞð��Þ; tÞ�½fL;cðþ�ÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ � 1

2
Res

��
2

z3
þ 1

z2Rc;�
ð��ÞðzÞ

@Rc;�
ð��Þ
@z

ðzÞ
�
½fLðþ�Þðz; tÞ�½fLðþ�Þðz; t0Þ�; z ¼ 0

�

¼ � � ln�

8�

� ð1� 2cÞ2ð3þ 2cÞ
ð1� �1�2cÞ½� ð�ÞðirÞ ðc; �Þ�

�
1=2
�
�ðt� t0Þt1þct0�cj1� t�1�2cj

�
2

1� 2c
þ 2�2

1þ 2c
� 4�1�2c

ð1� 2cÞð1þ 2cÞ

þ �3þ2c þ �1�2c � 2�2 � �4

½� ð�ÞðirÞ ðc; �Þ�
� 3ð1þ 2cÞ2
ð3� 2cÞð5þ 2cÞ½� ð�ÞðirÞ ðc; �Þ�

þ ð1� 2cÞ�5þ2c
ð5þ 2cÞ½� ð�ÞðirÞ ðc; �Þ�

þ ð3þ 2cÞ�3�2c
ð3� 2cÞ½� ð�ÞðirÞ ðc; �Þ�

þ ð3� 2cÞ�1�2c � 2ð1� 2cÞ�3�2c
ð3� 2cÞð1þ 2cÞð1� �1�2cÞ þ

1� t1�2c

ð1� 2cÞð1� t�1�2cÞ þ
t2 � t�1�2c

ð3þ 2cÞð1� t�1�2cÞ þ
t02

1� 2c

� 2�1�2ct01þ2c

ð1� 2cÞð1þ 2cÞ
�
þ ðt$ t0Þ

�
: (117)

RESIDUE THEOREM AND SUMMING OVER KALUZA-KLEIN . . . PHYSICAL REVIEW D 84, 096012 (2011)

096012-21



Similarly, one can verify that �L;c
ð��Þðt; t0Þ satisfies the corresponding BCs on UV and IR branes, respectively,

�L;c
ð��Þðt; t0Þjtir¼1 ¼ 0;

�
tuv

@�L;c
ð��Þ

@tuv
þ c�L;c

ð��Þ

�
ðt; t0Þjtuv¼� ¼ 0; (118)

and the function �L;c
ð��Þðt; tÞ is always non-negative for any real bulk mass c and t 2 ½�; 1�. When the left-handed fermions

satisfy ð�þÞ BCs, the Laurent series of Rc;�
��ðzÞ at z ¼ 0 is

Rc;�
ð��ÞðzÞ ¼

2��c�ð1=2Þ

z�ð12� cÞ�ð12þ cÞ
�
1� z2

2

�
1

1þ 2c
þ �2

1� 2c
� 2�1þ2c

ð1� 2cÞð1þ 2cÞ
�
þOðz4Þ

�
;

@Rc;�
ð��Þ
@z

ðzÞ ¼ � 2��c�ð1=2Þ

z2�ð12� cÞ�ð12þ cÞ
�
1þ z2

2

�
1

1þ 2c
þ �2

1� 2c
� 2�1þ2c

ð1� 2cÞð1þ 2cÞ
�
þOðz4Þ

�
:

(119)

Correspondingly, the summing over infinite KK excitations is formulated as

�L;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fL;cð�þÞðycðnÞð��Þ; tÞ�½fL;cð�þÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ � 1

2
Res

��
2

z3
þ 1

z2Rc;�
ð��ÞðzÞ

@Rc;�
ð��Þ
@z

ðzÞ
�
½fLð�þÞðz; tÞ�½fLð�þÞðz; t0Þ�; z ¼ 0

�

¼ � �3=2þc ln�
8�

� ð1� 2cÞ2ð3þ 2cÞ
ð1� �1�2cÞ½� ð�ÞðuvÞðc; �Þ�

�
1=2
�
�ðt� t0Þt�ct01þcjt0�1�2c

� ��1�2cj
�

2

1þ 2c
þ 2�2

1� 2c
� 4�1þ2c

ð1� 2cÞð1þ 2cÞ þ
2ð1� 2cÞ þ ð1þ 2cÞ�3�2c � ð3� 2cÞ�2

ð3� 2cÞð1þ 2cÞð1� �1�2cÞ
� 1þ 2�2 � �1�2c � �3þ2c

½� ð�ÞðuvÞðc; �Þ�
� 3ð1þ 2cÞ2�4
ð3� 2cÞð5þ 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ ð1� 2cÞ��1�2c
ð5þ 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ ð3þ 2cÞ�1þ2c
ð3� 2cÞ½� ð�ÞðuvÞðc; �Þ�

þ t2

1� 2c
� 2t1þ2c

ð1� 2cÞð1þ 2cÞ þ
t01�2c � �1�2c

ð1� 2cÞðt0�1�2c � ��1�2cÞ

þ �2t0�1�2c � ��1�2ct02

ð3þ 2cÞðt0�1�2c � ��1�2cÞ
�
þ ðt$ t0Þ

�
: (120)

As t � t0, �L;c
ð��Þðt; t0Þ satisfies the corresponding BCs on UV and IR branes, respectively,

�
tir

@�L;c
ð��Þ

@tir
þ c�L;c

ð��Þ

�
ðt; t0Þjtir¼1 ¼ 0; �L;c

ð��Þðt; t0Þjtuv¼� ¼ 0: (121)

Meanwhile the function �L;c
ð��Þðt; tÞ is always non-negative for any real bulk mass c and t 2 ½�; 1�.

In a similar way, one analogously has

�R;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fR;cðþþÞðycðnÞð��Þ; tÞ�½fR;cðþþÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ �L;�c
ð��Þðt; t0Þ;

�R;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fR;cð��ÞðycðnÞð��Þ; tÞ�½fR;cð��ÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ �L;�c
ð��Þðt; t0Þ;

�R;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fR;cðþ�ÞðycðnÞð��Þ; tÞ�½fR;cðþ�ÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ �L;�c
ð��Þðt; t0Þ;

�R;c
ð��Þðt; t0Þ ¼

X1
n¼1

½fR;cð�þÞðycðnÞð��Þ; tÞ�½fR;cð�þÞðycðnÞð��Þ; t0Þ�
½ycðnÞð��Þ�2

¼ �L;�c
ð��Þðt; t0Þ:

(122)
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V. SUMMING OVER INFINITE SERIES OF KK
MODES IN A UNIVERSAL EXTRA DIMENSION

In this section, we depart from the main line above and
discuss how to sum over the infinite series of KK modes in
a universal extra dimension. In these models all fields can
propagate in all available dimensions and the SM particles
correspond to zero modes in the KK decomposition of five-
dimensional fields with ðþþÞ BCs. Towers of KK partners
for the SM particles and additional towers of KKmodes for
five-dimensional fields with ð��Þ BCs do not correspond
to any fields in the SM [67,68]. The simplest model of this
type is proposed by Appelquist, Cheng, and Dobrescu [69]
in which the only additional free parameter relating to the
SM is the compactification scale 1=r.

Assuming that topology of the fifth dimension is the
orbifold S1=Z2 and the coordinate y � x5 runs from 0 to
2�r, one can write the KK expansions of five-dimensional
fields, respectively, as [70]

cþðx; yÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2�r
p c Rð0ÞðxÞ

þ 1ffiffiffiffiffiffi
�r
p X1

n¼1

�
c RðnÞðxÞ cosnyr þ c LðnÞðxÞ sinnyr

�
;

c�ðx; yÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2�r
p c Lð0ÞðxÞ

þ 1ffiffiffiffiffiffi
�r
p X1

n¼1

�
c LðnÞðxÞ cosnyr þ c RðnÞðxÞ sinnyr

�
;

A�ðx; yÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2�r
p A

�
ð0ÞðxÞ þ

1ffiffiffiffiffiffi
�r
p X1

n¼1
A
�
ðnÞðxÞ cos

ny

r
;

A5ðx; yÞ ¼ 1ffiffiffiffiffiffi
�r
p X1

n¼1
A5
ðnÞðxÞ sin

ny

r
;

�þðx; yÞ ¼ 1ffiffiffiffiffiffiffiffiffi
2�r
p �ð0ÞðxÞ þ 1ffiffiffiffiffiffi

�r
p X1

n¼1
�þðnÞðxÞ cos

ny

r
;

��ðx; yÞ ¼ 1ffiffiffiffiffiffi
�r
p X1

n¼1
��ðnÞðxÞ sin

ny

r
: (123)

Here, the Dirac spinors c� ¼ ðPR þ PLÞc� ¼
c�L þ c�R satisfy the following BCs:

