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About gauge invariance in compactified extra dimensions
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Gauge theories formulated in a space-time manifold that includes compact extra dimensions can show a
nontrivial gauge structure. Depending on whether the gauge parameters propagate or not in the extra
dimensions, two different Kaluza-Klein theories can arise when the extra dimensions are compactified. A
comparison between these two possibilities, in the context of a five-dimensional theory, is presented from
both the theoretical and phenomenological viewpoints. The phenomenological implications of these
theories are contrasted by discussing the one-loop decay of the Higgs boson into two photons. It is shown
that the amplitude for this decay differs substantially from one approach to the other and that such a

difference is intimately related to gauge invariance.
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Many efforts have been dedicated to extra-dimensional
Standard Model (SM) extensions since the crucial works
by Antoniadis, Arkani-Hamed, Dimopoulos, and Dvali [1],
where TeV ™~ !-sized extra dimensions were considered for
the first time. In the present paper, we will focus on five-
dimensional theories in the context of universal extra di-
mensions [2]. The standard four-dimensional coordinates
will be denoted by x, whereas the fifth-dimension coordi-
nate will be represented by y. Capital roman indices will
run over the five space-time coordinates. Gauge and four-
dimensional Lorentz indices will be denoted by a, b, c, . ..
and pu, v, ..., respectively, while Kaluza-Klein (KK)
modes indices will be placed between parentheses. The
five-dimensional theory is given by the following action:

S = f dx L, 1)
with
L= f dy Ls(Fin F. ®, DyF, Dy®),  (2)

where the extra dimension is assumed to be compactified.
In the above expression, F¢,y represents the Yang-Mills
curvature with gauge fields A¢,, whereas F and ® are
fermion and scalar representations of the gauge group in
consideration, and Dy, is the covariant derivative. In the
literature [3], it was assumed that the gauge parameters o,
which define the five-dimensional SUs(N) gauge trans-
formations, propagate in the fifth dimension, although the
role played by the infinite set of KK modes associated with
these parameters was not discussed. The four-dimensional
KK theory was derived by expanding in Fourier series all
the five-dimensional fields involved in the theory, includ-
ing the A¢,(x, y) gauge ones appearing in covariant de-
rivatives. Such an approach does not ruin gauge invariance
only if both the five-dimensional and the four-dimensional
theories are governed by the same gauge group [4].
Contrastingly, if it is assumed that the gauge parameters
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propagate in the fifth dimension, only gauge covariant
objects must be expanded in Eq. (2)[4]. The gauge parame-
ters, a“, determine [4] two different four-dimensional KK
theories depending on whether they are allowed to propa-
gate in the extra dimension or not. The main concern of the
present paper is the comparison of such different theories
from the theoretical and phenomenological perspectives
within the context of the SM in five dimensions. We will
discuss the gauge structure of the SM sectors in the context
of both formulations and investigate their phenomenologi-
cal implications by examining their impact on the one-loop
decay of the Higgs boson into two photons.

We first restrict our discussion to the five-dimensional
Yang-Mills sector, whose dynamic variables are vector
potentials that can be arranged as (A (x,y), A¢(x, y)).
The compactification and integration of the extra dimen-

sion produces the so-called zero modes, Aﬁf)“, which are
identified as the ordinary Yang-Mills fields in four dimen-
sions. Besides, this procedure generates an infinite set of
vector fields, Az")“, which are the excited modes of the
five-dimensional gauge fields A¢. Finally, this process
dissociates the last component of the vector potentials,
the A¢ field, and an infinite set of scalars, Ag")“, also
arises. The supposition that the gauge parameters depend
on the fifth dimension leads to an infinite set of gauge
parameters specifying an infinite number of infinitesimal
gauge transformations, which can be divided [4] into two
types: the ordinary four-dimensional Yang-Mills gauge
transformations, or standard gauge transformations
(SGT), which are determined by the zero modes of the
gauge parameters, «©'%; and another sort of transforma-
tions that we called the nonstandard gauge transforma-
tions (NSGT), which are infinite in number and are defined
by the excited modes of the gauge parameters, a*. In
this context, the KK-tower expansions must be performed
[4] directly on the five-dimensional covariant objects,
which in this case are the curvatures, as such a process
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preserves [4] gauge invariance after the integration of the
fifth-dimension coordinate. We call the four-dimensional
theory so obtained the pure gauge Kaluza-Klein theory
(GKKT), and denote it by L4yy. The degeneracies asso-
ciated with the SGT and the NSGT can be removed [4] by
processes that are different and independent of each other.
The fixation of the gauge for the GKKT, with respect to
the NSGT, is conveniently achieved [4] by introducing a
SGT-covariant—gauge-fixing scheme. The GKKT has been
consistently quantized [4] and the most general Faddeev-
Popov ghost term for the KK excited modes derived [4]. It
is remarkable that the one-loop effects of the GKKT on any
light Green’s function are renormalizable [4,5], which has
been phenomenologically illustrated [6] recently. Such a
result does not hold, in general, at the two-loop or higher
orders, or when two or more extra dimensions are intro-
duced. If the gauge parameters are not allowed to propa-
gate in the extra dimension,' they remain the same at the
four-dimensional level and determine only [4] the SGT.
In this case, the objects to KK-expand are [4] the gauge
fields, instead of the curvatures, and the resulting four-
dimensional Lagrangian, which we refer to as the nonpure
gauge Kaluza-Klein theory (NGKKT), can be expressed
[4] as

