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Critical gravity on AdS, spacetimes
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We study the critical gravity in two-dimensional anti—de Sitter (AdS,) spacetimes, which was obtained
from the cosmological topologically massive gravity (TMG, ) in three dimensions by using the Kaluza-
Klein dimensional reduction. We perform the perturbation analysis around AdS,, which may correspond
to the near-horizon geometry of the extremal Banados, Teitelboim, and Zanelli (BTZ) black hole obtained
from the TMG, with identification upon uplifting three dimensions. A massive propagating scalar mode
S F satisfies the second-order differential equation away from the critical point of K = [, whose solution is
given by the Bessel functions. On the other hand, §F satisfies the fourth-order equation at the critical
point. We exactly solve the fourth-order equation, and compare it with the log gravity in two dimensions.
Consequently, the critical gravity in two dimensions could not be described by a massless scalar 6 F,,,; and

its logarithmic partner 5Ff‘0t2.
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L. INTRODUCTION

The gravitational Chern-Simons (gCS) terms in three-
dimensional (3D) Einstein gravity produce a physically
propagating massive graviton [1]. This topologically mas-
sive gravity with a negative cosmological constant A =
—1/I> (TMG, [2]) gives us the three-dimensional anti—
de Sitter (AdS5) solution [3]. For the positive Newton’s
constant G3, a massive graviton mode carries ghost (nega-
tive energy) on the AdSs. In this sense, the AdS; is not a
stable vacuum. The opposite case of G3 < 0 may cure the
problem, but it may induce a negative Deser-Tekin mass
for the Banados, Teitelboim, and Zanelli (BTZ) black hole
[4]. It seems that there is one way of avoiding negative
energy by choosing the chiral (critical) point of K = [ with
the gCS coupling constant K. At this point, a massive
graviton becomes a massless left-moving graviton, which
carries no energy. It may be considered as gauge-artefact.
However, the critical point has raised many questions on
physical degrees of freedom [5-12].

The gCS terms are not invariant under coordinate trans-
formations though they are conformally invariant [13,14].
It is known that the 3D Einstein gravity is locally trivial
and, thus, does not have any physically propagating modes.
However, all solutions to the Einstein gravity are also
solutions to the TMG,. Therefore, it would be better to
seek another method to find a propagating massive mode in
the TMG, since it is likely a candidate for a nontrivial 3D
gravity, in addition to the new massive gravity [15]. To this
end, one may introduce a conformal transformation and
then the Kaluza-Klein reduction can be used to obtain an
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becomes a gauge and coordinate invariant action. Sahoo
and Sen [16,17] have used the 2DTMG, to derive the
entropy of the extremal BTZ black hole [18] by using the
entropy function formalism (AdS, attractor equation).
When using the Achucarro-Ortiz type of dimensional re-
duction, it turned out that there is no propagating massive
mode on the AdS, background [19].

In this work, we will focus on the chiral point of K = [,
where a massive graviton ¥ turned out to be a left-
moving graviton %, [3,20]. Grumiller and Johansson
have introduced a new field 5 = al/Kz//%nl k=] as a
logarithmic parter of %, [6] based on the logarithmic
conformal field theory with ¢; = 0 [21-24]. However, it
was reported that /75" might not be a physical field at the
chiral point, since it belongs to the nonunitary theory. This
is so because (L, V) become a pair of dipole ghost
fields [25]. At this stage, we would like to mention that the
linearized higher dimensional critical gravities were re-
cently investigated in the AdS spacetimes [26], but the
nonunitary issue of the log gravity is not still resolved,
indicating that the log gravity suffers from the ghost
problem.

A few years ago, we carried out perturbation analysis of
the 2DTMG, around the AdS, background [27]. We
showed that the dual scalar 0 F of the Maxwell field is a
gauge-invariant massive mode propagating in the AdS,
background. Recently, we have studied the critical gravity
arisen from the new massive gravity by investigating
quasinormal modes to check the stability of the BTZ black
hole [28].

Hence it is interesting to study the critical gravity arisen

effective two-dimensional action (2DTMG,), which  from the 2DTMG,, which shows a fourth-order differen-
tial equation on the AdS, background.

