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Adiabaticity and the fate of non-Gaussianities: The trispectrum and beyond
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Extending the analysis of J. Meyers and N. Sivanandam [Phys. Rev. D 83, 103517 (2011)] beyond the
bispectrum, we explore the superhorizon generation of local non-Gaussianities and their subsequent
approach to adiabaticity. Working with a class of two field models of inflation with potentials amenable to
treatment with the NV formalism, we find that, as is the case for f}f}fa', the local trispectrum parameters 7.
and gy are exponentially driven toward values which are slow-roll suppressed if the fluctuations are driven
into an adiabatic mode by a phase of effectively single field inflation. We argue that general considerations

should ensure that a similar behavior will hold for the local forms of higher point correlations as well.
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I. INTRODUCTION

The observed power spectrum of temperature fluctua-
tions in the cosmic microwave background radiation [1]
has provided dramatic evidence for inflation as the origin
of cosmological fluctuations [2—7]. However, probing the
inflationary paradigm in detail requires that we study more
than just the two-point correlation function; we must also
examine the non-Gaussian contributions to the primordial
fluctuations.

If we model inflation as being driven by canonically
normalized slowly rolling scalar fields, these fields will
generally have Gaussian fluctuations at horizon exit [8,9].
For single field models, local form non-Gaussian contri-
butions to the curvature perturbations are slow-roll sup-
pressed [10,11]. With multiple fields this may not be the
case. The continued evolution of the curvature perturbation
outside the horizon can mix initially Gaussian scalar fluc-
tuations to produce a large non-Gaussian component in the
spectrum. In particular, it has been argued that the quantity
flocal (characterizing the local form bispectrum) can be-
come large in a number of multifield models, through the
evolution of the curvature perturbation after horizon exit;
for a nonexhaustive list of examples see [12-26], or for
reviews see [27,28].

Since the curvature perturbation continues to evolve
outside the horizon in multifield inflation, to make predic-
tions we should follow inflationary observables until they
become conserved—a process that occurs once cosmologi-
cal fluctuations enter a purely adiabatic mode [29-32]—or
until they are observed. It is important to stress the differ-
ence between conservation of the curvature perturbation
and its intermittent constancy during some periods of the
early Universe. By conservation we mean that for a par-
ticular mode of wave number k the curvature perturbation
remains constant while the mode is outside the horizon
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(—’j < H. The curvature perturbation may become constant
without being conserved, as is the case when multiple field
inflation takes place along a straight trajectory in field
space, or when there exist two decoupled fluids with the
same equation of state. The important distinction in these
cases is that the curvature perturbation may evolve during a
later period if nonadiabatic fluctuations are present when
the inflaton traverses a turn, or when one decoupled fluid
changes its equation of state, say, by becoming nonrelativ-
istic. We will focus in this paper on the conservation of the
curvature perturbation, as this guarantees that correlations
are insensitive to the subsequent evolution of the Universe.
In a recent paper [33] we explored the effect of the ap-
proach to adiabaticity on non-Gaussianities produced by
superhorizon evolution in multifield inflation. In the lim-
ited, but illustrative, class of models where isocurvature is
eliminated by a short period of single field inflation before
reheating, we found that the approach to adiabaticity
damped out the leading contribution to 3. Our goal in
this paper is to carry the analysis further and consider the
evolution of higher order correlation functions in the same
class of models.

In addition to allowing for superhorizon evolution of the
curvature perturbation, nonadiabatic fluctuations which
persist through the radiation-dominated era leave observ-
able effects on the cosmic microwave background [34-37].
Current observations are consistent with a purely adiabatic
power spectrum, though they allow for a small contribution
from nonadiabatic fluctuations [1].

Although higher order correlations come with more
significant observational challenges, there are weak bounds
on some limits of the trispectrum, bounds which should
improve considerably with future experiments. From
the 5 yr WMAP data Smidt et al. [38] have found —7.4 <
gn./10° < 8.2 and —0.6 <7y /10*<3.3, and Fergusson,
Regan, and Shellard [39] found —5.4 < gy /10° < 8.6.
gnL and 7y, characterize the trispectrum in a particular
“local-form” parametrization [40,41], the details of which
we will discuss below. Upcoming experiments will do
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significantly better—the Planck satellite should be
able to achieve A7y ~ 560 [41], and probes of large
scale structure may be able to provide even tighter bounds
[42-44].

One might, with some apparent justification, wonder why
we should bother with the trispectrum. After all, the bispec-
trum is guaranteed to vanish in the presence of purely
Gaussian fluctuations, making it a sensitive probe of non-
Gaussianity, and given the challenges in measuring higher
order correlations, one might believe it unlikely that we
would gain much by the effort. This is not, however, the
case. Because of the existence of consistency relations
between the bispectrum and trispectrum, measurement of
7n1, can be a sharper probe of non-Gaussianity than fy; in
some models (if f;, = 50) and even holds the possibility of
ruling out large classes of multifield models. For this reason,
we would like to explore the evolution of the trispectrum in
multifield inflationary models as adiabaticity is approached.

As in our previous work, we use the N formalism to
follow the evolution of perturbations outside the horizon
until the Universe passes through a phase of single field
inflation that drives the isocurvature to zero. We should also
stress, at this juncture, that a phase of single field inflation is
not the only way to force perturbations into an adiabatic
mode. In models where the nonadiabatic fluctuations persist
through the end of inflation, the fluctuations may become
adiabatic during a phase of local thermal equilibrium with
no nonzero conserved quantum numbers [45,46]. There are
also other ways to achieve adiabaticity, such as the curvaton
scenario [12,15]. It is reasonable to suggest that in these
models non-Gaussianities generated from superhorizon
evolution of the curvature perturbation may be observable.
While we hope to explore these possibilities in future work,
we believe that without understanding the complete evolu-
tion of perturbations until they become adiabatic, it is
somewhat premature to claim observable non-Gaussianity
as a prediction of multifield inflation.