Loym=Liym + AL (3)
with
AL = %ngabcfade(A rnqu(V”)CA(q)eV
_ A/rnqugn)CA(Sq)f)A’(U':)bA(p)d,u, (4)

where the symbols A™P9 and A"""P9 are sums of Kronecker
delta functions whose precise definitions have been given
in Ref. [4]. The L;YM Lagrangian is invariant under the
SGT [4], but not under the NSGT. This approach for the
KK-expansions has been the one most commonly followed
in the literature [3], although there has been confusion
concerning the gauge structure of the four-dimensional
theory, as some authors have presented [7] sets of gauge
transformations for all of the KK modes, with an infinite
number of gauge parameters defining the variations, which
contradicts the above discussion. It has been accentuated
[8] that the scalar fields Ag’")“ are pseudo-Goldstone bo-
sons, but this asseveration is not necessarily true. In the

case of the GKKT, the zero modes Agﬁ))“ and the KK
excitations A(;i")” are [4] gauge fields under the SGT and

the NSGT, respectively, while the scalar fields, A(Sm)”, are

[4] pseudo-Goldstone bosons that can be eliminated [4]
from the theory. The fields of the NGKKT have a very
different nature, as the zero modes are still gauge fields, but

'This supposition produces five-dimensional Lorentz viola-
tion, even before compactification.
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the excited modes AEI")” are matter fields, i.e., they trans-
form in the adjoint representation of the SU(N) group.
Even more contrasting is the behavior of the four-
dimensional scalars, Agm)", which are massless scalars
that transform in the adjoint representation of SU(N) and
hence cannot [4] be removed from the theory.
Phenomenological differences among the GKKT and the
NGKKT also occur, and we present an example below. In
what follows, the classification of the KK theories into
GKKT and NGKKT will be extended to those originated
in the whole of the five-dimensional SM. From here on, we
will use the standard notation for the electroweak gauge
fields, Wj, and B,. The difference between the Yang-Mills
sectors of the GKKT and NGKKT extensions of the SM is
given by the A £ Lagrangian, from which we can identify
the tree-level processes W,({”)" W(ﬁ”)h — W,(Z”)CWf,")d and

wimewinb — wimew e - which are predictions of the
NGKKT SM extension, but not of the GKKT one.
Although some different phenomenological implications
of these theories are evident from these processes, it would
be interesting to show a difference at the level of some
electroweak observable. We will consider the decay of the
Higgs boson into two photons and use it to qualitatively
illustrate that the GKKT and NGKKT are quite different
indeed. A wider study on this decay, including other rare
processes of the Higgs boson, will be presented elsewhere
[9]. In the context of universal extra dimensions, the five-
dimensional sectors of the SM can be classified depending
on whether they involve the covariant derivative or not.
In the latter category are the Yukawa sector and the Higgs
potential, which are, respectively, given by

27R _ ~
Ly=- [0 dy[ A, O(x, y)ulx, y)B(x, y)

+ )lﬁdQ(x’ J’)d(x: J’)q)(x’ )’)
+ AsL(x, y)e(x, y)®(x,y) + Hel  (5)

