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Some models of geometric noncommutative general relativity
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Using the Fedosov theory of deformation quantization of an endomorphism bundle we construct several

models of pure geometric, deformed vacuum gravity, corresponding to an arbitrary symplectic non-
commutativity tensor. Deformations of Einstein-Hilbert and Palatini actions are investigated. Coordinate
covariant field equations are derived up to the second order of the deformation parameter. For some
models they are solved and explicit corrections to an arbitrary Ricci-flat metric are pointed out. The

relation to the theory of the Seiberg-Witten map is also studied and the correspondence to the spacetime
noncommutativity described by the Fedosov *-product of functions is explained.
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L. INTRODUCTION

The present paper is dedicated to a study of some
possible global and geometric models of relativity on non-
commutative spacetimes within the framework of Fedosov
deformation quantization of an endomorphism bundle. The
motivation for such investigation originates in the convic-
tion that whatever ‘“‘noncommutative gravity”’ would be,
it should preserve the basic symmetry of the classical
theory—the full diffeomorphism invariance. Presented
analysis aims at showing that Fedosov quantization of an
endomorphism bundle can serve as a tool for building
geometric field theories on noncommutative spacetimes.

The general strategy we are going to adopt can be
summarized in the following steps.

(1) Take some symplectic manifold and an action on it

which leads to the general relativity.

(2) Rewrite the action by representing the Lagrangian
as a product of endomorphisms of some bundle.

(3) Replace the product of endomorphisms by a
Fedosov *-product of endomorphisms.

(4) Replace the integral by a Fedosov trace functional.

(5) Do the variations to obtain the field equations.

(6) Observe that steps 3 and 4, together with results of
[1], infer that the theory is locally equivalent to the
theory with the Seiberg-Witten map applied on
endomorphisms.

There is vast literature concerning construction of non-
commutative gravity by means of the Moyal product and
the Seiberg-Witten map. Hence, one can point out a series
of works [2—4] based on a combination of infinitesimal
s0(3, 1) gauging with infinitesimal coordinate transforma-
tions, preserving (at first order of deformation) a constant
deformation parameter 6. Another approach is given
by [5-9], where SO(4, 1) [or U(2, 2)] symmetry is inves-
tigated. In such a setting, the gauge potential carries
information about both the tetrad field and the usual
SO(3, 1)-connection. The standard gravity is recovered
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by the procedure of contraction of the gauge group.
There are also investigations based on some variants of
SL(2, C) symmetry [10,11]. The common feature of all of
these approaches is vanishing first-order corrections to the
field equations. On the other hand, the common issue is
the lack of diffeomorphism invariance." More general
types of noncommutativity were also studied—e.g., a Lie
algebraic one [14] or given by the Kontsevich theory
[15,16]. In [17] theories based on the Moyal product and
the Seiberg-Witten map were geometrized. The resulting
structure is invariant under passive diffeomorphisms, but
at the price of nonassociativity of the corresponding
x-product. One should also mention some other approaches
to noncommutative gravity related somehow to *-products
and the Seiberg-Witten map. These are [18-23], where
the method of Lie algebra twisting has been used to rep-
resent deformation of diffeomorphism symmetry. One of
the remarkable results of [20] is the construction of an
action which is geometric (i.e. described by globally
defined 4-form) being simultaneously invariant under de-
formed diffeomorphism symmetry. Finally there are inves-
tigations which are strictly related to some particular
models emerging in the context of the string theory, e.g.
[24,25].

The paper is organized as follows. In Sec. II a brief
overview of results of the Fedosov construction is pre-
sented, and also some further conventions are fixed. In
Secs. III and IV deformations of Einstein-Hilbert and
Palatini actions are investigated. The fifth section is de-
voted to analysis of the interrelation between presented
models and the theory of the Seiberg-Witten map. We also
clarify how obtained results are related to the noncommu-
tativity of the spacetime described by the Fedosov
x-product of functions. Finally some concluding remarks
(Sec. VI) are given.

'We are going to distinguish passive and active diffeomor-
phism invariance (compare e.g. [12,13]). Here we mean non-
invariance in both above senses.
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II. PRELIMINARIES

A. The Fedosov construction

The main tool used in this paper is the Fedosov con-
struction of deformation quantization of an endomorphism
bundle formulated in [26]. We are not going to concern
ourselves with technical or ““internal” details of this theory
(which are interesting and beautiful in their own) but rather
to make use of some of its particular results. Interested
readers may find a short exposition of the Fedosov con-
struction in its simplest form, suitable for present purposes,
in [1]. Further geometric and algebraic interpretations are
provided by [27,28]. Some other analysis and examples
can be found in [29-31]. Thus, we limit ourselves to the
very brief, notation-fixing description of the Fedosov
*-product.