The structure of the paper is as follows: We begin in
Sec. II with a discussion of the 6N formalism and the
details of the model that we consider. In Sec. III we give
the results for the two-, three-, and four-point statistics. In
Sec. IV we impose the condition that nonadiabatic fluctua-
tions are damped away by a phase of effectively single field
inflation, and we follow the evolution of 7y and gni
during this process. We discuss the generalization of our
work to n-point functions in Sec. V. We conclude in
Sec. VI. Appendix A gives the details for the calculation
of three- and four-point statistics, and Appendix B gives
explicit expressions for nonlinearity parameters describing
five- and six-point functions.

II. THE MODEL

We use the same model as in [33], and, as in that work,
we closely follow the treatment of Vernizzi and Wands [47]
(see also [8]) in our use of the 6 N formalism. What follows
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is a somewhat condensed version of the derivations in
[33]—the interested reader should see that work for details.
We work with canonical two field models of the form

1 1 R
S— / d4x\/—_g|:§m%,R 850,80, ~ W(¢)].
()

Using ¢ and y for the two scalar fields, the slow-roll
equations of motion are (assuming |H| < H? and |¢,| <

Hl,D)

3Hp=~—9,W, 3Hy=-9 W, H*= W. (2)

3m12,
The validity of slow roll throughout superhorizon evolution
is open to question. However, as argued in [33], brief
violations of slow-roll should not substantially change
the results.

Because of their relative tractability, models of this type
and their associated non-Gaussianities have been well
studied in the literature, for specific classes of poten-
tials—for example, sum-separable potentials (e.g. [47]),
product-separable potentials (e.g. [48,49]), and many
others (e.g. [9,16-21,28]).

As alluded to above, studying such a system is most
readily done using the 6N formalism [S0-53] to calculate
the evolution of the curvature perturbation on uniform
density hypersurfaces, { [6,54], which is conserved for
adiabatic modes whose physical size is greater than that
of the horizon. The SN formalism relates { at some
comoving time . to the perturbation in the number of
e-foldings from an initially flat hypersurface at t = 1.,
generally taken to be horizon exit:

L(t., X) = 6N(t, t,, X) = N(t., 1., X) — Nt 1.). (3

N is the unperturbed number of e-foldings, given by in-
tegrating H from z, to ¢.:

N = f “Ha. &)

Viewing the number of e-foldings as a function of the field
configuration on the hypersurface defined by horizon exit,
¢!(t,,X), and of t,, the perturbation in N can then be
expressed in terms of the fluctuations of the scalar fields
at horizon exit, shown here to third order:

5N=2N,15¢i + %N,U&bi&f)i + ZN,IJkéd)iaﬁbiaQSf-

1JK

(&)

The derivatives here are taken with respect to the fields at

t=t. (N;= ;T’;’!) and 6N is independent of the initial

velocities since the potential is assumed to be slow roll at
horizon exit.
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A. Statistics

From the above formalism, one can straightforwardly
derive expressions for cosmological observables in terms
of derivatives of the number of e-foldings. As in [33] we
follow the treatment of Vernizzi and Wands [47], and
in addition, we also use the work of Byrnes, Sasaki,
and Wands [40]—for a more detailed exposition of the
derivation of SN statistics, please see those works. We
begin by defining the curvature and scalar power spectra,

P;and P,:

- 353) 2
<§k,§k2> = (2m) 6% (k, + kz)??;(kl)y
1

2
<8¢£|3¢i2> = 278" 8Ok, + kz)%’P*(kl), (6)

H:
P.(k) = p)
Then, from (3), (5), and (6), we have

1

The spectral index is given by (the approximate equality
denotes lowest order in slow roll)

dInP 2 h,N ;N
n;—1= §:_2E+_ZIJ¢J ,211 yi (8)
dN H YgN%
€ = —H/H? is the usual slow-roll parameter. Using the

slow-roll equations of motion, this can be written as [55]
2 n 2my ¥ W yN N,
mfz Xk N 21( W3k NZI(

Three-point statistics can be obtained in much the same
fashion. The curvature bispectrum By is defined through

ng—1=—-2e— 9

G disba) = @60k ) Btk ko k). (10)

The bispectrum can be used to define the nonlinearity
parameter fy;, [56], which is the quantity most often
referenced in observational constraints:

l-ll B§
3 4m2°
ki Amt Py

fNL— an

G, Sy Gy G e =
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From (3) and (5), we get

<§kl $k, §k3> = ZN,IN,JN,K<5¢§¢I 5¢iz 5¢1§3>

1JK

1
+3 D NN N g1 (8bs S¢py (8K x5l )y,
1JKL

+ perms. (12)

The star denotes a convolution, and higher order terms
have been neglected [8,57].
With some work (see [33] for a more detailed exposition)

( —1 F

B(kl, k2, k3) = 4774?2 Zl l

‘TL 4””% 2k N,ZK 2 k?
2 N,IN,JN,IJ) (13)
kN

with

k22
(kl,kz,k3)——2( D kik? +4@_lz ,3) (14)

i#j kf 2 i
From the above and (11), fy, is
6 200 NN N1y
—fa = 1+ f) + &L 15
5fNL m 2? ( f) (ZKNZK)Z ( )

The function f(= —1 — 3 k3) takes values between 0 and

5/6 and depends upon the shape of the bispectrum [10]. The
first term of (15) is proportional to the tensor-to-scalar ratio
r, and so is guaranteed to be small [1]; thus only the second
term can give rise to a large fyi:

6 ) _ 2y NiNNiy
57N Xk N%)?

This term, fNL, is momentum independent and local in real
space, so it contributes to i, which, as mentioned in the
Introduction, can be a sharp probe of the number of dy-
namical degrees of freedom during inflation. However, as
we have shown in [33], generating and keeping a large f1o¢
along with an adiabatic power spectrum is far from easy.

