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Residue theorem and summing over Kaluza-Klein excitations
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Applying the equations of motion together with corresponding boundary conditions of bulk profiles at
infrared and ultraviolet branes, we verify some lemmas on the eigenvalues of Kaluza-Klein modes in
extension of the standard model with a warped extra dimension and the custodial symmetry SU(3), X
SUQ2);, X SUQ2)g X U(1)x X Pg. Using the lemmas and performing properly analytic extensions of
bulk profiles, we present the sufficient condition for a convergent series of Kaluza-Klein excitations and
sum over the series through the residue theorem. The method can also be applied to sum over the infinite
series of Kaluza-Klein excitations in a universal extra dimension. Furthermore, we analyze the possible
connection between the propagators in five-dimensional full theory and the product of bulk profiles with
corresponding propagators of exciting Kaluza-Klein modes in four-dimensional effective theory, and
recover some relations presented in the literature for warped and universal extra dimensions, respectively.
As an example, we present the correction from new physics to the branching ratio of B — X,y to the order
O(uky/A%y) in extension of the standard model with a warped extra dimension and the custodial
symmetry, where Agx denotes the energy scale of low-lying Kaluza-Klein excitations and ugy denotes

the electroweak energy scale.
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L. INTRODUCTION

Extensions of the standard model (SM) with a warped
dimension [1-4], where all SM fields are propagating in the
bulk, provide a naturally geometrical solution to the hier-
archy problem regarding the huge difference between the
Planck scale and the electroweak one. The small mixing
between zero modes and heavy Kaluza-Klein (KK) exci-
tations can induce the observed fermion masses and cor-
responding weak mixing angles [5,6], and suppress flavor-
changing neutral current (FCNC) couplings [7,8]. In addi-
tion, realistic models of electroweak symmetry breaking in
the framework with a warped extra dimension are con-
structed in Refs. [9—-14], and the gauge coupling unification
with a warped extra dimension is also analyzed in
Refs. [15,16].

If the SM gauge group SU(2); X U(1)y is chosen in the
bulk for extensions of the SM with a warped extra dimen-
sion, the electroweak precision observables, for example,
the experimental data on S, 7" parameters and the well-
measured Zb, b, coupling [17-20], generally require that
the exciting KK modes are heavier than 10 TeV and exceed
the reach of colliders running now. In order to accommo-
date low-lying KK excitations with O(1 TeV) masses in
the framework with a warped extra dimension, Refs.
[21,22] enlarge the gauge group in the bulk to SU(3), X
SUQ2), X SUR2)g X U(1)x X Py g. With an appropriate
choice of quark bulk masses, one indeed obtains the agree-
ment with the electroweak precision data in the presence of
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light KK excitations [23,24]. Actually, the electroweak
precision observables are consistent with the light fermion
KK modes with masses even below 1 TeV while the masses
of KK gauge bosons are forced to be at least 2-3 TeV to be
consistent with experimental data on the parameter S.
However, the large FCNC transitions are aroused by light
exciting KK modes if we assume that the hierarchy of
fermion masses together with corresponding weak mixings
solely originate from geometry and the fundamental
Yukawa couplings in five dimensions are anarchic
[25-30]. To suppress the large FCNC processes mediated
by light exciting KK modes, Ref. [31] introduces the bulk
and brane flavor symmetries where the naturally geometric
explanation of fermion hierarchies is abandoned. The au-
thor of Ref. [32] proposes the minimal flavor protection
where a global U(3) bulk flavor symmetry is imposed on the
triplet representations of the local gauge symmetry
SU(2), X SU(2)g in the quark sector. In a similar way,
Ref. [33] chooses the global flavor symmetry U(3); X
U(3)r on the lepton sector to control relevant FCNC tran-
sitions. Another approach to suppress FCNC processes in a
warped extra dimension introduces two horizontal U(1)
symmetries which guarantee bulk masses in alignment
with Yukawa couplings for charge —1/3 quarks and charge
—1 leptons, respectively [34]. An analogous strategy to
solve the FCNC problems in warped geometry is based on
A, flavor symmetry [35-37]. A very different approach has
been presented in Refs. [38,39], where the bulk mass ma-
trices are expressed in terms of five-dimensional Yukawa
couplings, thus flavor violation at low energy can be sup-
pressed rationally. Comparing with the choices mentioned
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above, the warped extra dimension with a soft-wall [40-45]
perhaps provides a natural solution to accommodate FCNC
transitions at an acceptable level and the lightest KK ex-
citations around O(1 TeV) masses simultaneously [46].

In the framework with a warped extra dimension and
the custodial symmetry SU(3), X SU(2); X SU(2)g X
U(l)y X P, a meticulous analysis on the electroweak
and flavor structure is provided in Ref. [47], a complete
study of rare K and B meson decays is presented in
Ref. [48], and the impact from KK excitations of fermions
on the couplings among the SM particles is given in
Ref. [49]. Assuming all fields are propagating in the
bulk, the authors of Ref. [50] analyze the FCNC processes
mediated by a light Higgs, the authors of Ref. [51] present
an analysis on production and decay of KK gravitons at the
LHC, and the authors of Ref. [52] study signals for KK
excitations of electroweak and strong gauge bosons in the
LHC. Additionally, an analysis of loop-induced rare lepton
FCNC transition u — ey in a warped extra dimension
with anarchic Yukawa couplings and IR brane localized
Higgs boson is presented in Ref. [53] through the five-
dimensional mixed position/momentum space formalism
[54] and mass insertion approach.

It is well known that all virtual KK excitations contribute
their corrections to theoretical predictions on the physical
quantities at electroweak scale, and those theoretical cor-
rections should be summed over infinite KK modes in
principle [55-57]. In this work, we verify some lemmas
on the eigenvalues of exciting KK modes in extension of
the SM with a warped extra dimension and the custodial
symmetry  SU(3), X SUQ2);, X SUQ2)r X U(1)x X Prg
[8,58]. Performing properly analytic extensions of the
bulk profiles, we sum over the infinite series of KK modes
through the residue theorem. In addition, we also present
the sufficient condition for a convergent series of infinite
KK modes in extensions of the SM with a warped extra
dimension. The method can also be applied to sum over the
infinite series of KK modes in a universal extra dimension.
The emphasized point here is that the authors of Ref. [56]
also propose to sum over infinite series of KK modes
applying the equations of motion and corresponding com-
pleteness relations of bulk profiles. Nevertheless, the
method proposed there can only be applied to sum over
the infinite series of KK modes for the five-dimensional
fields with zero bulk mass and zero modes in extensions of
the SM with a warped extra dimension.

The radiative decay B — X,y definitely provides a very
strong constraint on extensions of the SM. The SM pre-
diction on the branching ratio of B — X,y at next-to-next
to-leading order [59-61] (NNLO) reads

Br(B — X,y) = (3.15 £ 0.23) X 1074, QY

which is calculated for a photon-energy cutoff E, >
1.6 GeV in the B-meson rest frame. This result certainly
coincides with the current experimental observation [62],
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Br(B— X,v) = (3.55 = 0.24 £ 0.09) X 1074, (2)

with the same energy cutoff £,. Using the residue tech-
nique mentioned above, we also analyze the corrections
from exciting KK modes to the branching ratio of B —
X,y in the scenario with a warped extra dimension and the
custodial symmetry.

Our presentation is organized as follows. The main
ingredients of the SM extension with a warped extra di-
mension and the custodial symmetry are summarized
briefly in Sec. II; the KK decompositions of all five-
dimensional fields and relevant bulk profiles are given
here also. In Sec. III, we present the verification of relevant
lemmas on the eigenvalues of exciting KK modes in detail.
In order to sum over the infinite series of KK modes
properly, we also discuss how to extend bulk profiles
analytically. We discuss the possible relation between the
perturbative expansions in four-dimensional effective the-
ory and five-dimensional full theory in Sec. IV.
Furthermore, we also recover the equations presented in
Ref. [18] through the residue theorem. In Sec. V, we show
how to sum over the infinite series of KK modes in a
universal extra dimension by the residue theorem through
recovering an important relation applied extensively in the
literature. In Sec. VI, we present the theoretical prediction
on the effective Hamiltonian of B — X,y to the order
O(uty/ A%y) through residue technique in the framework
with a warped extra dimension and the custodial symmetry,
where Agg denotes the energy scale of low-lying KK
excitations and ugw denotes the electroweak energy scale.
Additionally, we also present the possible constraint from
experimental data of B — X,y on the parameter space of
the SM extension with a warped extra dimension and the
custodial symmetry. Our conclusions are summarized in
Sec. VIL

II. A WARPED EXTRA DIMENSION WITH THE
CUSTODIAL SYMMETRY

In the Randall-Sundrum (RS) scenario, four-dimensional
Minkowskian space-time is embedded into a slice of five-
dimensional anti de-Sitter (ADS5) space with curvature k.
The fifth dimension is a S'/Z, X Z), orbifold of size r
labeled by a coordinate ¢ € [—ar, 7], thus the points
(x*, @), (x*, 7 — @), (x*, 7 + ), and (x*, — p) are iden-
tified all. The corresponding metric of nonfactorizable RS
geometry is written as

ds? = e 27y, dx*dx” — r?d¢?, o(¢) = krlél,

3)

where x* (u = 0, 1, 2, 3) are the coordinates on the four-
dimensional hypersurfaces of constant ¢ with metric
Ny = (I, =1, =1, —1), and e” is called the warp factor.
Two branes are located on the orbifold fixed points ¢ = 0
and ¢ = /2, respectively. The brane on ¢ = 0 is called
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the Planck or ultraviolet (UV) brane, and the brane on ¢ =
ar/2 is called the TeV or infrared (IR) brane. Assuming the
parameters k and 1/r to be of order the fundamental Planck
scale Mp; and choosing the product kr =~ 24, one gets the
inverse warp factor

€= A = o~ hrm/2 » 10—16’ 4)
AUV

which explains the hierarchy between the electroweak and
Planck scale naturally. Meanwhile, the mass scale of low-
lying KK excitations is set as

AKK = ke = ke_kr7/2 = @(1 TeV) (5)

In the gauge symmetry SU(2); X SU2)g X U(1)x X Py,
the discrete symmetry P interchanging the local groups
SU(2); and SU(2)y implies that the five-dimensional gauge
couplings satisfy the relation gs; = gsp = g5. The local
gauge group SU(2); X SU(2)g X U(1)y is broken to the
SM gauge group by the boundary conditions (BCs) on the
UV brane,

W), By W)

Zy (=), (e =0,1,23),

Wi (==),  Bs(=-),  Wii(+-),  Zys(+-)
(6)

Here, the first (second) sign is the BC on the UV (IR) brane,
+ denotes a Neumann BC, and — denotes a Dirichlet BC.
The zero modes of fields with (++) BCs are massless
before the electroweak symmetry is spontaneously broken,
and are identified as the SM gauge bosons. The fields with
other BCs only contain massive KK modes. The third
component of SU(2)z gauge fields W3 ,, and the U(1)y
gauge field B), are expressed in terms of the neutral gauge
fields Zy ), and B, as

_ 85Zxm Tt &5xBy

Wiy = ,
2 + 2
\/85 85x (7
- Zxy — &sB
By = — 8sx4x.m ~ 850m M=0,1,2325),

Vei + &k ’

where g5y is the five-dimensional gauge coupling of U(1)y.
The Lagrangian for gauge sector is written as

/g L e
Lopuge = T GKMGLN<— ZWKLWMN 2 Wit Wun
1~ R 1 a a
- ZBKLBMN - ZGKLGMN)' ®)

For convenience in our discussion further, we define the
following five-dimensional fields [52]:
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\/gﬁ + g3By + gSXWE,M
AM = 5
V&3 + 283
s —&sxBu t \/g§ + g5 Win
M - ’
v&i + 28k )

Wity = = (W 5 iW2,)
LM Nz v+ WL M)

. 1 .
Wiy =-—7=Wiy+ lWI%’M).

V2

As regards the matter fields, the quarks of one generation
are embedded into the multiplets [63],

. X, (=) gl ()23

¢ (XZL(_+)2/3 C]sz(++)—1/3)’

e = UR(++)23

Xﬁe(—+)5/3

Uk(=+)s3 |, (10)
Di(—=+)_1/3

Xﬁe(—‘")sm

Uk(=+)oy5 |

di(++)-1/3

Qu, =
0, -

and the states with opposite chirality are written as

0 = (Xf;k("‘ —)s/3

l]f;,e(_ _)2/3 )
X (+ )23 ’

CIZR(__)—W
LL = Mi(__)zm
X£(+—)5/3
Ui(+=)as | (11)
\Dj(+)- 1
(Xi("‘—)sm
02("“)2/3
\di(——)—m

Qu, =

0, -

Here, i = 1, 2, 3 denotes the index of generation and the
U(1)x charges are all assigned as

2
YQi = Yui = YQ; = g (12)

In order to give the kinetic terms of triplets, we redefine
the quarks in triplet as
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(5 X+ D)
T, = | %Xk = Dp)
\
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(5 + )\
Ok ﬁ(xfe - d;e)

\ o,/

(715()(2 +Dj) (XL +dp) (13)
To = | B0 -0 | 7o = | -
v,/ \ 7 )
Correspondingly, the Lagrangian for kinetic terms of quarks can be written as
L —‘/63(”) EN y4 l(a — B) + igsi TGS + igsxYoBy V0up Su, + igs(r)  WE,S
0= 57 Zi 0 aja, ' EA Y 5 \OM M 1855 M T 185xLoiDp |Oqb,Oayb, T 185 ) . L,M9ayb,
= a;by
. [0 . . . .
+igs(5)  WikBan, [ @, + (@a iEY Y wn — sen(@Ik(es) Qv
292
I 1 - . : = . ,
+ u’l:zE%yA<§(8M — dy) +igs, TG, + zgSXYu;BM)éij +iEMytoy — sgn(¢)k(c5)ij]uf
iy 1 - : 0 L ~ e s
+ (TIQ)allE%'yAI:(E(aM — dy) +igs, TGy + lgstQ;,BM)3alb, t 85€u,p¢, WLfM](T’Q)b,
iy r - i SN 1 < : . ~
+ (Tl HEY Y = sen(@) ) ) Thha, + (T B[ (50 = 51) + s TGSy + igax Vg, Bu)Ouss
+ 8584,b,¢, WIC?}M:I(T&)I?I + (TiQ)a,[iEf(YAwM - Sgn(d’)k(cT)ij](Tjé)a, + HC} (14)
with y4 = (y#, —iy®), the inverse vielbein E4 = 0 3 _ '
diag(e”?), 7(9), ¢7#), ¢7(#) 1) "and the spin connection Ly = ekw/zv—GIR D {\/EA?jQZaHaa”’
ws = (sgn(¢p) ke 7 ?y,y5,0). Generally, three bulk ij=1
mass matrices cp, cg, ¢y are arbitrary Hermitian 3 X 3 — 2)\d-[Q2a(Tc)ab(T£1)cha
matrices. Y ,
To break down the electroweak symmetry, we introduce + 04a(1ap(T)) H,p] + Hel, 17

an IR brane located Higgs which transforms as a self-dual
bidoublet under the gauge group SU(2); X SU(2)g, and
transforms as a singlet with charge Y, = 0 under the gauge

group U(1)y,

—im" /N2

_ —(h° — i7%)/2
"= ((ho +im0)/2 ) (15

im /2

After normalizing the kinetic term of Higgs in five dimen-
sions, we write the corresponding Lagrangian as

Ly = Ti{(D,P(x)T(DFD(x)] — > Tr(® (x)D(x))

A
+ S[Tr(@ PP, (16)
with DyH = dyH +1gs(33_| Wi ,,o)H +
1gsH(Y3_, Wi 0. Accordingly, the Yukawa cou-
plings between quarks and Higgs field can be formulated as

here the metric on IR brane Gf = e"™/2n#*. In the
following we choose to work in the background gauge
[64]. Furthermore, we also assume that three bulk mass
matrices cg, g, c7 are real and diagonal, i.e. each of them
is described by three real parameters. This can always be
obtained through some appropriate field redefinitions.

