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Higher-order curvature corrections involving the conformally invariant Weyl-squared action have
played a role in two recent investigations of four-dimensional gravity: in critical gravity, where they
are added to the standard cosmological Einstein-Hilbert action with a coefficient tuned to make the
massive ghostlike spin-2 excitations massless, and in a pure Weyl-squared action considered by

Maldacena, where the massive spin-2 modes are removed by the imposition of boundary conditions.
We exhibit the connections between the two approaches, and we also generalize critical gravity to a wider
class of Weyl-squared modifications to cosmological Einstein gravity where one can eliminate the massive
ghostlike spin-2 modes by means of boundary conditions. The cosmological constant plays a crucial role
in the discussion, since there is then a “window” of negative mass-squared spin-2 modes around AdS,

that are not tachyonic. We also construct analogous conformal and nonconformal gravities in six

dimensions.
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I. INTRODUCTION

Although string theory may provide the most promising
candidate for a quantum theory of gravity, there remains a
tantalizing question as to whether four-dimensional gravity
can be quantized in its own right. A natural approach, and
one of the simplest, is to consider extending Einstein
gravity by adding quadratic curvature terms, thus rendering
the theory perturbatively renormalizable [1,2]. However, as
is typical in a theory with more than second-order time
derivatives, it contains ghostlike modes, in the form of
massive spin-2 excitations. There is a way to circumvent
this problem if one considers three dimensions rather than
four, and so the usual massless graviton is trivial. Hence the
ghostlike massive modes can become acceptable upon
reversing the sign of the Einstein-Hilbert action, without
creating a ghostlike physical massless graviton in the
process. Examples include the well-studied topologically
massive gravity [3], and the more recently discovered
new massive gravity [4]. It was observed that when a
cosmological constant is included, there exists some criti-
cal point [5] in the parameter space such that the massive
modes disappear and are replaced by modes with logarith-
mic coordinate dependence [6]. The theory can be made
ghost-free while retaining the standard sign for the
Einstein-Hilbert action, by truncating out the log modes
using standard Brown-Henneaux AdS; boundary condi-
tions [7]. The theory has subsequently been generalized
to a large class of three-dimensional off-shell supergrav-
ities [8—12].
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Analogous critical gravities in four dimensions were
subsequently proposed [13]. The Lagrangian consists of
the Einstein-Hilbert term, a cosmological constant A, and a
term constructed from the square of the Weyl tensor, with a
coupling constant % a." Tt was shown that there is a critical
relationship between « and A such that the massive spin-2
modes disappear by coalescing with the massless modes,
resulting again in the appearance of logarithmic modes
[15]. (See also [16,17].) These log modes are ghostlike in
nature [18,19], but their falloff behavior at infinity is
slower than the standard massless modes, and so they can
be truncated out by imposing appropriate AdS, boundary
conditions. The resulting theory appears, however, to be
somewhat empty, in that the remaining massless graviton
has zero on-shell energy. Furthermore, the mass and en-
tropy of black holes in the critical theory both vanish. This
critical phenomenon arises also in higher-dimensional
gravities extended by adding curvature-squared terms
[20], and also if certain cubic curvature terms are added
[21]. (See also [22] for the D = 3 case.)

Recently, four-dimensional purely conformal gravity
[23], where there is only a Weyl-squared term, has been
revisited in [24]. It was shown that if an appropriate
boundary condition is imposed, then for spherically
symmetric configurations only the Schwarzschild—
anti-de Sitter AdS (Schwarzschild-AdS) metric arises as

! Actions with a Weyl-squared term have also been considered
in the context of noncommutative geometry in [14].
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a black-hole solution in conformal gravity. Furthermore, its
Euclidean action calculated in conformal gravity modified
by a purely topological contribution from a Gauss-Bonnet
term turns out to match exactly with the action of the same
black hole in Einstein gravity with a cosmological con-
stant, for an appropriate choice of the coefficient a of the
Weyl-squared term in conformal gravity. The black-hole
entropy calculated for the conformal gravity and for the
usual Einstein gravity then precisely matches also. This
leads to the possibility that the two theories at long wave-
lengths are in fact equivalent.

The Lagrangian for critical gravity, modulo a total de-
rivative that does not affect the equations of motion, is
given by [13]

Lt = [=g(R = 2A +laCrrroC,,. ), (1.1

where C,,,,, is the Weyl tensor. It turns out that the value
for « required for criticality, namely, « = 3/(2A), is of
precisely the same magnitude as that for the Weyl-squared
coupling coefficient obtained in [24] for conformal gravity
by imposing the Euclidean action matching condition de-
scribed above. Thus the essentially vacuous nature of
critical gravity is a reflection of the equivalence of the
cosmological Einstein-Hilbert and the conformal theories.