The leading contribution to the four-point function is
given by [40]

(16)

N AN gN N p(83 SSE SbE 5D ). + AN 4 a,N sN N p[{(5h™ * %), 5L 56 56P)

+ (3perms)] + 3N 4,4, N 5,5, N.cN p[{(8™ * 5p™2) (8% * 5%2), 6 87 ) + (5 perms)]
+ 3N A, NN N p[{( ™ K S x §¢™), 6¢F S b7 ) + (3perms)]. (17)

The subscript ¢ denotes the connected part of the trispectrum; there is also a disconnected contribution (consisting of
parallelograms of wave vectors) present even for Gaussian fields. The trispectrum T (k, k, k3, k4) can then be defined

[40] as

(e, Gy GG de = Tyky, ko, Ky, k) (277)° 53(Zki)- (13)
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Although the general expression for 7 is quite involved,
it simplifies considerably in the case where we limit our-
selves to models with independent Gaussian fluctuations at
horizon exit [40]:

Tyky, ko, ks, ky) = Tni [Py (Kky3) Py (k3) P (ky) + (11 perms)]
54
25 ~=8NLIP (ko) P (k3) P (ky)
+ (3perms)]. (19)

ki; = |k; + k;|, and 7y, and gy, are given by

TNL ZZIJKN,IJNIKN,JN,K
N 0,
gNL_§ZIJKNIJKNINJNK
54 (XN

Note that the parametrization is such that the coefficients
multiply functions with different k dependence, making
them observationally distinguishable. Restricting oneself
to the above form gives the local-form non-Gaussianity of
the trispectrum.

Before moving on, we should point out that much of the
recent interest in the trispectrum is due to the discovery of a

useful inequality by Suyama and Yamaguchi, relating ;. @

to TNL [58 59]
6 (4)
™L = ( J;- ) (21)

This is derived from the Cauchy-Schwarz inequality
2
<Za§)<2b3) = (Za,b,) (22)
1 J 1
with

4 >/NyN, N,
SN SN

Current experimental bounds are consistent with this in-
equality, but should it be violated in future measurements,
a large class of multifield models would be ruled out. Of
course, such an inequality would be of less utility if the
approach to adiabaticity wipes out any possibility of an
observable (local) non-Gaussian signal.

by = (23)

B. The potential

Requiring that the 6N formalism be of practical use
places restrictions on the form of the potential, discussed
in detail in [33]. The principal point is that in order to take
derivatives of N with respect to the initial field values, we
need a way to easily relate the final and initial field values.
This can be done if a suitable constant of motion can be
constructed, which restricts the form of the potential to

W(e, x) = F(U(¢) + V(x)), (24)
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and also requires that there is a one-to-one mapping be-
tween ¢ and y. With W of this form, the appropriate
constant of motion is

1 /
f T | g @)

The slow-roll equations of motion are

3Hp=F'U', 3Hy=F'V', H?=

I ZW(d’ X)- (26)

Here, as below, a prime denotes the derivative with respect
to the argument of the function. The slow-roll parameters
€' = (mp/2)(aW/a¢))* and "' =my(°W/ap06))
are given by (we drop the repeated index on the diagonal
7 for conciseness)

E(I)Em_?](F/U/)Z EXE_%(};'/VI)
2\ F )’ 2 ’

2
_ 2<F//UI + FIUII)
p ’

H
e=e?+eX=——, n®=m

H” F
F//v/2 + F/v//
F//Ulvl FF//
n¢XEm12,< 7 )=2F2\/6¢’6X 27)

With the potential given above, N is now of the form

1 fc W(g, x(¢)) 1 e W(qﬁ()(),x)d

“2m2 )Wo' " 2md w0 0™
(28)

We impose a further restriction by requiring that the inte-
gral defining N can be divided into separate integrals over
¢ and y, without using the functions ¢ (x) or x(¢). This
gives two possibilities for the potential—homogeneous,

W=[U¢)+ VXD, (29)
and exponential,
W = WoExp[U(¢) + V(x)] (30)

For the homogeneous case, N is then given by

_ L ofeue) V(x)
N= ym%f d¢ ymf dy. (1

« U() V'(x)

And for the exponential case,

1 c 1 1 c 1
d¢ — dy. (32
e e il e

When we end inflation we will also be interested in the
parameters 17’ and 7**, where o and s refer to the
directions parallel and perpendicular to the inflaton motion
in field space. These parameters control the masses of the
adiabatic and isocurvature perturbations, respectively. In
Sec. IV, we will be interested in the case where the

N=_
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Universe passes through a phase of single field inflation
where the isocurvature perturbations become heavy while
the adiabatic ones stay light. These parameters are given by
[60]

e?n?® + 2«/6¢6)(T]¢X + eXnX

s

€
6Xn¢ — 2—\/6¢6X7’¢/\/ —+ E¢nX
p .

(33)

58 =

7

Before moving on to our results and discussion thereof,
we note that although our calculations assume slow roll,
small deviations are possible. In particular, violations of
slow roll are consistent with our 6N analysis so long as
either the violation is sufficiently short or H/¢ is only
weakly dependent on the initial field value (attractive
trajectory) and friction is subdominant during any non-
slow-roll regime. The details of this argument can be found
in [33]. There is also some numerical evidence to suggest
the applicability of 6 N beyond the slow-roll regime—see
[47,61].

II1. RESULTS

We include a summary of the results for both the homo-
geneous and exponential potentials here. The details of the
calculation are presented in Appendix A of [33]. We
reproduce that exposition and expand it to include four-
point statistics in Appendix A below.