For convenience in our analysis, we define the gauge
couplings in four dimensions which are related to the five-
dimensional gauge couplings via

_ & _ 8&5x
8 = , 8x = .
2arr

(18)

2mr

Correspondingly, the constant of electromagnetic coupling
and Weinberg angle in four dimensions are given through

8x

e=—88%X _ ingy = (19)
V& + 28k
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In terms of the Weinberg angle 6y, and the constant of
electromagnetic coupling e, the gauge couplings in
Eq. (18) are written as

e e
=, 8x = F/——- (20)
sinfy V1 — 2sin’6y,

The KK decompositions of five-dimensional gauge
fields are extensively studied in the literature, and can be
written in our notations as

A ()C ¢ \/_— Z (n)(x)X(G++)(y(Gl':_)): t);
Z,(x ) = 7§%Wnﬁ4ﬁ$a
1 - ¥ ¥
Aﬁm@=$§:m@m+wﬁ§&
1 njol (21)
Winod) =723 W C XG0, 0,
n=0
+ (R
WE,M(XJ @) = ﬁ Z Wi (n)(x)X( +)(y(G(r:—)’ 1),
=
@m¢>\szmew$ﬂgﬁ
AsG =A, Z, Wf, < y(Gf"j) (n=0,1," -, 00) denote the

roots of equation z2R it +)(z) = ( with
R(:S (@) = Yo(2)o(ze) — Jo(2)Yo(ze).  (22)

When G = Zx, W, yf_('ﬁr)) (n=12"--,

roots of equation Rf;i)(z) = 0 with

o0) denote the

R(S)(@) = Yo(2)1(z6) = Jo(2)Y(ze).  (23)
In order to give the bulk profiles of those five-dimensional
fields conveniently, we introduce a coordinate ¢ =
e exp(o(¢)) which takes values between r = € (UV brane)
and r = 1 (IR brane). In terms of the variable ¢, we write

the bulk files for those gauge fields as
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PO (,6W

G(+) (,Gln)
G (0™ = 1P 05y D) 1PG O )
X4V (++y NO (G NOI (G0 )
(Lw) (++) (zr) (++)
G(-) (,Gn) G(+) (,Gn)
X0 )(yf(") - 1P, O D 1P 0% 1)
) V(—+y G() (G G(+)(,Gn)
Now 02 NGO
(24)
with
7 (v, 1) = Yo(ye)J,(y1) — Jo(ye)Y, (yo),
DIy, 1) = Vo)1 (1) = Jo(»)Y1 (1),
Iy, 1) = Y,(ye),(y) — J,(ye)Y, (y1), os)
WOy, 1) = Yo(yelo(yt) — Jo(ye)Yo(yo.
WOy, 1) = Yo()Jo(yt) = Jo()Yo(yo),
WOy, 1) = Y1 (ye)Jo(yt) — J,(ye)Yo(yo).

It is easy to check Eq. (25) satisfying the

motion,
G(+)
(uv) G(+)
t—at 00+ D0
G(+)
(ir) G(+)
IT()’, n+dg,
(I)G(—)
(uv) G(-)
t t ( ) (I)(uv)
G(-)
qf(uv)
at
G(-)
‘l’(”)
at
G(+)
=~ (uy)
Jat

equations of

(y, 1) = yrWS")

(uv) (y, l‘),

1) = vV i, ),

(y, 1) = yr W&

(uv) (26)

1),

(y, 1) = —yrdH)

(uv) (y) t))

G(+)

(yr t) = _ytq)(,,) (yr t)’

v, 1) = —ytq)(m,) o, ).

The corresponding normalization constants are formulated

as

NG )P = {@ﬁ@nv—a@ﬁ@fW+mﬂm»m2 ®$WDﬁ$ww}
[Mﬁ@ﬁ=—{@$%»m (@0, )2 — (W((y, €) + @&W»wmﬂma} 27
NG OO = V0P = @0, 9 + (@500 )7 - ﬁﬁ@m@%@Jﬂ
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Similarly, the KK decompositions of five-dimensional quark fields are written as

X (6 6) == X FEE 0 ), mww= X FLE 6 0,
: :
g, (x, ¢) = @I OE 0, gl ) = e Z WL OED, 0,
%m@= W FES GEY, 0, mm@= XG0 ()£ (01, ),
-
%mw= U @fET0ED 0, Dile ) = M¢Z’Wwf G, 1),
: :
Xix, ¢ :M@zrw<vﬁ; o, quw=fj?§wa>ﬁﬁ¢@%»,
: :
Rep c;,(n) ; _ @ i) N pLoch o ch(n)
di(x, ) = OED, 0, Xk ) = ﬁ %XL @f 50D, 0,
(28)
Ui (x, ¢) = Zm@uﬂhﬁ%& mmw= DY) 6, ),
X (x, ) = ZEWUﬁﬁwﬁwx iM%@= T 6, o),
) it 5O ) £ ), ), %w@= W@ fE R, ),
mmw=%¥;ﬂﬂw&mﬁm, X, (6 ) = hwg BT G, 1),
%N¢Pi§?ZMRyfm@%a g, (x ¢ n“kmﬁ)ﬁb>
In Eq. (28), the eigenvalues y(cf,"ﬂ(n = 1) satisfy the equation RS )(2) =0, y(C(I"l)(n = 1) satisfy the equation R(,,)(z) =

(”i”l)(n = 1) satisfy the equation R(*, (z) =

respectively. Here, the concrete expressions of Rf’;i)(z), R(C’;i)(z) R¢ E+)(z) R( )(z) are

0, y(c(t";)(n = 1) satisfy the equation R(ii)(z) = 0, and the eigenvalues y

Ri)(@) = {YN(Z)JN(ZG) — Jn(2)Yy(ze), c=N+ %’

T e—1y2)(z€) = Je—10)(@ —cr1/2)(z€), ¢ #N+1

) {JN+1(Z)YN(Z€) Yy11(2)y(ze), c=N-+ %

Riese Jer(1/2) @I 1 2)(z€) + T 1)) (@D —(1/2)(z€), ¢ # N + %
RS () = {m@mﬂm In@)Y i (ze), e=N+i 29

J-eryn@ v/ + Jomq (@I 1) (z€), ¢ # N+ 1

Ine1(@D)Yyi1(z€) = Yy ()41 (z6), c=N+ %

Rise { Jer (/@I —e—1/2)(2€) = J_ o1/ er(1/2)(z€), ¢ # N+ 1L
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In terms of the variable ¢, those bulk profiles for five-dimensional fermions are formulated as

e e,y = YO O et O 0 e g = YL OE D _ Viet, Ol )
NiDGEL) N o) f b NGy NG )
e e o = OO D e, O e e ) SO0 e, 080
* O R VN B S S Ve EU R I
e ey 0L 0Dy SO0 e )00
B N A U TIO R TN
FELOE D = L = Vit Oy t)r FE el n = Vigi, 00ty 1) _ Vigh, 0, 0
a N O05) N, J0%) e TN N6
with (30)
qu((ﬂ(y, y = YD) n+101) = N Y i1 (v0), c=N+ %’
T a0 + J—qpOW —c—qp(3t), ¢ # N +3
o5 1) = Yn(ye)y+1(vt) = In(ye)Yy1(y), c=N+ %,
F J et a0 + Jemqpye (), ¢ # N+3
¢L( ) = Yot On1508) = Iy 1 (0 Yy (01, c=N+ %
" T erap00) = Jer O —c—qp(t), ¢ # N +3
( 1) = {YN+1(y6)JN+l(yt) —Ini1 (Y)Y (y0), c=N-+ %’
Fie om0 a0 = Jer1 )0 —c—1 /1), ¢ #N +% (31)
o0 1) — {YN(y)JN(yt) = InO)Yy(y1), c=N+ %,
o IO =200 = T O =100, ¢ # N +1
o3, ) — Yy(ve)Iy(yt) = In(ve)Yn(ye), c=N+ %’
o T a0 00 = T i), ¢ # N+3
000 = Y1 IO = Iy ()Y (), c=N+ %’
" T e—a00) + Jer 9O —crayp(31), ¢ # N +3
(+)(y, 5= Yy (ye)In(yt) — Iy 1 (ye)Yy(y), c=N+ %
Ko Jocca/0 00 + Ty (1), ¢ # N +3

It should be pointed out that those bulk profiles satisfy the following equations of motion:

;) | . a5 | .
I+ (c + 2)% D0 =yreg 0, Fral Gl < z)sDR( D) =~y ),
(32)
LT 1 doq) 1
(uv) ) ) R(uv) _ L( ) — L("')
1)+ (c + 2)%“ 1= ytsoRm) v, =) ( 2)¢R<w) 0. 1) = —yte; (5, 1.

Meanwhile, the normalization factors can be written as
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() N2 —

[NL(M (y)] kre

[N, 0P = (e (0. D = (o)) (0 O = (el
c(— 2 C!

Vi )P = (e, @) + (¢, P — e

kre
[N 0P =

C(+) 2
V0P = =

c(-) 2 _
[NR(W) (y)] kre

o(-) 2 _
[N P =

el
el
el
el
el
el
el
frel

c(H) (N2 —
N
[ Riuw) MF = kre

With the preparations above, we verify some lemmas on
the eigenvalues of KK modes in extensions of the SM with
a warped extra dimension, then show how to sum over the
infinite series of KK modes using the residue theorem.

III. SUMMING OVER INFINITE SERIES
OF KK MODES

As mentioned above, the radiative corrections from all
virtual KK modes to the physics quantities at electroweak
scale should be summed over in principle in order to obtain
the theoretical predictions in extensions of the SM with a
warped or universal extra dimension. When f(z) is an
analytic function except some limited-in-number nonzero
poles zy, zo, - * "5 Zn, and the possible pole z = 0, we con-
struct another function G(z) in order to sum over the

N f(yflg"c)s)) + f(yf](ggg)))). Here the func-
tion G(z) is analytic except its poles of order one
c(x1) .. clxn) |
y(BCs)’ » Y(BCs)?
: 2= 0(m = 1). Furthermore, the residues of G(z) are
— ye&ED o eEn)
unlform ones at nonzero poles z = y(go, ", nyCZ),

If the closed rectifiable contour C, = does not pass through

infinite series > .

-+, and the possible pole of order

any of the points y°"-FX(k = 1,2, -- -, n), and the region

(BCs)
with  the boundary C, =~ contains the points
*1 .
0, y(CéCS)), . ,yf](gcf)) and zy, 25, * * *, Z,,, We obtain

f G(2)f(z2)dz = 1277{2[]‘();(0](3’&) +f(yaga)))]

r(n)

+ Res(G(z)f(z), z = 0)

+ i Res(G(2)f(2), z = Zi)} (34)
i=1

(@i, 1) = X, @) + (o) (v 1) —
(@i, 1) = (e, €)? + (@5 ) (3 1))? —
( c(— ) 1))2+( C(+)( 1))2_ 2( C(+)( ))2_
gDL(NU y’ gDR(M}) y’ € gDR(uv) y’ €

(@700 DP + (05 )0 D) = (e ) (3, ) =

PHYSICAL REVIEW D 84, 096012 (2011)

€ o(—
(@i, 1) = e, )2 — e (v, )P + (2c + D3 P10, Oen ), e)},
C € C
R ()
€ _
w0+ e+ el 0 e o))

€
(0, @) + (95 (3, )P — o) (v, P + (2c — D3 o1 e, e>}

c+ 1 c(+ (33)

o1 Doy, 1)}

-1 e
7 “Luw 0 Deg,, 0 1)

2¢ + 1

C(w) 2 )402((;)) 2 1)}

2c—1

according the residue theorem [65]. If the limit
lim f G(@)f(2)dz =0,
'(n)

then we can sum over the infinite series

DL Oey) + F(ise)]= —Res(G(2)f(2), 2=0)
i=1

1

— ZRes(G(z)f(z), z=2z;). (35)
i=1

To construct the function G(z) and find the suitable contour
C,,» we verify some lemmas on the eigenvalues of KK

modes first.

Lemma 1.—If yé”c)s)(n =1,2,---, ) satisfy the equa-
tion RZBGCb) (y(cé"c)s)) = 0, where ¢ denotes the bulk mass of

c(n)
BCs)

Proof.—Taking (BCs) = (* =) as an example, we show

five-dimensional fermions, then y( is real.

how to demonstrate that the roots of RS (y‘(")) =0 are
real. If the left-handed five-dimensional fermion satisfies
the BCs (++) and the dual right-handed five-dimensional
fermion satisfies the BCs (——), the corresponding bulk
files are written as

Viel o 0 Viel 6 0

c(n) _
(++)(y(+i)’ ) C(+)( c(n) ) C(+)( c(n) ) ’
Ly (+i) L( v) (+i)
Vier Joll 0 Vier v, 1)
f ( c(n) l) _ in 7 (£*) — (u (%)
(——) Y(zzy NEE) () NEE) (e ’
Niim OV Niy 0 )
(36)
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where qDz((+))(yc(n) 0, ¢ (+)(yc(n) ) gD;'e((*))(yc(n) 1), Similarly, we also obtain

(x=) (%) (£x)
@ R(w) (yf(f‘}:), t) satisfy the equations of motion in
Eq. (3.2). Using Eq. (32), we can easily derive the following ([y(c(fi) (Ci”l)?)[ dttgoR( ))(yfi"}:), )qoc( )(y(CSnl)’ )
equations:
et — g0 G,
(ir) c(n)
! az( )( =R + 150 e L, el ), nik (40)
C ) C cln
+ ([y(f_rnl)]z 2 ) L((;:)(y((i}_r): 1) =0, . “
O Since € (e, 1) isreal, ;' (510, 1) = [ef (U, 0T,
c\— =
La (taqpﬂ)(yci")+ ) i, i, 0 = [eg, ))(yf(fi), D]", then
t ot ot =)
(c =27
N Gl U W S T U )
([Y(ri)] 2 )R v Yz =y H=0 (37 dttgoL((;)(y(i”i), )goL((Jr))(y(i”l), 1)
€
If yfi"i) =r+is (r, s are real and s # 0) satisfies _ [ dttl () 12 >
Rc,e ( c(n) _ O h —c(n) . 1 (PL(,) y(ii)’ y
() y(++)) then its conjugate y\") = r — is also (41)
satisfies R‘++)(yf(+"l)) = 0. This implies f d”SDR( ))(yfi"ly t)¢R( ))()’(cinl), 1)
( )
19 8 I B Sy
)5 1) = f ditl o (L, DP >0
[ al €

e p_ (e 2) ) () (el
b 2o 1) =0. 38
([ Y )] Lan Gy ) (38) for the nontrivial functions ¢ L(+)) (y(c(f)i), 1), @5 Rer )(yf(fl), f)

Using the first equation in Eq. (37) and that in Eq. (38), we ~ If r # 0, then [yf(i"i)]z [yzi"l)]z = i4rs # 0. Applying
find (——) BCs satisfied by the bulk profiles of right-handed

. fermions, we derive the following equations from Egs. (39)
OELP -GELP) f dite O DG, D and (40):

c(+)

de
c(+),,c(n) L(lr) c(n) 1
= et 0= i) [ a0~
c(+) | j (42)
+ LW -
— 19} Gt ) - (yf(fl), t)L _[6 ditl o (L, D> =0,
= {50 e, t)so“ e n
—eln " n which are contrary to the inequalities in Eq. (41). For
— 50 @G, D (e, ). CO N, Y 4 4

1 > C C C c\r C C
j; d”IQDL((;:)(y(ini): n* = hm7{ty((+nl)€0L((i)(y((tQ_r): I)QDR( ))()’E(Jl}r)’ 1) — tyfi"iﬁpht)(y(i")ﬂ, t)¢R( ))(y(ini)’ N}t

1 yC(n) ¢c(+)

— () (,,c(n) ) (5¢(n) (=5) 2 _TLan (en) ) (5¢(n)

14 { (PL( ) (y(ii); t)(PR( ) (y(++)» l) yc(n) a (y(_;_i); t)¢R( 9 (y(++)5 t)
(%)

C( )
c cln R ir C
+ 2 L, AL O, 0 =16 G, e, 6L, 0

c(n) o(+) (=)
CVeEn) 29 ) A (o)) () (50 aQDRw FORNE
_c(n) t a ( (++)’ )¢R( >(y(+i); t) ¢L( )( (++)) ) ( (+J_r): t) .
Yiz=)
1 ¢
= S {lei 6, DI = €lei o, ol (43)
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In the last step, we apply the equation of motion for the
bulk profiles of fermions in Eq. (32) and (——) BCs sat-
isfied by the bulk files of right-handed fermions. Similarly,
we can derive

! e a2 — Ly e g2
[ e 0L, 0P = =l 6,

— el el @4

Equations (43) and (44) are also contrary to the inequalities

in Eq. (41). In other words, R(C';ﬁ)(z) = 0 only has the real

roots. Analogously, we can verify that the equations

R(.(2) =0, RES, (2) = 0, R{E_ (2) = 0, R(S, () = 0,
(£%) e (%) (%) (++)

and R(_’ +)(z) = 0 only have real roots.

Lemma  2.—If y(cl(g"c)s)(n =12 +,00) satisfy

, c(n) y c(=n) _ _ cn)
R(CBECS)(y(BCs)) =0, then Y®cs) = T Y®BCy) and
ty(cl(glc)s), cee iy(cénc)s), -+ are the zeros of order one of

the function Rfl’;CS)(z).