In Sec. II, we review both critical gravity and the
Einstein/conformal gravity duality conjecture. In confor-
mal gravity, there exist ghostlike massive spin-2 modes in
the AdS, background satisfying (CJ —3A — M*)h,,, = 0,
in addition to the massless spin-2 modes satisfying
(O = 3A)h,, = 0. Spin-2 representations in AdS, are
characterized by their lowest-energy E, which is given by

E —é—o— 2_3M2
o727 V4 AT

The representation is unitary if E, = 3, and hence M> = 0
[25]. The time dependence of the modes is proportional to
e 'Fo!| and so by analogy with the situation in Minkowski
spacetime, modes may be defined to be tachyonic if E,
becomes complex, thus leading to exponential growth in
time. From (1.2), the absence of tachyons therefore
requires’

(1.2)

M2 =3A, (1.3)

Interestingly, although the massive modes in conformal
gravity have M? <0, the “mass” squared is not suffi-
ciently negative to violate the bound (1.3), and so, although
they are not unitary representations, they are not tachyonic.
However, the radial falloff of these modes is slower than
that for modes with M? = 0. In fact, they fall off more
slowly than even the logarithmic modes. Thus these
nonunitary modes can be truncated out by imposing ap-
propriate boundary conditions, leaving only the massless

For scalar fields, the analogous requirement that E, be real is
equivalent to the Breitenlohner-Freedman bound [26].
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graviton. The vanishing on-shell energy of the massless
graviton in critical gravity implies that its energy in con-
formal gravity is exactly the same as it is in cosmological
Einstein gravity.

In Sec. III, we obtain new unitary four-dimensional
gravities, by generalizing the parameter choices made for
critical gravity in [13]. For critical gravity, the unitarity
requirement M? = 0 was imposed for the spin-2 modes.
However, as noted above, the absence of tachyonic modes
in D=4 is less restrictive than this, and M? can be
negative provided that (1.3) is still satisfied. This implies
we can choose the coupling « for the Weyl-squared
term in (1.1) so that the massive spin-2 modes have
3A/4 = M? <0. These ghostlike modes are classically
stable, but can be truncated out by imposing appropriate
boundary conditions, just as was done for conformal grav-
ity in [24], leaving only the unitary massless graviton
modes. Within this broader class of cosmological gravity
plus Weyl-squared theories, critical gravity’s specific prob-
lem of becoming vacuous after truncating the ghostlike
modes is circumvented. Furthermore, since the broader
class of theories has a range of allowable values for the
parameter «, rather than a single critical choice, the pos-
sibility of finding a stable fixed point under the renormal-
ization group flow becomes less demanding.

In Sec. IV, we generalize these results to six dimensions.
There are three conformally invariant structures in D = 6.
Two of these are the two independent invariants built from
the cube of the Weyl tensor. The third is essentially built
from second derivatives of the square of the Riemann
curvature. In order to obtain a conformal equivalence to
Einstein gravity, it is, in particular, necessary that Einstein
metrics should also be solutions of the conformal gravity.
Indeed, it was already observed that there exists a specific
linear combination of the three conformal structures such
that Riemann curvature-squared and cubed terms all vanish
[27]. As in D = 4, we find that the conditions on the
coefficients required for critical gravity are exactly the
same as those implied by requiring Einstein/conformal
gravity duality. We then observe that we can again con-
struct a more general family of six-dimensional gravities
for which the massive spin-2 modes can be eliminated by
boundary conditions.

The paper ends with conclusions in Sec. V. In the
Appendix, we collect some of the detailed calculations
for the six-dimensional theories.

II. CRITICAL VS CONFORMAL GRAVITY IN
FOUR DIMENSIONS

The Lagrangian of four-dimensional critical gravity
discussed in [13],

L ="Ly+ L,

contains two parts. The first is the usual Einstein-Hilbert
term with a cosmological constant,

(2.1
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Ly=—8gR—2A).

The second term is quadratic in curvature, namely, the
square of the Weyl tensor together with a Gauss-Bonnet
term which is a total derivative:

L, =—ta/~g(R* - 3R"'R,,)
= %a\/__g(c'uupgcp.vpo' - E4)’

(2.2)

(2.3)
where

E, = R*"P’R,,,, — 4R*'R,,, + R? (2.4)

nrpo
is the Gauss-Bonnet invariant whose integral is propor-
tional to the Euler number. Being a total derivative in four
dimensions, E, does not contribute to the equations of
motion.

The Lagrangian L, is proportional to the one for con-
formal gravity discussed in [23]. Defining L (a) =
— L, we have

L = L, — Lo (q), (2.5)

The Lagrangian admits Einstein metrics as solutions, with
a cosmological constant equal to A. Included amongst
these is the AdS, vacuum solution, whose curvature is
given by

R, = Agu. R = 4A,
A (2.6)
R,uvpo = ?(gy,pgmr - guogup)-

Writing the varied metric as g,, — g,, + h,,, and so
08uy = hy,, the linearized equations of motion were
given in [13]. Choosing the gauge condition

Veh,, =V,h, 2.7)

it was shown that the trace part / vanishes by virtue of the
equations of motion. The transverse and traceless spin-2
modes satisfy

—a(d - %A)(D - %A - Mz)hw, =0, (2.8)
where
M2=gA—l. 2.9)
3 o

The spectrum contains massless graviton modes hg”,,)
and also massive spin-2 modes h%). Their on-shell ener-

gies are given by [13]

1 2 .
— _ _ — v 7 (m)
Eassiess = 2K2T<1 gaA)[\/ gd4xV0hf:n)hW,
(2.10)
Epasive = —-(1 = 2a) [ y=gatvoner i
massive 22T ga ga'x IR
@2.11)
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where the integration over the time coordinate is taken over
an interval T, which one could take to be the natural time
periodicity of AdS,, or else just send it to infinity. Since the
integrals themselves both give negative quantities, it fol-
lows that ghost modes are unavoidable, in general. In [13],
the parameter a was chosen to have the critical value
given by

(2.12)

implying that M? = 0. In this case, because the massive
modes coalesce with the massless ones, one obtains new
solutions to (2.8) that are annihilated by neither second-
order factor. These modes have logarithmic dependence on
the AdS, radial coordinate, and they can be truncated out
by imposing an appropriate AdS boundary condition. The
resulting critical gravity is, however, rendered essentially
trivial, since the energy (2.10) for the surviving massless
mode vanishes. Furthermore, the mass and the entropy of
the Schwarzschild black hole vanish also. The mass for-
mulas for black holes in extended gravity can be found in
[28-30].