The starting point is given by the Fedosov manifold
(M, w, 85) i.e. the 2n-dimensional symplectic manifold
(M, w) with some fixed symplectic (torsionless and pre-
serving ) connection 95 [32,33]. The corresponding
Poisson tensor (given by the inverse of w;;) is going to
be denoted as A"/. These data generate2 global, geometric,
and associative deformation of the product of functions on
M. Tts explicit form can be computed up to an arbitrary
power of deformation parameter & (which has nothing to
do with the Planck constant in our context) by means of
Fedosov’s recursive techniques.

For the vector bundle £ over M, equipped with a
connection 9¢, one can construct global, geometric, and
associative deformation of the product of sections of
End(£). Locally it can be understood as a deformation of
product of matrices. Denoting by d = 95 ® 1 + 1 ® 9¢ the
connection in T’M ® £ (and by the same symbol its natural
extension to any other tensor product of T’M, T*M, &, and
£") one may calculate that for arbitrary two sections F,
G € C*(End(&))[[A]], the Fedosov *-product is given up
to h? by the expression

ih
F*G=FG — %A”baaFabG

h2
- §Aﬂb/\cd({a,,F, R¢}9,G + 0,F{RE,, 0,G}

+ 0,00 F 34,04 G) + O(h3), (1)

where RS, =214 — -5 T¢ + [T, T3] (for 9f = -2 +T%)
is the curvature of 9¢, and {:, -} stands for the anticommu-
tator. Itis clear that in the above formula the usual product of
endomorphisms (noncommutative from the beginning)
has been used. For the special case of flat 9 and the local
frame with 'Y = 0, the Fedosov *-product of endomor-

phisms becomes a product of matrices with commutative

Precisely, one has also to fix curvature and the normalizing
condition for the Abelian connection generating the Fedosov
#-product [26]. Within this paper, standard normalization u = 0
and curvature {} = —w are used.
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multiplication of entries replaced by the noncommutative
Fedosov product of functions. Such product of matrices is
going to be denoted as *g. (The same symbol will be used
for the Fedosov product of functions). If additionally 9% is
flat and we work in local Darboux coordinates for which
coefficients of 9% vanish, then the Fedosov product of
functions becomes a Moyal product *;. Thus, in such a
special case, we are dealing with multiplication used in [34]
for the description of deformed gauge transformations.

The object which needs some more attention is the
Fedosov trace functional (sixth section of the fifth chapter
in [26]). Given some Fedosov product * one is able to
construct a trace functional tr, taking values in C[[/]] and
acting on compactly supported sections belonging to
C*(End(&))[[A]], with the property

tr.(F *G) = tr.(G * F). (2)

If one requires additionally, that for arbitrary (global or
local) isomorphism M between *-algebras with products *;
and *, [i.e. for M fulfilling M(F *; G) = M(F) *, M(G)],
the relation

tr., (F) = tr., (M(F) 3)

holds, then it follows that the trace functional is unique up
to a constant normalizing factor. The proof of this fact
relies (1) on the observation that for the Moyal product
the trace is given by

tr, (F) = constf Tr(F)wf, 4)
R n!

where Tr stands for the trace of a matrix, and (2) on
possibility of representing tr, in terms of traces on Moyal
algebras by a partition of unity {p;} and a compatible set of
local isomorphisms {M;} between * and the Moyal product.
It turns out that tr, is independent of the particular choice
of {p;} and {M;}. Unlike the convention of [26], we fix the
normalizing constant to be equal to 1. The construction
presented in [26] enables calculation of an explicit form of
tr,. Up to A2 it reads’

ih
tr,(F) = f Tr(F+’—AabR§bF
p 2
3 n
+ hZ(— AL AR, RE, + szl)F + 0(h3))%,

(&)

where 1 is the identity endomorphism and the scalar*

*The computation leading to (5) is quite laborious as one has
to deal with connection coefficients which in the final step
massively cancel and the remaining terms can be grouped to
yield tensorial expressions. Large parts of this work have been
performed with the significant use of XACT tensor manipulation
package [35].

Index , corresponds to the presence s, at 42. Such a defined
scalar is a symplectic part of what is called trace density in [26].
With similar conventions s; = 0.
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Lovtan nearpt 3! L b hcdas 55
52=aA A Rlabchd_'_EA A“CO05R peq (6)

si
has been introduced for the sake of simplicity of further notations. In the above formula R}, stands for the curvature tensor
of 9. It is useful to write down the explicit form of tr, (F * G). Substitution of (1) into (6) after some manipulations yields5

ih
tr.(F * G) = f Tr(FG + %A“”Rib{F, G}
M

cd]

1 3 n
+ hzl:stG - §A”bA“d(R§b[aCF, 94G] = 9,00 F34,09G — ER[fabRS {F, G})] + 0(h3)>“’—'. (7
n:

B. Some further conventions

The important problem related to the program pre-
sented in the introduction is the incompatibility of the vol-
ume forms. In (5) the symplectic volume form volg = ‘;’—,I
must be used, and in general relativity the metric one
voly = /=gdx' A... A dx*" more or less explicitly ap-
pears. Since the two must be proportional one can write
voly, = vvolg defining the function v:) M — R this way.
The above-mentioned incompatibility should be handled
somehow, and in what follows two possible approaches are
investigated. First, one can simply rescale one of the endo-
morphisms by multiplying it by v. Thus, let us fix the
convention that F = vF. The other option is given by
introducing endomorphism V = v1, which multiplies the
endomorphism under the action. Both methods are com-
pletely equivalent at the undeformed level, but become
different after deformation.