@yc
þ
R jy¼f0;�rg ¼ 0; cþL jy¼f0;�rg ¼ 0; or

@yc
�
L jy¼f0;�rg ¼ 0; c�R jy¼f0;�rg ¼ 0; (124)

with the chirality projectors PR=L ¼ ð1� �5Þ=2.
Furthermore, the vector fields satisfy the BCs

@yA
�jy¼f0;�rg ¼ 0; A5jy¼f0;�rg ¼ 0; (125)

and the scalar fields �� satisfy the BCs

@y�
þjy¼f0;�rg ¼ 0; ��jy¼f0;�rg ¼ 0: (126)

In a universal extra dimension, the couplings involving
KK excitations do not depend on bulk profiles since

integral over the fifth coordinate y can be integrated out
explicitly. Correspondingly, the summing over KK excita-
tions is simplified drastically because it is unnecessary to
extend the square of the bulk profile to the complex plane
when we apply the residue theorem. Actually, the authors
of Ref. [70] have applied the relation

X1
n¼1

b

n2 þ c
¼ bð ffiffiffi

c
p

� cothð ffiffiffi
c
p

�Þ � 1Þ
2c

(127)

to perform the summing over KK excitations in some
lower energy processes. In a universal extra dimension,
the KK mass n=r is the zero of order one of the function
sinð�rzÞ, and the residue of the function GðzÞ ¼
�r cosð�rzÞ= sinð�rzÞ at z ¼ n=r is uniform one.
Obviously, the function

fðzÞ ¼ B

z2 þ C
(128)

is uniformly bounded because

lim
jzj!1

jzfðzÞj ¼ 0: (129)

Here,

B ¼ b

r2
; C ¼ c

r2
: (130)

Using the residue theorem, one obtains obviously

X1
n¼1

b

n2 þ c
¼ X1

n¼1

B

ðnrÞ2 þ C

¼ � 1

2
Res

�
�r cosð�rzÞ

sin�rz

B

z2 þ C
; z ¼ 0

�

� 1

2
Res

�
�r cosð�rzÞ

sin�rz

B

z2 þ C
; z ¼ i

ffiffiffiffi
C
p �

� 1

2
Res

�
�r cosð�rzÞ

sin�rz

B

z2 þ C
; z ¼ �i ffiffiffiffi

C
p �

¼ � B

2C
� B�r cosði ffiffiffiffi

C
p

�rÞ
2

ffiffiffiffi
C
p

sinði ffiffiffiffi
C
p

�rÞ
¼ bð ffiffiffi

c
p

� cothð ffiffiffi
c
p

�Þ � 1Þ
2c

; (131)

which is the equation presented in Eq. (127). Furthermore,
the residue theorem can be applied to sum over the infinite
series of KK excitations in more complicate forms.

VI. THE CORRECTIONS TO �B! Xs� IN A
WARPED EXTRA DIMENSION

In the framework with a warped extra dimension and the
custodial symmetry, the neutral Higgs field located on the
IR brane induces the mixing between states with the same
electric charge. A consequence of the mixing is that the
FCNC transitions are also mediated by the neutral Higgs
field, the KK excitations of gluon, photon, and neutral
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electroweak gauge bosons, besides the charged electro-
weak gauge bosons W� together with their KK partners.
In this section, we present one-loop radiative corrections to
the rare decay b! sþ � in the extension of the SMwith a
warped extra dimension and the custodial symmetry, and
we analyze the possible constraint on the parameter space
of new physics from experimental data for the branching
ratio of �B! Xs�.

The effective Hamiltonian for �B! Xs� at scales �b ¼
OðmbÞ is given by [71]

H b!s�ð�bÞ¼�4GFffiffiffi
2
p

�X6
i¼1

Cið�bÞQiþ
X6
i¼3

~Cið�bÞ ~Qi

þX2
i¼1

X
f

½CLL
f;i ð�bÞQLL

f;i þCLR
f;i ð�bÞQLR

f;i

þCRL
f;i ð�bÞQRL

f;i þCRR
f;i ð�bÞQRR

f;i �

þX2
i¼1
½ĈLL

d;i ð�bÞQ̂LL
d;i þ ĈLR

d;i ð�bÞQ̂LR
d;i

þ ĈRL
d;i ð�bÞQ̂RL

d;i þ ĈRR
d;i ð�bÞQ̂RR

d;i �
þC7�ð�bÞQ7�þC8Gð�bÞQ8G

þ ~C7�ð�bÞ ~Q7�þ ~C8Gð�bÞ ~Q8G

�
; (132)

with GF denoting the Fermi constant and f ¼ u, c, d, s, b.
The magnetic dipole moment operators are

Q7� ¼ e

16�2
mb �s��

��PRb�F��;

Q8G ¼ gs
16�2

mb �s�T
a
���

��PRb�G
a
��;

(133)

the concrete expressions of dimension-six operators
Qiði ¼ 1; � � � ; 6Þ can be found in Ref. [71], and tilde
operators are obtained fromQi,Q7�,Q8G after interchang-

ing the right-handed projector PR ¼ ð1þ �5Þ=2 with the
left-handed one PL ¼ ð1� �5Þ=2. Here �, � ¼ 1; 2; 3
denote the color indices of quarks, F�� and Ga

��ða ¼
1; � � � ; 8Þ are the electromagnetic and strong field strength

tensors, respectively. The neutral current-current operators
[72,73] are defined through

QAB
u;1 ¼ ð �s���PAb�Þð �u���PBu�Þ;

QAB
u;2 ¼ ð �s���PAb�Þð �u���PBu�Þ;

Q̂AB
d;1 ¼ ð �s���PAd�Þð �d���PBb�Þ;

Q̂AB
d;2 ¼ ð �s���PAd�Þð �d���PBb�Þ;

(134)

with A, B ¼ L, R.
In Eq. (132), the Fermi constantGF is extracted from the

muon decay�� ! e��� ��e. At tree level in the framework

with a warped extra dimension and the custodial symmetry,
this process is mediated by the exchange of charged and
neutral gauge bosons together with corresponding KK
excitations. For light leptons involved in the decay, we
can neglect those nonuniversal effects suppressed by rele-
vant fermion profiles near the IR brane [18] using the
ansatz for anarchic Yukawa couplings. This leaves a uni-
versal correction not depending on the lepton flavors in
�� ! e��� ��e,

GFffiffiffi
2
p ¼ g2

8m2
W

f1þ	GFg (135)

with

	GF ¼ m2
W

2�2
KK

�
1þ 1

2 ln�

�
: (136)

The magnetic penguin operators Q7�, Q8G, ~Q7�, ~Q8G in

the effective Hamiltonian are induced by virtual heavy
freedoms through one-loop diagrams at electroweak scale,
and the relevant Feynman diagrams are drawn in Fig. 1
when we adopt the background gauge [64].
The couplings between scalar/gauge bosons and fermi-

ons depend on bulk profiles of relevant fields and corre-
sponding mixing matrices. To obtain approximately the
mixing between zero modes of charged 2=3, �1=3 quarks
and corresponding KK excitations, we write the infinite-
dimensional column vectors for quarks in the chirality
basis as [63]

�Lð2=3Þ ¼ ðqið0ÞuL ðþþÞ; � � � ; qiðnÞuL ðþþÞ; UiðnÞ
L ðþ�Þ; ~UiðnÞ

L ðþ�Þ; 	iðnÞ
dL
ð�þÞ; uiðnÞL ð��Þ; � � �ÞT;

�Rð2=3Þ ¼ ðuið0ÞR ðþþÞ; � � � ; qiðnÞuR ð��Þ; UiðnÞ
R ð�þÞ; ~UiðnÞ

R ð�þÞ; 	iðnÞ
dR
ðþ�Þ; uiðnÞR ðþþÞ; � � �ÞT;

�Lð�1=3Þ ¼ ðqið0ÞdL
ðþþÞ; � � � ; qiðnÞdL

ðþþÞ; DiðnÞ
L ðþ�Þ; diðnÞL ð��Þ; � � �ÞT;

�Rð�1=3Þ ¼ ðdið0ÞR ðþþÞ; � � � ; qiðnÞdR
ð��Þ; DiðnÞ

R ð�þÞ; diðnÞR ðþþÞ; � � �ÞT;

(137)

where i ¼ 1; 2; 3 is the index of generation, n ¼
1; 2; � � � ;1 is the index of KK exciting modes, and the
signs in parentheses denote the BCs satisfied by corre-
sponding fields on UV and IR branes, respectively. In
chirality basis Eq. (137), the mass matrix of charged 2=3

quarks MU is given in Table I, where McðnÞ
ðBCsÞ ¼ �KKy

cðnÞ
ðBCsÞ

and the concrete expressions for other nonzero elements
are presented in Appendix A. Similarly, the mass matrix of
charged �1=3 quarks MD in chirality basis is given in
Table II.
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We then formally diagonalize the mass matrices of
charged 2=3 and �1=3 quarks and write the mass eigen-
states separately as

