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The two-particle wave function of neutrino and recoil nucleus is found as a solution of an initial-value

problem in the far zone for a time longer than the electron capture decay lifetime of a hydrogenlike ion.

The neutrino-recoil entanglement arising in such a process is a consequence of the momentum

conservation and is closely related to the wave packet structure of the state. Because of neutrino mixing,

the joint wave packet involves the coherent superposition of the neutrino mass eigenstate packets. This is

the new physical realization of the Einstein-Podolsky-Rosen thought experiment, which has no analogue

in quantum optics and quantum informatics. A class of possible experiments for the registration of a

neutrino and a recoil nucleus is proposed. It is shown that, due to spatial correlations, neutrino and recoil

oscillations can be observed in the coincidence experiment.
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I. INTRODUCTION

Massive neutrino oscillations are a consequence of the
presence of flavor neutrino mixing and a clear evidence of
physics beyond the standard model. They are subject of an
intense experimental and theoretical research beginning
with the pioneering paper by Pontecorvo [1]. The theoreti-
cal approach is mostly phenomenological and uses the
plane wave [2–4] or the wave packet formalism [5–9] to
describe the evolution of the massive neutrino states, and
the field-theoretical approach [10–12] which takes into
account the processes of production, propagation and de-
tection of neutrino. In spite of the fact that almost all these
treatments provide the canonical formula for the probabil-
ity of oscillations, some basic issues of the theory of
neutrino oscillations are still being debated [13]. In par-
ticular, there is no consensus on whether the three neutrino
mass eigenstates have equal energies or equal momenta.
Furthermore, the wave packet formalism leaves unan-
swered the question of how the properties of a neutrino
wave packet are determined by the process of weak decay.

If we want to resolve these problems, we need to do
away with ad hoc assumptions and invoke basic principles
of quantum mechanics to describe the weak decay of an
unstable object and neutrino production [14]. Closely re-
lated problems have been studied in quantum optics.
Fedorov et al. [15,16] considered the decay of composite
objects into two fragments that are free to move away from
the breakup point and are constrained only by momentum
and energy conservation. The authors obtained position-
dependent two-particle wave function as the solution of an
initial-value problem. This quantum state is entangled and
closely related to the Einstein-Podolsky-Rosen one [17].

Our motivation for this work is to apply the formalism of
Refs. [15,16] to the description of orbital electron capture

(EC) decay. In this scenario, the spontaneous emission of a
flavor neutrino by an atom is described in three dimensions
with initial wave function of a decaying atom taken in the
form of a finite-size wave packet. The recoil-neutrino wave
function is found analytically in the coordinate representa-
tion as the solution of the time-dependent Schrödinger
equation in a far zone. Its wave packet structure evolves
with time. The function does not factorize in the neutrino,
r�, and recoil, rn, spatial coordinates, which is a direct
indication that the quantum state of the system is entangled.
However, due to neutrino mixing the entanglement in-
volves the coherent superposition of mass eigenstates
with equal energies and different momenta that manifests
itself in the oscillating correlations of the two particles.
Entanglement means that knowledge of one of the

particles reveals information about the other. Space corre-
lations of neutrino and recoil nucleus are the experimental
implication of this feature. It should be emphasized that the
spatial entanglement which we are considering, has noth-
ing to do with kinematic entanglement (see, for example,
Refs. [4,18]), which does not involve an exact solution of
the Schrödinger equation. Spatial entanglement between
an atom and a photon in spontaneous emission has been
observed by Kurtsiefer et al. [19].
Because of strong spatial correlations, we are able to

observe with two detectors the oscillations of a neutrino
and a recoil simultaneously in the coincidence measure-
ment. This experiment, first considered by Dolgov et al.
[20], could be of interest for the next generation of neutrino
detectors. By contrast, registration of one particle indepen-
dent of the other disentangles the recoil-neutrino pair. For
example, to observe neutrino oscillations the recoil posi-
tion is ignored whereas a flavor neutrino is detected. This
scenario is used currently to observe neutrino oscillations
in reactor and accelerator experiments.
The paper is organized as follows. In Sec. II we apply the

Weisskopf-Wigner theory of spontaneous emission [21] to*pavi@mbslab.kiae.ru
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treat the EC-decay process of the ion confined to a small
volume in a trap. We specifically study a hydrogenlike
(H-like) ion of the intermediate mass region with a
K-electron in the lowest hyperfine state having the total
angular momentum F ¼ I � 1=2, where I is the nuclear
spin. Such ions have been used in the much-talked-of GSI
experiment [22] and its second run in 2010 [23]. However,
the question of what happens to the neutrino and the recoil
nucleus on time scales comparable to the lifetime of the
parent ion is left unanswered. The main result of this
section is the recoil-neutrino wave function that describes
the spatiotemporal behavior of these particles. In Sec. III
we use the far zone approximations to express this function
as a product of the relative and the center of mass (CM)
wave functions. It is shown that the coherent superposition
of the neutrino mass eigenstates has a fixed kinetic energy
equal to the EC-decay energy. The structure and time
evolution of the relative motion (RM) and the CM wave
packets are investigated in Sec. IV. The far zone formalism
allows to find the spreading of these wave packets. In
Sec. V we outline the experiments appropriate for the
detection of a flavor neutrino and a recoil nucleus. Our
findings are summarized in Sec. VI. The Appendix con-
tains the details of calculation of an integral from Sec. III.