Proof.—Assuming (BCs) = (=), we first demonstrate
that yf(ili), ce yf(i"i), - - - are the zeros of order one of the
function R(:S,(z). For ¢ # N + !

dRS
@ = cap@ieap(ze)
+ Jer/)(@ - cr1/2)(2€)]
— elJ_ /2@ cr1/2)(z€)
+ Je—qy(@ —c—1/2)(z€)]
2¢ — 1
+ . [J -t/ c—1/2)(z€)
—Je—qy(@I - cr1/2)(z€)]
= op )z €) — ez €)
2¢c — 1 _
+ gofq(w))(z, €). (45)
Asc=N+1/2,
C,€
dR(ii)

(2)=—[Yn4+1(2)Iy(z€) = Iy+1(2)Yy(z€)]
- f[YN(Z)JN+1(Z€) —JIn(@)Y Ny (ze)]

+ 27N[YN(1)JN(ZE) —In(@)Yy(ze)]

dz

2c—1 . _
=oplze)—ep) Nz o)+ qufg((ir,) (z €.
(46)
When yfg’i)(n =1,2,--+,00) satisfy the equation

R?;i)(y(cini)) = 0, then

PHYSICAL REVIEW D 84, 096012 (2011)

dR':S
(£+) _c(+) ) () cln)
dZ (Z)IZ:}’:‘S}:) ¢R(i,_) (y(i +) 6) GQDL(’_V) (y(i +) E) # 0.
(47)
In other words, y("(t"l)(n =1,2,--+,00) are the zeros of

order one for the function R(Lie i)(z). Using concrete
expressions of the Bessel functions J, and Y,, we can
verify directly RCS,(—y("h) =0 if RCS, (")) = 0.
Furthermore, we can obtain those similar results on zeros
of the functions R{ - (2), (%, (2), R(5 4 (2), R?jri)(Z) and
R(,)(2).

When z— 0 and ¢ # N + 1, the function R )(2) is
approximated as

2(607(1/2) _ 6(1/2)70)
(1 =20T¢ =G+ ¢)

RS (2) = {1+ 0} @)

When z— 0 and ¢ = N + 3, the function R(:S,(z) is
approximated as
1— 2N )
R = Nl T O} N#0
T e o) N0

(49)

€
(=*)

we find that z = 0 is not the zero of the functions Rf;_fi)(z)

In other words, z = 0 is not the zero of R (z). Similarly,

as well as R(G;ri)(z) also, and is the pole of order one of the

functions R(: (), R(: . () together with R(G;i)(z).

Lemma 3.—Let function f(z) be analytic except for
limited-in-number isolated singularities on the complex
plane. If there are two constants M >0 and R > 0, we

have |zf(z)] = M when |z| > R. Then

2 1 dR
lim {_ +— L Doy (Z)}f(Z)dz —0, (50)
e C'(n) < R(]‘?’CS) (Z) dZ

where the path C, ' is the rectangular contour with four
vertices (1 * i)r(,) and (—1 % i)r(, with yé’gs) <rp <
c(n+1)
(BCs)

Proof.—First, we illustrate how to demonstrate the
lemma for the case (BCs) = (==). Since |zf(z)] = M
when |z| > R, all singularities of the function f(z) all
distribute within the region |z| = ‘R. This implies that
7f(z) is analytic at 7 = oo,

a a
zf(z>=ao+7‘+z—§+~--, lzl >R, (51

or

_ 4y a4y | a4

fQ)=—+5+5+-, lz] > R. (52)
Z Z Z
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Applying the residue theorem, we have

2 1 dRE
-+ Z }dz
){c,(”) {z2 R () dz ©
= 2m{Res| — =
{ (Zz (++)(Z) dZ (Z) T )

dRCe

1 (++)
Res
ll[ (RC;)(Z) de

i dR{E
— @) 1 (++) _ el
= y(ii)) + ReS(ZRff+)(Z) dz (2),z= y(++))]}

(33)

'M=

Because 2/z% + (dR(++)(z)/dz)/(zR(++)(z)) is an even
function of z, its Laurent series at the point z = 0 does

not contain the term which is proportional to 1/z. One
directly has

2 1 4R,
4 =) ()la
f. 2 RE@ de @)

"(n)
B I dREE /
:lzﬁz[ReS(zR“ O d (z),z=Y(C(¢l)t))

i= ++

+ Res( 1 IR ) (z),z = —y® )]
RS (2)  dz (£2)
. 4 1 1
= 12772 T + — L(l) = O, (54)
i=15Y(++) )’(++)
then gets

fc E i Rgfi)(z) de;_) (z)}f(z)dz

"(n)

- L ﬁ defﬂ olfre

"(n)

- @}dz. (55)
z

For f(z2)—ao/z=1/Ma;+ay/z+ "+ @y /2" + -},
a, +ay/z+ -+ a,y /7" + - is the analytic function
and its absolute value has an upper limit in the region
|zl = R', R’ > R. Assuming

a1+%+---+%+--- |sj\/l’, as |z| = R/,
(56)
then one gets
/
f2) = = lzl = R (57)

As n is sufficiently large, we have |z| = R/ for z € Crp»
then get

PHYSICAL REVIEW D 84, 096012 (2011)

f. L RC:;(Z) o e

"(n)

4r(,1) j\/l 1 RE+6+)
=———X
’”%n) {the upper bound of Rcf+) O dz (z) |
forz € C,(n)}. (58)

In order to obtain the upper bound of
I(dR(++)(z)/dz)/Rf’ifi)(z)I for z € C,,, we express the
Bessel functions as [66]

1.(2) = {[ei(z—(VW/Z)—(W/4))
Tz
L e—i(z—(WT/2)—(7T/4))](1 + @(l))
Z2
i 1\
+ (2 = Npicwmr—ray
zy(” 4)[6
_ e—i(z—(VW/Z)—(W/4))]<1 + @(%))}
<
YV(Z) — 1 {_i[ei(z—(Vﬁ/2)—(ﬂ/4))
Tz

_ e—i(z—(Vﬂ'/2)—(7T/4))](1 + @(l))
Z2

N L(Vz _ l)[ei<z—<w/z>—<w/4>>
2v 4

I e—i(z—(WT/2)—(7T/4))]<] + (9(%))} (39)
Z

for |z| — oo. Using the above equations, we approximate
R(f.\(2) and dR(f,(2)/dz as

e _ lCOSCW i(l—€)z _ ,—i(l—e)z ( (l))
REE. (2) = py s {[e e 1+0 2
+"C(C—1)<1_ 1)[ei<1—e>z
2z €
N e*i(lfe)z]<1 n (9(12))}
<
dR(++)( )— CO\S/CZT{(I _ e)[e’(l €)z

+e*f<l*f>z](1 T @(Z—z))

+§[1 + (1 G Ez))c(c - 1)][ei<1—e>z

R RO B

for ¢ # N+ 1/2 and |z| — co. When ¢ = N + 1/2, the
functions R(Cf+)(z) and dR(++)(z)/dz at |z| — oo can be
similarly approximated as

096012-11
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gl el o{) o D e o o))

‘ﬁ}wp%}{wﬁwmw+fmmm+@(» oo (-0 v -0)]
X [eil=e)z — e—"“—f)Z](l + @(Z—2))} (61)

Using Eq. (60) and (61), one obtains

RS, (@) =

1 dR c+e+ el1=0z 4 p=ill=e)z pif 1 (=ecle= D il-€)z _ ,~i(l-€)z 1
c,€ — ) (Z) = l(] - 6) - - z[l'feil 2€ ][ - ][1 + @(—2)] (62)
R(ti)(z) dz z(l—e)z _ e—z(l—e)z + lC(gz )(% _ 1)[ez(l—e)z + e—z(l—e)z]
If n is sufficiently large, y(”(i”i) is approximately given by [63]
) 1 Lo\ 1
The fact implies that the interval between yz'(i"l) and yf(i";)l) is about 77 as n > 1. When
c(n) 1 m 3 c(n+1)
vl < (Mo + ) <o (Mot 3) =it (64)
or
yC(n) 7 (N + 1) < y‘("H) = —(N 3) (65)
=0 "1 —e\"? ) TIED T e\ g
where the positive integer N, obviously turns large along with increasing of the number 7, one can choose
T 1
=——(Ny+—) 66
r(n) 1 _ E( 0 4) ( )

When the point z belongs to the left and right borders of C, , ie. z=F(Ny+ 1/4)7/(1 —€) +iy with
~(Ng +1/4)7/(1 —€) =y =(Ny+ 1/4)7/(1 — €), we have

1 AR
RS, (@) dz

| i(1—e)z +e—z(1 s)zl + l 1 (l—E)C(C—l)Hei(l—e)z _e—i(l—s)zl 1
= [+ o)
|z|?

=(1- e){l " %[IL T lele - 1)|( )]}[1 + (9( (n))] 67)

When the point z belongs to the upper and lower borders of C, , ie. z=x=* i(Ng +1/4)7/(1 — €) with
—(Ny +1/4)7/(1 —€) = x = (Ny + 1/4)7/(1 — €), we similarly obtain

<z>|s<1—e>

e i(l-e)z _ ,—ill- E)Zl |L(c 1)|(1 l)lei(l—e)z + e—i(l—s)zl

1 dRS (++) |e21—e)x 4 p@No+(1/2)7| +1 1 115 %”eizu—e)x — e@No+(1/2)7|
RCE (z) d (z )| =(l-¢ i2(1—e)x (2N, +(1/2)) lee=Dl (1 i2(1—€)x (2Ny+(1/2)) [1 + (9< 2)
Eo) dz | 2010 — oo w| —T(_— 1)]e20=% 4 ¢@No(1/2)m| E
1 1-— -1 -1
<(1- 6){1 L1 _(1=9cle=1 |, lefe )|( 1)}
lz] |1 —€ 2e 2|zl \e

eCNo+(1/2)7 4 1
x = [1 + (9(—2)]
eCNo+(1/2)m _ | c(c Nl —1) |z

st oft s [t -] )
ra L1 o
1 cln 3 cln

T (NO 4) Y <1 (NO 4) < 69)
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we choose

T 3
r(n) == —1 — e(NO + Z), (70)

and similarly get the upper bounds in Egs. (67) and (68).
Applying Eq. (58), we have

£ L el -2

(n)

— i 4(1—5)3\4/{ 1 [ 1

Ul ()

= lete = i(5 -

lim

T ()™

In other words, the integral

2 1 dRE.,
tim § Looe 55 eho =0 02
o=~ Je, 1z RiE () dz

Using Egs. (29) and (59), we have

C,€

Lo,
Rf’;)(z) dz

_ l(l B 6) ei(l—e)z _ e—i(l—e)z B L C(C _ 1)
ei(lfe)z + e*i(lfe)z 2z €
s (C2 _ 1)62 ei(l*e)z + e*i(l*e)z
¢ 1 — € |ell—oz _ ,—ili=ex

icfc—1 eill=6)z _ p=i(l—e)z
* Z—Z( € e l)ei(lff)Z + e*i(l*e)z}
1
X [1 + (9(—2)], (73)

for the case BCs = (+ ). If n is sufficiently large, y(+_) is
approximately given by [63]

c(n) 1
y(++) [n + 2(

The fact also implies that the interval between y

c(n+1)
V=)

c(n) ™ 1 ™ 1 c(n+1)
Vix+) <—1 — (No Z) <—1 — €<N0 "‘1) =

1 1

— | — + — |7

> | 1 ) 1 ] T (74)
c(n)

(=%)

and

is about 77 as n > 1. When

= V(=)
(75)

or

c(n) ™ _ 1 c(n+1) m 1
E 1-— 6<N0 Z) SVen) = 1— €<N0 * 4_1)

(76)

one can choose

T 1
o = 1 (Mo =) )

PHYSICAL REVIEW D 84, 096012 (2011)

where the positive integer N, obviously turns large along
with increasing of the number n. As

T 1 T
N, —_) = c(n) <
= e( 0 4) Vs ST

1 c(n+1)
(o) <ot
(78)

one can choose r(,) = (Ny + 1/4)m/(1 — €). Then per-
forming the similar analysis above, we finally get

lim {_ S (z)}f(z) —0. (19
Tw—eJc, 12 R +)( 7) dz

R%¢_ (2), R%€ (2), and

As for the functions R €+)(z) o)z i)

R(G i)(z), we derive the s1m11ar equations.

Using the lemmas verified above and Eq. (34),
we summarize the summing over infinite series of KK
modes as

2 [0fey) + F(-igey)]
i=1

- —Res[(i - El o de]fcg (z))f(z), 7= 0]

(BCs)
1 del’;C)
- Res[( - S(z))f(z),z=z,-],
Z < R(BCS)() dz

Z[f(ygg(lcs)) + f(— Y((];g((ljs))]
i=1

_ ZReS[( =G El @ dRL;G]iés) (z))f(z), z= zi],

¢ Kpeyle
(80)

where

lim [zf(z)] = M,

|z|—00

0<M < . (81)

Actually, Eq. (81) is the sufficient condition to judge if the

infinite series Y} 3, [f yfé’és)) + f(— yfgés))] is convergent.
In extensions of the SM with a warped extra dimension,

the bulk profiles in Egs. (24) and (30) affect amplitudes for

relevant processes in terms of [)(&CS)(y(G];é)S), 1] x

G G(n) (n) (n)
[X(BCS)(y(BCs)’ "], [‘f(BCs) (CBCs)’ Z)][f(BCs) (CBCs)’ )], and

[f(BCS) fé"c)s), t)][f(BCS) (Cé'lc)s), t)]. In order to sum over
the infinite series of KK modes properly, one should ana-
lytically extend the above combinations of bulk profiles to
the complex plane. Here, we illustrate how to extend
analytically the combinations of bulk profiles for gauge
fields satisfying (++) [(—+)] BCs in the complex plane.

When y = y(GJr(’f) satisfies the equation Rg'ir)(y(i(’jr))) =0
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the combination of bulk profiles for gauge fields with (++)
BCs can be formulated as

D0 (v, NP0 (3, 7)

[Ny )P

(uv)

tt’CI)G(H(y, t)CI)GH)(y, )

[X(G+ +)(y’ t)][/\/(G+ +)(y, tl)] =

(ir) (ir)

NG )P

DO (3, D0 (3,7)

NGOG ()]

1/ ® (y, N (y, 1)
_ (ir) (uv) (82)

NGNS ]

When y = y(G_(’fr)) satisfies the equation R(G_’ir)(y(G_(’ﬁr))) =0,

the combination of bulk profiles for gauge fields with the
BCs (—+) can be written as

' D) (3, NP (v, )
NG )P
' (3, 000 (1)

NG 0P

DO (3,00 (0, 1)

XC 0 DIXE (0 )] =

v) (ir)
NG IINGS ()]

D (3,00 (v, 1)

NGO WING 3]

(83)

The combinations of bulk profiles for gauge fields certainly
satisfy the corresponding BCs,

d
m[/\/((;++)(y; Z)][X((;++)(y, l/)] Hmy =€ = 0’
d
— [+C G / _
it [X(++)(y, t)][/\/(++)(y, ] tin=1 " 0, (84)
X0 DX 3 )]l =e = O,
d
%[X(G,H(y, Dlx¢ o Ol =1 =0,
with  f(,) = min(t, #'), 1) = max(t, ¢'). Considering

Eq. (84), we analytically extend the combinations of bulk
profiles from Egs. (82) and (83) in the complex plane as

PHYSICAL REVIEW D 84, 096012 (2011)

(XG4 (@ OIXE 4 (2 1]

7
= {0t — HDC (7, DT (2, 1)
[Ny @ING, (@] e
+0( = N0z NPE (@ ),
X (@ DX (2 )]
7 - +)
= {00t — YD (7, YD (2, 1)
[N @ING, (@] e
+0(t = D0 NPTz, 1)}, (85)

Here, the step function 6(x) is defined as

, x>0;
, x=0; (86)
, x < 0.