U�;L ¼ ½Uy
L�Lð2=3Þ��; U�;R ¼ ½Uy

R�Rð2=3Þ��;
D�;L ¼ ½Dy

L�Lð�1=3Þ��; D�;R ¼ ½Dy
R�Rð�1=3Þ��:

(138)

Here, the charged 2=3 quarks U1, U2, U3 are identified as
up-type quarks u, c, t, and the charged �1=3 quarks D1,
D2, D3 are identified as the down-type quarks d, s, b in the
SM, respectively.
In the gauge sector, the mass matrices for charged and

neutral gauge bosons can be determined from the Higgs
kinetic term

M2
W� ¼

e2�2

4s2W
; ��� ; ½M2

W�L;L
�0;n0 ; ½M2

W�L;R
�0;n0 ; ���

��� ; ��� ; ��� ; ���; ���
½M2

W�L;L
�0;n; ��� ; ½M2

W�L;L
�n;n0 ; ½M2

W�L;R
�n;n0 ; ���

½M2
W�L;R
�0;n; ��� ; ½M2

W�L;R
�n;n0 ; ½M2

W�R;R
�n;n0 ; ���

0
BBBBBBB@

1
CCCCCCCA;

M2
Z¼

e2�2

4s2Wc2W
; ��� ; ½M2

ZL;L
�0;n0 ; ½M2

ZL;X
�0;n0 ; ���

��� ; ��� ; ��� ; ��� ; ���
½M2

ZL;L
�0;n; ��� ; ½M2

ZL;L
�n;n0 ; ½M2

ZL;X
�n;n0 ; ���

½M2
ZL;X
�0;n; ��� ; ½M2

ZL;X
�n;n0 ; ½M2

ZX;X
�n;n0 ; ���

0
BBBBBB@

1
CCCCCCA;

(139)

TABLE I. Mass matrix of charged 2=3 quarks

½Mqu
0;0�ij, � � � , 0, ½MqU

0;n0 �ij, ½Mq ~U
0;n0 �ij, 0, ½Mqu

0;n0 �ij, � � �
� � � , � � � , � � � , � � � , � � � , � � � , � � � , � � �
½Mqu

n;0�ij, � � � , ½MciBðnÞ
ð��Þ�
nn0
ij, ½MqU

n;n0 �ij, ½Mq ~U
n;n0 �ij, 0, ½Mqu

n;n0 �ij, � � �
0, � � � , 0, ½MciT ðnÞ

ð��Þ�
nn0
ij, 0, 0, 0, � � �
0, � � � , 0, 0, ½MciT ðnÞ

ð��Þ�
nn0
ij, 0, 0, � � �
½M	u

n;0�ij, � � � , 0, ½M	U
n;n0 �ij, ½M	 ~U

n;n0 �ij, ½MciBðnÞ
ð��Þ�
nn0
ij, ½M	u

n;n0 �ij, � � �
0, � � � , 0, 0, 0, 0, ½Mci

S
ðnÞ

ð��Þ�
nn0
ij, � � �
� � � , � � � , � � � , � � � , � � � , � � � , � � � , � � �

TABLE II. Mass matrix of charged �1=3 quarks.

½Mqd
0;0�ij, � � � , 0, ½MqD

0;n0 �ij, ½Mqd
0;n0 �ij, � � �

� � � , � � � , � � � , � � � , � � � , � � �
½Mqd

n;0�ij, � � � , ½MciBðnÞ
ð��Þ�
nn0
ij, ½MqD

n;n0 �ij, ½Mqd
n;n0 �ij, � � �

0, � � � , 0, ½MciT ðnÞ
ð��Þ�
nn0
ij, 0, � � �

0, � � � , 0, 0, ½MciT ðnÞ
ð��Þ�
nn0
ij, � � �

� � � , � � � , � � � , � � � , � � � , � � �

FIG. 1. The Feynman diagrams for b! s� and b! sg in a
warped extra dimension with custodial symmetry; the photon
and gluon can be attached in all possible ways. Where Z, W�,
H0, G0, G

�, Ui ¼ ui, Di ¼ di (i ¼ 1; 2; 3) denote the normally
neutral and charged gauge bosons, neutral Higgs boson, neutral
and charged Goldstone bosons, and up- and down-type quarks
for three generations, ZH�

,W�H�
, �ðnÞ, gðnÞ, Uð3þ�Þ, Dð3þ�Þ, (n, �,

� ¼ 1; 2; � � � ;1) denote those heavy gauge bosons together
with up- and down-type quarks, respectively.

RESIDUE THEOREM AND SUMMING OVER KALUZA-KLEIN . . . PHYSICAL REVIEW D 84, 096012 (2011)

096012-25



where � is the nonzero vacuum expectation value (VEV) of the Higgs located on IR-brane, the abbreviations sw ¼ sin�W ,
cw ¼ cos�W with �W denoting the Weinberg angle. Meanwhile, elements of the matrices above are presented in
Appendix A.

Formally, we can express interaction eigenstates of charged and neutral electroweak gauge bosons in linear combination
of the mass eigenstates as

Wð0Þ�L ¼ ðZWÞ0;0W� þ
X1
�¼1
ðZWÞ0;�W�H�

;

WðnÞ�L ¼ ðZWÞ2n�1;0W� þ
X1
�¼1
ðZWÞ2n�1;�W�H�

;

WðnÞ�R ¼ ðZWÞ2n;0W� þ
X1
�¼1
ðZWÞ2n;�W�H�

;

Zð0Þ ¼ ðZZÞ0;0Zþ
X1
�¼1
ðZZÞ0;�ZH�

;

ZðnÞ ¼ ðZZÞ2n�1;0Zþ
X1
�¼1
ðZZÞ2n�1;�ZH�

;

ZðnÞX ¼ ðZZÞ2n;0Zþ
X1
�¼1
ðZZÞ2n;�ZH�

;

(140)

in which ZW ,ZZ respectively denote the mixing matrices for charged as well as neutral electroweak gauge bosons, and Z,
W� are identified as the corresponding gauge bosons in the SM.

When one-loop diagrams are composed by virtual intermediate charged gauge bosons and charged 2=3 quarks, the
corrections to Wilson coefficients at the electroweak scale �EW are formulated as

GFffiffiffi
2
p CðaÞ7� ð�EWÞ ¼ e2

8�2
EWs2W

X1
�¼1

�
ð�L

W�Þys;�ð�L
W�Þ�;bFðaÞ1;�ðxU�

; xW�Þ þ
mU�

mb

ð�L
W�Þys;�ð�R

W�Þ�;bFðaÞ2;�ðxU�
; xW�Þ

þ X1
�¼1
ð�L

W�H�

Þys;�ð�L
W�H�

Þ�;bFðaÞ1;�ðxU�
; xW�H�

Þ þmU�

mb

X1
�¼1
ð�L

W�H�

Þys;�ð�R
W�H�

Þ�;bFðaÞ2;�ðxU�
; xW�H�

Þ
�
;

GFffiffiffi
2
p CðaÞ8Gð�EWÞ ¼ e2

8�2
EWs2W

X1
�¼1

�
ð�L

W�Þys;�ð�L
W�Þ�;bFðaÞ1;gðxU�

; xW�Þ þ
mU�

mb

ð�L
W�Þys;�ð�R

W�Þ�;bFðaÞ2;gðxU�
; xW�Þ

þ X1
�¼1
ð�L

W�H�

Þys;�ð�L
W�H�

Þ�;bFðaÞ1;gðxU�
; xW�H�

Þ þmU�

mb

X1
�¼1
ð�L

W�H�

Þys;�ð�R
W�H�

Þ�;bFðaÞ2;gðxU�
; xW�H�

Þ
�
;

GFffiffiffi
2
p ~CðaÞ7� ð�EWÞ ¼ GFffiffiffi

2
p CðaÞ7� ð�EWÞð�L

W� $ �R
W� ; �

L
W�H�

$ �R
W�H�

Þ;
GFffiffiffi
2
p ~CðaÞ8Gð�EWÞ ¼ GFffiffiffi

2
p CðaÞ8Gð�EWÞð�L

W� $ �R
W� ; �

L
W�H�

$ �R
W�H�

Þ; (141)

with xi ¼ m2
i =�

2
EW. The concrete expressions of relevant couplings are presented in Appendix B, and the form factors are

explicitly given by

FðaÞ1;�ðx; yÞ ¼
�
� 1

36

@3%3;1

@y3
� 1

4

@2%2;1

@y2
� 1

3

@%1;1

@y

�
ðx; yÞ; FðaÞ2;�ðx; yÞ ¼

�
1

3

@2%2;1

@y2
þ 4

3

@%1;1

@y

�
ðx; yÞ;