II. ORBITAL ELECTRON CAPTURE DECAY OF
MOVING HYDROGENLIKE ION

The decay which we study is the capture of a single
electron from the K-shell into a completely ionized daugh-
ter nucleus and a electron neutrino, as final state. The
system is described by the Hamiltonian H ¼ H0 þ Vsf þ
Hw, where the unperturbed Hamiltonian has the form

H0 ¼ p̂2

2M
þHnð�1; . . . ;�AÞ þ

X
�

"�a
þ
� a�

þX
i;k

�iðkÞcþikcik: (1)

Here p̂ is the nucleus momentum operator; Hn is the
nuclear hamiltonian depending on nucleon coordinates,
�k ¼ rk � rn, with respect to rn which to a good approxi-
mation is the nucleus CM; A is the mass number; aþ� and
a� are the creation and the annihilation operators of a
bound electron in the state with the energy "� and the
quantum numbers � ¼ n, j, m; Vsf is a hyperfine interac-

tion; and cþik and cik are the creation and the annihilation
operators of the three massive neutrinos (i ¼ 1, 2, 3) with

momentum k, the energy �i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

i

q
and the massmi.

The massM of parent and daughter particles is supposed to
be equal with an accuracy of the small parameter � ¼
QEC=M, where QEC is the decay energy.

The weak-interaction Hamiltonian density is given by

hwðrÞ ¼ GFffiffiffi
2

p Vud½jðrÞ � JðrÞ þ H:c:�; (2)

where the lepton current,

j ðrÞ ¼ i ��eðrÞ�ð1þ �5ÞeðrÞ; (3)

involves the flavor neutrino and electron field operators.
The former is [24]

�eðrÞ ¼
X
i

Uei�eðrÞ ¼
X
i;ki

Ueiciki
uLðniÞeikir; (4)

where U is the Pontecorvo-Maki-Nakagava-Sakata mixing
matrix. The Dirac spinor for left-handed neutrino,

uLðnÞ¼ 1ffiffiffi
2

p !L

�!L

 !
; !LðnÞ¼

�e�i’=2 sinð�=2Þ
ei’=2cosð�=2Þ

 !
; (5)

depends on the unit vector n ¼ k=k. We will use non-
relativistic limit for the electron operator

eðrÞ ¼ X
�

a�c �ðrÞ; c � ¼ w�

0

� �
: (6)

For the K-electron, we have w1ð1=2Þm ¼ f1sðrÞ�ð1=2Þ;m,
where f is radial and � is spin-wave functions. The nu-
cleon current for pure Gamow-Teller transitions in a
nonrelativistic approximation has the form

J ðrÞ ¼ gA
XA
s¼1

�ðsÞ��ðsÞ	ðr� rsÞ

¼ gA
XA
s¼1

JðsÞ	ðr� rsÞ; (7)

where 
 and � are the spin and the isospin Pauli matrices.
To find the wave packet structure of an entangled state,

one needs to use the coordinate representation for the wave
functions of neutrino and recoil nucleus. This implies that
the Hamiltonian Hw has to commute with the total mo-
mentum of a bipartite state in the r-representation. By
using Eqs. (2), (3), and (7) we get after integration over
nuclear volume the weak-interaction Hamiltonian fulfilling
the momentum conservation law

Hw ¼ i
GFffiffiffi
2

p Vud

X
i;ki

Uþ
eic

þ
iki

�uLðnÞ�ð1þ �5Þ

�X
s

JðsÞe�iki�s

X
�

a�c �ð�sÞeikiðr��rnÞ þ H:c: (8)

Now let us use the time-dependent perturbation theory to
determine the temporal evolution of a decaying state
for the Gamow-Teller transition FIMF ! I0M0 with I0 ¼
I� 1. The parent ion is prepared in a polarized state with
the angular momentum projection MF along the quantized
axis Z of the laboratory frame S. The solution of the
Schrödinger equation with the Hamiltonian H is sought
by using the following ansatz for the wave function
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�ðtÞ ¼ X
p

Aðp; tÞjaFIMF;p; tie�iEat

þ X
i;M0;p;ki

BiM0 ðp;ki; tÞjbI0M0;p� ki;ki; tie�iEbit;

(9)

where

jaFIMF;pi¼
X
m;M

CFMF

ð1=2Þm;IM�aIMð�Þaþ1ð1=2Þmj0ieiprn ;

jbI0M0;p�ki;kii¼�bI0M0 ð�Þcþiki
j0ieiðp�kiÞrnþikir� (10)

are the eigenvectors of H0 þ Vsf with the eigenvalues

E a ¼ EaI þ "0 þ p2

2M
; Ebi ¼ EbI0 þ �i þ ðp� kiÞ2

2M
:

(11)

In Eq. (10) �ð�Þ ¼ �ð�1; . . . ;�AÞ and E are eigenfunc-
tions and eigenvalues of the initial (aI) and final (bI0) states
of nucleus, "0 is the energy of the ion ground state, j0i is
the lepton vacuum,and CFMF

ð1=2Þm;IM are Clebsch-Gordan

coefficients. In the subsequent text we will assume that
EbI0 ¼ 0.