Let us also point out the following issue concerning the
tangent bundle 7M. In presented models it appears in two
distinct roles. First as a “‘component” of bundle £, and then
as an object which carries information about the symplec-
tic structure and the covariant derivations producing quan-
tization formalism. This distinction becomes important
when applying covariant derivation to tensors involving
indices from both copies of 7M. The 9 connection acts in
this case by means of 9 (which is going to be chosen as
a metric connection) and the symplectic connection 9%
respectively. Thus, one needs some way of ‘“marking”

5The formula has been rearranged to explicitly exhibit sym-
metry tr,(F * G) = tr,(G * F). For the term at & this can be done
quickly using integration by parts and definition of R¢. For terms
at h% one can proceed in the following manner. (1) Take what
appears at h? after simple substitution of (1) into (6). Let it call
h?Q(F,G). (2) Rewrite it as h>/2(Q(F,G) + Q(G, F)) +
h?/2(Q(F, G) — Q(G, F)). Drop the antisymmetric part. (3)
Check that discarded terms are indeed equal to zero (as they
should be, by the construction). When integrated by parts, the
terms with a single covariant derivative of R vanish by virtue of
the Bianchi identity, while the ones with double 9 can be
replaced by R and, in turn, sum up with remaining terms to
give 0. Such calculation can be treated as an additional verifi-
cation of the formula (5).

indices which should be differentiated by 9¢ and we are
going to put a prime on them (e.g. R im)- Lhe ambiguity
may be also postponed by using index-free notation for
endomorphisms, and this approach is also used. Finally,
the primes are omitted in the field equations, as they are no
longer needed and may tend to obscure the result.

Finally, let us mention that all indices in subsequent
sections are manipulated by means of corresponding met-
ric tensors [with the exception of relations (10d)-(10g),
(11), and (12) where the undeformed part of the metric is
used; this is also recalled within the text]. These metric
tensors are g,, and also 7,5 for the case of deformation
of the Palatini action. To avoid ambiguities (or even in-
consistencies), we abandon the convention of using the
symplectic form for raising or lowering indices. All for-
mulas taken from the Fedosov theory are rewritten in such
a manner that they do not involve manipulation of indices
by means of symplectic form.

III. EINSTEIN-HILBERT ACTION

Now, let us analyze some possible applications of
the Fedosov theory in the general relativity on noncommu-
tative spacetime. We are going to proceed using the pro-
gram sketched in the introduction and assuming that
symplectic form @ and compatible symplectic connection
95 are fixed. First, let us focus on the Einstein-Hilbert
action. Thus, there is a metric g,, with determinant g, its
torsionless Levi-Civita connection V, Riemann curvature
tensor R? peq (@180 used with all indices primed6 RY bleld)>
Ricci tensor R, = RC'a,C,b,, and Ricci scalar R. Field
equations are going to be derived by the variation of the
metric.

Let us introduce the notation R b= RY y and
Ra’b’
= cd
guishing between endomorphisms R, R and the scalar R).
Also, let

11! . . . .
= R4 g~ (This becomes convenient when distin-

SAs we use exactly the same frame (e.g. coordinate one) for
both primed and unprimed indices we can consistently define
primed tensors from unprimed ones and vice versa. The prime is
used only as a marking for covariant derivation 9.
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iK'l — ALij A ab] pk'l!
yiik'l = Alij AablR b

il gl n s 1y sl 1y
XK = A[abAcd]Rl]abRk/Cd — Rl]abyabkl

|,
Z= TgA’fz\klal.sa,faf.afﬂ/_—g.

A. Deformed actions and field equations
1. R as an endomorphism of T’M
The Einstein-Hilbert action can be quickly rewritten as

a)Vl

SEH]A = fM TI'B n .

Sen, =tr., (R) = f TT(R + hz(‘
e, y

3 %
gA[ahAcd]Rgbed + sz)g + 0(h3))
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Thus, we are going to treat rescaled Ricci tensor R by =
vR” , s an endomorphism of £ = 7M. In order to define
the *-product of endomorphisms one needs some connec-
tion in &. Let us fix ¢ = V and consequently R¢ is given
by the Riemann tensor. The corresponding *-product is
going to be denoted by *gy . Under these assumptions the
deformed action is given by

n

w
n!

3 ! ! !
— fM(R — XK R+ IR + 0(h3)>volM.

Variation of the metric yields the following field equations:

1

3 1 1
Rab _ _gabR + h2|:§(_R(aleb)kl + ERlclxlmmkgab + vkv(axb)llk _ v[leakkb _ Egabvklekmml

2

1
2

I
— 2V, VR, YD) + 2vkv,(kayl<amh>)) — S 8RSy + Rs, + gV, - V“V”sz] + o) = 0.