0(x) =

O PI—

To guarantee that the combinations of bulk profiles are
uniformly bounded in the complex plane, we analytically

extend the corresponding normalization factors in
Eq. (85) as
2 _
G(+) _ =HG(+) G(=) (3
ING,, @I = @ = WP @ DY, @ D)
_ 2
— 2000 DY (2, D} + = Y(),
kr
_ 2 _
G(-) — =pG-) G(+) (=
NGy @17 = (= 22){2(13(”1/) (z DV, @ 1)
_ 2
— 200G DY DY+ — Y(2),
uv uv kr
2€ _
INGy @ = m{@gﬁ)(z’ VG, €
_ 2
- Zq)f()ﬂ(z, 6)\1’?() ' e+ =Y. 87
ir Lr, kr

Here, 7 represents the conjugate of z, and the non-negative
function Y(z) is defined as

1 . , ‘ i
Y(z) = > {(1 _ E)(efz(lfs)(z*z) + el(l*e)(z*z))
|z
—i(l=e)(z=2) _ ,i(l—€e)(z—2)
TR | (88)
i(z—2)
In the limit of Z = z (i.e. z is real), one easily gets
limY(z) =0 (89)
=z

and the normalization factors in Eq. (87) recover the
corresponding expressions in Eq. (27). Similarly, we can
analytically generalize the normalization constants of bulk
profiles for fermions as
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2 2cos?car
c(+) 2 _ (+) ) _ c(+) C( )
INL,, @ = P ){wL( ek, (@ €) =291z gy (Z O} + ——— e Y@
2 2cos?ear
+) 2 c(+) (=)= _ c(+) (= c(-)
INg. (@) R {zey, @ Doy, (2 1) =z (2 Dk, (2 D} + e Y(2),
Ve ><z)|2—72 el G el o) — 205z 9l O + Xy ()
R(lr (Z gDL ? qDR( n qpL( n gDR( ’ kre
_ 2 _ 2cos?err
c(—) 2 c(+) ) _ co(+) (= c(-)
|NR(M,) (Z)l = 7kr6(z2 — Zz) {ZGDL( )(Z, 1)€DR( (Z, 1) ZQDL( ) (Z, 1)‘PR(M) (Z, 1)} +t— kre Y(Z) 00
. 2 . B 2cos cT
NG, @F = s leell, )@ Ol @ ) — 261, )@ i@ O} + =Y @),
2 _ _ 2cosZear
2 = o) c(+) ( ) c(+)
| L(W)( 2)| RS {zel,) @ Dok (@ 1) = zep, (2 Deg. o (z D} + Y@,
NP = {260z 90l )z €) — 265z 6l ) MECLNE
Ren (@ P g Zer,, (@ €y, (2 € zgoL(,) z, €)pp (7 € P 2),
N 2 (=), ¢ ZCos cT
INg) OF = ey el @ Dk )G D = 2ei G D @ DY+ ==Y (@)

Using the above normalization constants, we write the uniformly bounded combinations of bulk profiles for fermion fields
in the complex plane as

c / 1t
[f(++)(Z, f)]U(LJr +)(Z, )] = W

(ir)

{0 = "¢l (2 ez 1) + 0 — Do)z ez, 1)),

~

It
N (NG (2)

tt C! [&
[f(Lf,)(Z, t)][f(l“ff)(z, ] = W{H(I - t’)?’[,((:ryz(zy t’)gDL( ))(Z, 1)+ 0( — I)QDL((::)(Z, t)¢L( ,>)(Z, )},
Nii &INL, (2

e @ DI (& )] = {0 — Ve )z el )z 1) + 0 — Dol ) (2 e )z ).

~

~

[f( +)(Z, t)][fﬁi)(z’ )] = W{e(l‘ - t’)@;’e((w?(z, l‘/)GDC(H(Z, )+ o — t)GDC(u )(Z, t)GDCH)(Z, )}
R( v) R< "
oD

~

tt
TR Voo ) [ LI
e P = e N

tt
N @Ng ) (2)

{00~ el )@ Mol 0 + 06 = 0ei )@ 0l i, ),

e @ DIfE (& )] = {00t = e (o e @ 1) + 00 = el (2 e )z ),

tt! . .
[f(,,)(z, l)]U(ff)(Z, )] = W{e(t - t’)QDL(( :(Z, t')gDL( ))(Z, 1+ 0(t — t)QDL(( 3(2, I)GDL( >)(Z, )},

Virl ()

LA @ DI ) = s S S (00 = i )6 (@0 + 06 = 0z D) 1)

The above expressions in Eq. (91) are valid for ¢ # N + 1/2 and one gets the corresponding expressions for
¢ = N + 1/2 after replacing cos’>car with 1 in the Eq. (90).
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IV. THE FOUR- AND FIVE-DIMENSIONAL propagators of KK excitations for gauge fields in momen-

The KK excitations affect the theoretical predictions of ~ originate from the neighbor vertices in four-dimensional

electroweak scale although it is very difficult to produce  effective theory. Note that iy(GflJ:), R iy(GJf’i)), -+ are

them directly in the colliders running now. When KK ,..0q of the function R®€ (z), and the limit

excitations of gauge fields with ( + +) BCs are virtual (++)

intermediate particles of one-loop Feynman diagrams in

four-dimensional effective theory, the amplitudes possibly G G ,

contain the factor lim _’Z[X(+ +)(Z’ t)][X(++)(Z’ ] -0 (93)

TG (4G G lzl=eo P* = A2’ ’

_l[/\/(++)(y(++)! )][X(++)(y(++)r )]

G(n

) ) ) ) when we adopt the analytical extension for the combina-
when we expand them according ugy /Agk. The denomi-  tjon of bulk profiles with (++) BCs gauge fields in

nator p? — AzKK[y(C;Jf’Q)]Z originates from four-dimensional ~ Eq. (85). Applying Eq. (80), we have

o _; G(n) G(n)
iDG ( . d) ¢/) _ Z l[/\/(G++)(y(+’i); t)][/\/(c;++)(y(++)) t/)]
(+)\P> ¢ 27— A2 [yOU
n=1 KK[y(++)]

= loe e o= () o (1) ]
i D Gl 0Ix ) G ] 9RES

(Z)lz (p/Axk)

_ 2AKKP R(G+€+)(AKK) 0z
iQf . (p/Axx) tt!
_ T+ KK { m [0(t — t/)q)G(+)( NG (+)
= . o (P A, )P (p/ Ak, 1)
7TA2KK 2R(G++)(p/AKK) =) . ) .
+ 000~ 00 (/A 008 (p/ A 1} (94)
uv ir 47Tp2
with
2R (x) + A @ (x, 1) — eI (x, €)]
Qf}++)(x) (++) (uv) (ir) . (95)

NG WOINGS ()]
The factor in the braces of the first term behind the third equality sign in Eq. (94) is the five-dimensional mixed position/
momentum-space propagator derived in [64]. The factor Q( ) /7 originates from the normalization constants of bulk
profiles for gauge fields with (++) BCs in four—dlmensmnal effective theory, the different definitions of couplings
involving gauge and fermion fields in five-dimensional full theory and corresponding four-dimensional effective theory,
and the difference between normalization of kinetic terms of relevant fields in five-dimensional full theory and
corresponding four-dimensional effective theory, respectively. Additionally, D( f +)( p; @, @') satisfies the following
equation:

19 —20 9 (G++)(p/AKK) ,
{r a¢|: 2 (¢)£:| } (++)(P d) ¢) 7TA—2KK7'5(¢ - ¢) (96)

and the corresponding BCs

aDC 9D
) (ps b, )y o =0, D (ps b, ¢ g =mpp = 0. 97)
by f™? Iban fo=al?

Here ¢,y = min(¢, ¢'), ¢,y = max(¢, ¢'). For small z,
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(++)

21 2 1-€
RO< (5) = — :_6{1—%[1+62+ 1 E]Jr(O(z“)},

ne

ORCS 22(1 + 4€® + ') Ine + 3(1 — €*)

(+H) .y _ % 2 2 Z € T €')lne € 4 }
U =21+ (1+ el - = + 04,

9z (@) 77[ eri+e) ne]{ 16 1—€*+ (1+ €)lne )
1 (2, 1) 1 2 1 — & 4r s

by =~ = {1 + Z—[ﬂ(l —2Int +2Ine) + 1 + —=< ] + Z—[——z“ + 22 + (* + 2622)(In — Ine)
[N(uv) (z)] 27 4 Ine 16L 4

1—é& Ine 47 —32e2 — 15¢*  3(1 — €2)?
+( € +1+62)(t2—2t21m+2t21ne)+2+E+ € < X 26)
Ine 2 16Ine 2ln“e

] + @(zﬁ)},

@) {
NG @1 V2m

z 1—€7 247 5
1+—|:12(1—21nt)+62+ ]+—[——t4+t2+(t4+2t2)lnt
4 Ine 16 4

€*Ine N 15+ 32€> —47¢*  3(1 — €2)?
2 161ne 2In’e

_ 22
+ <1 ln: +1+ 62)(t2 —2£21nt) + 2€* — ] + @(zﬁ)}. (98)

Inserting the above equations into Eq. (94) and assuming p — 0, one obtains obviously

I G(n) G(n)
IANIIED D) O ey DI O 1]
(++)" G(n) 12
n=1 [y(++)]
P 2 20(4 7) 1-€
=—12Q2Int — 1) + *QInt’ — 1) — 2Ine[20(¢ — 1) + t?0(t — )] — 1 , (99)
o ne

which is coincided with Eq. (34) exactly in Ref. [18]. Actually, this result can also be gotten directly by the residue
theorem. Applying Eqgs. (80) and (98), we have

o [,,G G(n) G G(n)
G (1) = [)((++)(Y(+r.l¢_), t)][X(++)()’(+r_l,_), )]
(+H ) Z G(n) 12

n=1 [y(++)]

1 2 1 IRCS,
— 5 Resyl 5+ Z] oo (@ DlxXC z,t’,z=0}
2 {[Z3 ZzR(G_;_:_)(Z) 0z ( ) [/\/(++)( )][X(Jr +)( )]

1 1— €2
= 8—{t2(21nt — 1)+ ?Q2Int’ — 1) — 21Ine[20(t — 1) + 120(t — t')] — € }
a

Ine
© [xC . 6% DIxC ., (%", )] 1 2 1 9RCS
(++H)V(++) (++H)V(++) _ (++) G G / _
3 = - Res{[— + (z)][)( (z OlxC ()] 2= O}
= e 22 SRR 0z e A

1 5 1—-€ 2(1—¢€)
——— 1 Int — = +t2[2+ - 1 ]
3277{t [ nt 4] Ine me M

1—¢e 21— ¢
+ t’4[lnt’ - é] + z’2[2 + e _2-¢€) lnt']
4 Ine Ine

1 1 1
+ 4t2t’2[lntlnt’ - (lne + 5) In(#t) + i + 5 lne]
— In€[(#* — 42242 In0)6(¢ — 1) + (7* — 4242 Int)O(t — 1')]

N 5(1 — €*) N (1- 62)2},

81ne Ine

(100)

where the second equation is coincided with the Eq. (36) exactly in Ref. [18]. For the bulk gauge bosons with (—+) BCs,
the Laurent series of R%€(z) and the profiles at z = 0 can be written, respectively, as
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2 2
RG_’EJr (z) = —{1 — Z—[1 — €* +2€*Ine] + (9(24)},
) mEZ 4
RS 2 z
(z 2{1 +2[1 — € +2€’lne] + @(Z4)},
9z Z 4
196, @0 _ —2elne V2 s
G(—) 1_42+34_441 t (t 6)
[N<uv) ()] 7( € € €*lne)
% {1 B 12[_ 1 —9€¢* + 8¢ + 6€’Ine — 12€*Ine — 6€° Ine
2 6(1 — 4€* + 3€* — 4€* Ine)
e22(Int — Ine) 2 + €2
+ + O(* } 101
e ]+ o (101)
Using the residue theorem, we correspondingly derive
00 G(n) G(n)
G (1. 1) = Z [/\/(Gfﬂ()’(,ﬂ) t)][/\/( +)(y +) )]
+)N [y G(n) ]2
n=1 (_+)
- E ReS{[Z_3 + QR(G‘E )( ) az (Z)][X(_+)(Zr t)][X(_+)(Z, t)]) = 0}
-+
1 —€lne 1/2 €’
= Gt—t'\/t_’t’z—z[l——-i-Zzl
47T<1—462+364—4641n6) { (1= VIR = € 1 =7 + 2e7Ine

1= 9¢* + 8€° + 6€2lne — 12€* Ine — 6€° Ine
6(1 —4€> + 364 — 4€*1ne)

€*?(Int’ — Ine)
- 2 — &

12 1— €2
+— —(1 21n7) + ] +(r o t’)}. (102)
21lne

Ast # 1, 2( 1, ') satisfies the corresponding BCs on UV and IR branes separately,

axf
e (6O =00 S8 (6] - = 0. (103)

When t = ' € [¢, 1], the function 3¢ (1) is always non-negative.

When exciting KK modes of the left-handed fields with (++) BCs are virtual intermediate particles of one-loop
Feynman diagrams in four-dimensional effective theory, the amplitudes certainly contain the factor

AL O DI O, 1+ Ak U G, DI ES Gk, 01

cn (104)
P - A%K[Y(Li)]z
when we expand them according w2y, /A%. The limit
lzlﬁ[fﬁ_ +)(Z, l‘)][f(L_;_i)(Z, )]
2 2 = (105)
|zl—c0 p* — Az
and the function
2 Al R (2 DT (2 )]
2 2 2 (106)
p* — Agkz
is uniformly bounded. Since =+ yf(il)i), SR = y(”(i”i), - - are zeros of the function RS 1)(1)’ we have the following equation

using Eq. (80):
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iD¢ (p ¢’ ¢l) — §
L(++) ’ c

( n= lp - A%K[ (ini)
+ AKK[y(C+n-)¢—)][f(__) finl), t)][.f(++) Einl)) tl)]}
) (n) (n)

_ Z llﬁ[f(++) E‘l1+)’ t)][f(++) E‘+Vli)’ tl)]

n=1 P - AzKK[y(cgzi)]z

’Z{U(H)(o DI 0.0 = [f <++>< )][f ”“(A KK t)]}

i UES G UGS (g )] aREfﬂ
2Akkp (ii)(AKK) 9z

_ 1159(++)(P/AKK){ it
7TAKK R €+)(p/AKK)

{Iﬁ[f(++) E‘iﬂi)’ t)][f(++) fini)! tl)]

(Z) |Z (p/Akx)

[0( = )il (p/ A 1)1 (p/ Ak, 1)

i 2(1 —2c¢)elneq (¢t')~¢
00— 06 (p/ Ak D65 (p/ Ak r’)]} Ld e e
@) @) (1 — ) 4
with
e (o = RESW + e 1) — ef Vi, €)] 108)
B PINE O WIING (3)] '
For small z,
c—(1/2) _ 1-2c 2 _ 3-2¢ 2 _ _1-2¢
RS () = 2€ (1—€'7%) { B T [1 € L€ ]+@(z4)},
() (1-20rG—orG+c 2(1 —€'2)L 3—-2¢ 1+ 2c
RS, 2zec—(1/2) | — 2% @ ¢l-2eq 2 | — 52
L MRS
z =20l -l +oll 3-2¢ " 1+2¢ (5 —20)3 - 2¢)

2(e* — e7%) (e* — €l~2)
(3 —2c)(1 + 2¢) * (1+2c)(3+ ZC)] + (9(24)},

\/_éoi((t)(z, 1) _ 17 [=2(1 = 2¢)eIne| ZZI: €’ I 2e! 21 H2e
eneh - + -
[Nz(+))(z)] 2 m(1—€e'"2) | 2L1+2¢c 1-2¢ (1-2c)1+2c)
(uv

(1+2c)(1 —€7%) 4+ (3 —2c)(e® — €'7%)
B G- 201 + 201 — € %) ] " @(14)}’

Vigh, @0 _ e [F20 —2c)elnef, z2[ Lo
[N¢ (+)(Z)] 2 (1 — €' 72) l 2L1+2¢c 1—=2¢c (1—=2c)1+20¢)

(1 +2c)(1 —72) 4+ (3 —2¢)(e? — €' 7%)
a (3 —20)(1 + 20)(1 — € %) ] " @(Z4)}‘ (10%

Using Eq. (109), we derive the following equation:
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o L1402, DILFEE 05, )]

>

n=1

1 2 1 IRCE. /
I ref[ 2+ T (2 [LFte e A (2 00 2 = O]
(I —2c¢)elne (11')"¢ 2(1 — 2¢)(1 — €372%)

(1 —€'7%) 47 {(3 —2¢)(1 + 2¢)(1 — €'7%)

r+1* 2

1—2¢c (1—2c)(1+2c)

/
(++)(t t) [ c(n) ]2

Y(x=)

[0(1‘/ _ t)(tllJrZC + 61*20t1+20) + 0([ _ t/)(t1+26 + El*20ﬂ1+20)]}_ (110)

Ast # 1, (++)(t t') satisfies the corresponding BCs on UV and IR branes respectively,

e : e
I:ttrT + CE(++)](tr t)lt,-,.zl = 0’ I:tuv or + C2(++)] ’ tyw=€ =0. (111)
ir uv

When r = ' € [¢, 1], the function E )(t t) is always non-negative for any real bulk mass c. For the left-handed fermions
with (——) BCs, the Laurent series of R,,(Z) and relevant profiles at z = 0 can be written, respectively, as

RES () =

(FF

2 —c—(1/2) 1 — 1+2¢ 2 1 — 3+2¢ 2 _14+2¢c
€ 1( os1 ) {1_ z __ [ € L€ e ]+@(Z4)}’
1 +20)0G— G+ c) 2(1 — e[ 3+ 2¢ 1—2c
aRf'jfi)( - 276 ¢—(1/2) {[1 — 3t . &2 — EHQC] - él: | — &5+2¢ 2(e? — 3t20)
0z 0T T +20rG—or@+oll 3+2c T T1-2¢ 1T 2LGr20B+20) G+ 200 - 20)

(64 _ 61+2L‘) .
=200 = 2c)] + 0l )}’