*ysmyung @inje.ac.kr The organization of our work is as follows. In Sec. I, we
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Sec. III, we briefly review the perturbation analysis around
AdS,, which may correspond to the near-horizon geometry
of the extremal BTZ black hole obtained from the TMG,
with identification upon uplifting three dimensions. We
find an explicit solution of a physically propagating scalar
mode O F satisfying the second-order differential equation
away from the critical point of K = [. At the critical point,
in Sec. IV, the 2DTMG, turns out to be the 2D dilaton
gravity including the Maxwell field obtained from 3D
Einstein gravity, which shows that there are no propagating
modes. We exactly solve the fourth-order equation at the
critical point, and compare it with the log-gravity ansatz in
two dimensions. Discussion is given in Sec. V.

IL. 2DTMG ,
We start with the action for the TMG, given by [1]

1 3
- 73| Ry - 2A
167G, [dx g[ 3

Iy,

K 2
- —slm"rp,q<amrq,,p + grq,,,,rrn,,)], (1)

where ¢ is the tensor defined by €/./=g with "2 = 1. We
choose the positive Newton’s constant G; >0 and the
negative cosmological constant A = —1//>. The Latin
indices of [, m, n, - -+ denote three-dimensional tensors.
The K term is called the gCS terms. Here we choose the
minus sign in the front of K [17]. Varying this action leads
to the Einstein equation

Gun — KCpy =0, )
where the Einstein tensor is given by
R 1
Gmn = R3mn - Tgmn - l_zgmnr 3)

Lptvg, =

which is our main action to study the critical gravity in two
dimensions. Here R is the 2D Ricci scalar with R, =
Rg,“,/2, and ¢ is a dilaton. Also, the Maxwell field is
defined by F,,, = 20(,A,), and €*” is a tensor density. The
Greek indices of w, v, p, - -+ represent two-dimensional
tensors. Hereafter we choose Gz = [/8 for simplicity. It
is again noted that this action was actively used to derive
the entropy of an extremal BTZ black hole by applying the
entropy function approach [16,17,27]. Introducing a dual
scalar F of the Maxwell field defined by [13,14]

1
F=- €“'F,,, )

2J~¢8
equations of motion for ¢ and A, are given, respectively,
by

Lo > 2o
_ — + Zonv + = 3_ 7 wy
W [ d x,/_g(due eV B L BFF )
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and the Cotton tensor is defined by
c, =¢ebiV (Ry, — ! R 4
mn — €m P 3gn qun 3) ( )

We note that the Cotton tensor C,,, vanishes for any
solution to the 3D Einstein gravity, so all solutions of the
Einstein gravity are also solutions of the TMG,. Hence,
the BTZ black hole with K = 0 [18] appears as a solution
to the full Eq. (2):

dsi, = —N?(r)de*> + + r2[d6 + NO(r)dt], (5)

N2( r)

where the squared lapse N*(r) and the angular shift N?(r)
take the forms

216G
Nz(r)= —8G3m+l—2+—r23 ,

4G, j
NO(r) = — r23J'

(6)

Here m and j are the mass and angular momentum of the
BTZ black hole, respectively.

We first make a conformal transformation and then
perform Kaluza-Klein dimensional reduction by choosing
the metric [13,14]

dst = 2[gw,()c)dx“a’x +(do+A (x)dx")z] (7
because the gCS terms are invariant under the conformal
transformation. Here @ is a coordinate that parametrizes
an S! with a period 27rl. Hence, its isometry is factorized
as G X U(1). After the “6” integration, the action (1)
reduces to an effective two-dimensional action called the
2DTMG, as

f d’x(Re*"F,, + €*'F, ,FP°F,,),

32G;
(8)
R+—(V¢)2 V2¢ +E¢2+1F2 =0, (10)
? o) P 4 '
e’“’é,,l:d)F + g(R + 3F2):| = 0. (11)

The equation of motion for the metric g,,, takes the form

GV = b 4G 0F L (V0))+ 2T,

SV, V4 gl:glw(sz R %RF) - vaVF] —0

A

(12)

The trace part of Eq. (12)
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2 2 3 1 2 1 3 1 2
V2 — >+ - pF? + K(SRF + F3 + - V2F ) =
I 2 2 2
(13)

is relevant to our perturbation study. On the other hand, the
traceless part is given by

tu(5V0 5 (VoF) + =

AT ggw,VQF - EVMV,,F —0 (14

V.V,

which may provide a redundant constraint [19]. Now, we
are in a position to find AdS, spacetimes as a vacuum
solution to (10), (11), and (13). In case of a constant
dilaton, from (10) and (13), we have the condition of a
vacuum state