In a new development in higher-derivative gravity, four-
dimensional conformal gravity [23] was revisited in [24].
It was observed that the Euclidean action for the
Schwarzschild-AdS black hole computed from L is
identical to that calculated from the pure cosmological
Einstein-Hilbert Lagrangian L), provided that the parame-
ter « is chosen to take the critical value given in (2.12). The
black-hole entropy matches also. We have checked that the
actions also match for the Kerr-AdS black hole. It was
proposed in [24] that, subject to the imposition of appro-
priate boundary conditions, the Lagrangians £, and L
are equivalent at the critical point, in the long-wavelength
regime. From this point of view, the “triviality” of critical
gravity can be easily understood, since critical gravity (2.1)
is given by

i crit — -EO _ £conf(acrit)’ (213)
and so one is subtracting two Lagrangians that describe the
same IR physics. The vanishing of the graviton energy and
also the black-hole mass and entropy in critical gravity
further establish the equivalence of L, and L at the
critical point.

It should be remarked that there is an issue of ghost
modes in conformal gravity. The linearized equation of
motion following from £ is given by

a(0 = 3A) @O - 3A)h,, = 0. (2.14)

This implies that
M? = %A, (2.15)

which is negative since A <0 for AdS,. The energies of
the on-shell massless and massive spin-2 modes are
given by
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al J— :
Efn()y?sgless - W f _gd4xvo}l5ny)hf$})’ (2.16)

Eoof = :T/; f JEd* xXVORly R, (2.17)
Thus we see that « has to be negative for the massless
graviton to have positive energy; meanwhile, the massive
graviton has negative energy.

The mass squared M? of the massive graviton (2.15) in
conformal gravity is negative, suggesting the possibility
that these modes might be tachyonic. As we mentioned in
the Introduction, the SO(2, 3) representations for massive
spin-2 modes in AdS, are characterized by their lowest-
energy E,, which is given in terms of M? by (1.2). From
now on, we shall, for convenience, take

A=-3 (2.18)

so that the AdS, has “unit radius.” The reality of Ey =

3+ 2 + M? therefore requires that

M*= M2 =3

min 4

(2.19)

As can be seen from the explicit expressions for the mas-
sive spin-2 modes obtained in [15], which have time de-
pendence of the form e~ %/, the condition that E; be real
ensures that the modes do not grow exponentially in time.
This is essentially the statement of the absence of tachyons.
The massive spin-2 modes in conformal gravity, which
have M? = —2, lie within the bound (2.19), and so they
are not tachyonic.

The radial dependence of the modes with M2, = M?> <0
exhibits a slower falloff at large distances than that for
modes with M? = 0. In fact, they fall off more slowly than
even the log modes. They can therefore be truncated out by
imposing an appropriate asymptotic boundary condition,
as was described in [24]. This is essentially the same
boundary condition that can be used to truncate out the
logarithmic modes in critical gravity.

III. NEW UNITARY GRAVITIES IN
FOUR DIMENSIONS

After the truncation of the massive modes, the confor-
mal gravity described by L (a,,) can be viewed as
being equivalent, at the classical level, to cosmological
Einstein gravity L, [24]. It should, however, be empha-
sized that conformal gravity admits Einstein metrics with
an arbitrary cosmological constant as solutions, and so for
a given value of « the equivalence to Einstein gravity holds
only for the specific value A = 3/(2«) appearing in L.

It is natural to consider the more restrictive case where
the theory has a unique scale for the AdS vacuum deter-
mined by the cosmological constant in the theory. We then
need to consider the Lagrangian (2.1). As discussed earlier,
the mass of the massive spin-2 modes in this theory is given
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by (2.9). In [13], it was required that M? =0, so that
these modes will correspond to unitary representations of
SO(2,3). For M? > 0, they fall off faster than the massless
modes, and so they could not be truncated out by imposing
boundary conditions at infinity. Thus one would be stuck
with having nontruncatable ghostlike modes, except in the
critical case where M = 0, for which the resulting loga-
rithmic modes can be truncated out on account of their
slower falloff.

An alternative choice is to choose the a parameter so
that M? lies in the range

2= M2 <. 3.1)

Within this range, the massive modes are nontachyonic and
classically stable in the sense that there is no exponential
growth in time. Since, however, they fall off more slowly
than those with M? = 0, one can impose boundary con-
ditions that eliminate them from the spectrum while retain-
ing the massless modes.> The condition (3.1) is satisfied
by either &« = 4 or a < — % It follows from (2.10) that the
choice a < —% implies that the massless graviton has
negative energy. On the other hand, for the choice of
a = 4, the energy of the massless graviton remains posi-
tive. Of course, in this case, the massive modes would have
negative energy. However, as we discussed, these modes
can be eliminated by imposing appropriate boundary con-
ditions, leaving just the nontrivial positive-energy massless
graviton.