A. Homogeneous potential: W(¢, x) = [U(d) + V(x)]¥

Results here are expressed in terms of derivatives of the
potential and the slow-roll parameters defined in (27). As
before, a prime denotes a derivative with respect to the
argument of the function—¢ for U and y for V. First, the
mass parameters for the adiabatic and isocurvature fluctu-
ations are given by

e?n?® + 4(7—;1) ebeX + eXnX

oo

n c )
EXn¢ — 4_(771) 6¢6X —+ Ed)n)( (34)
nss — Y )
€
— )3
o )+501(:_§ (U, +V.) el el
ENL Ex Y D 2 3 4
277(%+%3(U*+V*) €’
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For the other quantities of interest, we first define

. = 1 (U* N V.el — Uceé()
U,+ V., €.
b = 1 (V B VCEZ-’5 — Uceﬁ.() 35)
U+ v Ut €, '
Then the observable P, is given by
W, x; oy
Pr=—-—(2+ —h), 36
Sy (eg & (36)
and n; — 1 by
T EARA yn?
n —1=—2e*——(—h+—h) (x [1—( - +1)x ]
d y\e? € " 2¢? ’ !
¥

The full expressions for fyi, 7w, and gnp, are given in
Appendix A. Many of the terms in these expressions,
however, are multiplied by slow-roll parameters. If we
keep only those parts that are leading order in slow roll,
we have (here and below we use € to refer to a generic first
order slow-roll parameter)

(U A4V, (ﬁ _ y_h)2 e E?((Vnir" _ 1)
P

(U.+ V*)z €% €c

6 2
< @~ 0(s.) >

s (-9 (E2)
TNL'\’@(&‘*)""? LA

(U, + V)* el ek (yns 2
XI:(U*JrV*)Z eL.( _1)]’ %9)

2(y—1
[—eexzn¢+ee¢2n)(+ (v )e¢6X(eX2—e¢2)
Y

T(y—1 T(y—1

2(y—1 2(y—1
+3ye¢e){7]”<nx—yex—n‘/’ +ME¢)] . (40)
Y Y

The ¢ are defined by

Cc

063522-5



JOEL MEYERS AND NAVIN SIVANANDAM

PHYSICAL REVIEW D 84, 063522 (2011)

(41)

£92 = prt WoWaogs _ it Y2(U + V2U'U" + 3vy2(y — 1)(U + V)URU" + y*(y — 1)(y — 2)U*
Pow? (U + V) ’
£ = mt a WoWor it Y2(U + V2V'V" 4+ 392 (y — 1)U + V)V2EV" + y2(y — D(y — 2)V'4

W2

B. Exponential potential:
W(e, x) = WoExp[U(¢) + V(x)]

The slow-roll parameters (27) take a particularly simple
form for an exponential potential of the form (30), and
readily lead to the following expressions for the mass
parameters n** and n?”

e?n? + deteX + eXnX

oo

no= ’

¢ (42)
o = eXn® — 4ebeX + e X

- .

Next, in a similar fashion to the previous section, we
define

2e? 2eX
r==0 y== (43)
€, €,
Then the observables P, and n; — 1 are given by
W. y
Pr=——=+=) 44
¢ 967> m} ( ¢ ef) “4)

2 — (’;ze + 2x,y, + geﬁf)
ng—1=-2e,—4 > — . (45)

x Y
Bk
[ €

As before, full expressions for fyx, 7w, and gnp can be
found in Appendix A, but if we keep only the leading terms
in slow roll, we have

Xe _y_e)Z b x
6 (4) eff’ €c & ss
5 ~ O(e *)+2i+ye)2 p e (46)
26
64 P ® 2 * + ;\/ c €c
TNL"“@(S*)‘F (yei X € ) (;3 € )(6 j ) isZ’
y2 e + x2e €
47)
L~ O *)+200(yee* —x,€X)} ecif’
27 (yee* +x2 )3 €
X (e2 e (26€X nc +anl? —6nlnk — 2%
—eX (277 )+e (486 —26€eln¥
+2n§2+§xz)+e?2 €X(—48€X* +on nk —4n¥
+22eX(—nl + )+ £P)). (48)

U+ Vv)*

IV. DAMPING AWAY ISOCURVATURE AND THE
FATE OF NON-GAUSSIANITIES

[U($) + V)]

We are now in a position to assess the magnitude of gy,
and 7y, as isocurvature is damped away, beginning with
the homogeneous potential. We are only interested in the
evolution of non-slow-roll suppressed parts of the local
trispectrum, so we will focus on the leading terms given in
(39) and (40).

In order to translate the correlation functions of primor-
dial fluctuations into observations, we must follow their
evolution until they become conserved quantities, or until
they are observed. The latter would require detailed knowl-
edge of the cosmological history from the present all the
way back to the inflationary epoch. Given our ignorance of
the details of much of the early Universe, we focus on the
former approach. Accordingly, we wish to study 7 and
gnL» as they are forced into constant values and, since
correlations of the curvature perturbation will evolve out-
side the horizon as long as nonadiabatic fluctuations are
present, this means we need to evaluate (39) and (40) after
any nonadiabaticity has been damped away and only the
adiabatic mode is left. Here we achieve this by requiring
that there is a short phase of effectively single field infla-
tion sometime before reheating while the observationally
relevant modes are outside the horizon. We repeat that this
is not the only possibility for achieving adiabaticity,
but this choice ensures that we are able to calculate
observables without making any assumptions about
post-inflationary dynamics. In [33] we perform the same

A. Homogeneous potential: W(¢, y) =

analysis and find that f; % pecomes slow-roll suppressed as
we approach adlabatlclty

We now consider the equation of motion for the isocur-
vature fluctuations which, at leading order in slow roll,
takes the form [60]

. N 4 k>
0s +3Hés + —51*ds +— 85 = 0. (49)
mp a

The solution of this equation is [60,62]

k \—v
B t —3/2(—) : 50
s a2 (50)
where v is given by
9 W,r’ss
=" - . S
4  miH?

: 3
So for »** = 3, we find
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|8s] o a(t)™3/2 = |8s| ~ Exp[—% [Hdt:l, (52)

and the isocurvature fluctuations are rapidly damped away.
We will now examine the conditions for large n7*,
defined in (33). Recall that (27) gives

gt =2 ; D Jerer, (53)

and [from (37)] |y| must be O(1) or larger to guarantee
scale invariance. Thus when

B eXnd — 4(7—;1)6‘%* + ebnX

ss

n
€

is large, we must have either n¢ = S or ¥ = 5. If both
1n?® and nX are large, then 5?“ will also be large, and
inflation will quickly end before the nonadiabatic modes
have been damped away, so we will not be interested in this
case.