¢ 1,
(3KF + 2¢)( - oF ) —0, (15)
which provides two distinct relations between ¢ and F
l
¢ == EF . (16)

Assuming the line element preserving G = SL(2, R)
isometry

2 _ = Wy — 2 dr
dsygs, = &updxtdx” = v\ —rdt +7, (17)

we have the AdS, spacetimes, which satisfy

_ 2 - _ _
R=-2, ¢=u F=SF,=e¢. 18
v v

Here Fl() = 61140 - (90141 with AO = er and Al = (. This

background may correspond to the near-horizon geometry

of the extremal BTZ black hole (NHEB), factorized as
AdS, X S! as

2 ? 20, dr - 2
dsiNHEB =Z —-r dt +7+(dz+rdt) ) (19)

where v = [2/4 and z = 16/|e| with the identification of
z~ 27Tln Here n is an integer. As was pointed out in
Ref. [29], tLe NHEB is a self-dual orbifold of AdS;. This
geometry has a null circle on its boundary, and thus, the
dual conformal field theory is a discrete light cone quan-
tized of two-dimensional conformal field theory (CFT5).
The kinematics of the discrete light cone quantized show
that in a consistent quantum field theory of gravity in these
backgrounds, there is no dynamics in AdS,, which is
consistent with the Kaluza-Klein reduction of the 3D
Einstein gravity. However, the gCS terms in the TMG,
are odd under parity, and as a result, the theory shows a
single massive propagating degree of freedom of a given
helicity, whereas the other helicity mode remains massless.
The single massive field is realized as a massive scalar ¢ =
7/?h,.  when using the Poincaré coordinates
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x* and z covering the AdS; spacetimes [5,10]. We have
shown that a propagating massive mode is a dual scalar
O F of the Maxwell field on a self-dual orbifold of AdS;
(AdS, background) [27].

III. PERTURBATION AROUND AdS,

We briefly review the perturbation around the AdS, and
find the explicit form of a massive propagating mode. Let
us first consider the perturbation modes of the dilaton,
graviton, and dual scalar around the AdS, background as

b=¢+ o (20)

pr = ~hgu,, 2D

SF = (h -~ Jg) (22)

where the bar variables denote the AdS, background (17)
and (18). The Maxwell field has a scalar perturbation
f around the background: F,, = F;, + 6F,,, where
0Fp = —f. We note that two scalars of 6F and ¢ are
gauge-invariant quantities in AdS, spacetlmes although f
is not [27]. Then, considering SR(h) = 12}h the
perturbed equations of motion to (10), (11), and (13) are
given, respectively, by

v 2, — % h —

v

g,uu=g,uv+hp,w h

F = F(1 + 6F),

2 &2

4 - 1
—Vio+ —Zup+—8F=0, (23
u [ v

e/”a[ (¢ + udF) + — (V2 —h+6 5F>] 0,

(24)
V2 — 162 e + ;j o+ ”v—faF + K(ivzh L
@BF + —vzaF) —0. (25)
Solving (24) for 0 F and inserting it into Eq. (25) leads to
(vz - 3)<¢ 4 Ke 5F) = 0. (26)
v 2v

Also, solving (24) for (V>
Eq. (23) arrives at

<V2 - %)go - (2?1( = )(¢ +udF)=0. (27)

Making use of (26) and (27), 6 F and ¢ satisfy the coupled
equation

<W - E)SF _ v
v

Acting (V2 — 2) on (28), and then eliminating ¢ again by
using (26), one finds the fourth-order equation for §F as
follows:

— 2)h and then inserting it into

<2vK . )((p +udF)=0. (28
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(-3 -G )hr o

for the two AdS, solutions of u = *{e¢/2v in (16). Here,
the mass squared m? is given by

mi = i(ii — 1)(5 + i).
- 4v K K

Here we stress that our mass squared is defined differently
from Ref. [27]. For 0 = K = [, one requires m? =0,
which selects m% = m? (see Fig. 1). Hereafter we consider
this case only. For m? # 0, the fourth-order Eq. (29) im-
plies 2 s order equations: one is for a massless field