FðaÞ1;gðx; yÞ ¼
�
1

12

@3%3;1

@y3
� 1

2

@%1;1

@y

�
ðx; yÞ; FðaÞ2;gðx; yÞ ¼

�
�@2%2;1

@y2
þ 2

@%1;1

@y

�
ðx; yÞ:

(142)

Here, the function %m;nðx; yÞ is defined through

%m;nðx; yÞ ¼ xmlnnx� ymlnny

x� y
: (143)
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Similarly, we can write down the corrections to Wilson coefficients at the electroweak scale �EW from one-loop diagrams
which are composed by the virtual charged Goldstone and charged 2=3 quarks

GFffiffiffi
2
p CðbÞ7� ð�EWÞ ¼ 1

4�2
EW

X1
�¼1

�
ð�L

G�Þys;�ð�L
G�Þ�;bFðbÞ1;�ðxU�

; xW�Þ þ
mU�

mb

ð�L
G�Þys;�ð�R

G�Þ�;bFðbÞ2;�ðxU�
; xW�Þ

�
;

GFffiffiffi
2
p CðbÞ8Gð�EWÞ ¼ 1

4�2
EW

X1
�¼1

�
ð�L

G�Þys;�ð�L
G�Þ�;bFðbÞ1;gðxU�

; xW�Þ þ
mU�

mb

ð�L
G�Þys;�ð�R

G�Þ�;bFðbÞ2;gðxU�
; xW�Þ

�
;

GFffiffiffi
2
p ~CðbÞ7� ð�EWÞ ¼ GFffiffiffi

2
p CðbÞ7� ð�EWÞð�L

G� $ �R
G�Þ;

GFffiffiffi
2
p ~CðbÞ8Gð�EWÞ ¼ GFffiffiffi

2
p CðbÞ8Gð�EWÞð�L

G� $ �R
G�Þ;

(144)

where the expressions of relevant couplings can be found in Appendix B, and those form factors are given by

FðbÞ1;�ðx;yÞ ¼
�
� 1

72

@3%3;1

@y3
� 1

24

@2%2;1

@y2
þ 1

6

@%1;1

@y

�
ðx;yÞ;

FðbÞ2;�ðx;yÞ ¼
�
1

12

@2%2;1

@y2
� 1

6

@%1;1

@y
� 1

3

@%1;1

@x

�
ðx;yÞ;

FðbÞ1;gðx;yÞ ¼
�
1

24

@3%3;1

@y3
� 1

4

@2%2;1

@y2
þ 1

4

@%1;1

@y

�
ðx;yÞ;

FðbÞ2;gðx;yÞ ¼
�
�1

4

@2%2;1

@y2
þ 1

2

@%1;1

@y
� 1

2

@%1;1

@x

�
ðx;yÞ:

(145)

For the Feynman diagrams drawn in 1(c), intermediate virtual particles involve the neutral gauge bosons Z, ZH�
, �ðnÞ,

and charged �1=3 quarks and the corresponding corrections to Wilson coefficients at electroweak scale are expressed as

GFffiffiffi
2
p CðcÞ7�ð�EWÞ ¼ � e2

48�2
EWs

2
Wc

2
W

X1
�¼1

�
ð�L

ZÞys;�ð�L
ZÞ�;bFðaÞ1;gðxD�

; xZÞ þ
mD�

mb

ð�L
ZÞys;�ð�R

ZÞ�;bFðaÞ2;gðxD�
; xZÞ

þ X1
�¼1
ð�L

ZH�
Þys;�ð�L

ZH�
Þ�;bFðaÞ1;gðxD�

; xZH�
Þ þmD�

mb

X1
�¼1
ð�L

ZH�
Þys;�ð�R

ZH�
Þ�;bFðaÞ2;gðxD�

; xZH�
Þ
�

� e2

108�2
EW

X1
n¼1

X1
�¼1

�
ð�L

�ðnÞ Þys;�ð�L
�ðnÞ Þ�;bFðaÞ1;gðxD�

; x�ðnÞ Þ þ
mD�

mb

ð�L
�ðnÞ Þys;�ð�R

�ðnÞ Þ�;bFðaÞ2;gðxD�
; x�ðnÞ Þ

�
;

GFffiffiffi
2
p CðcÞ8Gð�EWÞ ¼ � 3GFffiffiffi

2
p CðcÞ7�ð�EWÞ;

GFffiffiffi
2
p ~CðcÞ7�ð�EWÞ ¼ GFffiffiffi

2
p CðcÞ7�ð�EWÞð�L

Z $ �R
Z; �

L
ZH�
$ �R

ZH�
; �L

�ðnÞ $ �R
�ðnÞ Þ;

GFffiffiffi
2
p ~CðcÞ8Gð�EWÞ ¼ GFffiffiffi

2
p CðcÞ8Gð�EWÞð�L

Z $ �R
Z; �

L
ZH�
$ �R

ZH�
; �L

�ðnÞ $ �R
�ðnÞ Þ: (146)

Similarly, the couplings between neutral gauge bosons and charged �1=3 quarks are collected in Appendix B.
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Correspondingly, the contributions to Wilson coefficients at electroweak scale from Fig. 1(d) are

GFffiffiffi
2
p CðdÞ7� ð�EWÞ ¼ � g2s

9�2
EW

X1
n¼1

X1
�¼1

�
ð�L

gðnÞ Þys;�ð�L
gðnÞ Þ�;bFðaÞ1;gðxD�

; xgðnÞ Þ þ
mD�

mb

ð�L
gðnÞ Þys;�ð�R

gðnÞ Þ�;bFðaÞ2;gðxD�
; xgðnÞ Þ

�
;

GFffiffiffi
2
p CðdÞ8Gð�EWÞ ¼ g2s

4�2
EW

X1
n¼1

X1
�¼1

�
ð�L

gðnÞ Þys;�ð�L
gðnÞ Þ�;bFðdÞ1;gðxD�

; xgðnÞ Þ þ
mD�

mb

ð�L
gðnÞ Þys;�ð�R

gðnÞ Þ�;bFðdÞ2;gðxD�
; xgðnÞ Þ

�
;

GFffiffiffi
2
p ~CðdÞ7� ð�EWÞ ¼ GFffiffiffi

2
p CðdÞ7� ð�EWÞð�L

gðnÞ $ �R
gðnÞ Þ;

GFffiffiffi
2
p ~CðdÞ8Gð�EWÞ ¼ GFffiffiffi

2
p CðdÞ8Gð�EWÞð�L

gðnÞ $ �R
gðnÞ Þ;

(147)

where the form factors are defined as

FðdÞ1;gðx; yÞ ¼
�
� 5

36

@3%3;1

@y3
� 3

8

@2%2;1

@y2
þ 1

12

@%1;1

@y

�
ðx; yÞ; FðdÞ2;gðx; yÞ ¼

�
5

3

@2%2;1

@y2
� 1

3

@%1;1

@y

�
ðx; yÞ: (148)

As intermediate virtual particles are neutral Higgs/Goldstone and charged �1=3 quarks, the corresponding corrections to
relevant Wilson coefficients can be written as

GFffiffiffi
2
p CðeÞ7�ð�EWÞ ¼ � 1

12�2
EW

X1
�¼1

�
ð�H0

Þys;�ð�H0
Þ�;bFðbÞ1;gðxD�

; xH0
Þ þmD�

mb

ð�H0
Þys;�ð�H0

Þy�;bFðbÞ2;gðxD�
; xH0
Þ

þ ð�G0
Þys;�ð�G0

Þ�;bFðbÞ1;gðxD�
; xZÞ �

mD�

mb

ð�G0
Þys;�ð�G0

Þy�;bFðbÞ2;gðxD�
; xZÞ

�
;

GFffiffiffi
2
p CðeÞ8Gð�EWÞ ¼ � 3GFffiffiffi

2
p CðeÞ7�ð�EWÞ;

GFffiffiffi
2
p ~CðeÞ7�ð�EWÞ ¼ GFffiffiffi

2
p CðeÞ7�ð�EWÞð�H0

$ ð�H0
Þy; �G0

$ �ð�G0
ÞyÞ;

GFffiffiffi
2
p ~CðeÞ8Gð�EWÞ ¼ GFffiffiffi

2
p CðeÞ8Gð�EWÞð�H0

$ ð�H0
Þy; �G0

$ �ð�G0
ÞyÞ: (149)

The tedious expressions of relevant couplings are collected
in Appendix B also.

The contributions from standard electroweak interaction
and new physics to the effective Hamiltonian of b! s� at
electroweak energy scale are presented exactly in
Eq. (141), (144), (146), (147), and (149). However, the
corrections of new physics cannot be divorced from those
of the SM explicitly in those equations because we have no
means of obtaining the mixing matrices UL;R, DL;R ex-

actly for infinite-dimensional column vectors. Meanwhile
we cannot point out obviously which among those new
physics contributions probably gives potentially substan-
tial corrections to theoretical prediction on the branching
ratio of �B! Xs�, and which among those new physics
contributions can be neglected safely after considering
experimental observations.