The differential equations for the coefficients A and B
are

i _Aðp; tÞ ¼ X
i;ki;M

0
BiM0 ðp;ki; tÞWI0M0 ðniÞUeie

iðEa�EbiÞt;

i _BiM0 ðp;ki; tÞ ¼ Aðp; tÞW�
I0M0 ðniÞUþ

eie
�iðEa�EbiÞt; (12)

where the matrix element of the Hamiltonian Hw,

WI0M0 ðniÞ¼ GFVudffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fþ1=2

p hf1sigAMðaI;bI0Þ��
I0M0 ðniÞ; (13)

includes the radial wave function of the bound electron
averaged over nuclear volume, hf1si, and the nuclear
reduced matrix element M. The spinor

�I0M0 ðnÞ ¼ CFMF

I0M0;ð1=2Þ�D
1=2
�;�ð1=2Þð’; �; 0Þ; (14)

whereD is theWigner function and� ¼ MF �M0 ¼ � 1
2 ,

is normalized by the condition
P

MF;M
0 j�I0M0 j2 ¼ Fþ 1=2.

Suppose that a parent ion after production is stored in a
trap and its motion is localized. Then we switch off the
field of the trap and free spreading of the ion CM wave
packet begins. If the production and stored time is far less
than the lifetime of the parent ion, we can measure time
from the beginning of free spreading. The initial state is
described by the first term of Eq. (9) for t ¼ 0. To be
specific, suppose that the CM part of this function has in
the momentum representation the Gaussian form

A ðp; t ¼ 0Þ ¼ ð2 ffiffiffiffi


p
dÞ3=2 exp

�
� 1

2
d2p2

�
: (15)

The Eqs. (12) are easily solved in the Weisskopf-
Wigner approximation with the initial conditions
Aðp; t ¼ 0Þ ¼ A0ðpÞ andBiM0 ðp;k; t ¼ 0Þ ¼ 0. The so-
lutions for t � 1=QEC are

Aðp; tÞ ¼ A0ðpÞ expð��tÞ;

BiM0 ðp;k; tÞ ¼ A0ðpÞW�
I0M0 ðniÞUþ

ei

Ebi � Ea þ i�
½1� eiðEbi�EaÞt��t�;

(16)

where

� ¼ 
X

i;M0;ki

jWI0M0 ðniÞj2jUeij2	ðEbi � EaÞ

¼ ðGFVudÞ2
2ð2Fþ 1Þ ½hf1sigAMðaI; bI0ÞQEC�2 (17)

is one half of the rate of the Gamow-Teller transition
FIMF ! I0M0, I0 ¼ I � 1. The final expression we have
derived for this value ignores a small dependence of � on
the parent ion velocity. Furthermore, the two small dimen-
sionless parameters

� ¼ QEC

M
; 	i ¼ mi

QEC

(18)

allow to reduce � to a conventional value for the ion at rest.
The last parameter is compatible with the limit of ultra-
relativistic neutrinos [25].
First of all, we observe that the decay probability PðtÞ of

the parent ion is not dependent on the shape of the initial
CM wave packet A0ðpÞ because of

PðtÞ ¼ expð�2�tÞX
p

A2
0ðpÞ ¼ expð�2�tÞ: (19)

However the probability of emission of the electron neu-
trino with wave vector k and energy � is little affected by
Doppler shift

PeðkÞ ¼
X
M0
jWI0M0 ðnÞj2X

p

A2
0ðpÞ

ð��QEC þ k2

2M � p�k
M Þ2 þ �2

:

(20)

WithBiM0 taken from Eq. (16), the recoil-neutrino wave
function at times t > 1=� has the form

�I0M0 ðrn; r�; tÞ ¼
X
i;p;ki

A0ðpÞW�
I0M0 ðniÞ

�i �QEC þ k2
i

2M � pki

M þ i�

� expfiðp� kiÞrn þ ikir�

� iEbitgUþ
eic

þ
iki
j0i: (21)

It carries information on the neutrino production process
and involves the coherent superposition of the electron
neutrino mass eigenstate components.
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III. RECOIL-NEUTRINO WAVE FUNCTION

Now, by using the far zone approximation and small
parameters (18), we write the function (21) in the form
suitable for the analysis of the wave packet structure and
entanglement of the recoil-neutrino state. To begin with, let
us rewrite Eq. (21) as

�I0M0 ¼ X
p

A0ðpÞ exp
�
iprn � i

p2t

2M

�X
i

�iðr; tÞUþ
eic

þ
iki
j0i;

(22)

where the function

�i ¼
X
ki

W�
I0M0 ðniÞ exp½ikir� ið�i þ k2

i

2M � pki

M Þt�
�i �QEC þ k2

i

2M � pki

M þ i�
(23)

depends on the relative coordinate r ¼ r� � rn. In the
laboratory frame S, the vector r is specified by polar angles
� and ’. The direction of ki is given by angles #i and �i.