\/;SDZ((_))(Z, ) (1 —2¢)(3 + 2¢) Ine\1/2 degl - - 2 172 — gl
uv, — +c +c(4—1-2¢c _ —1-2¢ 1__
[N, @) S 2m{¢(,,)(c. ©)] ) e <N - e e
N € t 1-2¢ _ 6—1—20t2 B 1+ 262 _ 61—2c _ 63+2C 3 3(1 + 2(7)2 4
B +20) 7 —e17) [ (e €] (3 = 20)(5 + 20)[{()(c. €)]
p U202 T, G297 1o o)
5+ ZC)[Z(UV)(C e] (B- 20)[§(uv)(c €]
Viel D@t —(1 =203 +200elme\12 ., [ 2 |- g2 i
VO] ( 2714, (e, €)] ) S ){1 B 3[(1 20— %) Brao(—r %)
et 4 72— 26 — ' 3(1 + 2¢)? (1 —2c)e>t2e
[ (c o] (3 =20)(5 +20)[{ ) (e ] (5 +20)[L (e €)]

(3 + 2c)e’ 2% :I

Oz, (112)
(3 = 20)[4(;)(c, €)] ’ }

with

(uv)(c €)= 0B+2)e2+ (1 —2c)e 72 — (1 +2¢)%€ — (1 —2¢)(3 + 2¢), (113)

[ )(c €)= =3 +20)€' 2 — (1 = 20)€ "2 + (1 + 2¢)* + (1 = 20)(3 + 2c) €

From Eq. (112), one similarly obtains the following summation:
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© [fhe (e nllfbe (e ]
<::>(”')=Z —)VE co0Es

n=1 [yf_(?”%)]Z
! 2 1 OREE
= R + ¥ L ot L ,tl i :0}
2 {[z PR () oz (z)] Lol @))z

(1=20)3+ 2c)e3/2+clne (et *e
(e Ol (e e 4

+2c +2c
% {0(t — (1 — 172 (12 — E*lfzc)lil - il+2c (1 3—:3202 N 521__521C2 )
T2 4 gl72¢ — 22 — ¢ B 3(1 + 2¢)? (1 —2c)e>t2e
[ (c. €] (3= 20)(5 + 2[4, )(c. ©] (5 + 20, (c €)]
(B+20)e72 1426 — € — T 3(1 + 2¢)%€ (1 —2c)e "%
(3 —20)[¢;,) (¢, )] (o), ©)] (3 —20)(5 + 20 ) (e ©] (5 +20)[L(,)(c O]
(3 + 2C)61+2c 1— t172c N t — t7172c
B =200 (0] (=201 —7172) (B +20)(1 = 717%)
t/l 2¢ _ 61—2c 62t/—1—2c _ 6—1—20t/2
A= 200 T —e ) Graow T - 6—1—20)] tle t/)}' (a1

Assuming ¢ # ¢, one easily finds that E(++)(t, t') satisfies the corresponding BCs on UV and IR branes, respectively,
(;—)(t t/)lt =1 = 0, (++)(t t/)lt =€ 0, (115)
and the function E(L;i_r)(t, 1) is always non-negative for any real bulk mass ¢ and 7 € [¢, 1]. For the left-handed fermions

satisfying (+—) BCs, the Laurent series of the profiles at z = 0 can be read from Eqs. (109) and (112). The Laurent series
of R%% () at z = 0 is given by

260—(1/2) Z2 1 62 261—20
RS \(z) = 1-= + - + O(*
(t+)(Z) ZF(% — c)l"(% + c){ 2 [1 —2c 1+2c (1-2)(1+ 20)] Olz )}’ (116)
Rc_f+ 2 c—(1/2) 2 1 2 2el—2¢
S pe—— { Z[ LS ]+(9(z4)}.
9z ZTG = TG+ ¢) 1—2¢ 1+4+2¢c (1—-2c)1+2c)

Analogously, one derives

00 (n) (n)
U(+ )( E"f‘*')’ t):”:f(+ ) E‘_:l:)’ t/)]

Eoe =3

n=1

[ c(n) ]2

(=%)

1 2 1 IRCE; ,

:_elne(( (- 2003 520 ) “Jota - et — e[ 2w 2 de ©

+ -
87 \(1 — 61_20)[{((;))(@ ] 1—2¢c 1+2c (1—=2c)(1+20c)
et 4 7 — 26 — ' 3(1 + 2¢)? (1 —2c)e’t? (3 +2c)ed 2
[, (e o] (3 =20)5 +20)[4(;)(c. O] (5+ 200, (e O (3= 20)4,)(c o]
(3 _ 2C)61_2C _ 2(1 _ 2c)63—20 1— t1—20 N [2 _ t—1—2c N I/2
B3 —=2c)1 +2c)(1 — €'72%) (1-20)001 =112 B3+20)(1—17172) 1—-2¢
261—2ct/1+2c ,
U200+ 2c)] ! (7
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Similarly, one can verify that (+ )(t t') satisfies the corresponding BCs on UV and IR branes, respectively,

L,c

/ az(++) /
(++)(t ), =1 =0, tuy . +c E(+ @ = =0, (118)

and the function 35 (t t) is always non-negative for any real bulk mass ¢ and 7 € [¢, 1]. When the left-handed fermions
satisfy (—+) BCs, the Laurent series of R<S (z) at z = 0 is

26—0—(1/2) Z2 1 €2 elt2e
R (D) = 25 {1 - —[ " - ] + @<z4)},
'G—I'G+ o) 211 +2¢c 1—=2¢c (1-=2c)(1+2c) (119)
IRCE. @) = - 2eme (/2 { N ZZI: 1 € 2etx ] N @(Z4)}
az ZTG = TG+ ¢) 1+ 2c 1—2¢c (1—2c)(1+2c) '
Correspondingly, the summing over infinite KK excitations is formulated as
0 c(n) c(n)
y e VO DU O ]
(++)(t t) z c(n) 12
n=1 [y(:i)]
-1 Res{l:z—3 * R ) - (z)][f( @I (@)= }
_ 63/2+Clﬂ€( (1 = 2¢)*(3 + 2¢) )l/z{e(t — el
87 \(1— ¢ 29[, )(c, €]
€_I_ZC|[ 2 N 2¢2 4e! T2 2(1 —2¢) + (1 + 2¢)e372¢ — (3 — 2¢)€?
1+2¢c 1—2¢c (1—2c)(1+20c) (3 —2¢)(1 + 2¢)(1 — €72
l+2et — el — et 3(1 + 2¢)%€ (1 —2c)e 172
[£)(c €] (3 —20)(5 + 20)[¢{o)(c ©] (5 +20)[{()(c O]
(3 + 2C)EI+26 t2 2t1+26 t/1*2C _ 61*20
o + —1—Zc —1—Zc
(3 — 2")[5(“)(‘3 ] 1-2c (1-200+2c) (1-2c)( "2 —e17%)
€ t/—l 2¢ _ 6_1 2Ct/2
+ + (et } 120
(3 + 20)(1‘/71720 _ 67172c)i| ( ) ( )
Ast # 1, E(_ .(t,7') satisfies the corresponding BCs on UV and IR branes, respectively,
GE(L:") / !
[tirTlr + C2(++)i|(t’ t)lt,~,=1 = O’ (++)(t t)lt =€ 0. (121)
Meanwhile the function EL °,)(t, 1) is always non-negative for any real bulk mass c and 1 € (€ 1].
In a similar way, one analogously has
3 W YY) i ‘ml,t’)]
/ (++) V%) (++) (%) /
(_H_)(t t) - Z [ c(n) 12 (++)(t t)
n=1 )’(:;)]
/ & 0 DI 00, 1 _ /
201 = Z ORE 2 ),
n=1 )’(++)]
(n) (n) (122)
& A O OGS 0ES, 0]
/ (+— ) V%) (+— ) V) /
(++)(t t) Z [ c(n) ]2 (++)(t t)
n=1 (%)
o [fRc [ cn) cn)
/ (7+)(y(t+)r t)] (y(+1): t)] /
oo =3 L ]2 eI
n=1 Y=7)
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V. SUMMING OVER INFINITE SERIES OF KK
MODES IN A UNIVERSAL EXTRA DIMENSION

In this section, we depart from the main line above and
discuss how to sum over the infinite series of KK modes in
a universal extra dimension. In these models all fields can
propagate in all available dimensions and the SM particles
correspond to zero modes in the KK decomposition of five-
dimensional fields with (++) BCs. Towers of KK partners
for the SM particles and additional towers of KK modes for
five-dimensional fields with (——) BCs do not correspond
to any fields in the SM [67,68]. The simplest model of this
type is proposed by Appelquist, Cheng, and Dobrescu [69]
in which the only additional free parameter relating to the
SM is the compactification scale 1/r.

Assuming that topology of the fifth dimension is the
orbifold S'/Z, and the coordinate y = x> runs from 0 to
27rr, one can write the KK expansions of five-dimensional
fields, respectively, as [70]

¢1+(X, Y) = % l/’R((J)(x)
\/— Z { ‘//R(n)(x) COS + l/fL(n)(x) Sln—y}
¥ (xy) = \/t ¥ 0)(x)

\/— Z{¢L(ﬂ)(x) COS_ + ¢R(Il)(-x) Sln_}

n=1

At (x, y) = 0% +——=

\/___ Al ZA (x) cos

Adx,y) = Z A3 o) s1n

¢ (xy) = \/ZTE;d)(O)(x) + ﬁ ”Zl A EY COSn—ry,

_ &y
¢ = = Zl () sin—= (123)
Here, the Dirac spinors =(Pr+P)Y™ =

Y7 + i satisfy the following BCs:

a}'l/lgly:{o,'n'r} = 0’ lle)’:{O,wr} = O’ or

vl =0, rly— =0, (124)

with  the chirality projectors Pg, = (1 * y5)/2.
Furthermore, the vector fields satisfy the BCs

={0,7r} {0,7rr}

a)'Aﬂ'lyv={0,77'r} =0, A5|y:{o,m} =0, (125)
and the scalar fields ¢~ satisfy the BCs
ay(l')Jrlyz{O,ﬂ'r} =0, ¢7|y:{0,#r} =0. (126)

In a universal extra dimension, the couplings involving
KK excitations do not depend on bulk profiles since
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integral over the fifth coordinate y can be integrated out
explicitly. Correspondingly, the summing over KK excita-
tions is simplified drastically because it is unnecessary to
extend the square of the bulk profile to the complex plane
when we apply the residue theorem. Actually, the authors
of Ref. [70] have applied the relation

i 2b _ b(\Jcar coth(\Jear) — 1)

2c

(127)

to perform the summing over KK excitations in some
lower energy processes. In a universal extra dimension,
the KK mass n/r is the zero of order one of the function

sin(77rz), and the residue of the function G(z) =
mrrcos(mrz)/sin(arrz) at z=n/r is uniform one.
Obviously, the function
B
=— 128

f(@) 2iC (128)
is uniformly bounded because

|hm lzf(z)] = 0. (129)

2|00
Here,

b c

Using the residue theorem, one obtains obviously

i b _ B
“n’+c )2+ C

M
<=

o)

mrcos(mrz) B
es{ Z1C
S{m"cos(ﬂ'rz) B

2+C
S{ﬂ'rcos(ﬂ'rz) B
2+ C
B Bwrcos(iN/Cmr)
- 2C 2\/-551n( i\/Carr)
_ b(\Jemcoth(\Jem) — 1)
B 2¢ ’
which is the equation presented in Eq. (127). Furthermore,

the residue theorem can be applied to sum over the infinite
series of KK excitations in more complicate forms.

,ZZO}

,z=i\/5}
,z=—i\/E}

sinwrrz

|
R = = N =
=
o

sin7rz

~
)

sin7rz

(131)

VI. THE CORRECTIONS TO B — X,v IN A
WARPED EXTRA DIMENSION

In the framework with a warped extra dimension and the
custodial symmetry, the neutral Higgs field located on the
IR brane induces the mixing between states with the same
electric charge. A consequence of the mixing is that the
FCNC transitions are also mediated by the neutral Higgs
field, the KK excitations of gluon, photon, and neutral
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electroweak gauge bosons, besides the charged electro-
weak gauge bosons W= together with their KK partners.
In this section, we present one-loop radiative corrections to
the rare decay b — s + 7 in the extension of the SM with a
warped extra dimension and the custodial symmetry, and
we analyze the possible constraint on the parameter space
of new physics from experimental data for the branching
ratio of B — X,7.

The effective Hamiltonian for B — X,y at scales u, =
O(my,,) is given by [71]

4GF{

H sy () == ZC (up) Qi "‘ZC (1£6)0;

+ ZZ[C%(M)Q}L + CiR () QFR
i=1 f

+ CRE(py) OF% + CFR (1)) OFK
+ Z[C{i (1p) Q% + CH¥ () 055
+ CliE () O + Clif () O5F
+ C7, (1) Q7 + Cy6 (1) O3
+Coy (1) 07y + CSG(Mb)QSG}’ (132)

with G denoting the Fermi constant and f = u, ¢, d, s, b.
The magnetic dipole moment operators are

Q = baF 1244
o 6m? " (133)
85
QSG = 16772 mbs T¢ EO"“ PRbﬂGl_“,,

the concrete expressions of dimension-six operators
Qi(i=1,---,6) can be found in Ref. [71], and tilde
operators are obtained from Q;, Q;,, Qs after interchang-
ing the right-handed projector P = (1 + 5)/2 with the
left-handed one P, = (1 — y5)/2. Here «, B=1,2,3
denote the color indices of quarks, F,, and G¢,(a =
1, - -+, 8) are the electromagnetic and strong field strength

W,(2/3) = (qi) (++), -~
Wr(2/3) = () (++), -, qisy) (—
Wi (—1/3) = (g} (++), -
Wp(=1/3) = (@ (++), -+, glf

where i=1,2,3 is the index of generation, n =
1,2,---,00 is the index of KK exciting modes, and the
signs in parentheses denote the BCs satisfied by corre-
sponding fields on UV and IR branes, respectively. In
chirality basis Eq. (137), the mass matrix of charged 2/3

PHYSICAL REVIEW D 84, 096012 (2011)

tensors, respectively. The neutral current-current operators
[72,73] are defined through

M = oy Pabp)igy, Ppuy),
AB = (SaYMPAb )(M,B')’MPB”,B)
= (Sa¥uPadp)dgy, Prby),
A% = (a¥uPada)(dgy,Ppbp).

with A, B=L, R.

In Eq. (132), the Fermi constant G is extracted from the
muon decay =~ — e~ v, 7,. At tree level in the framework
with a warped extra dimension and the custodial symmetry,
this process is mediated by the exchange of charged and
neutral gauge bosons together with corresponding KK
excitations. For light leptons involved in the decay, we
can neglect those nonuniversal effects suppressed by rele-
vant fermion profiles near the IR brane [18] using the
ansatz for anarchic Yukawa couplings. This leaves a uni-
versal correction not depending on the lepton flavors in
noo—e v, v,

(134)

Or _ & 14 aGy) (135)
V2 8mi,
with
AG, = iy [1+ ! ] (136)
A L 2Ine

The magnetic penguin operators Q7,, Osg, Q~77, Ogc in
the effective Hamiltonian are induced by virtual heavy
freedoms through one-loop diagrams at electroweak scale,
and the relevant Feynman diagrams are drawn in Fig. |
when we adopt the background gauge [64].