Fortunately the present experimental data all indicate
the energy scale of low-lying KK excitations �KK �
�EW � �. In order to write our formulas above in trans-
parent forms, we expand the Wilson coefficients presented
in Eq. (141), etc., to the order Oð�2=�2

KKÞ. When the
intermediate lines of Feynman diagrams represent virtual
SM particles, we approximate the corresponding effective
couplings up to the order Oð�2=�2

KKÞ. Because the inter-
mediate virtual particles of Feynman diagrams involve KK
excitations, we approximate the corresponding effective
couplings to Oð1Þ since the corresponding form factors
already contain the global suppression factor �2=�2

KK,
compared with that from the one-loop diagrams which
only involve virtual SM particles. Keeping this point in
mind, we approach the nontrivial elements of left- and
right-handed mixing matrices of charged 2=3 quarks as
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ðULÞij ¼ ðUð0Þ
L Zu

LÞij �
1

2�2
KK

X3
k¼1

X1
n¼1
½MqU

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½MqU

0;n�yUð0Þ
L Þkj

� 1

2�2
KK

X3
k¼1

X1
n¼1
½Mq ~U

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½Mq ~U

0;n�yUð0Þ
L Þkj

� 1

2�2
KK

X3
k¼1

X1
n¼1
½Mqu

0;n�ik½yc
k
S
ðnÞ
ð��Þ��2ð½Mqu

0;n�yUð0Þ
L Þkj þO

�
�3

�3
KK

�
;

ðULÞð15n�9þiÞj ¼ � 1

�KK

½yciT ðnÞð��Þ��1ð½MqU
0;n�Uð0Þ

L Þij þO
�
�3

�3
KK

�
;

ðULÞð15n�6þiÞj ¼ � 1

�KK

½yciT ðnÞð��Þ��1ð½Mq ~U
0;n�Uð0Þ

L Þij þO
�
�3

�3
KK

�
;

ðULÞð15nþiÞj ¼ � 1

�KK

½yciSðnÞð��Þ��1ð½Mqu
0;n�Uð0Þ

L Þij þO
�
�3

�3
KK

�
;

ðULÞið15n�9þjÞ ¼ 1

�KK

½MqU
0;n�ij½yc

j
T ðnÞ
ð��Þ��1 þO

�
�3

�3
KK

�
;

ðULÞið15n�6þjÞ ¼ 1

�KK

½Mq ~U
0;n�ij½yc

j
T ðnÞ
ð��Þ��1 þO

�
�3

�3
KK

�
;

ðULÞið15nþjÞ ¼ 1

�KK

½Mqu
0;n�ij½yc

j
S
ðnÞ

ð��Þ��1 þO
�
�3

�3
KK

�
;

ðULÞIJ ¼ 
IJ þO
�

�

�KK

�
; ðI; J � 4Þ;

ðURÞij ¼ ðUð0Þ
R Zu

RÞij �
1

2�2
KK

X3
k¼1

X1
n¼1
½Mqu

n;0�yik½yc
k
BðnÞ
ð��Þ��2ð½Mqu

n;0�Uð0Þ
R Þkj

� 1

2�2
KK

X3
k¼1

X1
n¼1
½M	u

n;0�yik½yc
k
BðnÞ
ð��Þ��2ð½M	u

n;0�Uð0Þ
R Þkj þO

�
�3

�3
KK

�
;

ðURÞð15n�12þiÞj ¼ � 1

�KK

½yciBðnÞð��Þ��1ð½Mqu
n;0�Uð0Þ

R Þij þO
�
�3

�3
KK

�
;

ðURÞð15n�3þiÞj ¼ � 1

�KK

½yciBðnÞð��Þ��1ð½M	u
n;0�Uð0Þ

R Þij þO
�
�3

�3
KK

�
;

ðURÞið15n�12þjÞ ¼ 1

�KK

½Mqu
n;0�yij½yc

j
BðnÞ
ð��Þ��1 þO

�
�3

�3
KK

�
;

ðURÞið15n�3þjÞ ¼ 1

�KK

½M	u
n;0�yij½yc

j
BðnÞ
ð��Þ��1 þO

�
�3

�3
KK

�
;

ðURÞIJ ¼ 
IJ þO
�

�

�KK

�
; ðI; J � 4Þ: (150)

Here, the 3� 3 matrices Uð0Þ
L;R denote the rotation from chirality eigenstates to quark mass eigenstates in the absence of

mixing between zero modes and corresponding KK excitations,

U ð0Þy
L ½Mqu

0;0�Uð0Þ
R ¼ diagðmð0Þu ; mð0Þc ; mð0Þt Þ: (151)

Meanwhile, the 3� 3 matrices Zu
L;R diagonalize the following matrix:
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Zuy
L ½diagðmð0Þu ; mð0Þc ; mð0Þt Þ þ 
Mu�Zu

R ¼ diagfjmð0Þu þ ð
MuÞ11j; jmð0Þc þ ð
MuÞ22j; jmð0Þt þ ð
MuÞ33jg þO
�
�4

�4
KK

�
¼ diagfmu;mc;mtg; (152)

with

ðUð0Þ
L 
MuUð0Þy

R Þij ¼ �
X1
n¼1

�
1

2�2
KK

X3
k¼1
½MqU

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½MqU

0;n�y½Mqu
0;0�Þkj

þ 1

2�2
KK

X3
k¼1
½Mq ~U

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½Mq ~U

0;n�y½Mqu
0;0�Þkj

þ 1

2�2
KK

X3
k¼1
½Mqu

0;n�ik½yc
k
S
ðnÞ

ð��Þ��2ð½Mqu
0;n�y½Mqu

0;0�Þkj

þ 1

2�2
KK

X3
k¼1
ð½Mqu

0;0�½Mqu
n;0�yÞik½yc

k
BðnÞ
ð��Þ��2½Mqu

n;0�kj

þ 1

2�2
KK

X3
k¼1
ð½Mqu

0;0�½M	u
n;0�yÞik½yc

k
BðnÞ
ð��Þ��2½M	u

n;0�kj
�
þO

�
�4

�4
KK

�

¼ � �2

4�2
KK

X3
k;l¼1
ffL;ciBðþþÞð0; 1Þ½Yd

ikf�R;ckT
ð��Þð1; 1ÞgYdy

kl þ Yu
ikf�R;ckS

ð��Þð1; 1ÞgYuy
kl �fL;c

l
B

ðþþÞð0; 1Þ½Mqu
0;0�lj

þ ½Mqu
0;0�yikfR;c

k
S

ðþþÞð0; 1Þ½Yuy
kl f�L;clB

ð��Þð1; 1ÞgYu
lj þ Yuy

kl f�L;clB
ð��Þð1; 1ÞgYu

lj�fR;c
j
S

ðþþÞð0; 1Þg þO
�
�4

�4
KK

�
: (153)

Here, we assume that the parameters mð0Þu , mð0Þc , mð0Þt are real because this requirement can always be achieved through the
redefinitions of relevant quark fields. To formulate our formulas concisely, we adopt the abbreviations �G

ðBCsÞðt; t0Þ,
�L;c
ðBCsÞðt; t0Þ, and �R;c

ðBCsÞðt; t0Þ denoting the summing over corresponding KK excitations; their concrete expressions are
given in Eqs. (99), (102), (110), (114), (117), (120), and (122), respectively.

Assuming the mixing matrices Zu
L;R ¼ 1þ 
Zu

L;R, then 
Zu
L;R are approximated as


Zu
L ¼

0
mu
Mu	

21þmc
Mu
12

m2
c�m2

u

mu
Mu	
31þmt
Mu

13

m2
t�m2

u

� mu
Mu
21
þmc
Mu	

12

m2
c�m2

u
0

mc
Mu	
32
þmt
Mu

23

m2
t�m2

c

� mu
Mu
31
þmt
Mu	

13

m2
t�m2

u
� mc
Mu

32
þmt
Mu	

23

m2
t�m2

c
0

0
BBBBB@

1
CCCCCAþO

�
�4

�4
KK

�
;


Zu
R ¼

0
mc
Mu	

21
þmu
Mu

12

m2
c�m2

u

mt
Mu	
31
þmu
Mu

13

m2
t�m2

u

� mc
Mu
21
þmu
Mu	

12

m2
c�m2

u
0

mt
Mu	
32
þmc
Mu

23

m2
t�m2

c

� mt
Mu
31þmu
Mu	

13

m2
t�m2

u
� mt
Mu

32þmc
Mu	
23

m2
t�m2

c
0

0
BBBBB@

1
CCCCCAþO

�
�4

�4
KK

�
:

(154)