First we transform the summation over ki in Eq. (23) to
integration. To perform integration over d�ki

, we rotate

the laboratory system Swith the originO in the decay point
by the angles �, ’ to align axis Z along the vector r. In the
new frame S0, the vectors ki and p are determined by
angles # 0

i , �
0
i and #p, �p, respectively. The polar angles

of these vectors in the systems S and S0 are connected with
each other by well-known formulas [26]. Owing to
kir�QECt > QEC=� � 1, the integrant involves rapidly
oscillating function expðikir cos#0

iÞ and a slowly varying
preexponential function F of the angle # 0

i . Integration by
parts over this angle yieldsZ 

0
F ð# 0

iÞ expðikir cos#0
iÞ sin#0

id#
0
i

¼ i

kir
½F ðÞe�ikir �F ð0Þeikir� þOð1=ðkirÞ2Þ: (24)

Here the two terms in brackets represent incoming and
outgoing spherical waves. The incoming wave in the far
zone gives an exponentially small contribution for t > 1=�,
which can be neglected in comparison with the outgoing
one. The latter corresponds to # 0

i ¼ 0, and it immediately
follows that #i ¼ � and �i ¼ ’ in the integrant of (23).
Thus, we find that kikr and ni ¼ n ¼ r=r in the far zone.
After integration over d�0

i, one obtains

�i¼
W�

I0M0 ðnÞ
ið2Þ2r

Z 1

0

exp½ikir� ið�iþ k2i
2M�pki

M Þt�
�i�QECþ k2i

2M�pki

M þ i�
kidki; (25)

where pki ¼ pki cos#p.

To calculate the integral, we change variable ki by �i and
expand the former around QEC

kið�iÞ ¼ ki0 þ 1

vi

ð�i �QECÞ � m2
i

2v3
i Q

3
EC

ð�i �QECÞ2; (26)

because main contribution to the pole in (25) comes from
�i ¼ QEC � i�. We have retained a quadratic term to

describe the spreading of the RM wave packet. Here ki0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

EC �m2
i

q
and vi ¼ ki0=QEC is the group velocity of

neutrino. Then the integral over �i can be evaluated by
the residue method. The details of calculations are given in
the Appendix. Upon using Eqs. (13) and (17), we find in
the lowest order in the parameters � and 	i

�i ¼ �c iðn; r; tÞ expði�prÞ; (27)

where the RM wave function of ith massive neutrino is

c iðn;r;tÞ¼
ffiffiffiffiffiffiffi
�

4

s
1

r

�
1�Erf

� ffiffiffi
i

2

s �
�iþ i

vit�r

�iDi

���
��I0M0 ðnÞexp½iðki0r�QECtÞ�ðvit�rÞ=Di�:

(28)

Here Erf is the error function, Di ¼ vi=� is the initial
width of the RM wave packet, and

�i ¼ 1

Di

�
t

M
þ 	3

i r

mivi

�
1=2

(29)

is a dimensionless parameter describing its spreading.
Now, integration over dp can be readily performed after

substituting expressions (15) and (27) into Eq. (22)

X
p

A0ðpÞ exp
�
ipðrn þ �rÞ � i

p2t

2M

�

¼ 1

3=4ðdþ it
MdÞ3=2

exp

�
� ðrn þ �rÞ2
2dðdþ it

MdÞ
�
: (30)

In view of the definition of the CM vector for a relativistic
system in terms of the particle energies [27],

R ¼ rn þ �i
�n þ �i

r 	 rn þ �r; (31)

we find an analytic expression for the wave function (22)

�I0M0 ðR; r; tÞ ¼ � 1

3=4ðdþ it
MdÞ3=2

exp

�
� R2

2dðdþ it
MdÞ

�

�X
i

c iðn; r; tÞUþ
eic

þ
ik0j0i: (32)

The two-particle wave function (32) describes the
evolution of the recoil-neutrino state after decay at time
t > 1=�. This expression is accurate to within the small
parameters � and 	i (18). The function carries information
on the decay process and has the form of a product of the
CM and RM parts. Such a factorization of the total wave
function is a general feature of the two-particle decay of
noninteracting fragments constrained only by momentum
and energy conservation [16]. The RM wave function

I.M. PAVLICHENKOV PHYSICAL REVIEW D 84, 073005 (2011)

073005-4



involves the coherent superposition of the mass eigenstate
components of the electron neutrino state.

The time-dependent phase factor of the recoil-neutrino
wave function (32) [see also Eq. (28)] involves the kinetic
energy of the pair. As shown in the Appendix, it is equal
with great accuracy to the decay energyQEC. Thus, all three
massive neutrinos have the same energy. This resolves the
long-standing problem ‘‘same energy or samemomentum.’’
This issue, like other paradoxes of neutrino oscillations
[13], emerges from the theory that considers the time evo-
lution of a neutrino independently from a recoil. The exact
solution (32) shows that a neutrino and a recoil do not
evolve separately due to their spatial correlation.

IV. THE WAVE PACKET STRUCTURE OF THE
RECOIL-NEUTRINO STATE AND SPATIAL

ENTANGLEMENT

The spatiotemporal behavior of the joint quantum state
of the recoil and the electron neutrino following the EC
decay is in agreement with the results obtained in the
theoretical studies of decaying bipartite systems
[15,16,28]. The distinctive feature of our system is the
coherent superposition of neutrino mass eigenstates. In
this section we give the more detailed analysis of the
function (32) providing insight into the nature of entangle-
ment and neutrino oscillations. We begin with the wave
packet structure of this function, since entanglement and
neutrino oscillations depend on spatial localization of par-
ticles involved in the decay.