2. R and V as endomorphisms of T’M

Now, keeping an unmodified *-product structure given by *gy , we are going to investigate another possibility of forcing
correct volume form at 7 = 0. The Einstein-Hilbert action written as

SEny, = f
M

. 1 :
S gryy = ey, (R ¥py, V) = [M Tr(gv + h2(— gA“"/\Ld(a(aac)ga(,]a,j,)v +3RE ,RE,RV) + szgv) + 0(h3))—'

may be deformed into’

n

TrrV Z-
n!

wl’l

n.

3 roqr / 1
= ] (R - gthk l/l m/Rm % - gth“bACdagégagafR + h2S2R + 0(h3))V01M
M

Then, the field equations become

1

1 3 1 1
Rab _ _gabR + h2|:§<—R(aleb)kl + ERklxlmmkgozb + vkv(axb)llk _ Evlvl}(akkb _ 5gabvkvl)(kmml

2
1

Lo
— 2V, VR, YD) + 2V, (Rk" Yl<amh>)) " g(—Rabz +VOVIZ = g VIZ + 2 g AFAIa af,,af.a,SR)

1
— S8 Rsy + Rs, + gV, Vs, - V“V”sz] + 0(h%) = 0.

"The term with 99 RI,d4V is integrated by parts twice, then the covariant derivatives are commuted with the trace and the

torsionless property of 9% is used to get rid of symmetrizations.
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3. E as an endomorphism of T'’M ® T'M

This time, we start with the action
. w"
S EH,, — f TI'B* .
M —n!

Here, the rescaled Riemann tensor is treated as an
endomorphism of £€=TM®TM whose action on

8 by, = tray, (B) = fﬂ Tr(g T h2<— >

Aleb AcIRE RE, + sz)é + 0(h3))w—
ae = n!
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IETMOTM yields (R =wvR™ , 1. As a
connection in £ we take 9 =V ® 1+ 1® V. Its curva-
ture is given by RS, =RY,® 1 + 1®RY,, with RY,
being the curvature of V treated as an endomorphism
of TM. Let #gy, be the corresponding *-product.
Thus

n

3 ! ! ! ! ! !
= [M(R - th(Xk LR+ XK R )+ RsoR + 0(h3))volM,

yielding

1 3 1 1 1
Rah _ 7gahR + hzl:Z(_R(uleh)kl + 5Rkl)(lmmkgah + Vkv(axb)llk _ 5vlvl)(akkb _ Egubvklekmml

2

1 )
_ 2vkvl(R(amYlb)mk) + 2vkvl(kayl(amb)) + kal(axb)mkl + 5Vkvl)(k(ab)l + 2vkvl(Rm1k(aYb)lmj)

2

1 . 1
+ le’”ijJlkmg“h) — ig‘”’Rsz + R%s, + gV ,V'is, — V“VhSZ] + o) =0.

4. R and V as endomorphisms of T'M  T'M

Analogously to Sec. III A2, one may keep the product *5y, unchanged, but rewrite the action using V

"
SEHZB = [3\4 TI'BVF

After the deformation the action takes form

. 1
S bty = ey, (R ¥y, V) = fm Tr(gv + hz(— gA“bAcd(a(aac)ga(,,ad)v +3RE ,RE,RV) + szgv) + 0(h3))

wl’l

n!

3 ;o / VR ™ 1
= ] <R - th(Xk l/l m/Rm ¥ + Xk l/m p/RlP k’m/) - gth”bACdagagagéfR + h2S2R + 0(h3))V01M
M

The field equations are given by

1

1 3 1 1
Rab _ _gabR + hZI:Z (_R(aleb)kl + szIlemkgab + vkv(axb)llk _ Evlvl}(akkb _ Egabvkvl)(kmml

2

1 )
_ zvkvl(R(amYlb)mk) + zvkvl(kayl(amb)) + kal(axb)mkl + 5vkle'k(ab)l + 2vkvl(ijk(aYb)lmj)

2

1 : 1 1 4
+ —R’mijJlkmg”b> + g(—Rabz + VeVPhZ — gV \V'Z + EgﬂbAJkAlmafafnaf.a,SR)

1
- EgabRS2 + RabSZ + g“bvlvlsz - V“Vbsz] + 0(h3) = 0.