Applying Eqs. (150)–(152), we have

ðUy
LMUURÞij ¼ diagfmu;mc;mtg þO

�
�4

�4
KK

�
; ði; j ¼ 1; 2; 3Þ;

ðUy
LMUURÞiJ ¼ O

�
�3

�3
KK

�
;

ðUy
LMUURÞIj ¼ O

�
�3

�3
KK

�
; ðI; J � 4Þ:

(155)
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The emphasized point here is that the formulas presented in Eqs. (150) and (153) are coincided with the results derived by
the effective Lagrangian approach in Refs. [49,74]. In a similar way, the nontrivial elements of left- and right-handed
mixing matrices in the charged �1=3 quark sector are approximated as

ðDLÞij ¼ ðDð0Þ
L Zd

LÞij �
1

2�2
KK

X3
k¼1

X1
n¼1
½MqD

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½MqD

0;n�yDð0Þ
L Þkj

� 1

2�2
KK

X3
k¼1

X1
n¼1
½Mqd

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½Mqd

0;n�yDð0Þ
L Þkj þO

�
�3

�3
KK

�
;

ðDLÞð9n�3þiÞj ¼ � 1

�KK

½yciT ðnÞð��Þ��1ð½MqD
0;n�yDð0Þ

L Þij þO
�
�3

�3
KK

�
;

ðDLÞð9nþiÞj ¼ � 1

�KK

½yciT ðnÞð��Þ��1ð½Mqd
0;n�yDð0Þ

L Þij þO
�
�3

�3
KK

�
;

ðDLÞið9n�3þjÞ ¼ 1

�KK

½MqD
0;n�ij½yc

j
T ðnÞ
ð��Þ��1 þO

�
�3

�3
KK

�
;

ðDLÞið9nþjÞ ¼ 1

�KK

½Mqd
0;n�ij½yc

j
T ðnÞ
ð��Þ��1 þO

�
�3

�3
KK

�
;

ðDLÞIJ ¼ 
IJ þO
�

�

�KK

�
; ðI; J � 4Þ;

ðDRÞij ¼ ðDð0Þ
R Zd

RÞij �
1

2�2
KK

X3
k¼1

X1
n¼1
½Mqd

n;0�yik½yc
k
BðnÞ
ð��Þ��2ð½Mqd

n;0�Dð0Þ
R Þkj þO

�
�3

�3
KK

�
;

ðDRÞð9n�6þiÞj ¼ � 1

�KK

½yciBðnÞð��Þ��1ð½Mqd
n;0�Dð0Þ

R Þij þO
�
�3

�3
KK

�
;

ðDRÞið9n�6þjÞ ¼ 1

�KK

½Mqd
n;0�yij½yc

j
BðnÞ
ð��Þ��1 þO

�
�3

�3
KK

�
;

ðDRÞIJ ¼ 
IJ þO
�

�

�KK

�
; ðI; J � 4Þ; (156)

where the 3� 3 matrices Dð0Þ
L;R denote the rotation from chirality eigenstates to quark mass eigenstates in the absence of

mixing between zero modes and corresponding KK excitations,

D ð0Þy
L ½Mqd

0;0�Dð0Þ
R ¼ diagðmð0Þd ; mð0Þs ; mð0Þb Þ: (157)

Analogously, the 3� 3 matrices Zd
L;R diagonalize the following matrix:

Zdy
L ½diagðmð0Þd ; mð0Þs ; mð0Þb Þ þ 
Md�Zd

R ¼ diagfjmð0Þd þ ð
MdÞ11j; jmð0Þs þ ð
MdÞ22j; jmð0Þb þ ð
MdÞ33jg þO
�
�4

�4
KK

�
¼ diagfmd;ms;mbg (158)

with
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ðDð0Þ
L 
MdDð0Þy

R Þij¼�
X1
n¼1

�
1

2�2
KK

X3
k¼1
½MqD

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½MqD

0;n�y½Mqd
0;0�Þkj

þ 1

2�2
KK

X3
k¼1
½Mqd

0;n�ik½yc
k
T ðnÞ
ð��Þ��2ð½Mqd

0;n�y½Mqd
0;0�Þkj

þ 1

2�2
KK

X3
k¼1
ð½Mqd

0;0�½Mqd
n;0�yÞik½yc

k
BðnÞ
ð��Þ��2½Mqd

n;0�kjgþO
�
�4

�4
KK

�

¼� �2

4�2
KK

X3
k;l¼1
ffL;ciBðþþÞð0;1Þ½Yd

ikf�R;ckT
ð��Þð1;1ÞgYdy

kl þYd
ikf�R;ckT

ð��Þð1;1ÞgYdy
kl �fL;c

l
B

ðþþÞð0;1Þ½Mqd
0;0�lj

þ½Mqd
0;0�yikfR;c

k
T

ðþþÞð0;1ÞYdy
kl f�L;clB

ð��Þð1;1ÞgYu
ljf

R;cjT
ðþþÞð0;1Þ

�
þO

�
�4

�4
KK

�
: (159)

Here, we also assume that the parameters mð0Þd , mð0Þs , mð0Þb are real. In a similar way, we approach the mixing matrices as
Zd

L;R ¼ 1þ 
Zd
L;R with


Zd
L ¼

0
md
Md	

21
þms
Md

12

m2
s�m2

d

md
Md	
31
þmb
Md

13

m2
b
�m2

d

� md
Md
21
þms
Md	

12

m2
s�m2

d

0
ms
Md	

32
þmb
Md

23

m2
b
�m2

s

� md
Md
31
þmb
Md	

13

m2
b
�m2

d

� ms
Md
32
þmb
Md	

23

m2
b
�m2

s
0

0
BBBBB@

1
CCCCCAþO

�
�4

�4
KK

�
;


Zd
R ¼

0
ms
Md	

21
þmd
Md

12

m2
s�m2

d

mb
Md	
31
þmd
Md

13

m2
b
�m2

d

� ms
Md
21
þmd
Md	

12

m2
s�m2

d

0
mb
Md	

32
þms
Md

23

m2
b
�m2

s

� mb
Md
31
þmd
Md	

13

m2
b
�m2

d

� mb
Md
32
þms
Md	

23

m2
b
�m2

s
0

0
BBBBB@

1
CCCCCAþO

�
�4

�4
KK

�
:

(160)

Generally, we define the Cabibbo-Kobayashi-Maskawa (CKM) matrix as

ðVCKMÞtb ¼ ðUy
LDLÞtb ¼ ðUð0Þy

L Dð0Þ
L Þtb þ

�2

�2
KK

ð	ð2ÞKKÞtb þO
�
�3

�3
KK

�
¼ ðVð0ÞCKMÞtb þ

�2

�2
KK

ð	ð2ÞKKÞtb þO
�
�3

�3
KK

�
; (161)

with Vð0ÞCKM ¼Uð0Þy
L Dð0Þ

L being a unitary 3� 3 matrix, and the leading-order correction 	ð2ÞKK together with other higher
order corrections from heavy KK excitations break down the unitary property of VCKM [49].

To the order Oð�2=�2
KKÞ, we approach the mixing matrices of gauge bosons as

ðZWÞ0;0 ¼ 1þO
�
�4

�4
KK

�
; ðZWÞ0;ð2n�1Þ ¼ 1

�2
KK

½M2
W�L;L
�0;n½yWLðnÞ

ðþþÞ ��2 þO
�
�4

�4
KK

�
;

ðZWÞ0;ð2nÞ ¼ 1

�2
KK

½M2
W�L;R
�0;n½yWRðnÞ

ð�þÞ ��2 þO
�
�4

�4
KK

�
; ðZWÞð2n�1Þ;0 ¼ � 1

�2
KK

½M2
W�L;L
�0;n½yWLðnÞ

ðþþÞ ��2 þO
�
�4

�4
KK

�
;

ðZWÞð2nÞ;0 ¼ � 1

�2
KK

½M2
W�L;R
�0;n½yWRðnÞ

ð�þÞ ��2 þO
�
�4

�4
KK

�
; ðZZÞ0;0 ¼ 1þO

�
�4

�4
KK

�
;

ðZZÞ0;ð2n�1Þ ¼ 1

�2
KK

½M2
ZL;L
�0;n½yZðnÞðþþÞ��2 þO

�
�4

�4
KK

�
; ðZZÞ0;ð2nÞ ¼ 1

�2
KK

½M2
ZL;X
�0;n½yZXðnÞ

ð�þÞ��2 þO
�
�4

�4
KK

�
;

ðZZÞð2n�1Þ;0 ¼ � 1

�2
KK

½M2
ZL;L
�0;n½yZðnÞðþþÞ��2 þO

�
�4

�4
KK

�
; ðZZÞð2nÞ;0 ¼ � 1

�2
KK

½M2
ZL;X
�0;n½yZXðnÞ

ð�þÞ��2 þO
�
�4

�4
KK

�
: (162)