As we have seen, by allowing the possibility of having
nontachyonic but negative-M? massive modes, which can
then be eliminated by boundary conditions, we have now
arrived at a one-parameter family (a = 4) of extended
gravity theories that describe just unitary massless spin-2
fields. At the quantum level, having such a family broadens
the chances for finding an ultraviolet fixed point of the
renormalization group flow that lands within the class of
acceptable theories. This may improve the prospects for
obtaining a consistent theory of quantum gravity.

IV. GENERALIZATIONS TO SIX DIMENSIONS

We now turn our attention to six dimensions. Conformal
gravities in D = 6 have been previously studied (see, for
example, [31-33]). Three independent structures can arise
in the Lagrangian. Their explicit forms are (see [34], and
also [35,36])

Il = C,u,pa'vc'ua'gycapgﬁr 12 = C,u,Vpa'Cpo-aBCaB’uV’
I3 =Cpoa (8500 +4R*, —SRS})CPP7M+V ,J#,  (4.1)

where V,, J#, which does not contribute to the equations of
motion, can be found in [34]. In general, a Lagrangian of
the form /= gc;I; will give equations of motion that are not

*Note that the E, = 0 branch of the massless solution from
(1.2) is truncated out for the same reason.
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satisfied by arbitrary Einstein metrics. However, for a
specific choice of the c¢; (unique up to overall scaling),
the equations of motion will be satisfied by any Einstein
metric. This same linear combination has the feature that,
modulo total derivatives, all terms of cubic and quadratic
order in the Riemann tensor are absent [27]. In this form,
the Lagrangian is given by

. | 1 ~
e l£conf = ,8(4]1 + 12 _§I3 _ﬁE6 + VI_LJM)

3
= ,B(RR/”RW — 55K “2R¥RIR,,,,

— R*OR,,, + iRDR), 4.2)

10
where I, = I, — V uJ*, and the total derivative V #] # can
be derived from [27]. Note that Eg is the Euler integrand,
given by

E6 = € eP101P202p303

MV oV M3V

M1V M2V M3V3
X R P10'1R PzUzR P303° (43)

Any Einstein metric (or, in fact, any metric conformal
to Einstein metric) will be a solution to the theory
following from (4.2). In particular, we may consider the

Schwarzschild-AdS black hole, satisfying R,,, = —5g,,,,

with the metric

ds’ = —fdP + {7l + 20}, f=1+7 -5
4.4)

This is also a solution to Einstein gravity with a cosmo-
logical constant, described by the Lagrangian

e Lo = R + 20. 4.5)

Note that we have chosen the cosmological constant so that
the AdSg vacuum is of unit radius. The thermodynamic
quantities for the black hole (4.4) are given by

34572 2

2
T= pp—— S = ngrﬁ, M = gwri(l +r2),
+

(4.6)

where 7, is the horizon radius. The Euclidean action is
given by

272 (1 —r3)
33+ 5°2)

Substituting the Euclideanized solution (4.4) into the
action &M = [d®x L we find that the contribution
from (41, + I, — %I}) converges. The contribution from
the V M] ¥ term vanishes. The integral of Eg itself diverges,
but if, following the same strategy as in [24], one adds in
the associated boundary term that arises in the definition of
the Euler number for manifolds with boundary, it contrib-
utes a pure topological number. The Euclidean action 75
then turns out to be proportional to Ig:i“. To be specific,
we have

[En = “.7)
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1§ =I5 p=—1/24) (4-8)

We have also checked this equality for the Kerr-AdS
black hole [37,38], using also results from [39], in the
case that the two angular momenta are equal. It is straight-
forward to check, using the Wald formula [40], that the
Schwarzschild-AdS black-hole entropy matches exactly
also. This suggests, therefore, that as in D = 4, Einstein
gravity emerges from conformal gravity.

Let us now consider the linearization of conformal
gravity around the AdSq background. For Einstein gravity
(4.5), the spin-2 graviton is massless, satisfying

— (@O +2)K" =o. (4.9)

(Recall that we have set A = —5.) For conformal gravity
(4.2), the full set of equations of motion and linearization
around the AdS¢ vacuum are given in the Appendix. It
turns out the spin-2 modes satisfy

BT +2)([T + 6)(T + 8)h,, = 0. (4.10)

Thus in the six-dimensional conformal gravity, there are
two massive spin-2 modes, with negative mass squared, in
addition to the massless graviton. The masses are given by

M>=—4 and M?=—6. 4.11)

The condition for the absence of tachyon modes is that the
lowest-energy E, of the SO(2, 5) representations should be
real, where Ej is given by

Eo(Ey — 5) = M2 (4.12)

This implies that

25

1
Thus both M| and M, satisfy this bound, even though both
these massive modes violate the bound E, = 5 for unitary
representations. Since they have M? < 0, their falloff at
large distances is slower than the modes with M? = 0, and
hence they can be truncated out by imposing an appropriate
AdS boundary condition while the massless graviton is
retained.

Using standard Ostrogradsky or Noether techniques, we
find that the on-shell energy of the massless graviton in the
conformal gravity is given by

M? = (4.13)

1 o1 (T . ,
E =W(24,8>}520Tﬁ ‘”[ VTR xh,, VO (4.14)

For B = —1/24, this is precisely the on-shell energy of the
Einstein gravity (4.5), further establishing the equivalence
of Einstein gravity and conformal gravity at the classical
level.