Now let us consider 7y;, which we write in the follow-
ing simplified form:

. ~ O(s,) + O(1) X [Ei""x' (7"? - 1)]2. (54)

c c

Given the appearance of 7*°, one might expect that for
sufficiently large 1** (large %* is required to damp away
isocurvature) observably large 7, could be produced even
as isocurvature is damped away. However, the coefficient
of n*%, specifically Eifx, is a dynamical quantity whose
time dependence is affected by the behavior of 1**. To find
this time dependence, we first note that

P
% — 2en? —2/eP XX + 4(e%)? + 4eb e, (55)

£X
% = —2eXnX — 2V e®eXn?X + 4(eX)* + 4e®€X. (56)

Now, for the damping of isocurvature, either ¢ > 1 or
nX > 1. In the former case we can neglect all but the first
term on the right-hand side of (55), and so we find that

€?(t) Exp[—Zan¢dt]. (57)

Similar remarks apply to €¥, in the case that n* > 1.
It is then straightforward to write down the evolution of
TNL as isocurvature is damped away:

™~ O(e,) + O(1) X (7]”)2Exp|: —4[Can”dt:|. (58)

C,, is a number which is always greater than 1 whose value
depends on the particular direction of the effective single
field during this phase. We thus conclude that 7 will
always be slow-roll suppressed upon entering the purely
adiabatic solution after a phase of effectively single field
inflation.

The argument is similar for gy;. By examining (40),
we can see that the part of gyn; which is not slow-roll
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suppressed is proportional to f‘i—f{. As we argued above,
either €? or eX will be exponentially damped when 7**
becomes large. In order for gy; to remain large as non-
adiabatic fluctuations are damped away, one of the terms in
square brackets in (40) must grow exponentially. Since we
must have € <1 throughout inflation, we cannot have
exponential growth from terms which contain only €
and €X. An exponentially growing n¢ would result
in a double exponential damping of €?, as can be seen
from (57), and thus a rapid damping of gy, (and likewise
for nX).

This leaves only the terms proportional to £2. However,
the evolution of £ is not independent of that of the other
slow-roll parameters. Specifically, we note that

5
N = g2 4 2ebmx + zeanﬁ + g,/6¢€xn¢x, (59)
H Y Y

n_X = — X2 + 2eXn? + %Gqﬁnx + %,/6456)(7745)(' (60)
H Y Y

If £%? were positive and exponentially growing, this would
mean that ¢ would quickly become negative and expo-
nentially growing. This would lead to a double exponential
growth of €® which would result in a quick end to inflation
before the nonadiabatic fluctuations are damped away. If
£%2 were negative and exponentially growing, then 7®
would exponentially increase as well, which in turn would
result in a double exponential suppression of €?, and thus a
rapid damping of gy . The same analysis holds for £&X2. So

we find that, like f 1(\‘12 and 7y, gn, Will always be slow-roll
suppressed upon entering a purely adiabatic solution after a
phase of effectively single field inflation.

We pause to note that while the terms labeled O(e..) are
proportional to slow-roll parameters, there are cases when
they are not negligible. As shown in Appendix A, these
terms contain several factors which depend on the details
of the potential. In fact, there are examples showing that
these terms can be significant for f| f\?l)‘ [63,64], and a similar
mechanism should apply for higher point statistics as well.

B. Exponential potential:
W(, x) = WoExp[U(¢) + V(x)]

An entirely analogous damping takes place in the case of
the exponential potential. Once again, the dominant con-
tribution to 7y will be proportional to 732,

eXe?\2
m = 0 + 0% (“5 w6
€

c

and n** is

ss

_ 6Xn¢ — 46(/76/\/ —+ €¢1’X

€
A large n** will then imply (again) either a large n?
or a large nX and lead (in the same fashion as for the
homogeneous potential) to the exponential damping of the
leading term in 7y, as in (58).
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The argument for gy is similar. The exponentially sup-
pressed factor J’TEX also multiplies the leading order term in
gnL» and the factors in the expression cannot be exponen-
tially large (by the same arguments as above). Thus the
leading term in gy, is driven to zero as the fluctuations are

forced into an adiabatic mode.

V. HIGHER POINT FUNCTIONS

Although we have examined only the three- and four-
point functions in detail, we can extend our analysis to
higher point functions as well. The n-point function is
always proportional to n factors of N with at least one
derivative acting on each N. If we restrict our attention to
models where the scalar field fluctuations are Gaussian and
independent at horizon exit, then the contributions to the
non-Gaussian correlation functions are proportional to the
various ways of contracting the derivatives of N with
Kronecker deltas. If we focus on the connected part of the
non-Gaussian correlations, then there is no subset of the
factors of N whose derivatives are contracted independently
of the other factors. In this case the leading contributions to
the n-point function will contain 2(n — 1) derivatives. We
will briefly discuss the subleading contributions below.

For a general n-point function we can characterize the
various local forms by defining a set of nonlinearity pa-
rameters. The number of independent nonlinearity parame-
ters is given by the number of distinct ways of applying
2(n — 1) derivatives to n factors of N with at least one
derivative acting on each factor of N. This is equivalent to
the number of “free trees” constructed from contracting n
vertices with n — 1 edges, called 7, in graph theory and
combinatorial analysis [65,66]. We can write the set of
nonlinearity parameters for the n-point function as

_ 2aands. N, Naa,.. NNy,
Sk N3 ! '

where the index i runs from 1 to 7, and labels the various
ways of distributing 2(n — 1) derivatives in the numerator.

Y. (62)

; ; : B) _6,4 @ _
We can make the identifications Fyy | =3/ Faog =
TN, and F' I(\?i,z = % gn1- There are three parameters for the

five-point function, six for the six-point function, 11 for the
seven-point function, 23 for the eight-point function, and
so on [65,660]. We give explicit expressions for the five- and
six-point nonlinearity parameters in Appendix B.