The couplings between scalar/gauge bosons and fermi-
ons depend on bulk profiles of relevant fields and corre-
sponding mixing matrices. To obtain approximately the
mixing between zero modes of charged 2/3, —1/3 quarks
and corresponding KK excitations, we write the infinite-
dimensional column vectors for quarks in the chirality
basis as [63]

L g (), UL =), O (=) X (=), (= =), )T,
-), U;e(n)( +), Uz(n)( +), X'(")(-i-—), "‘;e(n)("' +), -+ )7,
g, (+), D (+ =) d" (= =), ),
= =) DR (=) dg" (), ),

(137)

quarks M, is given in Table I, where M (BCS AKKyfé"C)S)

and the concrete expressions for other nonzero elements
are presented in Appendix A. Similarly, the mass matrix of
charged —1/3 quarks M), in chirality basis is given in
Table II.
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W Wi, ____G_i_\ We then formally diagonalize the mass matrices of
charged 2/3 and —1/3 quarks and write the mass eigen-
K states separately as
: Us :
s b 8 S Unr = [Uf9L(2/3)]., Ui = [URVR(2/3)]as
. Dot =[DIWi(=1/3las  Dor = [Dy¥p(=1/3)]..
(138)

Here, the charged 2/3 quarks U;, U,, U; are identified as

Dy Ds up-type quarks u, c, t, and the charged —1/3 quarks D,
b (c) s b (d) s D,, D5 are identified as the down-type quarks d, s, b in the
Ho, Go SM, respectively.
In the gauge sector, the mass matrices for charged and
neutral gauge bosons can be determined from the Higgs
v Dy \ kinetic term
b (e) s 2.2
%y Y [‘M%VI%L]O,n'r [‘M%)ka](),n’; e
FIG. 1. The Feynman diagrams for b — sy and b — sg in a . e ..'.’ e
warped extra dimension with custodial symmetry; the photon M2 . = ) )
and gluon can be attached in all possible ways. Where Z, W=, W= [‘Wl ]0 o Tt [MWI::,L ]n,n’! [Mwik]n,n” Tt
Hy, Gy, G*, U; = u;, D; = d; (i = 1, 2, 3) denote the normally o 5 2
neutral and charged gauge bosons, neutral Higgs boson, neutral K[M L Jon L O T e
and charged Goldstone bosons, and up- and down-type quarks 22 o [M2 ] (M2 ]
for three generations, Zy , W,fa, Y)» &y U+ py» Daipy» (1, 4s3,c3, 400" Zp xA0,n"
B =12 ---,0) denote those heavy gauge bosons together 2 R Y R
with up- and down-type quarks, respectively. Z [.7\4%, L Jow = [MZI L ]" n's [MZI x]” nh T
K[M%Iﬁx]o,n’ e [MZ, x]" n's [MZXX]n,n” e
(139)

TABLE I. Mass matrix of charged 2/3 quarks

[MOO ij> T 0’ [N ]lj’ [M ]l_]’ O’ [M‘I” ]ij?
) u
[MnO ij> T [M(ij ]6,”1/5”, [qu ]11’ [leljl ]tj’ 07 [Mzn ]li’
0, e 0, [M316,08,, 0, 0, 0,
(n)
0, o, 0, 0, [M)18,,08,5. 0, 0,
¢t (n) 1
[Mn() ij» T 0, [jvlgl,{ ]z/’a [M,):Z ]z/’a [M f_(+):|6nn’5ij’ [M,)I(Ln :|l]"
(n)
0, T, 0, 0, 0, 0, [M i+)]8rm ij»
TABLE II. Mass matrix of charged —1/3 quarks.
[M()() ijs T 07 [MOH ]lj? [jvl ]U’
ch(n)
[Mn() ijo T, [M(i(i)]‘snn’sij’ [leqD ]zjs [qu ]zj’
(n)
0, T 0, [M(I-_’Z ]ann’stj’ 0,
0, Sl 0, 0, [M ++)]6nn ij>

s bl s s )
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where v is the nonzero vacuum expectation value (VEV) of the Higgs located on IR-brane, the abbreviations s,, = sinfy,,
» = cosfy with 6y, denoting the Weinberg angle. Meanwhile, elements of the matrices above are presented in
Appendix A.
Formally, we can express interaction eigenstates of charged and neutral electroweak gauge bosons in linear combination
of the mass eigenstates as

WS = (ZwoaW* + 3 (ZwhoaWii,
a=1

WS = (Zy)an-10W* + 2. (Zwon-1.aWi,:

a=1
W;en)i = (ZW)Zn,OWt + Z(ZW)Zn,awﬁar
a=1 (140)
0 =(Z2)p0Z + Z(Zz)o,aZHa,

a=1

Z0 = (Zo-10Z + D (Z)u-1,0Zn,»

a=1
Zg;l) = (ZZ)2VL,OZ + Z (ZZ)2n,aZHa’
a=1

in which Zy,, Z, respectively denote the mixing matrices for charged as well as neutral electroweak gauge bosons, and Z,
W= are identified as the corresponding gauge bosons in the SM.

When one-loop diagrams are composed by virtual intermediate charged gauge bosons and charged 2/3 quarks, the
corrections to Wilson coefficients at the electroweak scale ugyw are formulated as

G a 62 - a my a
ECY) (ppw) = = Z{(f@g;ﬁ(fsvg,;w‘ Oy xwe) + —E E ) (€5 g Fa ey, )
\/5 SuEWSW = mp

my ©
+z<§L O p(EG Vg P ey i )+ <f¢vﬁa>1ﬁ<f;;;a),g,bF;“;(xUﬂ,xw,ﬂ},

b a=1

Gr (a) e? L\t (gL MUs (o1 \t (gR (a)
\/5 c(1Ew) = mﬁzl{(f )B(f +)BbF (XUB Xy=) + b(fwr)S,,g(fwr)ﬁ,bFz,g(xUﬁrxwt)

+ Z(fL )IB(§L+)ﬁhF1g(xUﬂ’xW ) + mU/j Z(fL )33(§R+)BhF2g(xUﬁ,xW )}

b a=1
O G () = SE C ) (e o €8, gL s )
\/5 MEW \/— MEW we Swy wi
G ~la a
Tgcéc)(uaw) = T;Cécz‘(MEW)(flﬁvt o &y £ £ ), (141)

with x; = m?/u2,. The concrete expressions of relevant couplings are presented in Appendix B, and the form factors are
explicitly given by

1 93 1 0% 1 ap 1 9% 4 90
(a) 3,1 2,1 1,1 (a) 2,1 1,1
Fy’ = - FY =|- +- Y,
ey = [ hat et e ey = [355 e w o
1 9’ 19 0% a0
(a) — 31 (a) _ 2,1 1,1
F =|— - = . Y), F = +2 L Y).
=[5 5t 5 e ey ey =-S5+ 2% )
Here, the function @, ,(x, y) is defined through
x"In"x — y™In"y
Omn(X,y) = —————. (143)

=y
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Similarly, we can write down the corrections to Wilson coefficients at the electroweak scale gy from one-loop diagrams
which are composed by the virtual charged Goldstone and charged 2/3 quarks

Gr » 1 g b my b

70 C (upw) = v /;{(né+)lﬁ(nb)ﬁ,bF(l,i(xUB, ne) + o (EDT 4R g F3 xwr)},

Gr » [ b my b
Cor(pew) = —5— {mg:>1B<ngi>ﬁ,bF§,;<xUﬁ, ) + 2 ()t s (B gy F) (v, xwz>},

\/5 4MEW =1 my

(144)

Gr o) () R
C = C < n.),
\/5 (Iu’EW) \/5 (MEW)(TIG— 77(;7)

Gr ) _Gr ) R
\/5 ¢ (1EW) \/5 (MEW)(UG ’701)’

where the expressions of relevant couplings can be found in Appendix B, and those form factors are given by

1o 1 92 19
F(fi(x,y)= Q31 _ @ 1 Ql,l](x’ )

72 9y3 24 9y2 6 ay
(190, 1304, _1391,1]()6 )
12 9y> 6 oy 3 ax | 77
[ 1 0%y, 19%0y, L1 ae”](x ) (145)
[24 9y 4 9y* 4 dy T

[ 10705, 100 100y,
- 2 += ~ (xr )
4 dy 2 dy 2 ox

F) (x,y) =

FP)(x,y) =

F)(x,y) =

For the Feynman diagrams drawn in 1(c), intermediate virtual particles involve the neutral gauge bosons Z, Zy , v(,),
and charged —1/3 quarks and the corresponding corrections to Wilson coefficients at electroweak scale are expressed as

G C 2 a
\/g ()(MEW) 4884‘” BZI{(fz) [,»(fz)ﬁ bF (xD[, xz) + iﬁ (flz‘)j,lg(gg)ﬁ,bF;;(XDB,Xz)

+ Z(fgﬁgiﬁwg )5 F1(xp, sz>+ Z(f )1B<f§,,a>ﬁ,bF§f‘;<xDB,xz,,a)}

i 3 S 0,00+ )8, )00, )
EW

n=1 B=1
Gr . 3Gy .
TgCéé(,uEw) \/EFC( )(MEW)
G C C
JgC”(uEm —TCU(MEWMZ R &L B e R )
Gr e Gr )
\/5 o(mEw) = \/5 c(mew) (&% — &5, &5, — &5 &5, = &5 ). (146)

Similarly, the couplings between neutral gauge bosons and charged —1/3 quarks are collected in Appendix B.
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Correspondingly, the contributions to Wilson coefficients at electroweak scale from Fig. 1(d) are

Gr
N
Gr
ﬁ

C(d)(MEW)

Gr foll (@
\/5 (MEW) = TC (I“*EW)(fgm g(n ),
Gr e @ R
\/5 c(mEw) = \/E (MEW)(fg(n) fg(n)),
where the form factors are defined as
5 93 3 d0%0 1 do
(d) 3,1 2,1 1,1
F - - - = + A ] ]
(0 3) = [ 36 93 8 ayr 12 ay :I(x 2

Sy t (@
Zlﬁzl{ 8<n>)vﬁ(§g<n>)ﬂbF (XD;; s Xg) T

) C < @
( Ew) = 4 %W Z Z{(fg(n)):rﬁ(fgm)ﬁ,bFLg(xDﬁ’xgm)

Mp t (a)
— (fg(n))s B(fé’(n))ﬁ bF ¥ (xDﬁ Xew }

mp d
+ m: (gén)):r;ﬁ(gg(n))B,ng,g)'(xD/;’ xgm) }’
(147)

2
F(x )—[f Q1 _ a9“](x,y). (148)

1
ay> 3 dy

As intermediate virtual particles are neutral Higgs/Goldstone and charged —1/3 quarks, the corresponding corrections to

relevant Wilson coefficients can be written as

Gr

Nt (e)(MEw) T le 321{(7”0) s(Mn,) g, bFlg(xDB xp,) + —(nHO)TB(T’HO) Fél,’;(ng’xHo)
(et (166 (e ) — ’%’(n(;O);B(nGo);,bF;b;(xDﬁ, !
\G/g C(eG)(MEw) 35; C(e)(MEw)
f;/gc(e)(,“EW) f;/gc(;;(MEW)(T/HO = (77H0)Jr» nG, < _(UGO)T),
Gr (e) (MEW) Sr (6) (MEW)(UHO (”’IHO)Jr, NG, < _(WGO)T)' (149)

s N

The tedious expressions of relevant couplings are collected
in Appendix B also.

The contributions from standard electroweak interaction
and new physics to the effective Hamiltonian of b — sy at
electroweak energy scale are presented exactly in
Eq. (141), (144), (146), (147), and (149). However, the
corrections of new physics cannot be divorced from those
of the SM explicitly in those equations because we have no
means of obtaining the mixing matrices Uy z, D, p ex-
actly for infinite-dimensional column vectors. Meanwhile
we cannot point out obviously which among those new
physics contributions probably gives potentially substan-
tial corrections to theoretical prediction on the branching
ratio of B — X7y, and which among those new physics
contributions can be neglected safely after considering
experimental observations.

Fortunately the present experimental data all indicate
the energy scale of low-lying KK excitations Agg >
MEw ~ U. In order to write our formulas above in trans-
parent forms, we expand the Wilson coefficients presented
in Eq. (141), etc., to the order O(v*/A%y). When the
intermediate lines of Feynman diagrams represent virtual
SM particles, we approximate the corresponding effective
couplings up to the order O(v?/A%). Because the inter-
mediate virtual particles of Feynman diagrams involve KK
excitations, we approximate the corresponding effective
couplings to O(1) since the corresponding form factors
already contain the global suppression factor v?/AZy,
compared with that from the one-loop diagrams which
only involve virtual SM particles. Keeping this point in
mind, we approach the nontrivial elements of left- and
right-handed mixing matrices of charged 2/3 quarks as
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(Uy);; = (U z4),; -

z ZW Uyt 12 (MU UL,

2
2[XKK k=1n=

- zzm Tl MU

KK k=1n=

3
ZZW DM U, + o )

2A%K k=1n= A%K
(Up)sn—9+ij = — A—[yfli(;))]_l([g\’lg,lﬂu(o)) + @(A3 )
KK
(Up)asn—6+ij = 7[ (i(j))] 1([3\43,[3]71?))1‘1‘ + @(UT)
Ak
(Up)smrn; = — [(fﬂJIijWIu@)-+@<jr)
KK

1 c(n) ’
(Upiasn—9+) = —A [MS,Z]U[)’(;(H] Ht @(A3 )
KK

3
(UL)i(ISn*()Jr]) AK [Mgli]u[ (i(j))] L+ (9<A%<K),

ch(n)
(uL>l-<15n+,->=—A (MDA + 055 A;(K),
(ugu—5”+@< ), (LJ=4),
KK

(Un)yy = (U Z}),; - 2/\2 ZZ[M L2 MU,

KK k=1n=

e 3 SISO Oy + o)

KK k=1n=
(Ur)asn—12+0j = — A—[yfli(f)ﬂ H[METUR),; + @<A3 )
KK
(UR)(15n—3+i)j == —[ (ﬁ(z)):| 1([3\4“({)]“(0))11 + O(A3 )
KK
3
' o b
(Ur)iisn-12+ ) A (M ] + @(A%d()’
(UR)i(15n—3+j) [:MX%] [y(ci(f))] i (9<A3 )
KK
(Ug)yy =61y + (9( ), (I,J=4). (150)
Axk

Here, the 3 X 3 matrices ’U(L% denote the rotation from chirality eigenstates to quark mass eigenstates in the absence of
mixing between zero modes and corresponding KK excitations,

UPMEIUY = diag(m, m”, m). (151)

Meanwhile, the 3 X 3 matrices Z}  diagonalize the following matrix:
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atr s . vt
Z4diag(m®, m©, m®) + 5M¥1Z% = diaglm® + (5 M),,], Im® + (S M), Im® + (5 M) y3]} + @(AT>

KK

= diag{m,, m., m,}, (152)

with

- 1 > ck(n)q_ u
UPsm U, = - 3 S IMELDE T 2O MG,
n=1 KK k=1

1 3 7 ck(n)+_ 7 u
+ o S IMET LT MEIT MG D
2AKK k=1

1 S u ck(n)1_ u u
+ oo S IME LD T2 T MEED
2AKK k=1

1 > u u ck(n)-_ u
+oar 2 IMEIMEETDDE D12 M

KK k=1
_1 S qu XUTHY [ oD g xu vt
oo Y (MEIMETDEY) [m,,,o]k,-} + @(T)
2 KK k=1 AKK

v & L R.ck Rk Ll
=~ 2O DIV EL (L DI+ YEEECE (L DA 0, DEMEG),
KK k=1

+ qut pRC§ ut g Loch u ut Loy u R’Cg' vt
LML TR 0 DIYVHEd (1, g + VSR (1, DTS o, 1) + @(ATKK) (153)
Here, we assume that the parameters m(uo), mﬁo), m§°> are real because this requirement can always be achieved through the
redefinitions of relevant quark fields. To formulate our formulas concisely, we adopt the abbreviations Egacs)(t’ t'),
E(LECCS)(L t'), and EREE:S (¢, ') denoting the summing over corresponding KK excitations; their concrete expressions are
given in Egs. (99), (102), (110), (114), (117), (120), and (122), respectively.