Meanwhile, the masses of lightest charged and neutral gauge bosons are, respectively, given as
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(163)

With the preparation above, we approach relevant nontrivial couplings in Fig. 1(a) to the order Oð�2=�2
KKÞ as
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�
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with
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Then we can approximate the corrections to relevant Wilson coefficients from Fig. 1(a) to the order Oð�2=�2
KKÞ as
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;
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þ 2m4
W

�2
EW�2

KKe
2

X3
i¼1

mui

mb

ðVð0ÞCKMÞysið	R
W�ÞibFðaÞ2;gðxui ; xW�Þ þO
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; (166)
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with

CSMðaÞ
7� ð�EWÞ ¼ xW�

X3
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ðVð0ÞCKMÞysiðVð0ÞCKMÞib

�
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23
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1
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� (167)

representing the SM corrections from Fig. 1(a) at electroweak energy scale. Here, we define the abbreviation

ð�ðaÞi;1 Þsb ¼ ðVð0ÞCKMÞysi½ð
Zuy
L þ 
Zu

LÞðVð0ÞCKMÞ�ib þ ðVð0ÞCKMÞysiðVð0ÞCKM
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It is worth emphasizing that

lim
xui!0

FðaÞ1;�ðxui ; xW�Þ ¼ �
23

36xW�
; lim

xui!0
FðaÞ1;gðxui ; xW�Þ ¼ �

1

3xW�
: (169)

Using the unitary property of Vð0ÞCKM, one easily find that those terms are canceled after summing over the index of
generation. To the order Oð�2=�2

KKÞ, we find that the corrections from the diagrams composed by virtual charged gauge
boson KK partners and charged 2=3 quark KK partners simultaneously cancel exactly the corresponding corrections from
the diagrams composed by virtual standard charged gauge boson and charged 2=3 quark KK partners after summing over
infinite KK excitation series. Similarly, the nontrivial couplings involving in Fig. 1(b) are approached as
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with
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The corrections to Wilson coefficients from this sector are correspondingly formulated to the order Oð�2=�2
KKÞ as
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where the SM corrections from Fig. 1(b) to Wilson coefficients are written as
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(173)

Here the short cutting notations are defined through
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Choosing �EW ¼ mW , one directly finds that the sum of Eqs. (167) and (173) recovers the theoretical predictions on
Wilson coefficients of dipole operators in the SM at electroweak energy scale.

As the FCNC transitions are mediated by the massive neutral gauge bosons Z, ZH�
, �ðnÞ, relevant couplings are expanded
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Here the short cutting notations 	L
Z, 	

R
Z are defined by
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: (176)

Then the corrections to relevant Wilson coefficients from Fig. 1(c) are analogously formulated to the order
Oð�2=�2

KKÞ as
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As mentioned above, the KK exciting modes of gluon also arise the FCNC transitions in the SM extension with a warped
extra dimension and the custodial symmetry. The relevant couplings are approached as
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(178)

The corresponding corrections from this sector to Wilson coefficients of dipole moment operators at electroweak energy
scale are given by
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(179)

In Eqs. (166), (172), (177), and (179), the corrections from KK exciting states contain a global suppression factor �2=�2
KK

comparing with the SM contributions presented in Eq. (167) and (173).
Finally, the relevant FCNC couplings mediated by neutral Higgs and Goldstone are
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where the abbreviations are given by
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As virtual intermediate fields in Fig. 1(e) are neutral Higgs/Goldstone and standard charged �1=3 quarks and the
corresponding corrections to Wilson coefficients of dipole moment operators from this sector contain additional
suppression factor m3

bms=m
4
W comparing with the corrections presented in Eq. (167) and (173). The possible substantial

corrections from this sector originate from the one-loop diagrams in which virtual intermediate fields are neutral Higgs/
Goldstone and KK excitations of charged �1=3 quarks,
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Comparing with the corrections from other sectors, the
contributions from neutral Higgs and KK excitations of
charged �1=3 quarks in Eq. (182) contain an additional
suppression factor mbms=m

2
W besides the global suppres-

sion factor �2=�2
KK.

In order to complete analysis of the decay b! s� we
have to include QCD corrections which originate domi-
nantly from the mixing of charged current-current opera-
tors into dipole operators and to a smaller extent from the
mixing with QCD-penguin operators [75]. Formally we
can define two column vectors composed by the Wilson
coefficients in Eq. (132) as

ðCSMÞT ¼ fCi; C7�; C8G; C
LL
f;j ; C

LR
f;j ; Ĉ

LL
d;j ; Ĉ

LR
d;j gT;

ðCNPÞT ¼ f ~Ck; ~C7�; ~C8G; C
RL
f;j ; C

RR
f;j ; Ĉ

RL
d;j ; Ĉ

RR
d;j gT;

(183)

with i ¼ 1; 2; � � � ; 6, j ¼ 1; 2, k ¼ 3; � � � ; 6, and f ¼ u, c,
d, s, b. Then, theWilson coefficients at hadron scale�b are
given as

CSM
� ð�bÞ ¼

X
�

U��ð�b;�EWÞCSM
� ð�EWÞ;

CNP
� ð�bÞ ¼

X
�

W��ð�b;�EWÞCNP
� ð�EWÞ:

(184)

Here U��ð�b;�EWÞ, W��ð�b;�EWÞ are elements of the

evolution matrices which can be expressed in terms of
the anomalous dimension matrices and the
QCD-�-functions [72].
For charged current-current operators, the Wilson coef-

ficients are approximated as

C1ð�EWÞ ¼ CSM
1 ð�EWÞ þ 
C1ð�EWÞ;

C2ð�EWÞ ¼ CSM
2 ð�EWÞ þ 
C2ð�EWÞ;

(185)

where the concrete expressions of CSM
1;2 ð�WÞ can be found

in Ref. [75], and the corrections from KK excitations to the
order Oð�2=�2

KKÞ are formulated as
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C1ð�EWÞ ¼ 0;
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L ÞycjðDð0Þ
L Þjb

1
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�
Z 1

�
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Z 1

�
dt0½fL;ciBðþþÞð0; tÞ�2½�G

ðþþÞðt; t0Þ�½f
L;cjB
ðþþÞð0; t0Þ�2

�
: (186)

Similarly, the corrections from exciting KK modes to the
Wilson coefficients of neutral current-current operators are
presented in Appendix C.

In the presence of new physics the expression for the
branching ratio of �B! Xs� is given as follows:

Br ð �B! Xs�Þ ¼ RðjC7�ð�bÞj2 þ j ~C7�ð�bÞj2 þ NðE�ÞÞ;
(187)

where the overall factor R ¼ 2:47� 10�3, and the non-
perturbative contribution NðE�Þ ¼ ð3:6� 0:6Þ � 10�3

[72]. In our numerical analysis, we choose the hadron scale
�b ¼ 2:5 GeV, and include the SM contribution at NNLO
level C7�ð�bÞ ¼ �0:3523 [59–61]. Meanwhile we ap-

proach the corrections from KK excitations in the
leading-order approximation.

Assuming anarchic Yukawa couplings, i.e. complex-
valued matrices Yu, Yd with random elements, we can
reproduce the up- and down-type quark mass hierarchies
with the ansatz for hierarchical structures of the profiles of
zero modes on IR brane [18],

½fL;c1BðþþÞð0; 1Þ�< ½f
L;c2B
ðþþÞð0; 1Þ�< ½f

L;c3B
ðþþÞð0; 1Þ�;

½fR;c1TðþþÞð0; 1Þ�< ½f
R;c2T
ðþþÞð0; 1Þ�< ½f

R;c3T
ðþþÞð0; 1Þ�;

½fR;c1SðþþÞð0; 1Þ�< ½f
R;c2S
ðþþÞð0; 1Þ�< ½f

R;c3
S

ðþþÞð0; 1Þ�:

(188)

Applying the Froggatt-Nielsen mechanism [76] in the SM
extension with a warped extra dimension and the custodial
symmetry, one obtains

mu¼ �ffiffiffi
2
p jdetðY

uÞj
jYu

11j
j½fL;c1BðþþÞð0;1Þ�½f

R;c1
S

ðþþÞð0;1Þ�jþð
MuÞ11;

md¼ �ffiffiffi
2
p jdetðY
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jYd

11j
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2
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33j
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MuÞ22;

ms¼ �ffiffiffi
2
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d
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jYd
33j
j½fL;c2BðþþÞð0;1Þ�½f

R;c2T
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MdÞ22;

mt¼ �ffiffiffi
2
p jYu

33jj½fL;c
3
B
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S
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2
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MdÞ33: (189)

Here Yq
ij denotes the minor of Yd, i.e. the determinant of the square matrix formed by removing the ith row and the jth

column from Yq. In a similar way, we can give expressions for the left- and right-handed mixing matrices Uð0Þ
L;R, D

ð0Þ
L;R in

terms of Yq,Yq together with relevant bulk profiles on IR brane [18]. Then the Wolfenstein parameters of the CKMmatrix
can be written as

� ¼ j½f
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33Y
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(190)
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Through Eqs. (163) and (188)–(190), the present experi-
mental observations impose direct constraints on the pa-
rameter space of extension of the SM with a warped extra
dimension and the custodial symmetry.