We may also interpret the above discussion from
the point of view of critical gravity, whose Lagrangian is
given by
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Lo= L — L™, (4.15)
It is clear that the theory admits a unique AdSq vacuum.
Furthermore, any Einstein metrics with A = —35, including
the Schwarzschild black hole (4.4), are also solutions.
Linearizing the theory around the AdSg vacuum, it is
easy to verify that the trace mode is trivial and the remain-
ing spin-2 modes satisfy the equation

— (O +2)(1+ BO+6)(O+8)h,, =0. (4.16)

Thus in addition to the massless graviton, there are two
massive modes with

4.17)

The on-shell energy for the massless graviton is given by

1 . 1 T A v
(4.18)

The criticality condition is 8 = —1/24, for which the
massless graviton therefore has zero energy. Furthermore,
one of the two massive gravitons becomes massless. The
remaining massive mode has M?* = —10, which violates
the no-tachyon bound (4.13).

As in the case of D = 4, we can consider alternative
parameter choices such that the massive spin-2 modes both
satisfy the bound

25
- <=M2 <0
1 et

(4.19)
These modes, with nonunitary representations, can never-
theless be truncated out by imposing appropriate AdSg
boundary conditions. Furthermore, we would like the re-
maining massless graviton to have positive energy, as given
by (4.18). These requirements can all be met by choosing

B=1. (4.20)

Note that 8 =1 corresponds to another critical point,
where the two massive spin-2 modes have the same
mass, M2 = —5. Restoring the general cosmological con-
stant A, defined by R,, = Ag,,, the condition (4.20)
becomes B(—A) = 5.

Finally, we remark that at the 8 = —1/24 critical point
in the D = 6 theory, there are still surviving massive spin-2
modes, since we have only the one parameter B to adjust.
We may also add a Weyl-squared term %a\/—_ng to the
Lagrangian. The linearized equation for the spin-2 modes
is now given by

—(O+2)(1 —ia(@+6) + B[O+ 6)( + 8)h,, = 0.
4.21)

A tricritical point is then achieved with @ = 15/8 and
B = 1/16, at which the linearized equation becomes

- O+ 2)3hw = 0. (4.22)
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V. CONCLUSIONS

In this paper we have developed some new ideas for
constructing higher-derivative theories of gravity that
avoid the difficulties with massive spin-2 ghost modes
that typically plague such theories. In four dimensions, it
was observed in [13] that if a term proportional to the
square of the Weyl tensor is added to the usual Einstein-
Hilbert Lagrangian with a cosmological constant, then
although generically one finds that the fluctuations around
the AdS, background describe the usual massless spin-2
graviton and also ghostlike massive spin-2 modes, it is
possible to tune the coefficient of the Weyl-squared term
so as to make the massive modes massless also. In fact, the
energies of the massless modes then vanish in this critical
theory. There are, however, now also modes with a loga-
rithmic coordinate dependence, which can have negative
energies. Since their falloff at infinity is slower than that of
the massless modes, they can be removed by imposing
appropriate boundary conditions. However, since the mass-
less modes that remain have zero energy, the resulting
theory is somewhat trivial.

Recently, purely conformal gravity where there is only a
Weyl-squared term was revisited [24]. In this case there are
again massless and massive spin-2 modes around an AdS,
background, and again the massive modes are ghostlike.
However, their mass squared is actually negative, although
not sufficiently negative to be tachyonic. This means that
they fall off more slowly at infinity than do the massless
modes, and so they can be eliminated by imposing appro-
priate boundary conditions. In [24], it was shown that by
tuning the coefficient of the Weyl-squared action appro-
priately, it could be matched for Euclideanized solutions
with the Euclidean cosmological Einstein action for the
same configuration. It was argued that conformal gravity is
then really equivalent to cosmological Einstein gravity. In
fact, the value needed for the Weyl-squared coefficient is
exactly the same as the one required in [13] for critical
gravity. This provides a new insight into the trivial nature
of critical gravity once the logarithmic modes are elimi-
nated, in that its action is essentially just the difference
between two actions that provide equivalent descriptions of
long-wavelength physics.

The main purpose of this paper was to construct a new
one-parameter family of higher-derivative gravities for
which the ghostlike massive spin-2 modes can be elimi-
nated. We did this by relaxing the assumption that was
made in [13] that the mass squared of the massive spin-2
modes should be non-negative. This condition is needed if
one wants the massive modes to carry unitary representa-
tions under SO(2, 3), but since they are in any case ghost-
like and need to be truncated, this is not really a crucial
requirement. The key point is that because the background
is AdS, rather than Minkowski spacetime, there is a win-
dow of allowed negative values of mass squared for which
the modes are nontachyonic, and thus classically stable.
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Furthermore, precisely because the mass squared is nega-
tive, the falloff of these modes is slower than the falloff of
the massless modes. Thus one can impose boundary con-
ditions to eliminate the undesired massive modes while
retaining the massless modes. The massive modes lie in the
desired negative mass-squared range if the parameter « in
(1.1) satisfies

a(—=A)> 12, (5.1)

i.e. & >4 if we normalize the cosmological constant of
AdS, canonically to A = —3. (Although our primary con-
cern in this paper is for a negative cosmological constant,
we expect the above inequality to hold for a positive
cosmological constant also.)

We then extended our discussion to consider gravities in
six dimensions. By taking a suitable linear combination of
the three possible conformally invariant terms, one can
construct a conformal gravity in six dimensions that admits
all Einstein metrics as solutions. One can again tune the
overall coefficient so that the action of Euclideanized AdS
black holes matches with that calculated for the cosmo-
logical Einstein-Hilbert action. There are now two sets of
massive spin-2 modes in addition to the massless ones, and
both have mass-squared values that are negative but not
tachyonic. Thus, as in the four-dimensional case studied in
[24], one can eliminate the ghostlike massive modes by
imposing appropriate boundary conditions, suggesting the
equivalence of FEinstein and conformal gravity in six
dimensions too.