B. Structure of deformed theories

Let us briefly comment on formulas obtained in the
previous subsection. In all cases the h' terms in de-
formed actions have vanished due to RY,,R!, =0.
Also, in all deformed Lagrangians one is dealing with a

(2
h> L, = h’s,R term, originating in the part of the trace

formula (5) generated by the curvature of symplectic
@
connection. L gives rise to the field equations by the

expression

1
- Eg“hRsz + R%s, + gV Vs, — VeVPs,,

065005-5



MICHAL DOBRSKI

and describes interaction of the metric g,, with symplectic
connection, which defines s,.
Now, let us write Lagrangians (with respect to voly,) as

A 2 )

‘EEHIA = LEH + hzﬁé + hzﬁs + 0(/’[3),

A ()] 2

‘EEHIB = ‘EEH + h2££*EH1V + h2£s + 0(]’13),
~ ()] )

£EH2A = 'EEH + hzﬁg + hZLS + 0(/13),

N ) @
Ly, = Len + h2£§*m2v +h2 L+ 0(h),
@ @ @

R. Hence, LE’ ££*5H1V’ Lg, and £§*EH2V
represent terms produced by the part of the trace gene-
rated by RE. It follows that choosing & =TM and
_ 3k I '

gX 14 m/Rm k'

@)

R produces Ly

with LEH

9 (2)
R as the endomorphism yields £~ =

while taking E=TM®TM and R
—3x~," R™, + XK, p,Rll )- Thus one can write

©) v}
. L L _3yk m Ip'
the relation L =2L;—3X°,"™ R'7,, .

from endomorﬁhism rescaling to multiplication by
@

V influences the deformed Lagrangians by £§*EH1V =

@ @ @

Ly —gh*AA05050507R,  and  Lga,, v =Ly -

LR2A® A 535 5595 SR, B
@
The term L contributes to the field equations by

Switching

3 a 1 m a a
§<—R( X PR+ ERk,xlm 8% + V, Vlax?h) Ik

_ %vlleakkb _ %gabvklekmml
— 2V V{(R@,,Y )Y + 2V, V (Rk" Yl<am”>)).
Analogously, from — 3 X¥ l,’”/P,R"”/ 4,y ONE obtains
% ( Ry, laxbm 4 % V, VXKD 4 27,V (RmiKayd! )
+ %le WX g“b).

Finally, the expression — ¢ h* A®? A<9795395R is respon-
sible for

1(—13“"2 +Vavbz — gV \V'Z
8
1 ,
+ Eg“bA/"Almagafnaf.a,SR),

being the second source of terms involving symplectic
connection.
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C. Corrections to the metric
In all considered cases, field equations are of the form
Gy = Wy, + O(h?), where G, = R, — 1Rg,, is the
Einstein tensor, and the term W, is of 4 orderi.e. W,, =

(2)
h*W,;, + O(h%). Let us investigate how W, influences the
metric. For this purpose one can rewrite g,, as a formal
power series with respect to &

(0)

8ab gab+hgab+h gab

Coefficients of Levi-Civita connection corresponding to
gqp can be written as

0a Ha 2a

re, =T , +hl 4, + KT , +

One can quite easily calculate that

© o o
o 1 tO)ak(a 8kb |, 98ke agbc)
r + — 8a

be =28 ox " oxb axk (8a)
a Lo ) M O )
e = 2g (V 8+ Vp&ie = Vi&he), (8b)
@a 1 wak,& o (OB (I ©Oak1)

=58 (Vegin + Vigre = Vo) — & gklrbc’ (8¢)

o e . .
where V denotes Levi-Civita connection of metric i%a,,
2)a
Observe that F »e and I' . are tensorial objects. Hence,

for the Riemann tensor

0a

R .= R bcd+hR bea T h? R bed T °

one obtains

a 0) (l)u

R bed = 2v[c dlb> (9a)
2a [(O©)] (l) (1)

R peq =2V I, + 2T k[LF dlb> (9b)

0a
and R ;.4 is the Riemann tensor of metric gab Substituting

above relations into field equations and analyzing terms at
h° and h' one calculates that
©

Rab:O

O )

¢ (Vk a8bl T vkvbgal

(10a)

0) (0) (0) 0)

vkvlgah

(1)

V.V,81) =0,
(10b)

©
where R, is a zeroth order term in power series expansion

of R,;, and also a Ricci tensor of (:g)')ab. For h? the following
relation can be derived:

k] ) () ) ) (0) @ ) () ) (ORNO)] )
(Vkvagbl +ViViegu = ViViga, = ViVigi)
@ 1 o © Wkl
=2Wu, — fgabW —4r l[kr bla
n—1
ork@ Wl
+4g V. (Upa8u) (10c)
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@ (ors® @ . .
where W = g W,,. The term W, is given by the following formulas® for:
(1) Sem,,
@ 3/0 © © Kk 1O Ol k lo © © ok ml o © ol © ©
Wa = ~3 ViVieXpy — Evzv Xak b~ 5 8ab Vi X m )= 8 ViV 52+ V,Vys,, (104d)
(i) Sgu,,
) 3/ © © Ik 1© Ol & lo © © ok ml 1/© © © o © Ol o © Ol 0 ©
War =~ 3 ViVieXpy — Evlv Xak b — Egabvkle m |73 VVZ =8 VIV Z) = 8 ViV 53 + V,Vysy,
(10e)
(iii) Sea,
&) 3/0 © © [k 10 ©lo) & lo © © ok mi 0) © mk 1© © ok [
ab = ~ 7\ VaViaXoy T Vi Xak b _Egab KViXom R, Xp) l+§vkv1X (ab)
0 O fomjk © 1 1 olm 0jk © o © [OF 0) (0
+2ViVIAR (o Ypy mj) T ER X 1 m&ab ) — &b ViV 2 + V,Vys), (101)
(iv) 'SEHZ,,
10 0! log © © 0k ml  © 1 © mk 1© © ok 1 O O omjk © I