Assuming the mixing matrices Zf p = 1 + 6Zj p, then 6 Z}  are approximated as

( 0 m, 8 My +m 5 MY, m, SMYT +m S MY,
m2._m2 m2_m2
C u t u
4
L SMY +m, S MY e S M+, 5 M v
5ZIM‘ = —= nﬁ*:nnz = 0 12%7”12 = + (9< 4 )’
c u t c AKK
m, 6 M4 +m, EM"S m O MY +m, 8 MY
_ My oMy Ty 3 M 3 M0y
\ P i =m? 0 (154)
0 m.d M4y +m, MY, m, 8 MYy +m, MY, \
mZ—m? m?—m?
4
m S MY +m, M m, S M +m, S M v
oZj= | ~mAMAME o mAMEmAIL | o)
c u I3 c AKK
K _ m MY +m SMY m MYy, +m SME] 0 /
m*—m? m?—m?2
Applying Egs. (150)—(152), we have
T vt
(ULMUUR)ij = dlag{mu: mc; mt} + @<A4 ): (l’ ] = 1) 2; 3);
KK
t v’
(UMyUg)iy = (9( e ) (155)
KK

3
(UIMUUR)U - @( v >, (I,J = 4)

3
AKK
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The emphasized point here is that the formulas presented in Egs. (150) and (153) are coincided with the results derived by
the effective Lagrangian approach in Refs. [49,74]. In a similar way, the nontrivial elements of left- and right-handed
mixing matrices in the charged —1/3 quark sector are approximated as

(D)

(D2~ 55 ZZ[:M DD (M DY),

KK k=1n=

2A2 Z Z[Né"fz]ik[yfi(?)]‘z([ﬂ 1t D(O))k] + (Q(A% )
KK

KK k=1n=
(DL)(Qn—3+i)j = _A—m([y(c’;(;))]_l([j\’l ]*fD(O))U + @(A%K),
1 ci(n)a v
(Dp)on+i); = _A—[yé(i))] ‘([J\/lgi]*’D(LO))ij + @(AT)
KK KK

1 Cj n 3
(Dpion-3+j) = A—m[ﬂ\’lé’ﬁ]ij[y(i(+))] b+ @(A%K),
1 qd cHmq-1
Doy = 1 LMELLEDT + 0 5 i)
(Dp)y =61y + (9< ), (I,J =4),
Axx

3
(Dey = (DY 28y = 527 ZZW L MEID + 0(-)

3
KK k=1n= AKK

1 ch(n U3
(DR)(9n—6+i)j = _A—H[Y(i(+))] 1([3\’1" 0 Dg?))ij + @<—)

3
AKK

1 n v
(Dion-ovp = T LMELLET + 0(55)

3
AKK

(De)y = 81y + (9( (1,7 =4), (156)

)

where the 3 X 3 matrices ’D(L(T)R denote the rotation from chirality eigenstates to quark mass eigenstates in the absence of
mixing between zero modes and corresponding KK excitations,

D MGIDy = diag(my, m, mi). (157)
Analogously, the 3 X 3 matrices Zi, g diagonalize the following matrix:

Z4diag(m?, m?, m?) + 6 M41Z4 = diag{|m? + (M), Im? + (M), Im? + (5 M4)55]} + (9(

= diag{m,, mg, m,} (158)

with
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(Dg’)aﬂvldeE?”),j=

Here, we also assume that the parameters m

Z4 o =1+ 8Z¢ , with

1

1
+ R z[mzi v,

KK k=

ML O, YIS % (1, 1)}

(++)

()

K (n)

F¥)

4 Ms , my,

Z([m MDDED T2+ 0

KK k=

LcB
4A2 z {f(++)(0 D

KK k=1

R,ck R.ck
IREESENC RV GRS TP

© )
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R Erem zmgz T2 MM Dy
KK k=

1 2METTTME Dy

(%)

st} o),

)

DY 0, DIME ],

(++)

(159)

are real. In a similar way, we approach the mixing matrices as

0 mdB.’M +mS5_’M mdé.’}\/lgif+mb6.’]\/l‘]’3
mz—mzl mi—mlzl 4
524 _ md5.7\/l§121+m;5.7\/l’11; 0 m‘\.amggmgamg n (9< v
my—m my = ng A4 ’
d* a B KK
_ mgdM 2+m;2,5_7\/l’ _ ms6_7\/13’%-%—m,;6.7\/l§3 0
my —m’ my —mg
(160)
0 mA-5M§1T+m,15-7\4‘f2 m,,5,7\’l§f+m(,53\’l‘113 \
mi—m? m2—m? 4
my S M +myd ME my S ME +m MY v
57 — | —mOMh M 0 mad 2t | o )
s d b
B s KK
K . mbﬁﬁ\’l%#»m;&f]\/l‘l’} . mbﬁﬂ\/lg’%+m;5.’]\/l§’3 0 )
b My b~ M

Generally, we define the Cabibbo-Kobayashi-Maskawa (CKM) matrix as

Vel = (ULDL) = (UPTDO), + 5 (300 + 0 5-) = Vs + 1 a0 + 0(35-). a6
KK KK KK

N2
AKK

with V(COI)(M = ’U(LOH D(O) being a unitary 3 X 3 matrix, and the leading-order correction A
order corrections from heavy KK excitations break down the unitary property of Vegum [49]
To the order O(v?/A%y), we approach the mixing matrices of gauge bosons as

« together with other higher

(Zwloo =1+ (9<A4 ) (Zwo,@n-1) = [3\/12 . ]On[y(jf:;)] 2+ @(A“ )
KK KK
(ZW)O,Qn) [M ]O n[y:VRin))] 2+ @( ), (ZW)(anl),O = A2 [.7\/12 ]On[yx_’“in))] 24 O<A4 >’
Akk KK KK
1 v
Zwano = = 1M JoaD1 2 + o(5i- ) oo =1+ 0(5).
n 1 n
(ZZ)O,(Zn—l) 2 [MZLL]O n[y(z-f_-?_)] 2 + O(A“' ), (ZZ)O,(Zn) = AT[M%LX]O”[)](Z:(S—))] 2 + @(A4 ),
KK KK KK
n 1 «(n
(Zoan10 = = - [M3, D271 2 + @( ) @ene =~ M, DO + 0 ) (162)
KK KK KK Akk

Meanwhile, the masses of lightest charged and neutral gauge bosons are, respectively, given as
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2,,2 2
 _ e v e U
e IR IR ST SN Ry Co) .
e*v? mre*v?
e (R e (AU BTSSR URI R (e A%K)}.
With the preparation above, we approach relevant nontrivial couplings in Fig. 1(a) to the order O(v?/A%y) as
3
<§5Vi),,b=<Vé°&M>,h+<SZZTVé°§M>zh+<vé°gMazz>tb e (AL+>,;,,+@( )
KK
3
R AR, + (9( )
(fwf)t,b 2A%K ( )tb ASKK
42 " Lc
s = Z(’u“”) J a0t ot o r>]2<D<0>>,b+@(A%K),
427 & &
(é‘:lpi/;(znil))a,b: kre i:lngl 6a(15n’—12+z)
ch(n L,ch
X f t/\/(++) (++) ) t)[fL++) y(f—(+)), )]U(++)(O t)](D(O))lb + @(AZKK), (a = 4),
427 & &
(flv‘vﬁ(zn))a,b= e i:z;ngl O (150~ 3+i)
s [y (MO LR (T DR (0, (D), + O v (a = 4) (164)
A O DU 0y, DI ib A% =%
with
3 k J
(Ah == 3 (UDEFGS O DRYAISET (1, DIV + YAISET (0, 0y +valsES (L DIvehes 0 0D
ij k=1
8776 I M Ll
- z( O [ st O 0PI 6 0D, |
> ok
(AR )= 3T (UDLES 0DV S (1L DIV 5T 0. D)D) (165)
i,j,k=1

Then we can approximate the corrections to relevant Wilson coefficients from Fig. 1(a) to the order O(v?/ AzKK) as

C(uew) = (1 = AGR)CH“(upw) + Z(Y(“)> pw= Py (6, Xy

2myy My, - (0) (@) vt
(Va0 (Al P 5 >+@( )
,UvaAlzme2 z cku " v A%K

CO(pew) = (1 — AGp) ot (upy) + zw(“))\bxwrFﬁf';(xu,., Xy

2myy M, (0) ) v
T (V) AR )i FY (x, =) + (9( )
:‘UvaAzKKe2 Zl M v A?(K

(4 2mé m, u v
C(7)2(/'LEW) A‘;V 2 Z — AR ) (Vg)[)(M th( )(-xu » Xw= ) + @(A4 ):
EW KK€ KK
(@ 2mw - © \ @ vt
CSG(IU“EW) A2 2 Z *) (VCKM th (xu » Xw= ) + @ A4 i (166)
EW KK€™ =1 KK
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with

3
a a 23
cil;“ N(pew) = xw= > (Vo LV (F( ) Oy x=) + )

=1 36XW:
(167)
1
SM(a)(MEW) = Xy Z(V(CO%M)L(VéOI)(M lb( P o (X Xw=) + 3xw*)
i=1 -
representing the SM corrections from Fig. 1(a) at electroweak energy scale. Here, we define the abbreviation
(Vi) = (VEOIQM)*[(BZ” +8Z)(Veral + (Ve (Vamd Z0in + (V8 ZD (Vi
T LVEWHALD, + ALV W) (168)
4AKK
It is worth emphasizing that
23 1
hm O , hm Fﬁ“l(xu,, Xppe) = — . (169)
36')CWi 8 ' 3XW1

Using the unitary property of V(COIEM, one easily find that those terms are canceled after summing over the index of
generation. To the order O(v?/A%y), we find that the corrections from the diagrams composed by virtual charged gauge
boson KK partners and charged 2/3 quark KK partners simultaneously cancel exactly the corresponding corrections from
the diagrams composed by virtual standard charged gauge boson and charged 2/3 quark KK partners after summing over
infinite KK excitation series. Similarly, the nontrivial couplings involving in Fig. 1(b) are approached as

(SMH) Tm,m
'33 (V((:OI)(M)[}) w

e
(nét)z,h: 5 {mW(VéO&M)tb
w

[{z(++)<1, D} + 58,1 DAV S

3
+z[ OZVEh + o (Vo ,,<azd>,b] (AL >tb}+@(
i=1

4A2KK A?(K)’

- < M)y el o chm)
(né:)a,b = Z Z{aa,(15n+z)f(++)(Y(j_+): l)YijJr + 8&,(15;1—9+i) (_+) (CI-:I_)’ 1)Ya;'+

ij=1n=1

R, (n) L,
+ 5&,(15n76+i)f(_c.{_)(y(i:l_)r I)Ydf}f(:ﬁ)(o 1)(D(O))jb + O<A2 )’
KK

d T
b % (V((jOI)(M)tb ” mW [{E(++)(1 D} + {2’( +)(1’ 1)}](‘/8)(1‘4)”’

my

() = ﬁsw{w&M)m
3

+Z[ <BZR),,(Vé‘12M>zb+—<V(c°3<M)~(‘SZd)'b] A o)

KK KK

Ll o ch(n) R,CT
R z Basa 1 O(D, DY 0. DD, + o Az) (170)

i,j=1n=

with
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S my, c " ck ck
(Agdw=— > MU RO DYETEES (1,103 + (S5 (0 DIYE LSS 0 DU (Vi
ijk,1=1
3 m cl ck c
> —V’V(Ui‘”ﬁf@f)(a DYAHSEE (D} + (35 (1, 07 £5% 0, DEUD) (Vi
i,k I=1
3 m K ol
AR)y=— Y —; (VDT 0, DYHISES (1, DT X ¥ 5% 0,1)(DY),,
i,j, k=1
3

nmy, L,ck R L e Reh utq oLoc)
- m—wwé%M)n(D@)) £ O, DIYES AT (L, DY+ v dS 5T (1, D2 0, (D) . (171
i,j,k 1=

The corrections to Wilson coefficients from this sector are correspondingly formulated to the order O(v?/A%y) as

CP)(uew) = (1 = AGHCH (upw) + Z{w“”) pws FU) (e ) + (Y ) s Fy) (6, 2}
i=1

m 52 3 c ck ¢
2SS OV pE (0, DRYAIERS (L e + 2vdrs R, nEhiest o DD,

2 +¥ ++
9AKK e (=%) (++)

v
J’_
@<A;‘<K)’

C(upw) = (1 — AGH)Cay " (mpw) + Z{(Yﬁﬁ))sbxw F (xuer ) + (bez))sbxw F (xu!xW =)}
i=1

2 2 3 k o
1;1&1 S (DO O, DRYAISES (L DI¥ + 2v4[SED (1, DIV 0. DIDY);
i,j,k=1

+ @(A4 ) C(b)(MEW)
KK

3 3 ) .
2m S R, c! L,ck ¢l
= S (Yt FY) o ) + = S (DL 0, DIVALS 2% (L DIV 0, DYDY 5
i=1

9A2 ljk:1
v
+(9< )
Ak
0 ) = 3OV, O (5, ) + 80 S (O R (0 1yvarstd o i 0, D)D),
8G\MEW i,3)sbXu Xy X 12A2KK (++) (x)\b (++)\W R /jb
i=1 i,j,k=1
w4
+(9< ) (172)
Akk

where the SM corrections from Fig. 1(b) to Wilson coefficients are written as

N () = Z(Vé"&M)IZ(Vé"&M % (F) + F) (3,
i=1

(173)

Cor ™ () = z<vé°IiM>L<vé°&M>ibxu (F{") + FO)(x,,, xye).
i=1

Here the short cutting notations are defined through
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mM- *
(Vi = = 5 (VG (Ve al (M) + (6 M);]

2

Zm (VS VS nl[26 (1L D]+ 26 (1, D]}
KK

X

Z u f<vé°§M> [(8Z); + (3Z) F1VE o

+ z i [(Vé“&m (VW BZD) 5 + (5ZH L (VW LV W]
Jj=

U
Y [(%“&WL(A@% + ()]
KK

(5Md)zz + 2141 (6‘7\4‘1)?1]
m

(Y(b))?b - (V(COILM)U(VéOIéM)lbI:
mW: mb w*

7Tmll M
L L<vé°&M>3,<v<c°,zM>lb(1 +ZNISE (1L D)+ [3F 0. D)
KK
3 m? LM
+ > (Ve B Z) (Vs + -~ (V)i (8Z]) ]
j=1"w b
3 2
* S oz + T 6z V) [V
vim ) R L )
4A [(VCKM) (A )zh +(A ) (VCKM zb]
KM
M)
(X, = - ‘m—bmvé"&M)Lwé‘iiM
7Tmum
2 (VE VGl [5E (L DI+ [EE, (1L D)
KK
+Z[ (VB 70+ o GZ V) [V B+ e B Vaha (174
KK

Choosing pgw = my, one directly finds that the sum of Eqgs. (167) and (173) recovers the theoretical predictions on
Wilson coefficients of dipole operators in the SM at electroweak energy scale.
As the FCNC transitions are mediated by the massive neutral gauge bosons Z, Zy , ¥, relevant couplings are expanded

according v*/A%y as

€= (1= 358 00+ G20, + 62h)a + 51891 ] + (1),
(€)= =33 80+ G2, + 620+ X 0] + O[3,

2 \4\27 & 1 i v
L _ ) 0t z Z(n) L,cp 2( 1) 0)y.
(fzh,(2 1 )s,b (1 3sw) re Z(DL )szﬁ dixt, 0y t)[f(++)(0, DIP(D )i + (O(AKK)’

n—1)

— 3 - 2S (0)\t Zx(n) L LB ©)
(gé”<zn>)‘v’b 31— 252 kre E(D ) f th( +) Y=+ Z)Lf(++)(0 DD )i + (9( KK)
R 2 4\/ ont ! , 2 o)
(fZH( ))S’h = Z(D ) f dl‘)((++)(y(++)’ l)[fR (0 l)] (D ),h i (9< )
2n—1 . KK
3 — 4s

R = — (OIS} zx(,,) Rl 5/ ()

S = e e Z(D 0 [ 07, 0T 0. 0RO + 0(7),
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)

)

cr(n') (0) v
YE=x) D(Dr")i + @(A—KK),

20U + 05,

@<°>)+ [ a0, 0L 0. 0B, + 0(5).

n R,c}
]t 0182, 0L 0. 0D + 0 ),

ch(n')

YLy, XD + @(AKK)

4\/% 3 o
( 'y(”))ab - 3krE l.:zlngl 8a,(9n/+i)
1 cl C n
x [t 01 DU ET 00O N DR + 0(5-) (175)
€ KK
Here the short cutting notations AL, A% are defined by
3 k
(Ab)g, = % (DY 0, DYLCSET (1L D] - 2 T (38 L DDV L 0. DD,
i,j,k=1
47T ol
EE D) DW ([ anrsty o 00+ (5.6 DILED 0 0F ) D
3 S c ck .
(A8 = =57 ;wﬁ?’) FETO DYH[EEE (L DIYEFET 0, (DY),
Sw i,
417 3
- 3 (DY)! ([ artsg. 60 +( —4)SE, 6 DIUEL O OPDR) - aTe
swcwkre e jb

Then the corrections to relevant Wilson coefficients from Fig.

O(v?*/A%y) as
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(0)( )_{W[zwzdﬂ +2(824) +U_2(AL) +U_2(AL)+]
HEwW 16252, Llsb Lisb 2A2KK Zsb AL A
1( 2
+l1-2p )[(5zd)j +(824),, + —Lo (ALY ]
9 3 w L/sb L 2A%<K V4

1 2 m
_ s t
+ §(1 gs%v)m—b[(ﬁzﬁie)sb +(8Z%) g + m(Ag)sb]}

Rasimi, & [m — 1695
+ s D)D) DR [ ar [ ( Tog, )]

27A% (kre)zl.jk:1 m,

L6 252)(3 — 4€W) (¢ . t’)])[ffff)(o r)]z[ff+c+)(0 t')]z} + (9( A )
KK

shed (1 —

Cho(prew) = — 3C(70y) (mew), C7y (MEw)

2

~ o202, 2062+ 1 0+ B ]
1 2 v

w5130 )] oz +(6zz>sb+mmé>sh]

r5(1 -3 0zl + 0z + 5L

Rmwsimy, & [Ma
W —2 (DN LDD) (D (DY),
9Nk (kre)? ijkz—l{mb (D)D) D) Do

2 V(2 — 422 ,_ ;
f [ (79 52SW[E(++)( t,)]+(3s 253,)(3 — 4s3,) [E e tl)])[fﬁci)(o’ t)]z[f(Lff)(O, t’)]z}

27¢2 2 (1—2s%)
+
@(A;gK)’
(c)(MEw) = _3C(C)(MEW)- (77

As mentioned above, the KK exciting modes of gluon also arise the FCNC transitions in the SM extension with a warped
extra dimension and the custodial symmetry. The relevant couplings are approached as

(& oy = T SO, [ a0, 0L 0. 0B, + 0(1).