The CM part of �I0M0 ðR; r; tÞ has the form of a spread-
ing wave packet

j�CMðR; tÞj2 ¼ 1

3=2D3
RðtÞ

exp

�
� R2

D2
RðtÞ

�
; (33)

with the time-dependent width

DRðtÞ ¼
�
d2 þ

�
t

Md

�
2
�
1=2 ¼

�
d; t 
 tCM
l2M=d; t � tCM

; (34)

where tCM ¼ Md2 is its spreading time and lM ¼ ffiffiffiffiffiffiffiffiffi
t=M

p
is

the quantum diffusion length. If the initial size d of the
atomic wave packet is approximately 10�6 cm, we have
tCM � 10�6 s for nucleus with the mass number A� 100.
Hence, the widthDR is of pure dispersion origin and grows
linearly with time. The velocity of spreading is equal to
1=Md.

The time-dependent width of the RM wave packet
jc iðr; tÞj2 is due to dispersive broadening of both the recoil
and the massive neutrino. To estimate these effects, let us
put r 	 vit in Eq. (29). We get

�i ¼ 1

Di

ðl2M þ 	3
i l

2
mi
Þ1=2 	 lM

Di

¼
ffiffiffiffi
t

ti

s
; (35)

where ti ¼ MD2
i is the spreading time caused only by a

recoil particle. The contribution of a massive neutrino is

negligible because of the relativistic suppression of the
wave packet spreading. For �� 1 s�1 and A� 100, the
spreading time is ti � 1019 yr. This result is apparent for
ultrarelativistic neutrinos, and we can put �i ¼ 0 in
Eq. (28). In this limit, one finds the RM function

c I0M0 ðn; r; tÞ ¼ 1ffiffiffiffiffiffiffi
2

p �I0M0 ðnÞX
i

Riðr; tÞUeic
þ
iki0

j0i; (36)

where the radial function of the ith massive neutrino is

Riðr; tÞ ¼
ffiffiffiffiffiffi
2�

p
r

exp

�
iðki0r�QECtÞ � vit� r

Di

�
�ðvit� rÞ:

(37)

Here � is the unit step function. The function Riðr; tÞ is
Lorentz covariant. The RM function (36) is normalized for
ultrarelativistic neutrinos by the conditionZ

dr
X
M0
jc I0M0 ðn; r; tÞj2 ¼ X

i

jUeij2 ¼ 1: (38)

The wave packet jc I0M0 ðr; tÞj2 is a superposition of three
exponential wave packets of massive neutrinos with differ-
ent sharp edges r ¼ vit and widths Di. The later depends
only on the dynamics of the decay process. The difference
between the group velocities vi of these packets results in
their separation. However, the separation is negligible
compared with Di for times t 
 109 yr. Therefore the
wave packets corresponding to different mass eigenstates
are in fact spatially inseparable. Hence, we can use an
ultrarelativistic approximation for Ri with Di ¼ D ¼
1=� and vi ¼ 1. In this approximation the function (37)
takes the form

Riðr; tÞ ¼ R0ðr; tÞ exp½iðki0r�QECtÞ�; (39)

where

R0ðr; tÞ ¼ 1

r

ffiffiffiffi
2

D

s
exp

�
� t� r

D

�
�ðt� rÞ: (40)

We now wish to consider the two-particle wave function,
taken as the product of two functions (33) and (36), in the
observable coordinates of the recoil nucleus and the neu-
trino. This normalized function has the form

�I0M0 ¼�CMðð1��Þrnþ�r�;tÞc I0M0 ðn;jr��rnj;tÞ: (41)

The function does not factorize in these variables—a direct
indication of the spatial entanglement of two particles.
Each of the three massive neutrinos becomes entangled
with the recoil nucleus because a neutrino is not emitted in
a momentum eigenstate.
The joint recoil-neutrino wave packet

P
M0 j�I0M0 j2 has

an axially symmetrical shape with respect to the axis
passing through the CM in the direction of the vector n.
The packet increases with time in a transverse direction
with velocity 1=Md and in a longitudinal (along the axis)
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one with velocity vn þ ð1� vnÞ ¼ 1, where vn ¼
vi�i=�n 	 �vi is the velocity of a recoil. It is easy to see
that the function c CM takes its maximum value on the
symmetry axis, along which the state is highly entangled.
The probability density is proportional to a product of the
Gaussian and exponential functions

X
M0
j�I0M0 j2 � FI0 ð�Þ exp

�
�½ð1� �Þrn � �r��2

D2
R

�

� exp

�
� t� r� � rn

D

�
�ðt� r� � rnÞ; (42)

where the angular modulation of the joint packet is deter-
mined by the function (angular distribution function)

FI0 ð�Þ ¼ 1

4

�
1� MF

I0 þ 1
cos�

�
for I0 ¼ I � 1: (43)

Modulation is due to the polarization of a parent ion. For a
nonpolarized ion we have FI0 ¼ 1=4.

The Gaussian packet in Eq. (42) for fixed r� has the form

exp

�ð1� �Þ2
D2

R

�
rn � �r�

1� �

�
2
�
; (44)

whereas for fixed rn it is equal

exp

�
�2

D2
R

�
r� � 1� �

�
rn

�
2
�
: (45)

Relative location of the peaks of these curves is determined
by the condition

ð1� �Þrn � �r� ¼ 0; (46)

which corresponds to the maximum of the wave packet
(42). The r�-dependent exponential and Gaussian curves
overlap each other, if rn does not exceed its maximum
value vnt.