The structure of the derivatives of N follows a pattern
which allows for an easy determination of the most impor-
tant contributions to each of the nonlinearity parameters.
Specifically, the mth derivative of N will be of the form

"N m—1
=3 0EP ), (63)
i~ &

Each of the nonlinearity parameters describing the n-point
function has n factors of N with a total of 2(n — 1)
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derivatives in the numerator and 2(n — 1) factors of N g
in the denominator. This means that the denominator will
be O(e; " 1), so only the terms which are O ") or
larger in the numerator will make a contribution which is
not automatically slow-roll suppressed. Now if we have a
product of n factors of N of the form N N(2) ... NOm)
where N refers to the m;th derivative of N with respect
to ¢, the term which is lowest order in slow-roll parame-

ters will be O(e, (Zl_m,»)/Z)' For a product of n factors of N
with a total of 2(n — 1) derivatives, the leading term is
O(e. ("_1)), and so the leading term is the only one which
is not automatically slow-roll suppressed.

The leading term for all second and higher derivatives of

b
N contains a factor :—ZEX One can see this directly for the

second and third derivatives by examining Eqgs. (A10)-
(A14) for the homogeneous potential and Egs. (A20)—
(A24) for the exponential potential. It is straightforward

elel

to verify that derivatives of == with respect to ¢.. and y.

are proportional to a sum of slow-roll parameters multiplied
by the combination Et—f)( It is exactly this quantity which
becomes exponentially suppressed as nonadiabatic fluctua-
tions are damped away by passing through a phase of single
field inflation. As long as the terms which are multiplying
%gf are not exponentially growing during the phase of
single field inflation, we find that the leading term in all
second and higher derivatives of N becomes exponentially
suppressed as nonadiabatic fluctuations are damped away.
As we discussed above, the various slow-roll parameters do
not evolve independently, and thus generally cannot grow
exponentially without affecting the evolution of €? and eX.
As aresult, we can conclude that the leading contribution to
all local-form non-Gaussian n-point functions becomes
suppressed as nonadiabatic fluctuations are damped away
during a phase of single field inflation, and thus all FI(\?{ ;
will be slow-roll suppressed.

There is a complication which we have so far over-
looked, which is that there are other contributions to the
nonlinearity parameters which contain more than the mini-
mum number of derivatives acting on the factors of N; see
for example [63,67-69]. These terms are generally known
as loop corrections because they involve integrals over
internal momenta. These terms all contain second and
higher derivatives of N, and are thus suppressed for the
same reason as the leading terms discussed above.

VI. CONCLUSIONS

We have extended the analysis of [33] to include the
calculation of the trispectrum. We calculated 7y and
gn for inflationary potentials of the form W(¢, x) =
[U(¢) + V(x)]" and W(e, x) = WoExp[U(¢) + V(x)]
by using the 6N formalism. We focused on the case in
which there is a phase of effectively single field inflation
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which damps away nonadiabatic fluctuations before the
end of inflation. This ensures that all of the n-point statis-
tics are conserved during the subsequent evolution of the
Universe, and it also guarantees that the power spectrum is
purely adiabatic as indicated by observation. Under these
conditions, we find that 7y, and gy, are always slow-roll
suppressed upon entering a purely adiabatic solution. We
also discussed the extension to higher point functions and
argued that all of the nonlinearity parameters Fl(\?L)l that
describe the local form non-Gaussianity for any n-point
function will be slow-roll suppressed after a phase of
effectively single field inflation.

There are, of course, some serious limitations with our
result. In particular, one might worry about different po-
tentials, different (slow-roll violating) trajectories, and
different approaches to adiabaticity. As discussed in [33],
there are some arguments which suggest that the first two
of these would not have significant effects on our results. In
[33] (and as recapped at the end of Sec. II) we show that
small violations of slow roll do not affect the results, and
we argue that larger ones would be inconsistent with the
observed power spectrum. With regards to a different
potential, it is unclear how such a change could alter the
fundamentals of our analysis, though without a detailed
study one cannot be certain of this.

It is, however, the particular approach to adiabaticity
that is the most restrictive assumption we make. While our
results illustrate the challenges associated with generating
an adiabatic spectrum and local-form non-Gaussianities,
there are a number of scenarios where the fluctuations in
the cosmological fluid enter an adiabatic mode without a
phase of single field inflation. As discussed in the
Introduction, these include (amongst others) curvaton
models and a phase of thermal equilibrium. We hope to
explore the evolution of the bispectrum, trispectrum, and
beyond in such scenarios in forthcoming work.
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APPENDIX A: DETAILS FOR HOMOGENEOUS
AND EXPONENTIAL POTENTIALS

1. Homogeneous potential: W(¢, x) = [U(¢p) + V(¢h)]”
With N and C given by (25) and (31),

® x 1
C=—m} f de' + f dy’,
" o U/(d) ) d) ]1 Xo U/( /) X

PHYSICAL REVIEW D 84, 063522 (2011)
_ [ u@) f v,
Cymy ) U ’(d)) ym} V’(X)
Varying N then gives
1 U d U a
vl ). e (@). 5 () Jee
U’ e, \U' A \V’
1 Vv ad U ad Vv
). 5 )5 ) Jov
myy ViJe 0x\U/Jc dx\V'/.
Note that in deriving the above we had to account for the

dependence of ¢, and y,. on both ¢, and y.. We will also
need

d aC aC
dp. = d)c( do. + —d/\/*),
2. X A2
J dx. ( ic ) (A2)
XC X* .
0. J X«
From (27) we have
aC 2 aC  m?
--Z =2 (A3)
A Ul Ix- Vi
and
aC 2 aC  m?
- - (Ad)
a¢() UC aXC VC
The time . defines a surface of constant energy:
W(o., x.) = constant. (A5)
Differentiating with respect to C then gives
do., d)a
74 W, A6
ac ¢ e+ e Wile = (A0)

Using the above and Wy /W, = U'/V', we can differen-
tiate the expression for C in (25) and obtain (after some
manipulation) the following expressions:

do. 1 1 1\7! 1 U.v?
e K (| v ==

mp c c mp c c A7
dy. 1 [W(l N 1)]71 1 UtV (A7)
dc  miL \UZ2 VP m2 U2+ V2

Substituting (A3) and (A7) into (A2) allows us to read off
the following:

Ip. _ VE U, dp._ VP UL
ap. UP+V2U, dyx. u?+vezvy (A8)
e Uz Vi o ax._ UZ V,
E UP+V2U, dx. UP+V2VL
The derivatives of N are then
ON 1 ON 1
- —— 2 (A9
ag. m, he? Ix« M, J2eX

063522-9



JOEL MEYERS AND NAVIN SIVANANDAM PHYSICAL REVIEW D 84, 063522 (2011)

We have used the slow-roll parameters defined in (27), while x;, and y, are defined in (35):

. = 1 (U* . Vel — Uceé()’ . 1 (V* Vel - Uceé‘).
U, + V. €. U, +V, €,

In a similar vein, we can find the second derivatives,

PN 1T ¢ U, +V)E 1 elel
o 1_xh(7n _y+1)+( )2 € el (7m_1>],
a¢* ynp L (U* + V*) €c €.