V= f T @ ()DL, 7))
0

+ )\5((1)1-()(’ y)q)(-xr y))2:|x (6)

where Q(x, y) and L(x, y) are SU(2) doublets of quarks
and leptons, respectively, while ®(x, y) is the Higgs dou-
blet. In addition, u(x, y) and d(x, y) represent singlets of
quarks, whereas e(x, y) stands for a charged lepton singlet.
These sectors contribute to the H7yvy coupling through the
HfO O g £ gm) and H¢m= M+ vertices, with f©
the standard charged fermions and f(m) m=12...,)
their excited modes, whereas the charged scalars ¢(’”)i
are excited KK components of the Higgs doublet. Notice
that we are using the notation H = H®). These sectors
coincide in both the GKKT and the NGKKT, as they do
not involve covariant derivatives, curvatures, or covariant
objects other than the fermionic fields and the Higgs
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doublet, so that no differences among the two formulations
can be expected in the Hy+y coupling from these vertices.
On the other hand, the coupling of the photon to pairs of
charged fermions or scalars is governed by the electromag-
netic group, where the GKKT and the NGKKT coincide.
So, the fermion (diagram [I] in Fig. 1) and scalar (diagrams
[1] and [II] in Fig. 1) contributions to the Hy7y coupling
coincide in the two theories.

We now turn to discuss the gauge sector contributions. In
the GKKT, such contributions are given by the zero W®=*
and the excited W* modes, which are gauge fields under
the SGT and the NSGT, respectively. The scalar fields
ng)t are the pseudo-Goldstone bosons associated with

the gauge fields W™ . Within the scheme of the so-called
renormalizable gauges, R & the contributions of the
pseudo-Goldstone bosons (Gg,?,)i and ng)i) and the ghost
(antighost) fields (C©O*(C©*) and Ct*(C™*)) must be
considered. However, these contributions are absent in
the unitary gauge, so that the only contributions to the
H — vyvy decay come from the KK excited gauge bosons
through the diagrams (I) and (II) in Fig. 1. On the other
hand, in the NGKKT, the excited W™= modes are not
gauge fields, but matter fields, so their contributions to the
H — y7y decay must be calculated by using the unitary
propagator. Since the difference of the Yang-Mills
sectors of these theories is given by the A L Lagrangian,
which does not involve zero-mode fields, it is clear
that the trilinear W™= W®¥y and quartic WW* W yy
(n=0,1,...,) vertices induced by the GKKT in the uni-
tary gauge coincide with those generated in the NGKKT.
So, these vertices do not produce different contributions to
the H — vy decay in any of the two theories. Another
vertex involved in the W™ contribution to this decay is
HWW W= (4 =0,1,...,), which is induced by the
kinetic term of the Higgs sector. In the GKKT, such term
can be written as [9]

Lk = (D, D)V (x)(D# D) O (x) + (D, D)™ (x)

X (DH @)™ (x) + (D5 D)™t (x)(D3D) ™ (x),  (7)
where sums over repeated indices, including the modes
ones, are assumed. The covariant objects ((D#(D)(O),

(D M(I))“") and (D5®)") appearing in the above expression
can be easily written [9] in terms of the Higgs doublet KK

W Y (I Y

= fn) (n) (n) (n) = w (n) (n)
O=,wo, w60 (=wo, wh ¢

FIG. 1. One-loop order KK contributions to the Hyvy decay.
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excitations (®© and ®™), the electroweak fields KK
excitations (Wﬁ{")“, Wém)“,BEI")“ and Bg’")“), and a general-
ization of the covariant derivatives defined in Ref. [4] to the
electroweak gauge group context. The L,k Lagrangian is
[9] invariant under both the SGT and the NSGT. On the
other hand, when the gauge parameters do not propagate in
the fifth dimension, one has the NGKKT. The correspond-
ing Lagrangian can be written as follows:

Lk = Lagn + ALgy, 3
where

A‘EKH — _(I)(n)'l'(Amnlemk _ A/mnklRmk)(I)(l), (9)

with
a b a
o’ o oY
ka — g2WL,m)aW(k)bM -~ 4 zgg/W(m)aB(k);L -
2 2 ’ 22
Y\2
+ g/2351">3<k>ﬂ<§) , (10)
b a
K 2pmayp 00 T (ma ) T Y
R = g WSTWs T 5 T 2eg WS B 55
Y\2
+ g’ng’”)B(s")(E) . (11

As in the case of the Yang-Mills sector, the GKKT and
NGKKT differ in quartic couplings that involve only ex-
cited KK modes. This in turn implies that the HW©* WO+
and HW™*W couplings coincide in both formula-
tions, which is intimately connected with the renormaliz-
ability [4,5] of the light Green’s functions at the one-loop
level, as the new physics effects decouple. These vertices
are induced by the term (D, @)@t (D*®)® and have the
well known SM structure igmy0 g,,,-