V. EXPERIMENTAL IMPLEMENTATIONS

Recent experiments concerned with atom-photon entan-
glement are dealing with generation and verification of an
entangled pair. The special structure of the recoil-neutrino
wave packet offers new kinds of experiments. There are
three types of possible experiments to detect a flavor
neutrino and a recoil:

(i) Coincidence measurements, in which both the recoil
and neutrino are detected. The flavor-changing pro-
cess e ! � is determined by the probability densityX

M0

��������h0jX
j

cjkj0
U�j�I0M0 ðrn; r�; tÞ

��������2

: (47)

(ii) Noncoincidence measurements, when only a neu-
trino is detected regardless of the recoil position.
The flavor-changing process e ! � is determined
by the probability density

Z
drn

X
M0

��������h0jX
j

cjkj0
U�j�I0M0 ðrn; r�; tÞ

��������2

: (48)

(iii) Noncoincidence measurements, when only the re-
coil nucleus is detected regardless of the neutrino
position. The probability density to detect recoil
nucleus at the point rn isZ

dr�
X
M0

��������h0jX
j

cjkj0
�I0M0 ðrn; r�; tÞ

��������2

: (49)

The probability distributions (48) and (49) reveal
no entanglement because all information about the
position of one of the particles is lost completely.

Coincidence measurement. On the axis with highest
entanglement, the probability density to detect recoil nu-
cleus at the point rn together with the neutrino of flavor �
at the point r� is

dPe�

drndr�
¼ FI0 ð�Þ�2

CMðð1� �Þrn þ �r�; tÞr2nr2�
�X

i;j

U�iU
þ
eiUejU

þ
�jR

�
i ðr� þ rnÞRjðr� þ rnÞ:

(50)

In ultrarelativistic approximation the second line is pro-
portional to

X
i

jUeij2jU�ij2 þ 2
X
i>j

jU�iU
þ
eiUejU

þ
�jj cos

��m2
ij

2QEC

rþ �

�
;

(51)

where �m2
ij ¼ m2

i �m2
j and � ¼ argðU�iU

þ
eiUejU

þ
�jÞ.

We choose the direction of the axis corresponding to the
maximum value of FI0 ð�Þ, which will be denoted by FI0 .
The neutrino detector N and the recoil one R are connected
with a coincidence circuit and located on this axis on both
sides of a parent ion confining volume (that is approxi-
mately the CM position) at distances from it, respectively,
L� and Ln. If L� and Ln satisfy Eq. (46), the amplitude of
oscillations will be equal

2FI0L
2
n

3=2DD3
RðtÞ

exp½�2�ðt� L� � LnÞ�: (52)

The amplitude conforms to highest spatial entanglement
and can serve as its verification. The detection time t
depends on the lifetime of a parent ion. For short lifetimes,
the length of the joint wave packet may be equal to distance
between the detectors, that is t ¼ L� þ Ln. In this case, the
amplitude (52) will be maximum. This condition is impos-
sible for parent ions in a Penning trap because their lifetime
must exceed the time it takes to prepare them in the trap.
The latter is of the order of seconds. In such a case, the
measurement time t > 1=� should be taken so as to mini-
mize the exponent in Eq. (52).
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It follows from Eq. (51) that the expression for the
probability (50) contains the well-known oscillation phase

�ij ¼
�m2

ij

2QEC

r: (53)

However, the oscillation length for the recoil and the
neutrino is different. According to Eq. (46), the distance
between the two detectors can be written in two ways, as
r ¼ Ln=� or as r ¼ L�=ð1� �Þ. Therefore, the oscillation
lengths, associated with �m2

ij, for neutrino and recoil are

equal to

L�
ij¼4

QEC

j�m2
ijj

and Ln
ij¼4�

QEC

j�m2
ijj
�10�5L�

ij; (54)

respectively. The final expression for the coincidence
probability density is

dPe�

drndr�
¼ 2FI0L

2
n

3=2DD3
RðtÞ

exp½�2�ðt� L� � LnÞ�

�
�X

i

jUeij2jU�ij2

þ 2
X
i>j

jU�iU
þ
eiUejU

þ
�jj cosð2Lij þ �Þ

�
; (55)

where Lij ¼ L�=L
�
ij ¼ Ln=L

n
ij. A strong correlation

means that knowledge of one of the particles automatically
corresponds to precise information about the other. In
particular, if a neutrino disappears at a certain position of
the detector N, the recoil will not be registered in the
detector R. One can fix the distance from source to one
of the detectors and change the distance to another one.
Here, too, both neutrino and recoil oscillations may be
observed, but with a far lower amplitude due to the
Gaussian factor of Eq. (42).

Let us examine the conditions for the observation of
oscillation patterns. The first condition is trivial: the
source-detector distances L� and Ln should be of the order
of, or greater than, the corresponding oscillation lengths
L�
ij and Ln

ij. The second condition is the coherence of

different mass eigenstates, necessary for the neutrino and
recoil oscillations to be observed. Coherence is preserved
over distances not exceeding the coherence length Lcoh.
The latter is defined as the distance at which the phase
difference due to energy spreading obeys the equation

�ijðQECÞ ��ijðQEC þ �Þ ¼ 2: (56)

We find Lcoh ¼ LoscQEC=�� 1021Losc. Such a large cor-
relation length arises because the emitter is in a pure
quantum state that is described by a state vector (9).