PN _ 1T yn¥ U+ V) 1 ef’ec yn!
— 1~ —y+1)+ ¢ 1)
ax:  ymil yh( 7 ) (U, + V.)? € €. < €. )] (A10)

#*N 17 (U +V) 1 el el (77% B 1)]
Iy ymyl (U, +V.)? \/6;7’65 € \ € '

and third derivatives,

c

PN _ 1 [_L nf vy—1 ‘ xh<y £9? Y nff’2+7—1 n? +7—1 2ef)
ad)z me; mp ’26x 2\/z €¢3/2 \/5 EZB/Z mp '2&? ymp
_3<1 R )(U + V. eé”e?i(vniﬁ“ _ 1)+l I U+ V) elel
m, [‘26 U+ V) e e\ € 2232 (U + V.)€l
')’ ')’ Y
Vg2 — 0206 eb expss(px — pb 12X TV
+ eX*¢ €72 EX6e?eX | 1 n? + (e €X) , (A11)
Y ¢

2 2

#N _ 1 [_1 U Sk O~y yh<7 & oy omi y-lopd oyl 26)()

axi  ym} DX ymy, 22 e 2P m, [J2eX ym,
Loty =1 o\ (U V) e Xel 1 (yny y 1 (U.+V.) ee

N, e U.+V.? e € ), e W vy &
mp e ym, €, €\ e, m, J2eX*? (U. L) €r

2 4y — 1 14(y — 1
x {_ e(eX2nd — e2px) + Lz)e)(eqﬁ(fdﬁ — eX?) 4+ 2eP2px2 — 2eX2pd2 4 #6)(605(6)(,705 — ebpr)
Y Y Y

+ eP26x2 — E’Y2f¢266)(€¢7)”<7]¢ — X+ 72()/ - (eX — 6‘/’))} ] (A12)
Y c

LN [(L n? Lyl /—2€¢)<uc+vc>z el 1 (Wgsﬂ)
; (UL + V)2 €.

a(ﬁ%aX* ymy, L\m, ,26557 ym, * * €. Efe‘i(

3 ¢ x —
_r lx - Egc 1 5613 €c fc {E e(eP?nx — eX2n?) + Aly - D) e?eX(eX? — €9?) 4+ 2eX2q??
2€t €y * «)7 € Y Y

14(y — 1
— 26(1’27’/\/2 + %64)6)((6([)7])( — EXn(b) + 6/\/2§¢2 — €¢2§X26€¢6X7]SS

X <77X - 0%+ @(e"5 — EX))L:I’ (A13)
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1 (U, +V.)3elel

PN 1 [(L n Lyl X)(UC+VC)262‘6? 1 <7nis_1)_l
2 2 | 2 374
oxz0d. ymyL\m, X ym, (U, +V.)? e, Xt €, m, /261565 (U, +V,)} e

14(y—1
2eX2n#? +%exe¢(exn¢ — €?nX)

Mexeﬂedﬂ ) 2622
y?

{ye(e*znd’ —e?n¥) +

+eP20 2 gBrGex b n”(nd’ Crt

where ¢ is defined by (41):
i Y2(U + V)2U'U" + 392 (y — DU + VU2U" + y*(y — Dy — 2)U*

W W
02— 40" bd _
T W+ V)
s W W - Y2(U + V2V'V" + 39y2(y — 1)U + V)V2V" + y2(y — 1)(y — 2)V*
& = my A X ,
Pew? U+ V)

and n** is given in (34):
nss _ EXn¢ — 4@6¢6X + e‘d’n)(
c .

From these it is straightforward to use the relevant N equations to obtain expressions for fyi, 7nr, and gni
5[ — (xf _ + % vl _ WAV (x5 _ i \? elel (yn2 _
6 .4 _2 _"”[1 (25 vt l)xh] : [1 (_ v 1)yh] (U*‘*'V*)z(E_;’ e_]*) e_(_ 1)

2
—~JNL - 2 2\2 - 2 2\2
S (% +24) Y (% +%)

€,

(A15)

>

[ 2~ PG 2 G+ )

S}
~
e.lskw
+
* ><|§fw
N—"
w

[(U +V )2 Gc eX (')’77c B 1)] n
(U, +V)?* €. \ e, %

and

s ob % Dt
gNL‘;);(th)JXZ[‘WN 1_x(7§* _yne L (y l)n*+7y1)]

26f Y " 4655’2 26,?2 2ef

Loyl &0yl (y=Dmt  y—1 oyt oyl
X&[_?7 y'y B h(Z XZ_ZZXZ yzei(n +7y >]+3[(Zgi§(_%)(zz¢_7)

eXL 2¢&f
3(U +V) Ec Ec

(U V) c €c c
5 Mo EE(W 1)+ (G- yh)m

(U, +V.)? €. \ e, €’
2(y—1 T(y—1
(y )6¢6X(6X — et + 6X2n¢(7n¢ _1ly )6¢>) _ E¢2nx<7nx _
Y Y

2(y—1 2(y—1
+%(6)(2§¢2 — eP2EX?) + 376¢6X77““(17X — (77 )eX —n®+ (77 )6¢)]¢-}' (A17)

2 3 X
ga o™

7(77— l)eX)

X [—66X2n¢ + €€’ X +

Eliminating the slow-roll suppressed terms gives the expressions in (38)—(40).
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2. Exponential potential:
Wi, x) = WoExp[U(¢) + V(x)]
With N from (32) and C again given by (25),