(29)

(30)

- 2
[v2 — {IBF =0, (31)
v
while the other is for a massive scalar
- 2
[v2 — (— + m2>]8F =0. (32)
v

In order to solve the massive Eq. (32), we transform the
AdS, metric as

d 2
dsd s, = v(—r2dz2 + —';) (33)
- r
X2 v
- —(7)51;2 + <;)dx2 (34)
ds? 1 5 »

In the second line, we used x = vr, and in the last line,
x. = v/x =1/r. We note that, in the last line, (¢, x.)
correspond to the Poincaré coordinates (7, y) used in

50
wf ! ]

0 20 40 60 80 100 120 140

FIG. 1 (color online). Mass m2 for the AdS, solution for [ =
100 and v = 1: The dotted curve is for the negative mass
squared m?>, while the dashed curve is for the positive mass
squared m% = m?. Since the AdS, solution with a positive
charge ¢ is valid for K = [ [17], the permitted region is 0 =
K = 100.
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Ref. [30] to construct the Hadamard Green function for
the Poincaré.

Finally, we wish to find a positive frequency mode for
OF as

SF(t, x,) = e 15 f(x,). (36)
Then, the second-order Eq. (32) becomes
2 2v+2
d 5f+[w2—(m”2)]5f=o, 37)
dx? Xi

whose solution is given by the Bessel functions

8f(x.) = c1 X (0x.) + %Y, (0x.), (38)
where v = y/m>v +2 satisfying »? — 1/4 = m>v + 2.

Also, we observe that the event horizon is located at r —
0(x,, — 00), while the infinity is located at r — oo(x, — 0).
In order to have the normalizable solution, we choose
¢, = 0 because Y, (wx.) blows up at x,, = 0.

IV. CRITICAL GRAVITY IN TWO DIMENSIONS

At the critical point of m> = 0(K = 1), (29) becomes the
fourth-order differential equation

_ 2\2
(v2 — —) SF¥h =, (39)
v
In order to solve this equation, first of all, we observe that
the Bessel function of order v = 3/2 satisfies the second-

order equation for a massless scalar on AdS, spacetimes as
follows:

(vz - %)5le _o, (40)

whose normalizable solution is given by

6le(t; .X*) = e_iwt(dfml(x*), (41)
where
8 fm(x:) = /XT3 0(wx,)
= il:— cos(wx,) + M] (42)
Tw .

At this stage, we remind the reader that two equations
(39) and (40) with K = [ are the same equations

(W - g)zh =0, (W - %)qo =0 (43

v

for the graviton and dilaton as found from the 3D Einstein
gravity with K = 0 [27]. Here we observe the important

correspondence as
SF < o, SF¥h . (44)

In the 3D linearized FEinstein gravity, one confirms the
connection between dilaton and dual scalar
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¢ — _5F.

u

(45)

This means that there are no propagating massive modes at
the critical point, showing apparently that all modes of A,
@, and O F from the 3D Einstein gravity are gauge artefacts.
However, it was proposed that any critical gravity has a
new field on AdS spacetimes. In order to explore this idea
on the AdS, spacetimes, we consider a positive frequency
fourth-order field

SFY(t, x,) = e 154N (x,). (46)
Then, the fourth-order Eq. (39) takes the form
d? 2\ T2
(£ (om0 @)
Replacing wx, = w/r by r, and considering
5f4th(r*) = g(r.) 8 fum (1), (48)

(47) reduces to the second-order equation for g(r.) as
28 f(rs)
8fml(r*)

where the prime / denotes the differentiation with respect

to its argument. Plugging (42) into (49) leads to the exact

solution for g(r.),

2C; cos(r.) + ri(r. +2Cy)sin(r,)
2[r.cos(r,) —sin(r,)]

[g”(r*) —1]=- g/(r*): 49)

g(r)=0C, (50)

with two undetermined parameters C; and C,. Hereafter

we set C; = —1 and C, = 1 for simplicity. Now, making
use of the two identities

sin(r,) = \/— (2 STyl + /z(r*))

2 (5D
cos(r,) = g(%h/z(m) + \/l— 3/2(r*)),

(a)

FIG. 2 (color online).
8 fm(r) = Jradz ().
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we have finally obtained a solution to the fourth-order
Eq. (47) as