The inputs of the SM sector are [77] �EW ¼ 1:=128:8,
mW ¼ 80:23 GeV, mZ ¼ 91:18 GeV, �sðmZÞ ¼ 0:117,

mu ¼ 0:003 GeV, mc ¼ 0:62 GeV, mpole
t ¼ 173:8 GeV,

md ¼ 0:006 GeV, ms ¼ 0:115 GeV, m
pole
b ¼ 4:8 GeV.

For the Wolfenstein parameters of the CKM matrix, we
take � ¼ 0:22, A ¼ 0:81, �� ¼ 0:13, �� ¼ 0:34. Without
losing generality, we choose the Yukawa couplings Yu

ij ¼
0:01 (i � j, i, j ¼ 1; 2; 3), Yd

21 ¼ Yd
31 ¼ Yd

32 ¼ 0:01.
Fixing the bulk masses ciB, c

i
S, c

i
T , we derive the other

elements of Yukawa couplings numerically through
Eqs. (189) and (190).
Taking c1T ¼ c1S ¼ �0:75, c2T ¼ c2S ¼ �0:55, and c3T ¼

c3S ¼ �0:35, we present the branching ratio of �B! Xs�
varying with the bulk mass c1B in Fig. 2, where the solid line
represents the energy scale of low-lying KK mode �KK ¼
1 TeV, the dashed line represents �KK ¼ 2 TeV, and the
dotted line represents �KK ¼ 3 TeV, respectively. In ad-
dition, we also assume c2B ¼ �0:5þ c1B, c

3
B ¼ �1þ c1B to

guarantee that the profiles of zero modes on IR brane
satisfy the hierarchical structures Eq. (188). Besides the
global suppression factor �2=�2

KK, the dominating correc-

tions from KK excitations to the branching ratio of �B!
Xs� depend on the bulk masses ciB (i ¼ 1; 2; 3) in terms of

½fL;ciBðþþÞð0; tÞ�½f
L;cjB
ðþþÞð0; tÞ�. Because of this, the contributions

from new physics to the branching ratio of �B! Xs�
decrease quickly as c1B � 1, and can be neglected safely
comparing with the contributions from the SM to the
branching ratio of �B! Xs�. Actually, the function

½fL;cðþþÞð0; 1Þ� tends to zero steeply as c > 0:5.

Taking c1S ¼ �0:75, c2S ¼ �0:55, c3S ¼ �0:35, c1B ¼
0:55, c2B ¼ 0:25, and c3B ¼ �0:05, we present the branch-
ing ratio of �B! Xs� varying with the bulk mass c1T in
Fig. 3, where the solid line represents the energy scale of

-0.5 0 0.5 1 1.5
cb

1

2

4

6

8

10
B

r 
( 

B
 -

>
 X

s
γ 

) /
10

- 4

ΛKK=3TeV
ΛKK=2TeV
ΛKK=1TeV

FIG. 2 (color online). Assuming c1T ¼ c1S ¼ �0:75, c2T ¼
c2S ¼ �0:55, c3T ¼ c3S ¼ �0:35, and c2B ¼ �0:5þ c1B, c3B ¼
�1þ c1B, we present the branching ratio of �B! Xs� varying
with the bulk mass c1B. The solid line represents the energy scale
of low-lying KK mode �KK ¼ 1 TeV, the dashed line represents
�KK ¼ 2 TeV, and the dotted line represents �KK ¼ 3 TeV,
respectively. In addition, the gray band denotes the experimental
data with 3� deviation.
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FIG. 3 (color online). Assuming c1S ¼ �0:75, c2S ¼ �0:55,
c3S ¼ �0:35, c1B ¼ 0:55, c2B ¼ 0:25 c3B ¼ �0:05, and c2T ¼
0:5þ c1T , c

3
T ¼ 1þ c1T , we present the branching ratio of �B!

Xs� varying with the bulk mass c1T . The solid line represents the
energy scale of low-lying KK mode �KK ¼ 1 TeV, the dashed
line represents �KK ¼ 2 TeV, and the dotted line represents
�KK ¼ 3 TeV, respectively. In addition, the gray band denotes
the experimental data with 3� deviation.
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FIG. 4 (color online). Assuming c1T ¼ �0:75, c2T ¼ �0:55,
c3T ¼ �0:35, c1B ¼ 0:55, c2B ¼ 0:25 c3B ¼ �0:05, and c2S ¼
0:5þ c1S, c

3
S ¼ 1þ c1S, we present the branching ratio of �B!

Xs� varying with the bulk mass c1T . The solid line represents the
energy scale of low-lying KK mode �KK ¼ 1 TeV, the dashed
line represents �KK ¼ 2 TeV, and the dotted line represents
�KK ¼ 3 TeV, respectively. In addition, the gray band denotes
the experimental data with 3� deviation.
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low-lying KK mode �KK ¼ 1 TeV, the dashed line repre-
sents �KK ¼ 2 TeV, and the dotted line represents �KK ¼
3 TeV, respectively. In addition, we also assume c2T ¼
0:5þ c1T , c

3
T ¼ 1þ c1T to guarantee the profiles of zero

modes on IR brane satisfy the hierarchical structures
Eq. (188). Besides the global suppression factor �2=�2

KK,
the dominating corrections from KK excitations to the
branching ratio of �B! Xs� depend on the bulk masses

ciT (i ¼ 1; 2; 3) in terms of ½fR;ciTðþþÞð0; tÞ�½f
R;cjT
ðþþÞð0; tÞ�.

Because of this reason, the contributions from new physics
to the branching ratio of �B! Xs� increase quickly as
c1T � �0:5, and dominate the theoretical prediction on
the branching ratio of �B! Xs�. Actually, the function

½fR;cðþþÞð0; 1Þ� amplifies steeply as c > 0:5.

Taking c1T ¼ �0:75, c2T ¼ �0:55, c3T ¼ �0:35, c1B ¼
0:55, c2B ¼ 0:25, and c3B ¼ �0:05, we present the branch-
ing ratio of �B! Xs� varying with the bulk mass c1S in

Fig. 4, where the solid line represents the energy scale of
low-lying KK mode �KK ¼ 1 TeV, the dashed line repre-
sents �KK ¼ 2 TeV, and the dotted line represents �KK ¼
3 TeV, respectively. In addition, we also assume c2S ¼
0:5þ c1S, c

3
S ¼ 1þ c1S to guarantee that the profiles of

zero modes on IR brane satisfy the hierarchical structures
Eq. (188). Differing from the dependence of the branching
ratio of �B! Xs� on the bulk masses c1B, c

1
T , the depen-

dence of the branching ratio of �B! Xs� on the bulk mass
c1S is very mild.

VII. SUMMARY

In this work, we verify that the eigenvalues of KK
excitations in the SM extension with a warped extra dimen-
sion and the custodial symmetry are real, and are symmet-
rically distributed contrasting to the origin in the complex
plane. We also present the sufficient condition to judge if
the infinite series of KK excitations is convergent. Applying
the residue theorem, we sum over the infinitely series of KK
modes, and analyze the possible relation between summa-
tion of the product of KK mode propagator with the corre-
sponding bulk profiles in four-dimensional effective theory
and the propagator of field in five-dimensional full theory.
We sum over the infinitely series of KK modes for the
gauge boson with ðþþÞ BCs, and recover the results in
the literature which are obtained through the equation of
motion and the completeness relation of bulk profiles for
KKmodes. Additionally, we also present the summing over

infinite KK exciting series �G
ð�þÞðt; t0Þ, �L;c

ðBCsÞðt; t0Þ, and

�R;c
ðBCsÞðt; t0Þ, which satisfy the corresponding BCs on IR

and UV branes, respectively. We extend this method to
sum over the KK modes in a universal extra dimension,
and obtain the equation applied extensively in the literature.
As an example, we present the radiative correction to the
rare decay b! sþ � in the SM extension with a warped
extra dimension and the custodial symmetry, and analyze
the possible constraint on the parameter space of new

physics from experimental observation of the branching
ratio of �B! Xs�.
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APPENDIX A: NONZERO ELEMENTS IN THE
MASS MATRICES
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APPENDIX B: THE COUPLINGS BETWEEN BOSONS AND QUARKS
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APPENDIX C: THE WILSON COEFFICIENTS OF NEUTRAL CURRENT-CURRENT
OPERATORS TO THE ORDER Oð�2=�2
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