An essential idea underlying the proposal for conformal
gravity in [24] is that one may be able to ‘“‘have one’s cake
and eat it too” by reaping the renormalizability benefits
of the higher-derivative theory in the ultraviolet regime
while still having an equivalence to conventional Einstein
gravity in the infrared. One motivation for seeking families
of potentially acceptable theories of gravity as we have
done in this paper, rather than isolated examples, comes

1): RRE'R,,, =

PHYSICAL REVIEW D 84, 064001 (2011)

from quantum considerations. If one does have a renorma-
lizable theory, then the question arises as to how it behaves
in the high-energy limit under the renormalization group
flow. One possibility is that the family of theories we have
considered (@ = 4 in four dimensions; 8 =1 in six di-
mensions) might start from a finite & or 8 and flow to a
fixed point at the conformally invariant limit (& = o or
B = o), as possibly suggested by the results in [41]. An
advantage of starting from a finite « or 3 at lower energies,
rather than just using the conformally invariant theory at all
energy scales, would be that one would, in general, have
the more tightly restricted solution space of Einstein grav-
ity plus quadratic corrections, flowing to the less restrictive
scale invariance of conformal gravity only in the high-
energy limit. Thus the extensions of critical gravity we
have considered here may be of relevance for a quantum
theory of gravity.
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APPENDIX: EQUATIONS AND LINEARIZATION
OF D = 6 CONFORMAL GRAVITY

Equations of motion
The Lagrangian for the D = 6 conformal gravity we
study in this paper is given by (4.2). There are five terms.

The contributions E%),, to Einstein equations of motion
from each term are summarized as follows:

1
1 g (o8 (o8 o
EW), = (D(RMR)‘ ) + ViV, (RRY) = - RR, R’ )gﬂ,, + R\,R"R,, + 2RR, ,R*,

+ D(RRMV) - VMVV(R)\O'RMT) - v/\v,u(RRAV) - v)\vV(RR)\,u,))

2): R® =

1
B = (308~ L R)g, + 380, 39,9,

3): REVRMR,,,,, =
1 3
ES";/ = - ERo-aR)‘pR(r/\Spg,uv + ERPUR

+ O(RPR

purov

pHOA

3
RA, + ER’“’RPW)‘R)‘M

) + VG'V5(R)\PR)\0_p5)gMV - v/\v,u,(RpoRp)\a'V)

- v/\vV(Rp(TRp)\U',M) - V(O'v/\)(R;LURV/\) + VU'VA(R,U,VR(TA)
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4): R*’OR,,, = —g"'V ,RM¥V,R,, =

i

EW =

N[ =

+ ZVA(RU(,u
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g,uv(ga—ﬁva'R)\pvﬁR/\p) - (Q'VURMAVG'RVA + V,U,R(T/\VVRU)\)

V,)RM) + 2V, (VAR R 1)) = 2V, (V(, R, \R)

+ DZRMV + VO.VADRU/\gl“, - VAVV(DRAM) - v/\v,u,(DR/\V)

5): ROR = —g"”V ,RV ,R =

1
EY) = 5 €u0(&7"V,RV\R) = V,RV,R + 2(CR)R,,, + 2(0*R)g,, — 2V, V,OR.

The complete equation of motion following from (4.2) is
then

Bl - B2 - 28— Ef) + B — 0
Linearization
The theory admits Einstein metrics with R,,, = Ag,,,,
with arbitrary A. We consider the linearization around
the AdSe background, namely, R,,,, = A(g,,8,0 —
8uo8vp). Writing the varied metric as g, — g, + Iy
and so 8g,, =h the linearized Einstein tensor is
given by

(A2)

>

(AD)

fLV = Rﬁv - %RLg;U/ - Ah;un gL = gﬂygﬁw

(A3)
RL, = V'V, —0h,, =1V, V.0 (A4)
RL =VeV’h,, — Oh — Ah. (AS)

(We have also defined RILW, the linearization of R,,,, and
introduced h = g#”h,,.) With these preliminaries, we find
that the five linearized contributions of the equations of

motion listed above are given by

1): QAOGE + 6AVAVTGE — 4A2Gl)g,,, + 30A2GL, + 6ACIGE,
~2AV,V,Gt — 6AVV,GL, — 6AV’V,GL, + 14Ag,,OOR:

+2A%,,,RE — 14AV, VR,

8uv

2): 108A2GY, + 36Ag,,00RE + 36A%g,,R- — 36V, V,RE,

3): 3AR,*,7Gh, + 6A%GL, + ADIGL, + CI(R A7

I)i(r) + g#VVUVS(RU_/\SP I,{p)

— VAV,(R,7,2GLy) — VAV, (R, 5GEy) — S AVYY,GE, — S AVYY, G,

+ ADGL, + 3A%g,,,R- + 3Ag,,00R" — 3AV,V,RL,
4): 200Gy, + Gy, + ¢, V'V7OG,, — VAV,065, — VAV, 067,

+ g, AORE + g, ,[0?RE =V, V,OORE,
5): 2(Ag,,0R" + g, 0?°RE =V, V,ORE).

Thus for the traceless and transverse spin-2 modes #,,,,, the
linearized Einstein tensor is G5, = —1(O + 2)h,,, and
the Ricci scalar is RY = 0. It follows that the linearized
equation of motion is given by (4.10).