Neutrino detection. This is a well-established experi-
ment for studying neutrino oscillation. Integration over
drn in Eq. (48) can be done approximately since the width
of the Gaussian packet (44) is much smaller than that of the
exponential, if �t 
 1010. Indeed, we have

DR

ð1� �ÞD 	 1

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ t2

M2d2

s
	 �t

2Md
� 10�10�t: (57)

The integral is calculated as follows

Z
�2

CMðð1� �Þrn þ �r�ÞR�
i ðjr� � rnjÞRjðjr� � rnjÞdrn

	 R�
i

�
r�

1� �

�
Rj

�
r�

1� �

�Z
�2

CMðð1� �ÞrnÞdrn: (58)

Let the position of a neutrino detector be given by the
distance L� from the emitter, then the probability density to
detect the neutrino of flavor � at this distance is

dPe�

dr�
¼ 2FI0

D
exp½�2�ðt� L�Þ�

�X
i

jUeij2jU�ij2

þ 2
X
i>j

jU�iU
þ
eiUejU

þ
�jj cos

�
2

L�

L�
ij

þ �

��
: (59)

Recoil nucleus detection. Integral (49) is calculated in
perfect analogy to (48) if �t 
 105 As a result, we obtain
the following expression for the probability density to
detect recoil at a distance Ln ¼ vnt from the parent ion

dPn

drn
¼ FI0�

vn

: (60)

The joint wave function of the recoil-neutrino pair al-
lows to calculate probability densities of the considered
processes. In order to calculate the oscillation probability,
it is necessary to take into account a detection process.
However, this is different problem.

VI. CONCLUSION

In summary, we have found an accurate analytical solu-
tion for the joint quantum state of an electron neutrino and
a recoil nucleus following the electron capture decay of a
hydrogenlike ion. The evolution of the state provides an
exactly calculable illustration of the famous Einstein-
Podolsky-Rosen thought experiment. The new effect is
the entanglement between the recoil and the coherent
superposition of the three massive neutrinos. Such a super-
position cannot be observed in the experiments involving
discrete states of an atom-photon pair because the polar-
ization of an emitted photon is inevitably entangled with
the spin state of an atom.
We have shown that each of the three massive neutrinos

is not emitted in a momentum eigenstate, and so the recoil
becomes entangled with the superposition of three neutri-
nos. However, the total energy is conserved in the course of
EC decay, and the decay energy converts to the kinetic
energy of the reoil-neutrino pair. Thus, we have rigorously
proved that the neutrino mass eigenstates composing the
electron eigenstate produced in EC decay have the
same energy. It should be emphasized that, although a
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particular type of decay has been treated, the results of our
calculations are applicable to other two-body weak decays
due to the common features of the initial-value problem for
noninteracting particles.

The most peculiar aspect of our solution is the two-
particle system in a pure quantum state, where the parti-
cles, a recoil and a massive neutrino, are mixed with each
other. Such an entanglement opens up an opportunity for
correlative experiments and the investigation of
environment-induced decoherence. This is the main dis-
tinction of our approach from the field-theoretical one [11],
where a neutrino enters as unobserved intermediate state.
We have suggested the correlative experiment which al-
lows to observe neutrino and recoil oscillations simulta-
neously. However, a considerable progress in the detection
methods of neutrinos and recoil nuclei is necessary to carry
out such measurements.
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APPENDIX

We consider the integral

I¼
Z 1

0

kið�Þ
við�Þ

expfikið�Þr� i½�þ k2i ð�Þ
2M �pkið�Þ

M �tg
��QECþ k2i ð�Þ

2M �pkið�Þ
M þ i�

d�; (A1)

where the function kið�Þ is given by power series (26). In
the lowest orders of the small parameters � and for � 

QEC the pole of the integrand is

�p ¼ QEC � i�þ
�
pki0

M
� k2i0

2M

��
1þ pn

Mvi

� ki0
Mvi

�
:

(A2)

We may extend the lower limit in (A1) to �1, since the
contribution to the integral falls of sharply with increasing
j�ij owing to � 
 QEC. The integral involves the expo-
nential factor exp½�iqið��QECÞ2� with

qi ¼ 1

2

�
t

Mv2
i

þ 	3
i

miv
3
i

�
rþ pn

M
t� ki0

M
t

��

	 1

2

�
t

Mv2
i

þ 	3
i r

miv
3
i

�
; (A3)

which prevents the use of the residue method. To overcome
the problem, we have to use the Fourier transformation of
this factor [15]

exp½�iq"2� ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4iq

p
Z 1

�1
exp

�
ix2

4q
þ i"x

�
dx: (A4)

Then, we first evaluate the integral

I
C

kið�Þ exp½iP ð�Þ þ ið��QECÞx�
við�Þð�� �pÞ d�; (A5)

where the contour C encloses the pole (A2) and

P ð�Þ ¼ ki0r�
�
QEC þ k2i0

2M
� pki0

M

�
t

þ
�
r

vi

�
�
1� pn

Mvi

þ ki0
Mvi

�
t

�
ð��QECÞ: (A6)

The integral is easily calculated, and Eq. (A1) takes the
form

I ¼ � 2iki0e
iPffiffiffiffiffiffiffiffiffiffiffiffi

4iqi
p

vi

Z 1

r=vi�t
exp

�
ix2

4qi
þ ixð�p �QECÞ

�
dx;