6) 3/0 © © Ik
kYA

W = 7 ViV Xp) _ivlv Xakkb _Egah WViXom

L 1%/;11 ()(? ik 1 © © o o @ 0l
A kX | m8ab | —
2 J

g(vavbz — 8w V/\V Z)

Oijkl (©)ijkl (0 .
where X , Y , Z are zeroth order terms in the power

series expansion of X;;;, Y;jy, and Z, which can be ex-
i ©
pressed by means of R j;; and g;.

Thus, in all cases equations which describe a deformed
metric are of the same structure. At h° one is dealing

with an arbitrary Ricci-flat metric ?ab. The h'! correction
(é)ab can be understood as a classical’ (undeformed) first-

order perturbation of (gab, governed by the linear homoge-
neous equations (10b). Noncommutativity appears for the
first time at 42. Correction ?ab is given by linear, inhomo-
geneous equations (10c). The homogeneous part of (10c)
is expressed by the same linear operator as that of (10b).
The inhomogeneous part consists of two groups of terms—
the one describing interaction with first-order perturbation
(é)ah, and the other given by W, with purely noncommu-
tative origin. Discarding the first-order classical perturba-

tion by putting (glg)ab = (, we are able to point out a special
solution of (10c) for actions Sgy,, and Sgy,,. It reads

8In Eqgs. (10d)—(10g) indices are manipulated by means of
metric gab.
9Arguments leading to (10b) are essentially identical to stan-

dard calculations concerning small perturbations of classical
vacuum relativity, e.g. in shortwave formalism ([36], Sec. 35.13).

+ Rim o Xp) 1+ EVszX @) T2ViVI(R (V) 1))

0) (0! 0 (0

— 2 ViVs, + V, V5, (10g)
) 30 k 1 3 0 km\g
Qab = _gxak b~ m(sz - Exmk )gab (11)

for SEH]A . and

@ __3()(gk_ 1 (
& ab 8akh n—1

3 0 km\q
8 Z R ka )gah
(12)

n 0
for Sgy,,. [Here, like in (10d)—(10g), indices at X are
manipulated by (gg)ab]. Let us observe that the difference
between the above solutions and the other arbitrary solu-

tion of (10c), with ‘é’ab = (, must be a solution of a homo-
geneous variant of (10c). Thus, such a difference may be

interpreted as a classical perturbation of metric (g?)ab. For
this reason one can regard (11) and (12) as the solutions
carrying full information about the considered noncommu-
tativity at h°.

IV. PALATINI ACTION

Now, let us switch to the Palatini formalism with the
connection and the tetrad field as separate dynamical
variables. Thus, one is dealing with the vector bundle £
for which SO(3, 1) transformations preserve the canonical
form of the Lorentzian metric 745. The bundle L is
equipped with some metric-compatible connection L.

Its local coefficients are denoted as I'Z and are
~
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antisymmetric in 4%, The corresponding curvature is given
by RAB..' The bundle £ is taken to be L ®TM.
-~ L

The tet;ad field 64 , induces the metric g, =
64 map0®, and the metric connection V in TM (not
necessarily torsionless). Local coefficients of V can be
computed from the expression Fi'j,k =0 A"/I:ABkHBj, +
0 A"/ﬁﬁ/‘j,. The curvature tensors are related by
Ri/j’kl =0 Ai'IjABklﬁBj,. As a connection in £ we choose
0=0L®1+ 1®V. These data encode the *-product *p.

We are going to make use of the following two endo-
morphisms of £ ® TM: R, i.e. rescaled'® by the v version

of RA “’b (defined by the curvature of 9 and the tetrad
~ B /

which raises index a’), and © given by @47, = 6496,
As a starting point one may take the following version of
Palatini action:

n
spzf RO~
M~ n!

The deformation procedure yields a particularly simple
expression due to 9;0 =0, Tr(be{Ij, ®}) =0, and

Tr(RS,RE AR, ©}) = 0,
SP = tr*P(Ig *p @)
= f Tr(RO® + h%2s,R0O + O(h))voly,. (13)
Mmoo~ *

The variation with respect to 66 leads to the equations

1
(1 + h2s2)<Rah - EgubR> + 0(/’[3) = 0, (143.)

clearly equivalent (up to /%) to the condition R,;, = 0. The
variation of the connection field 6" produces'!

h? d
(1 + h25))Q1,, = ——— 89, -2
n

skl + 0(n?),

(14b)

where Q¢, =1T1¢, —1I¢,  is the torsion tensor of the
connection V. Thus, one obtains the theory with vanishing
Ricci tensor and nonvanishing torsion generated by the
scalar s,. A quick calculation shows that the trace-free
part of Q¢ is equal to zero. Equation (14b) means that for

'“The function v modifying R is taken with respect to the
metric g,, induced by the tetrad. Obviously vol,, and the volume
form given by the determinant of 6 coincide in such case.