34+ 2 — 1,3
3 = ~( g Pl

1+72+
(e

where J} /z(r*) can be expressed in terms of the lower order

)J’ S (52

Bessel functions as
) = (1= 2V, +
3/2 ry) = r_g 1/2

This shows that J} /Q(r*) does not contain any singularity at
infinity r = oo(r, = 0). Figure 2(a) shows its behavior on
r. clearly. To see it more explicitly, g(r.) takes a series
form near r, ~ 0(r — o0):

Wf—l/} (53)

s 2 5n 2 175 10"
a7 1
A ST T 54
7875 350" S

Therefore, 6 f*"(r,) shows a negative infinity as

—— asr,—0 (55)

Ty
by observing the first term of
5f4th(r*):g(r*)5fml(r*)
2( 1 re 2 rn it no i )
______+_+ J— — N R
144 336
(56)

~

7TI’*2682_0

For C; = —1 and C, = 1, we have a positive infinity of
Sf(r,) — % as r, — 0.

AN
Zivvvv

Graphs of two functions &f*"(r,) and the logarithmic partner & fllh(r*) of a normalizable function
Although the former is truly a solution to the fourth-order Eq. (47), it shows singular behavior at infinity

of r — oo(r, — 0), which may not be acceptable as a true solution. On the other hand, even though the logarithmic partner & ‘h(r*)

approaches zero at r, = 0, it is unlikely a solution to the fourth-order Eq. (47).
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On the other hand, inspired by the log gravity [6,25], we
suggest that a solution to the fourth-order Eq. (47) may
take the form as a logarithmic partner of 6 F,,; [31]:

SFI(r,) = e 8 fi0(r.), (57)
where
4th 0
8oz (r*)— 2{\/ny(r*)}|mz=o

”“_ [t - (5)"

S W(5/2+ k) G
X;f”%6m+m4m]' 8

Here I'(z) is the gamma function and (z) is a diagamma
function defined by ¢(z) = ‘“nm) . Figure 2(b) describes
ofn th(r*) In the case of r, — 0 one has a series form for

8F40(r,) as

v
27‘/‘<[ 8+3y+3In(2r,)]r2

_[—46+ 15y +15In(2r,)]r
50

N [—352+ 105y + 105In(2r,)]r8
9800

SFI(r,) =

+ ) (59)

with y the Euler constant. From this form, we find that
of1o th(r*) approaches zero as r,, — 0 even though the loga-
r1thmlc terms are present. Applying the 1’Hospital’s rule to
riIn(r,/2) with n = 1 [equivalently, J5/,(r.) In(r,/2)] as
r. — 0, one finds immediately that these approach 0. This
shows clearly a different divergent behavior from (55).
Unfortunately, it is unlikely that 8f th(m) satisfies the
fourth-order Eq. (47). Hence we exclude it as a solution
at the critical point.

Since the solution to the fourth-order solution (52) is
singular at r, — O(r — ©0), it has a problem to be consid-
ered as the normalizable function at infinity. Hence we
need to take care of the divergence of rl as r, — 0 (equiv-
alently, r as r — ).

On the other hand, we may choose the second kind of
Bessel function Y3/, as a solution of the second-order
equation for a massless scalar on the AdS, spacetimes
even if it belongs to the nonnormalizable function at in-
finity as

8 fmi(x.) = Jr2Ys(wx,)

- Ji[— sin(wx,) — M] (60)
T WX

After replacing wx. = w/r by r,, and solving (49), we
have

PHYSICAL REVIEW D 84, 064042 (2011)

.+~ Cysin(r,) — r.2r. + Cy)cos(r,)
8r) = G eos(r) + 7 sin(r.)]