(A7)

where for � 
 QEC

P ¼P ð�pÞ¼ki0r

�
1��

2
þ�2

2

�
�QEC

�
1þ�3

2
��m2

i

2M2

�
t

þ�pr

�
1�3�

2
þ2�2vit

r

�
þ i�

�
ð1��2Þt� r

vi

ð1��Þ
�

þ�
ðpnÞ2
M

�
r

vi

�5�

2
t

�
þ�

ðpnÞ3
M2vi

t

	ki0rþ�pr�QECtþ i�ðt�r=viÞ: (A8)

The last two terms in the exact expression for the exponent
P can be dropped because they are small compared to the
term proportional to p2 in the exponent of Eq. (22). The
exact expression shows that the energy of a pair of ith
neutrino and a recoil is the same for all pairs with great
accuracy and is equal to the decay energy QEC. Small
deviations from QEC are attributable to the approximate
calculation of the pole (A2): the more precisely it is
defined, the less are these deviations.
Finally, the integral (A7) can be transformed into the

error function

I ¼ � iki0
vi

�
1� Erf

r=vi � tþ iqi�ffiffiffiffiffiffiffiffiffi
4iqi

p
�
eiP : (A9)
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(1999); B. Meszéna and A. Patkós, Mod. Phys. Lett. A 26,
101 (2011).

[15] M.V. Fedorov, M.A. Efremov, A. E. Kazakov, K.W.
Chan, C. K. Law, and J. H. Eberly, Phys. Rev. A 69,
052117 (2004).

[16] M.V. Fedorov, M.A. Efremov, A. E. Kazakov, K.W.
Chan, C. K. Law, and J. H. Eberly, Phys. Rev. A 72,
032110 (2005).

[17] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777
(1935).

[18] J. T. Goldman, Mod. Phys. Lett. A 25, 479 (2010).
[19] C. Kurtsiefer, O. Dross, D. Voigt, C. R. Ekstrom, T. Pfau,

and J. Mlynek, Phys. Rev. A 55, R2539 (1997).
[20] A. D. Dolgov, A. Yu. Morozow, L. B. Okun, and M.G.

Shchepkin, Nucl. Phys. B502, 3 (1997).
[21] V. Weisskopf and E. Wigner, Z. Phys. 63, 54 (1930).
[22] Y. Litvinov et al., Phys. Lett. B 664, 162 (2008).
[23] Y. Litvinov and F. Bosch (private communication).
[24] The volume of a normalized box will be taken as 1

throughout this paper.
[25] C. Giunti, C.W. Kim, and U.W. Lee, Phys. Rev. D 45,

2414 (1992).
[26] D. A. Varshalovich, V.K. Khersonsky, and A.N.

Moskalev, Quantum Theory of Angular Momentum
(World Scientific, Singapore, 1988).

[27] L. D. Landau and E.M. Lifshitz, The Classical Theory of
Fields (Pergamon, London, 1962).

[28] C. K. Law and J. H. Eberly, Phys. Rev. Lett. 92, 127903
(2004).

SPATIAL ENTANGLEMENT AND MASSIVE NEUTRINO . . . PHYSICAL REVIEW D 84, 073005 (2011)

073005-9

http://dx.doi.org/10.1016/0370-1573(78)90095-9
http://dx.doi.org/10.1016/0370-1573(78)90095-9
http://dx.doi.org/10.1088/0954-3899/37/7A/075021
http://dx.doi.org/10.1088/0954-3899/37/7A/075021
http://dx.doi.org/10.1103/PhysRevD.82.093003
http://dx.doi.org/10.1016/0370-2693(76)90648-1
http://dx.doi.org/10.1103/PhysRevD.24.110
http://dx.doi.org/10.1103/PhysRevD.44.3635
http://dx.doi.org/10.1103/PhysRevD.44.3635
http://arXiv.org/abs/0407189v2
http://dx.doi.org/10.1103/PhysRevD.58.017301
http://dx.doi.org/10.1103/PhysRevD.54.3414
http://dx.doi.org/10.1103/PhysRevD.54.3414
http://dx.doi.org/10.1103/PhysRevD.59.013011
http://dx.doi.org/10.1103/PhysRevD.59.013011
http://dx.doi.org/10.1103/PhysRevD.82.013006
http://dx.doi.org/10.1134/S1063778809080122
http://dx.doi.org/10.1134/S1063778809080122
http://dx.doi.org/10.1016/S0370-2693(98)01556-1
http://dx.doi.org/10.1016/S0370-2693(98)01556-1
http://dx.doi.org/10.1142/S0217732311034694
http://dx.doi.org/10.1142/S0217732311034694
http://dx.doi.org/10.1103/PhysRevA.69.052117
http://dx.doi.org/10.1103/PhysRevA.69.052117
http://dx.doi.org/10.1103/PhysRevA.72.032110
http://dx.doi.org/10.1103/PhysRevA.72.032110
http://dx.doi.org/10.1103/PhysRev.47.777
http://dx.doi.org/10.1103/PhysRev.47.777
http://dx.doi.org/10.1142/S0217732310032706
http://dx.doi.org/10.1103/PhysRevA.55.R2539
http://dx.doi.org/10.1016/S0550-3213(97)80768-7
http://dx.doi.org/10.1007/BF01336768
http://dx.doi.org/10.1016/j.physletb.2008.04.062
http://dx.doi.org/10.1103/PhysRevD.45.2414
http://dx.doi.org/10.1103/PhysRevD.45.2414
http://dx.doi.org/10.1103/PhysRevLett.92.127903
http://dx.doi.org/10.1103/PhysRevLett.92.127903