Hamiltonian

The quadratic fluctuations S, for the following action S
are given by

Hv?

1 . 3
=— | J/—gd°| R — B(RR*'R,,, — —R?
Sy f 84 x[ ﬁ( w05

3
— 2RF'R™R,\,, — R*'OR,,, + ERDR):I, (A7)

mAvp

(A6)

f
1
Sy = — 32 [«/—gd6x[v,\hw,v)‘h”” = 2h,,,h*"

+ B(V,Oh,, VA Oh#" — 16044 Th,,,

+ 76y, VAR — 9671, )], (A8)

The Hamiltonian is

1
H = lim —

T .
Jim o | dt f dx(h,,, TIO# + 9, (Voh,, ) TP

+ 9,(0h,, IO — L), (A9)

where
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[Wer = V S[VOhr + B(76VOREY + 16VOTIRRY + VOL2her))]
Quv — B\/ 00 v _ 002y
[me# [ 16gW0AHY — gPO02p#7 ], (A10)
H(:”)NV — B v [VODhuv]
Then one can obtain the energy of massless gravitons as
E=— ! (1+24p)1i 1[Td¢[,f_— d>xh,,, VO hHv (A11)
12 p) lim 7 /s gd’xh,, .
In our case, the Wald formula is
1 oL aL
S=—-— ——— + Vi —=—1d3, Al2
8G fH 6ab66d<aRabcd () av(mn)Rabcd) E ( )
where €, is the bi-normal vector of the horizon normalized to satisfy €,,e? = —2.

(1]
(2]
(3]

K.S. Stelle, Phys. Rev. D 16, 953 (1977).

K. S. Stelle, Gen. Relativ. Gravit. 9, 353 (1978).

S. Deser, R. Jackiw, and S. Templeton, Ann. Phys. (N.Y.)
140, 372 (1982); S. Deser, Cosmological Topological
Supergravity, edited by S.M. Christensen, Quantum
Theory of Gravity (Hilger, London, 1982), pp. 374-381.
E. A. Bergshoeff, O. Hohm, and P.K. Townsend, Phys.
Rev. Lett. 102, 201301 (2009).

W. Li, W. Song, and A. Strominger, J. High Energy Phys.
04 (2008) 082.

D. Grumiller and N. Johansson, J. High Energy Phys. 07
(2008) 134.

J.D. Brown and M. Henneaux, Commun. Math. Phys. 104,
207 (1986).

R. Andringa, E. A. Bergshoeff, M. de Roo, O. Hohm, E.
Sezgin, and P.K. Townsend, Classical Quantum Gravity
27, 025010 (2010).

E. A. Bergshoeff, O. Hohm, J. Rosseel, E. Sezgin, and P. K.
Townsend, Classical Quantum Gravity 28, 015002 (2011).
E.A. Bergshoeff, O. Hohm, J. Rosseel, and P. K.
Townsend, Classical Quantum Gravity 27, 235012 (2010).
H. Li, C.N. Pope, and E. Sezgin, J. High Energy Phys. 10
(2010) 0O16.

H. Lii and Y. Pang, J. High Energy Phys. 03 (2011) 050.
H. Li and C.N. Pope, Phys. Rev. Lett. 106, 181302
(2011).

A.H. Chamseddine and A. Connes, Commun. Math. Phys.
186, 731 (1997); Fortschr. Phys. 58, 553 (2010).

E.A. Bergshoeff, O. Hohm, J. Rosseel, and P. K.
Townsend, Phys. Rev. D 83, 104038 (2011).

M. Alishahiha and R. Fareghbal, Phys. Rev. D 83, 084052
(2011).

I. Gullu, M. Gurses, T. C. Sisman, and B. Tekin, Phys. Rev.
D 83, 084015 (2011).

M. Porrati and M. M. Roberts, Phys. Rev. D 84, 024013
(2011).

06

[19]
[20]

(21]
[22]
(23]

(24]
[25]

[26]
(27]
(28]
(29]
(30]
(31]
(32]
(33]
[34]
[35]
[36]
(37]
(38]
[39]

[40]
[41]

4001-9

H. Liu, H. Lii, and M. Luo, arXiv:1104.2623.

S. Deser, H. Liu, H. Lii, C.N. Pope, T.C. Sisman, and B.
Tekin, Phys. Rev. D 83, 061502 (2011).

T. C. Sisman, I. Gullu, and B. Tekin, arXiv:1103.2307.
Y. Liu and Y. w. Sun, J. High Energy Phys. 04 (2009) 106.
D. G. Boulware, G. T. Horowitz, and A. Strominger, Phys.
Rev. Lett. 50, 1726 (1983).

J. Maldacena, arXiv:1105.5632.

M.]. Duff, B.E. W. Nilsson, and C.N. Pope, Phys. Rep.
130, 1 (1986).

P. Breitenlohner and D.Z. Freedman, Phys. Lett. 115B,
197 (1982).

M. Henningson and K. Skenderis, J. High Energy Phys. 07
(1998) 023.

S. Deser and B. Tekin, Phys. Rev. Lett. 89, 101101 (2002).
S. Deser and B. Tekin, Phys. Rev. D 67, 084009 (2003).
Y. Pang, Phys. Rev. D 83, 087501 (2011).