(61)

instead of (50). Near r.,

2o A B

~ 0, we have a regular behavior as

g(ra)=1——+ 24+ -2 —-"... 2
gr) 2 12 2 20 3 (62)
with C; = G, = 1. Making use of the two identities
) 7 (3 —2r2) 1
sin(r,) = ‘/%[T Y3(r) + \/—r_*Yé/z(r*)jI,
' (63)

cos(ry) = \/E[ \/—Ys/z(l’*) + Jr.Y /2(7*)]

we find another solution to the fourth-order Eq. (47) as

~ —3—r2+2r} 1+ 7r2+2r
s (r*)_(78r2/2 )Y3/2(7’*) (Ti/z>yé/2(”*)-
(64)

However, Fig. 3(a) shows its singular behavior as r, — 0,
too. Near r, ~ O(r — 00), one has a divergence of — % as

5f~4lh(r*) = g(r*)(sfml(r*)

2<_i_r_5_§ rorn_n )
3360 )
(65)

r.. 128 120 72

Finally, introducing the log gravity, a suggested solution
as a logarithmic partner of o f,,; takes the form [31] of

SFWh(r.) = e '8 fia(r.), (66)
where
ﬁ;g(rx)_ 2{\/-7:Y (r*)}lm'—o

=~ co3m/2( syt /2)

0 2 k
_(r*)S/ (-1 )k¢(5/2+k)( %)

2 TG/21k) kK ”Y”(r*))

k=0

+csc[377'/2](],3/2(r*)1n(r*/2)—(%)
00 _ lri &
XZ(_ )klr//( 1/2+k) (4 )_77-]3/2(7*)]

T(—1/2+k) &
77\/__]3/2 ln(r*/2)Y3/2(l"*))
(67)

-3/2

e

with a = 0.616 108. Figure 3(b) indicates 8 fjs(r.) is sin-
gular at r, = 0. To show it explicitly, one finds a series

expansion of flog(r*) as
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~4th

FIG. 3 (color online). Graphs of two functions 6f*"(r,) and the logarithmic partner & f

PHYSICAL REVIEW D 84, 064042 (2011)
~4 th
log

4th

log(7+) of a nonnormalizable function

8fm(rs) = JF2Y3,(r.). Although the former is a solution to the fourth-order Eq. (47), it shows singular behavior at infinity of

t

r — oo(r, — 0), which may not be acceptable as a true solution. On the other hand, the logarithmic partner & fﬁ,g(r*) shows a singular
behavior at r, = 0 and it is unlikely a solution to the fourth-order Eq. (47).

- 2 1 1 1 1
4th ~ _ 3 5
f]gg(r*) ~ v1’;[<3r* + gr* 7 rs+ 13 r*) In(r./2)

a T T
+—*——£+—i)+---]. 68
(2 9T gp" (68)
Here we note that the first term in In(r,/2) shows a singular
behavior as r, — 0, while the remaining terms make a

finite graph as an oscillatory increasing function for
large r..

V. DISCUSSIONS

We have studied the critical gravity in AdS, spacetimes,
which was obtained from the topologically massive gravity
in three dimensions by using the Kaluza-Klein dimensional
reduction. We have performed the perturbation analysis
around the AdS,, which corresponds to the near-horizon
geometry of the extremal BTZ black hole obtained from
the topological massive gravity with identification upon
uplifting three dimensions. A physically massive scalar
mode SF satisfies the second-order differential equation
away from the critical point of K = [, while it satisfies the
fourth-order equation at the critical point. At the critical
point, the 2DTMG, turns out to be the 2D dilaton gravity
including the Maxwell field obtained from the 3D Einstein
gravity, which shows implicitly that there are no propagat-
ing modes.

Based on that the critical gravity has a new field in AdS
spacetimes, we have exactly solved the fourth-order equa-
tion, and compared it with the log-gravity ansatz in two
dimensions. The critical gravity is described by & f*" (52)
precisely; however, it becomes divergent linearly (r — )
as the infinity of r, = O(r = 00) is approached. This means

that the solution to the fourth-order equation is not a
precisely normalizable function and, thus, it requires in-
troducing an appropriate boundary condition which ac-
commodates a linear divergence.

More importantly, it has turned out that the critical
gravity could not be described by the massless scalar
8fm and its logarithmic partner §fy (58), which ap-
4th

proaches zero as r,. — 0. This is so because 6o,

unlikely
satisfies the fourth-order equation.

Finally, we would like to comment that the linearized
higher dimensional critical gravities were widely investi-
gated in the AdS spacetimes [26] but the nonunitarity issue
of the log gravity is still not resolved, indicating that any
log gravity suffers from the ghost problem. Furthermore,
the critical gravity on the Schwarzschild-AdS black hole
has suffered from the ghost problem when the cross term

E s 1S nonvanishing [32].
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