""The variation gives

ow ow
w(l,, —T%,) = 5ca<@ - ded“’) - 5Cb<(:)xa - Fdadw)
with the tensor density w = ./=g(1 + h’s,). Contraction of this
relation enables expressing I'?_, in terms of 'Y, , leading in turn
to (14b).
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0a Ma 2(z)a
a —
Q% =Q pe T hQ e+ h7Q p + ...
0a ha

one has Q ,. = Q ;. = 0 and

1 8s2

6) _
Qe = 7%

Connection coefficients for V are given by

1 Igpk , 98ck  98&he
re,. :Egak( X + o ox + Opie T Qekpr — kac)'

0a (Ha
Hence, I ,. and I' ;. are still expressed by relations (8a)

2)a
and (8b). For I' ;. one computes that

Qa 1 wak, & o O o O oakay W
e = 58 (Ve + Vigie = Vi&se) = & &ulbe
1 as2 0 (Oak 652)
b (50, B2 g gekO%2) 15a
2(n — 1)( axP 858 dxk (152)

Corrections to the Riemann tensor are again given by (9).
Substituting them to R,, = 0 we obtain that for #° and A!
relations (10a) and (10b) remain valid. However, equations

for ((é)a,, take the following form:

o9 O o 0 O, 0 o, 0 o,
g (ViVegn + ViVoga = ViViga, — Vo Vigu)
0 O 1 o on® © wk Wl

=2V, Vs, + 88 ViVisy =4 kI

UL

(0)
+ 49V (T 0 2i). (15b)

Like in the case of Einstein-Hilbert action, one can easily

guess special solution of (15b) by requiring that ‘§ab =0,
i.e. that classical first-order perturbation vanish. It reads

@) 1 ©

gab = T 528ab (16)

(Ha 2a
For such case the correction I" ;.. is equal to zero, and I" ..

is given by

) 1 95,

%= BETCE) ¢ (17)

boxe

Repeating arguments of the previous section, one can point
out that the other arbitrary solution of (15b), with iglw)a p» =0,

differs from (16) by a classical perturbation of igor)u,,. Let
us observe that since deformation of the action given by
(13) depends up to h* solely on s,, then corrections
(16) and (17) are also expressible in terms of s,. Now, s,
is related to the curvature of 95 by the formula (13). In
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particular this means, that for the Moyal case of flat 95, one
is dealing with undeformed theory even at h.

V. RELATION TO THE THEORY OF
THE SEIBERG-WITTEN MAP

Let us explain how proposed models can be understood
in terms of the theory of the Seiberg-Witten map. This
becomes quite straightforward when one combines results
of [1] with the property (3). Indeed, what [1] states is that
the Seiberg-Witten map is a local isomorphism of
x-product algebras, while the relation (3) says that the trace
functional is invariant on such isomorphisms.

More precisely, suppose that one prescribes to each
frame e in & *-product isomorphism M ,, which transforms
the initial global product * to the local one *g. (Recall that
*¢ 1s nothing but matrix multiplication with the commuta-
tive product of entries replaced by the Fedosov *-product
of functions). Thus

M) (Foy * Goy) = M) (Fp) %5 M) (Gypy),

where F,, G,y are matrices representing endomorphisms
F and G in the frame e. It turns out (Sec. IITA in [1]) that if
we switch to a different frame & = eg~!, then M, and
M ; are related by

M (Fe) = 8e)(8 T9) %5 Moy (Fioy) 5 &,y (g, 1), (18)

with 8(,y(g, I'®) = g + O(h) dependent both on g and con-
nection one-forms I'¢ in the frame e and their derivatives.
Moreover, if we combine two gauge transformations, then
g fulfills ““consistency conditions” (compare [37,38])
given by

88’8 T%) = 25(g gTCg™ ! + gdg™") 5 81 (g, T).
(19)

Thus, M and g behave exactly like the Seiberg-Witten map
[34]. Indeed, if M is set up with Fedosov’s techniques of
generating *-product isomorphisms, then one can com-
pute12 M and g, and for the case of *g¢ given by the
Moyal product *7, obtain results which are well-known
expressions for the Seiberg-Witten map (Sec. IV in [1]).
We are going to rewrite investigated actions in terms of
the Seiberg-Witten map. Let M(F) = F, as it is justified by
relations (19) and (18). Also, let us separately distinguish
the Moyal case of *g = ., for which 9* is flat, one works in
Darboux coordinates with coefficients of 9 equal to zero,
and the trace functional tr,  is given by the integral (4).
Suppose that supports of endomorphisms under considera-
tion are small enough to be covered by a single frame in &,