L. Bonora, P. Pasti, and M. Bregola, Classical Quantum
Gravity 3, 635 (1986).

S. Deser and A. Schwimmer, Phys. Lett. B 309, 279
(1993).

J. Erdmenger, Classical Quantum Gravity 14, 2061
(1997).

F. Bastianelli, G. Cuoghi, and L. Nocetti,
Quantum Gravity 18, 793 (2001).

R.R. Metsaev, J. Phys. A 44, 175402 (2011).
J. Oliva and S. Ray, Phys. Rev. D 82, 124030 (2010).
G.W. Gibbons, H. Lii, D.N. Page, and C.N. Pope, J.
Geom. Phys. 53, 49 (2005).

G. W. Gibbons, H. Lii, D.N. Page, and C.N. Pope, Phys.
Rev. Lett. 93, 171102 (2004).

G.W. Gibbons, M.J. Perry, and C.N. Pope, Classical
Quantum Gravity 22, 1503 (2005).

V. Iyer and R. M. Wald, Phys. Rev. D 50, 846 (1994).

G. de Berredo-Peixoto and I. L. Shapiro, Phys. Rev. D 70,
044024 (2004).

Classical


http://dx.doi.org/10.1103/PhysRevD.16.953
http://dx.doi.org/10.1007/BF00760427
http://dx.doi.org/10.1016/0003-4916(82)90164-6
http://dx.doi.org/10.1016/0003-4916(82)90164-6
http://dx.doi.org/10.1103/PhysRevLett.102.201301
http://dx.doi.org/10.1103/PhysRevLett.102.201301
http://dx.doi.org/10.1088/1126-6708/2008/04/082
http://dx.doi.org/10.1088/1126-6708/2008/04/082
http://dx.doi.org/10.1088/1126-6708/2008/07/134
http://dx.doi.org/10.1088/1126-6708/2008/07/134
http://dx.doi.org/10.1007/BF01211590
http://dx.doi.org/10.1007/BF01211590
http://dx.doi.org/10.1088/0264-9381/27/2/025010
http://dx.doi.org/10.1088/0264-9381/27/2/025010
http://dx.doi.org/10.1088/0264-9381/28/1/015002
http://dx.doi.org/10.1088/0264-9381/27/23/235012
http://dx.doi.org/10.1007/JHEP10(2010)016
http://dx.doi.org/10.1007/JHEP10(2010)016
http://dx.doi.org/10.1007/JHEP03(2011)050
http://dx.doi.org/10.1103/PhysRevLett.106.181302
http://dx.doi.org/10.1103/PhysRevLett.106.181302
http://dx.doi.org/10.1007/s002200050126
http://dx.doi.org/10.1007/s002200050126
http://dx.doi.org/10.1002/prop.201000069
http://dx.doi.org/10.1103/PhysRevD.83.104038
http://dx.doi.org/10.1103/PhysRevD.83.084052
http://dx.doi.org/10.1103/PhysRevD.83.084052
http://dx.doi.org/10.1103/PhysRevD.83.084015
http://dx.doi.org/10.1103/PhysRevD.83.084015
http://dx.doi.org/10.1103/PhysRevD.84.024013
http://dx.doi.org/10.1103/PhysRevD.84.024013
http://arXiv.org/abs/1104.2623
http://dx.doi.org/10.1103/PhysRevD.83.061502
http://arXiv.org/abs/1103.2307
http://dx.doi.org/10.1088/1126-6708/2009/04/106
http://dx.doi.org/10.1103/PhysRevLett.50.1726
http://dx.doi.org/10.1103/PhysRevLett.50.1726
http://arXiv.org/abs/1105.5632
http://dx.doi.org/10.1016/0370-1573(86)90163-8
http://dx.doi.org/10.1016/0370-1573(86)90163-8
http://dx.doi.org/10.1016/0370-2693(82)90643-8
http://dx.doi.org/10.1016/0370-2693(82)90643-8
http://dx.doi.org/10.1088/1126-6708/1998/07/023
http://dx.doi.org/10.1088/1126-6708/1998/07/023
http://dx.doi.org/10.1103/PhysRevLett.89.101101
http://dx.doi.org/10.1103/PhysRevD.67.084009
http://dx.doi.org/10.1103/PhysRevD.83.087501
http://dx.doi.org/10.1088/0264-9381/3/4/018
http://dx.doi.org/10.1088/0264-9381/3/4/018
http://dx.doi.org/10.1016/0370-2693(93)90934-A
http://dx.doi.org/10.1016/0370-2693(93)90934-A
http://dx.doi.org/10.1088/0264-9381/14/8/008
http://dx.doi.org/10.1088/0264-9381/14/8/008
http://dx.doi.org/10.1088/0264-9381/18/5/303
http://dx.doi.org/10.1088/0264-9381/18/5/303
http://dx.doi.org/10.1088/1751-8113/44/17/175402
http://dx.doi.org/10.1103/PhysRevD.82.124030
http://dx.doi.org/10.1016/j.geomphys.2004.05.001
http://dx.doi.org/10.1016/j.geomphys.2004.05.001
http://dx.doi.org/10.1103/PhysRevLett.93.171102
http://dx.doi.org/10.1103/PhysRevLett.93.171102
http://dx.doi.org/10.1088/0264-9381/22/9/002
http://dx.doi.org/10.1088/0264-9381/22/9/002
http://dx.doi.org/10.1103/PhysRevD.50.846
http://dx.doi.org/10.1103/PhysRevD.70.044024
http://dx.doi.org/10.1103/PhysRevD.70.044024