¢ 1 x 1
C= —mzf ———d¢' + mzf dy’,
u d’() U/(¢/) P X0 U/(/\//)

1 c 1
N: - -
20 IR

the variation gives

1 1 I, 1 Ixe 1
@[(ﬁl - a¢*(ﬁ)6 - a;*(ﬁc]d‘ﬁ*
()2 ) Jowe

The analysis begins in the same fashion as in the previous
section, with the expressions for the derivatives of ¢, and
X. with respect to ¢.. and y. given in (A8). From this and
(A18) we obtain the following expressions for the first
derivatives of N:

__j"‘ Ly
22 ). Vg X

dN =

PHYSICAL REVIEW D 84, 063522 (2011)
N 1 x, IN 1y,

dd.  2m, /26;1,’ 9 X« 2m ST

The slow-roll parameters are defined in (27). x, and y, are
defined in (43) as

(A19)

_2¢? _ 26l
Xe = ’ Ye = .
€ €.

The second derivatives are then given by

PN 11 4ef X
¢ _ 26¢ + ¢ =C¢ _ss
a¢% 2m 2 26* [ (T]* # )xe E% ne ]r

9*N 1 1
sy~ 2Dy +
2 2 X e
) e 2m,, 2€; [
PN 11 2eled |
= ne-
dpux. 2m3 X €2

466 eX

e} (a20)

C

And the third derivatives are

3N 1 el elel ¢ec
761 [— 5= @(e? = nfim? + £2) + 326! — nf) =3 2 + (P nd? + )
P omiyer 26 € ‘

+ el el (—26€Xn? — 4n?* + 6nlnk

+¢0%) + el (48el’

+ 226?(7% - 770) - 6776 776 + 4772(2 - fé(z)

— el’(48el” — 26€k ¥ + 20 + £1))] (A21)
3N 1 eX €l e? elel
= [—5(2(63«‘ — )m¥ + €9) +32¢f — 7)) e+ = (e @n¥ + £2)

x5 oo
myy2€.

+ 6?6"52(—266?77? -

4172(2 + 617?172s + 552) + eé‘zef(486?2

c

+226?(nc —nd) —6ninl + 40l — €87

— e (48€%? — 26€l ¢ + 20?? + g;f”))], (A22)
N 1 & & eg’eé‘ 6?65 3 2 2 $2 ) 2 ¢ 2
= [ el =)0 +——=— ("2 + &) + el el (—26€l ¥ —4AnE +6mEnl + £F)
ad’*X* m €. \/26* € c
el el (48el +22el (X — ) —6minl +an?® — £l — P48l —26eln?! 20 + )] (A23)

83N 1 [—(26 _77 )eceg) ss 4 fé(fc

—=
X+ me*\ﬁe, €

+eP?eX (48 + 22X (n? — p¥)— 61 n

7n** is given in (42):

ss

(€l + &) + el el

Xt dn)? — &%) — 23 (48€l”

( 26€) nc 47} +677g51;2(+§f2)

— 26Xk + 20 + g;”z))]. (A24)

n

€

As above, the N equations then give the observables of interest:
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4el X xe _ x\2 _ afnd-2el\ _ 3(ni-2ef
6 . 1 & "i‘s<ei’ ef) xe( () ) ye< Gl ) A25
s/N T3 RN ’ (25)
(ﬁ 2e§)
4 4 X3 $Y2 4 4 eD3 (X X\2 elel 58 2 X2 ¢
™NL = —[(x (n? —2e0)% + yeP (nf —2e)?) + 8-S 08 (v, €f — x, )2’ (m? — 2€?)
(y2el + xZel €;
eX ¢
+ 32l (! = 2¢) + 16(=5) 0220 e! — xeXP(el +eh] (A26)
and
100 1 1
8NL = ﬁ[_—(ngfff(z(ff - nf)nf + &%) + )’26565:?3(2(635 —nd)nf + 129))
27 (yee* +er*) €
656? s 2X2 2, b2( x X fﬁvf? X\3 X2 X,
+6—— (yee* — x,€0)(x2e (77* —2e%) + yvier (¥ —2€)) +2 (yee* — x,€)) (€? €% (26€) ne
C (,
+4n?? —onlnl — £0%) — 20l + £8%) + e (48€X* — 26eink + 29 + £F)
+ e eX(—48€X* + 6n8 X — An¥* + 22eX(—n¢ + ¥ + g?z))]. (A27)

Suppressing the slow-roll terms gives the expressions in (46)—(48).

APPENDIX B: FIVE- AND SIX-POINT NONLINEARITY PARAMETERS

In this appendix we give explicit expressions for the nonlinearity parameters which describe the amplitude of the various
local limits of the five- and six-point functions assuming independent Gaussian scalar field fluctuations at horizon exit. By
using the general expression (62) we obtain for the five-point nonlinearity parameters,

) 20k NN jxN g NN ) 2kt N kN g N N N | ) 2k N kN NN gN |
g = AN AN (B1)
Xy Nw* Xy Nw)* Xy Nw*
And for the six-point nonlinearity parameters, we get
FO D 1kim NN g N g N pyN Ny FO 2 1kim NigN gt N pyN N N y
N PN, N )5 ' N2 SN ,ZN)S '
© _ 2kim N kN jiN guN (N N y © _ 2ikem NN kN N N Ny
Fais = 535 , Fie = 273 ) (B2)
’ XY N ) ' O Ny
F© ~ Y kim NNy N N N Ny F© ~ Ykem NkimN, IN JN kNN, M
NLS NNy ’ NL6 Xy Ny

It can easily be shown that there are many other consistency relations like the one found by Suyama and Yamaguchi
[58,59] which relate the nonlinearity parameters for higher point functions. For example, if we take

N kN N N
‘= 2 ’m; 5?2 -, dp = ]2 2’ (B3)
(X, N7] (3. N7]
then the Cauchy-Schwarz inequality )
(X)X d) = (Zerd) (B4)
1 7 1
implies that
S4gni\2
6 NL
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