>The Fedosov construction enables computation of the
Seiberg-Witten map, up to arbitrary order in A, by its recursive
techniques. This situation is rather different from the usual
framework, where the Seiberg-Witten equations must be solved.
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and—in the Moyal case—by a single Darboux coordinate
system. Then, due to property (3), actions considered in this
paper can be locally rewritten as follows:

Arbitrary g K = kg

Sen,, = tr, (R) S TH(R)A>"x
SEH,B = tr*S(E #5 V) S Te(R 57 V)d?"x
Sen,, = tr, (R) o Tr(R)d* x

24 s\= R =
SEHM = tr*s(g *g V) IRZ” Tr(g *p V)dz"x
Sp= tr. (R #5 ©) Jien Tr(R %7 ©)d?"x

Let us observe that such a setting clarifies how considered
models are related to the spacetime noncommutativity
described by *g. Indeed, due to (2), above mentioned local
versions of action functionals are invariant with respect to
gauge transformations (18) realized by means of *g. Thus,
one is able to reasonably claim that models considered in
this paper correspond to noncommutativity of spacetime
generated by the Fedosov product of functions *g.

VI. DISCUSSION

We have obtained a number of nonequivalent geometric
deformations of vacuum Einstein relativity. They have
been analyzed at h” order, starting from the action func-
tional, through field equations, up to corrections to the
metric which have been explicitly given for the case of
:S’EHM, S’EH]B and Sp. Using the results of [1], we have
pointed out the relation between proposed models, the
theory of the Seiberg-Witten map, and the noncommuta-
tivity of the spacetime described by the Fedosov *-product
generated by symplectic form @ and symplectic connec-
tion 95.

The construction scheme we have adopted, relies on the
geometric deformation of the product of endomorphisms,
but it does not include deformations of other geometric
data like connection, tensor product, exterior algebra of
forms, or a contraction operator. (Approaches aiming at
modifying various structures of classical geometry in the
deformation quantization framework certainly exist. These
are e.g. [39—41]). The advantage of our approach consists
in immediate interpretation in terms of the Seiberg-Witten
map. On the other hand, the price is that the noncommu-
tativity does not appear as a fundamental structure mod-
ifying all the geometry, but rather may seem to be a kind of
“extra interaction” entering to action functionals via the
procedure described in the introduction.

The multiplicity of models arises as a consequence of
ambiguity in translating traditional action functionals to the
language of traces of endomorphisms of some bundle. From
the gauge simplicity point of view, actions Sgy,, and Sgyy,,
seem to be most straightforward as they correspond to the
natural GL(2n, R) gauging. On the other hand, action Sp
produces especially simple expressions for deformed field
equations and for corrections to the metric.
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The remarkable problem related to presented models
concerns incompatibility of the volume forms—metric
and symplectic ones. Both proposed solutions (rescaling
one of the endomorphisms and multiplication by V) seem
to be a bit unnatural. One can suspect that this problem is
related to fixing symplectic structure as a nondynamical
background. Notice, however, that the Fedosov construc-
tion provides a natural framework for the variation of the
symplectic data. Moreover, it could turn out that some
refinements to the Fedosov theory should be made, to put
the metric into the internal structure of the deformation
quantization procedure. Such considerations are hoped to
be covered in the author’s subsequent work.

Let us briefly discuss diffeomorphism invariance of
the proposed models. Clearly they are diffeomorphism
invariant in the passive sense, since all actions, field equa-
tions, and derived corrections to the metrics are given
in either explicitly global or coordinate covariant manner.
However, they are not invariant under active diffeomor-
phisms. Again, this issue originates in fixing symplectic
data as a nondynamical background. Such an observa-
tion is a further argument for considering the dynamics
of w and 95 as a natural next step within the Fedosov
formalism.

Because of the symmetries of the Riemann tensor, in all
considered cases imaginary terms at 4! have vanished. It
must be stressed, however, that we have no clear evidence
that the same stays true for other odd powers of /. Thus,

PHYSICAL REVIEW D 84, 065005 (2011)

some further analysis of the reality of proposed actions
should be performed. This suggests deeper investigation of
the structure of the trace functional, which seems to be a
rather difficult task (but not hopeless, as can be inferred
from Fedosov’s results [42,43] on relating tr.(1) to inte-
grals of characteristic classes of TM and End(€)). On the
other hand, construction of some appropriate involution
operator in the Fedosov algebra may be useful and it is also
a matter for the author’s further interest.

Finally one could be interested in how the present work
is related to the well-known existence of closed *-products
(compare e.g. [44]). First of all, the existence of such
products has been investigated for functions but not for
endomorphisms (to the best of the author’s knowledge).
Moreover, if one is going to treat the Seiberg-Witten map
in more or less fundamental manner, then nontriviality of
the trace is what should be expected. Indeed, as was argued
in the previous section, the nontrivial trace could be inter-
preted as the object carrying information about the global-
ization of the Seiberg-Witten map.
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