4'\/2’/7 1 n ,C
(fgm)) (O)) f dt/\/?++)()’?4(rl)’ t)[fﬁi)(o f)]z(D(O))zb + (9( )
i— € KK (178)
W2m & 1 ; L (n')
(€5)ar = — 2 D Saon—6+i) f dx, 010 DU O, r>f<+£><y(z+),z)}(D@),h+@(A )
i=1n'=1 € KK
A7 S & n R, (n') v
(E,)0r =20 33 Buiowen [ i O UL O TG, DR, + 0(5)

1

=

1

The corresponding corrections from this sector to Wilson coefficients of dipole moment operators at electroweak energy
scale are given by
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2567s2,m3, gt & [m
CD () = — WSy Z{

di (YOt (0) Oyt (DO L,cy
A2 (kre)?e? (DL)si( DL )i Dy )kJ(D be dtf dt/[2(++)(t tl)][f(++)(0’ P

ijk=1U"bp

<UL 00F} + o 7 K),

2567s3,me, gt & [m .
Cllmen) = S0 o 3. {mjj DD DD, [ ar [ ar(sg o it o 07
ijk=1

<UD 0 0P} + @( ) Cla)
KK
(179)

256TSTmy 8y [ Ot (O (PONT (O Rep (0 AP
onbare 2 L ORI, [ [ a3 O 0.0)

<Uiho. )+ o5 Aé K),

~ 2567s3,me, gl & [m .
Cibluew) = oty 3 {2 LD DD [ ar [ artsg e st 0.0
KK ijk=1

<L 0P} + co( = )

In Egs. (166), (172), (177), and (179), the corrections from KK exciting states contain a global suppression factor v/ A%K
comparing with the SM contributions presented in Eq. (167) and (173).
Finally, the relevant FCNC couplings mediated by neutral Higgs and Goldstone are

e [m (M)
(T’IL-Io)s,b == \/—S {m;a”’ - My R — Osp + 7(52 ) sb

~ 8y ”’"b’”w[{zw(l D} + {38, (1, D}]

v? [ (A(l)) + s (A(Z))h]} + @(US)
" e i AR

3 .
R,c! (n) L,
(18)ss = (M) (05 e = Z{ Z(a onenfEE 00 DY 0, 1)(DY),,

i,j=1 n=

— R,cl ¢l (n) L.c

+ 3 Gupnseal 50D D0 0D} + (1)
n=1 KK
3

- L,ct ch(n)
Z Suionoraf et 2D DYLFRT (0, 1)(DYY, ), + @(

1V = )
TIHO b AKK

(T]Iéo)s,b = _(771-10)& b> (nGO)s b= _(TIGO)S b’ (nléo)a,h
R,c (n) L
= Z {Z(aa,(9n+i)f(+l)(y(i+); I)Ysz(Jri)(O: 1)(D(LO))],17
i,j=1%n=1

R,ch. i (n)

d 8 L,c{g
+ Z(8a,(9n—3+i)f(_+)(y(++)’ 1)Y:j1.f(++)(0’ l)(DE?))],b} + @(A—KK)’

Ll o chn) R,cj} v
(nlg;o)a,b = Z z 6(1 On— 6+t)f(++)(y(++)’ l)Ydjf(++)(0v 1)(D5?))],b + @<A—KK)’ (180)

i,j=1n=

where the abbreviations are given by
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(1, DIV AT 0, DD,

(++)

(181)

(1, D} + LS55 (1, DYE £12, 0, (DY) .

(%)

As virtual intermediate fields in Fig. 1(e) are neutral Higgs/Goldstone and standard charged —1/3 quarks and the
corresponding corrections to Wilson coefficients of dipole moment operators from this sector contain additional
suppression factor m?,ms /mf, comparing with the corrections presented in Eq. (167) and (173). The possible substantial
corrections from this sector originate from the one-loop diagrams in which virtual intermediate fields are neutral Higgs/

Goldstone and KK excitations of charged —1/3 quarks,

szW

C%“;)(Mgw) = 18A2
KK€

z/k 1

+ L30T 0 DY 7 0. 0D+ 0

_ mpynig Z( (0))

SR 0]+ 58, )

.3 (DO rl 0, DYETEET (1, 1]

)

(Dg)))kb +

36A2KK k=

Ce(pmw) = =3CY) (mew),

R, ck
[f(+l)(0r 1)]2

U4
of3:.)

~(e S5y ms R.ch. L.k R.c) vt
C) ) = = S (DO 0 DYAEED (1, 0¥ 5T 0, 1D, + o(5:-)
KK€ i,j,k=1 KK
mpynig ++ (1 1)] ‘U4
T 36AL, Z( DL S o g D e (9<A4 )
KK k= [fL++)(0 1] KK
Cir(mew) = —3C5) (pw): (182)
Comparing with the corrections from other sectors, the CM( ZUa (s, MEW)C M(Lpw),
contributions from neutral Higgs and KK excitations of
charged —1/3 quarks in Eq. (182) contain an additional (184)

suppression factor m;m,/m3, besides the global suppres-
sion factor v?/ A%

In order to complete analysis of the decay b — sy we
have to include QCD corrections which originate domi-
nantly from the mixing of charged current-current opera-
tors into dipole operators and to a smaller extent from the
mixing with QCD-penguin operators [75]. Formally we
can define two column vectors composed by the Wilson
coefficients in Eq. (132) as

B ALR

(CW = {C,, Cry, o CFf5 I CL CEY (o
(CV)T ={Cy, €y G R, R, CEL CBEYT,
withi=1,2---,6,j=1,2k=3---,6,and f = u, c,

d, s, b. Then, the Wilson coefficients at hadron scale u;, are
given as

CaP(up) = Zwaﬁ(ﬂ‘b’ pew)Cp (LEw)-
B

Here U,g(up, ptgw), Wap(p mew) are elements of the
evolution matrices which can be expressed in terms of
the anomalous dimension matrices and the
QCD-B-functions [72].

For charged current-current operators, the Wilson coef-
ficients are approximated as

CM(ugw) + 8C, (new),
CsM(ugw) + 8Ca(uew),

Cl(MEW) = (185)

Cz(MEW) =

where the concrete expressions of C?l\f(,u w) can be found

in Ref. [75], and the corrections from KK excitations to the
order O(v?/A%y) are formulated as

096012-40



RESIDUE THEOREM AND SUMMING OVER KALUZA-KLEIN ...

PHYSICAL REVIEW D 84, 096012 (2011)

8C (puew) =0,
1 u
8Cs(ppw) = (V@”) ON, {(V(CO&)YC[(BZWCOIQM w+ (VO 829),]+ [6Z4 VL), + (VL 621, Vs
st CKM/tb
_ VO ) (AL )+ (ALY ) 14 32Ty X (D) (U, (U (DO
2 [( CKM)sc W‘:)cb Wi)SC( CKM)Cb] 2 Z L )si( L )tc( ) ( )]b 2
40k Ak 52 (k €)
x [an [ artrth 0 0PLSE e 0L 0.8 (186)

Similarly, the corrections from exciting KK modes to the
Wilson coefficients of neutral current-current operators are
presented in Appendix C.

In the presence of new physics the expression for the
branching ratio of B — X,y is given as follows:

Br (B — X,y) = R(IC7,(u;)I* + 1Co, (mp)* + N(E,)),
(187)

where the overall factor R = 2.47 X 1073, and the non-
perturbative  contribution N(E,) = (3.6 = 0.6) X 1073
[72]. In our numerical analysis, we choose the hadron scale
M, = 2.5 GeV, and include the SM contribution at NNLO
level C7,(u;) = —0.3523 [59-61]. Meanwhile we ap-
proach the corrections from KK excitations in the
leading-order approximation.

" :_Idet(Y )|
“V2 YLl
" _ v |det(Y9)|
NG

o= 0l

fIY"

v Yl
2 Y4l

mg

Ql

R,c§
(++)

LA . DL

Assuming anarchic Yukawa couplings, i.e. complex-
valued matrices Y*, Y with random elements, we can
reproduce the up- and down-type quark mass hierarchies
with the ansatz for hierarchical structures of the profiles of
zero modes on IR brane [18],

LFC 0, DT < LA 0, DI < [£(:2 )0, D],
LFCT 0 DI< AT 0, DI<[FGT,0, D]

R,c! R, c% R,

(188)

Applying the Froggatt-Nielsen mechanism [76] in the SM
extension with a warped extra dimension and the custodial
symmetry, one obtains

”:f(++)(0 1)][f(++)(0 1)]' + (6-7\4”)11:

ILFGE O DI 0,11+ (3 M)y,

O, D]+ (6 M")s,

B0, D]+ (8 M),

(++)

L}, R.c} u
m; =—|Y§’3||[f(++)(0, 1)]|—_f(+i)(0: D]+ (M )33

y
SEESp

e 0, 1]+ (M),

(++)

63
SIS O DI

(189)

Here yq denotes the minor of Y, i.e. the determinant of the square matrix formed by removing the ith row and the jth
column from Y4. In a similar way, we can give expressions for the left- and right-handed mixing matrices uo LR> ’D(LO ® 1IN
terms of Y4, Y4 together with relevant bulk profiles on IR brane [18]. Then the Wolfenstein parameters of the CKM matrix
can be written as

L’CB L,c% Yd3 _ Yu
_ |[f(++)(0 D]l ‘211 y'z‘l _ |[f(++)(0: 1):”3 Tz Y_z‘j
L,cy u L,c! L gl n ’
o Vi Y 50 DIPIEAECE 0, 101 55— P (190)
~ 7= dsygl — d3y31 + Y1d3
YRV — I - v
33 Y11 yd v,
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FIG 2 (color online) Assuming ¢l = cl = —0.75, & =

= —0.55, ¢ =c3=-035 and ¢3=—-05+ck 3=
—1 + ¢k, we present the branching ratio of B — X,y varying
with the bulk mass c}. The solid line represents the energy scale
of low-lying KK mode Agx = 1 TeV, the dashed line represents
Agkg = 2 TeV, and the dotted line represents Agx = 3 TeV,
respectively. In addition, the gray band denotes the experimental
data with 3¢ deviation.

Through Egs. (163) and (188)—(190), the present experi-
mental observations impose direct constraints on the pa-
rameter space of extension of the SM with a warped extra
dimension and the custodial symmetry.

The inputs of the SM sector are [77] apyw = 1./128.8,
my = 80.23 GeV, my; =91.18 GeV, a,(my) = 0.117,

m, = 0.003 GeV, m, = 0.62 GeV, m° = 173.8 GeV,

10 : ‘ : ‘ ,., " ‘

Akg=3TeV
—-- Agk=2TeV
— Agk=ITeV

v)/1107#

(=2

Br(B->X,

FIG. 3 (color online). Assuming c = —0.75, c% = —0.55,
cy = —035 ch —055 ¢z =025 ¢} =—0.05, and czT
0.5 + c'T, cp =1+ cT, we present the branching ratio of B—
X, varying with the bulk mass c}.. The solid line represents the
energy scale of low-lying KK mode Agg = 1 TeV, the dashed
line represents Agxx = 2 TeV, and the dotted line represents
Ak = 3 TeV, respectively. In addition, the gray band denotes
the experimental data with 3o deviation.
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my = 0.006 GeV, m; = 0.115 GeV, mZOle = 4.8 GeV.
For the Wolfenstein parameters of the CKM matrix, we
take A = 0.22, A =0.81, p = 0.13, = 0.34. Without
losing generality, we choose the Yukawa couplings Y}; =
001 G#j, i, j=1223), Y§=Y¢ =Y% =00l
Fixing the bulk masses cj, ck, ¢, we derive the other
elements of Yukawa couplings numerically through
Egs. (189) and (190)

Taking ¢} = ¢k = —0.75, ¢ = ¢; = —0.55, and ¢ =
c3 = —0.35, we present the branching ratio of B — Xy
varying with the bulk mass ¢} in Fig. 2, where the solid line
represents the energy scale of low-lying KK mode Agx =
1 TeV, the dashed line represents Agx = 2 TeV, and the
dotted line represents Agx = 3 TeV, respectively In ad-
dition, we also assume ¢ = —0.5 + ¢k, c3 = —1 + ch to
guarantee that the profiles of zero modes on IR brane
satisfy the hierarchical structures Eq. (188). Besides the
global suppression factor v?/ A%, the dominating correc-
tions from KK excitations to the branching ratio of B —
X,y depend on the bulk masses cj;. (i = 1,2, 3) in terms of

i J
[f(LjrCf)(O, t)][f(Ljrcj)(O, 1)]. Because of this, the contributions

from new physics to the branching ratio of B — X,y
decrease quickly as ch = 1, and can be neglected safely
comparing with the contributions from the SM to the
branching ratio of B — X,y. Actually, the function
[f( - +)(0, 1)] tends to zero steeply as ¢ > 0.5.

Taking ¢} = —0.75, ¢ = —0.55, ¢} = —0.35, ¢}, =
0.55, ¢z = 0.25, and ¢z = —0.05, we present the branch-
ing ratio of B — X,y varying with the bulk mass c}. in
Fig. 3, where the solid line represents the energy scale of

10 . I : T . T . T

Agg=3TeV
- Agg=2TeV
— Agk=ITeV

¥) 10+

o
T
1

Br(B->X,

5 L s ! s ! s ! s !
c!

FIG 4 (color online) Assuming cT = —0.75, c% = —0.55,

035 ch= 055 c3 =025 c3 =—005 and 3=
O 5 + ¢k, ¢3 =1+ ¢!, we present the branching ratio of B —
X, varying with the bulk mass c}.. The solid line represents the
energy scale of low-lying KK mode Agg = 1 TeV, the dashed
line represents Agxx = 2 TeV, and the dotted line represents
Ak = 3 TeV, respectively. In addition, the gray band denotes
the experimental data with 3o deviation.
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low-lying KK mode Agg = 1 TeV, the dashed line repre-
sents Agg = 2 TeV, and the dotted line represents Agx =
3 TeV, respectively. In addition, we also assume c; =
0.5+ ¢k, ¢ =1+ ¢l to guarantee the profiles of zero
modes on IR brane satisfy the hierarchical structures
Eq. (188). Besides the global suppression factor v?/A%,
the dominating corrections from KK excitations to the
branching ratio of B — X,y depend on the bulk masses

¢ (i=123) in terms of [fR (0, t)][f(++)(0 n].
Because of this reason, the contrlbutlons from new physics
to the branching ratio of B — X,y increase quickly as
¢k = —0.5, and dominate the theoretical prediction on
the branching ratio of B — X,y. Actually, the function
[f( 10, 1)] amplifies steeply as ¢ > 0.5.

Taking ¢} = —0.75, ¢ = —0.55, ¢3 = —0.35, ch =
0.55, ¢z = 0.25, and C% = —(0.05, we present the branch-
ing ratio of B — X,y varying with the bulk mass c! in
Fig. 4, where the solid line represents the energy scale of
low-lying KK mode Agx = 1 TeV, the dashed line repre-
sents Agg = 2 TeV, and the dotted line represents Agx =
3 TeV, respectively. In addition, we also assume ¢} =
0.5+ ¢k, ¢ =1+ cl to guarantee that the profiles of
zero modes on IR brane satisfy the hierarchical structures
Eq. (188). Differing from the dependence of the branching
ratio of B — X,y on the bulk masses c}, c}, the depen-
dence of the branching ratio of B — X,y on the bulk mass

1 . .
cg is very mild.

VII. SUMMARY

In this work, we verify that the eigenvalues of KK
excitations in the SM extension with a warped extra dimen-
sion and the custodial symmetry are real, and are symmet-
rically distributed contrasting to the origin in the complex
plane. We also present the sufficient condition to judge if
the infinite series of KK excitations is convergent. Applying
the residue theorem, we sum over the infinitely series of KK
modes, and analyze the possible relation between summa-
tion of the product of KK mode propagator with the corre-
sponding bulk profiles in four-dimensional effective theory
and the propagator of field in five-dimensional full theory.
We sum over the infinitely series of KK modes for the
gauge boson with (++) BCs, and recover the results in
the literature which are obtained through the equation of
motion and the completeness relation of bulk profiles for
KK modes. Additionally, we also present the summing over
infinite KK exciting series E( o6, E(Bcg)(t ¢'), and

(BCS)(t t'), which satisfy the corresponding BCs on IR

and UV branes, respectively. We extend this method to
sum over the KK modes in a universal extra dimension,
and obtain the equation applied extensively in the literature.
As an example, we present the radiative correction to the
rare decay b — s + vy in the SM extension with a warped
extra dimension and the custodial symmetry, and analyze
the possible constraint on the parameter space of new

PHYSICAL REVIEW D 84, 096012 (2011)

physics from experimental observation of the branching
ratio of B — Xv.
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APPENDIX A: NONZERO ELEMENTS IN THE
MASS MATRICES

L,ct i
[j\/lq ]lj = f(+«€)(0 1) \/—jf(++)(0 1)

U LLR l RLT (n)
[Mg,n]ij = (++)(0 1) jf( +)( Yixxy 1),
(MG = —[ MG,

(M1 = 15801 2 £ (i3 )
0,ndij (++) V2 (++) Y=y )

(M4, = 75 6, 0L 5 (0.1,
nolij = fHEs), N f(++)
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[Mno ij — f(+£)(y(ii): ) \/—jf(++)(0 1)
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APPENDIX B: THE COUPLINGS BETWEEN BOSONS AND QUARKS
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