Above, we have shown that the contributions of
charged fermions and their excited modes, the W gauge
boson and their excited modes, and the KK modes of
charged scalars associated with the Higgs doublets &)
are exactly the same in both the GKKT and the NGKKT.
However, it is important to notice that the charged scalars
W§m)t = (Wg’")1 ¥ ng)z)/ 2 represent physical degrees
of freedom in the NGKKT, so their contribution to the
H — vy decay must be included. Although after the
compactification these particles remain massless, they
receive mass at the Fermi scale through the vacuum
expectation value of ®©. All the excited modes have
the same mass myo and the couplings with the Higgs
boson are all proportional to gm,,«. The contribution of a
charged scalar to the H — yy decay, which occurs
through the diagrams (I) and (IT) of Fig. 1 and is free of
ultraviolet divergences, is well known in the literature
[10], so we refrain from presenting it here. For our
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purposes it is sufficient to establish that the amplitude for
the H — vy decay in the context of the NGKKT can be
written as follows:

M(H— yy) = MH—yy)+ > M5 (H—yy), (12)
n=1

where M(H — vy7y) is the prediction of the GKKT,
which is free of ultraviolet divergences [9,11]. Since
M (H — ) is the same for each mode, it is clear
that M(H — yy) diverges.

Within the NGKKT context, it is worth stressing that the
scalars W™ and BY" produce contributions to the KK
|
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Higgs potential through the covariant derivative term
(Ds®)t(D>®) and the ALy} Lagrangian, Eq. (9). By
taking into account such contributions, the total scalar po-
tential is expressed as

Vi = Vau(@©) + Vey_np(@©), &), W, BL)
+ Vap(®W), Wi, BYY), (13)
with
Vem = M2(q)(0)1‘q)(0)) + /\(@(O)T@(O))z’ (14)

VoM—np = ZA(@(O)T@(O))(q)(n)Tq)(n)) + A(q)(O)Tq)(n) + (p(n)fq)(o))(q)(o)’rcp(n) + WTPO) 4+ zAnrsq)(r)Tq)(s))

2 2 /
+ & @Ot g™ Giw i) 4 8 @Ot B PO) 4 88 GOt iy i g g O)
4 4 2

: 2
+ (% SO0 4 S At W eiw o0 + 2

181 gt g g
R 5

12 /
+ £ At BB GO 4 88 Arrsn )t i B BlO) H.c.)
4 2 ’

2 i ] )
VNP — <M2 + (%) )((I)(n)fq)(n)) + AAnrsk(q)(n)T(D(r))(q)(s)‘rq)(k)) + (% Anrm %A/mrn)(% (I)(n)fo_zwgr)l(b(m)

Lo 2 ”
T %(D(n)‘l'Bg”)(‘D(m)) + (Al pAlrkm Alsnkm)(g (I)(n)’ra.inS)ia.jng)iq)(M) + gTdb(””Bg“')ng)CI)("’)) (15)

4

+ ng/ (AlrsnAlrkm + AlrknAlrsm _ ZAlsnkm)q)(n)]‘a.z‘WgY)iB(Sk)(I)(m)’ (16)

where A" and A" are sums of Kroenecker deltas, and
A = As/27R. The Vg term is the SM Higgs potential,
whose vacuum gauge symmetry is broken to endow masses
to the zero-mode gauge bosons. The Vgy—_np part is a link
between the low-energy theory and the extra-dimensional
effects, and impacts low-energy Green’s functions since
the one-loop level. Finally, Vip is related to heavier phys-
ics effects, for it is constituted by terms that involve,
exclusively, KK excitations. At the tree level, the parame-
ters u and A, of the SM Higgs potential, are not corrected
by the KK excited modes, although modifications to these
parameters could arise from Vg np at one-loop or higher
orders.

In conclusion, the two KK gauge theories that arise,
depending on whether the gauge parameters propagate in
the extra dimension or not, are quite different from both the
theoretical and the phenomenological perspectives. The
fact that in the GKKT the scalars are pseudo-Goldstone
bosons while in the NGKKT they are matter fields is

[

crucial, for in the former the corresponding contributions
can be omitted by using the unitary gauge, but in the latter
they must be invariably taken into account. Such a behav-
ior is associated to the dynamical variables, which are
different in each of these theories. The presence, in the
NGKKT, of the KK towers of scalar matter fields leads to
contributions that could affect the parameters u and A, of
the SM higgs potential. Within the NGKKT, the KK scalar
matter fields generated by the five-dimensional color group
gauge fields do not participate in the symmetry breaking
and hence remain massless, which renders this theory
physically less interesting. From the practical point of
view, the GKKT is more attractive than the NGKKT be-
cause the light Green’s functions are renormalizable at the
one-loop level, opening the possibility of performing ra-
diative corrections to electroweak observables.
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