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Minimal modification to tribimaximal mixing
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We explore some ways of minimally modifying the neutrino mixing matrix from tribimaximal,
characterized by introducing at most one mixing angle and a CP violating phase thus extending our
earlier work. One minimal modification, motivated to some extent by group theoretic considerations, is a
simple case with the elements V,, of the second column in the mixing matrix equal to 1/+/3.
Modifications by keeping one of the columns or one of the rows unchanged from tribimaximal mixing

all belong to the class of minimal modification. Some of the cases have interesting experimentally testable
consequences. In particular, the T2K and MINOS collaborations have recently reported indications of a
nonzero 3. For the cases we consider, the new data sharply constrain the CP violating phase angle &,

with & close to O (in some cases) and 7 disfavored.

DOI: 10.1103/PhysRevD.84.053004

L. INTRODUCTION

Mixing of different neutrino species has been estab-
lished by various experiments [1]. Recently the T2K [2]
and MINOS [3] collaborations have reported indications of
a nonzero 05 providing new evidence for neutrino mixing
and new information about the mixing pattern. The mixing
can be represented by the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) [4] mixing matrix V in the charged current
interaction of the W boson with left-handed charged lep-
tons /; and neutrinos v;, L = —(g/\/i)l_L'y"VVLW; +
H.c.. The elements of the unitary matrix V are usually
indicated by Vi witha =e, u,7,...and j=1,2,3,....
With three neutrinos, there are three mixing angles, one
Dirac phase, and possibly two Majorana phases if neutri-
nos are Majorana particles.

It is possible to fit data from various experiments [5],
except for possible anomalies in the LSND, MiniBoone
[6], and MINOS [7] data. The pre-T2K data, with modified
Gallium cross section used by the SAGE Collaboration [8],
on mixing and mass parameters, can be summarized at the
1o(30) level as [5,9]
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Here the mixing parameters are those of the Particle Data
Group (PDG) parametrization [1] (with 6, = 0,,,
03 = 0,3, 6013 = 0,3). There is no direct experimental
information on the phases Sppg.

The mixing pattern is well approximated by the so-
called tribimaximal mixing pattern of the form [10]
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Note that with this mixing pattern, 65 is equal to zero.

The recent T2K data on 6,5 (and therefore |V,5|) show
that [2] at 90% C.L. it is not zero with sin?26)5 in the range
of 0.03 (0.04)-0.28 (0.34) for normal (inverted) neutrino
mass hierarchy. Data from MINOS [3] also disfavor
015 = 0 at 89% C.L. This information provides an impor-
tant constraint on theoretical model building for neutrino
mixing [11]. Combining the recent T2K and MINOS data
with previous neutrino oscillation data and using the new
reactor flux in Ref. [12], more stringent constraints on the
mixing parameters than those given in Eq. (1) have been
obtained [13]. These new constraints are shown in Table I.
We will use them for our later discussions.

The combined data show that 85 is nonzero at 3o level.
In fact the pre-T2K data already provide a hint that 65 is
nonzero at a more-than-1o level [9]. A nonzero V,; would
rule out tribimaximal mixing. Now the tribimaximal mix-
ing prediction for the angle 6, is outside the 1o level.
Also, because one of the elements in the mixing matrix is
zero, the tribimaximal mixing does not allow CP violation
to be manifest in neutrino oscillation, i.e. the Jarlskog
parameter [14] J is identically equal to zero. The combined
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TABLE I. Ranges for mixing parameters obtained in Ref. [13].
Parameter sin6,, sin%fy; sin’6,5
Best fit 0.312 0.42 0.025
1o range 0.296-0.329 0.39-0.50 0.018-0.032
20 range 0.280-0.347 0.36-0.60 0.012-0.041
30 range 0.265-0.364 0.34-0.64 0.005-0.050

experimental efforts [15-19] will be able to measure CP
violation in neutrino oscillation [20]. Were CP violation to
be established in the future, it would definitively rule out
tribimaximal mixing. We also recall that CP violation in
the lepton sector has a profound implication regarding why
our Universe is dominated by matter. There is thus an
additional motivation to study deviations from tribimax-
imal mixing.

Phenomenologically, small deviations from the tribi-
maximal pattern can be easily parametrized in terms of
three small parameters and studied [21,22]. In [23], we
studied a minimal modification with one complex parame-
ter. Here we extend this discussion.

Theoretically, many attempts have been made to derive
the tribimaximal mixing, but in our opinion a simple and
compelling construction is still sorely lacking. Many of the
attempts were based on the tetrahedral group A, first
studied by Ma and Rajasekaran for neutrino models [24],
and subsequently by others [25]. A group theoretic dis-
cussion was given in [26] attributing the difficulty to a
clash between the residual Z, in one sector and Z; in
another. Residual discrete symmetries in the context of
neutrino mixing have also been extensively discussed in
Ref. [27]. Authors in Ref. [28] have named this the
“sequestering problem.” Within the context of Ay, it was
shown [29] that two assumptions were needed to obtain a
one-parameter family of mixing matrices which contains
tribimaximal mixing. In other words, to obtain tribimax-
imal mixing, it is necessary to find one reason or another to
set this particular parameter to zero. This suggests, or at
least motivates, studying various one-parameter modifica-
tions to tribimaximal mixing.

II. THE FORM OF MINIMAL
MODIFICATIONS FOR Vg

In our 2006 work [23], which we will review briefly in
the appendixes, we were naturally led in the context of A4,
assuming that the sequestering problem of [28] could be
solved, to a modification of tribimaximal mixing in which
the middle (1, 1, 1) column was left unchanged.

It has not escaped the notice of many authors that the
three columns, (=2, 1,1), (0,1, —1), (1, 1, 1), of Vg
furnish the two-dimensional and the one-dimensional rep-
resentations of the permutation group S;. Historically, this
observation led Wolfenstein [30] long ago to guess, based
on a sense that somehow (1, 1, 1) is special, a mixing
matrix that consists of Vg with its last two columns
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interchanged. Another early guess was put forward by
Yamanaka, Sugawara, and Pakvasa [31]. The mutual or-
thogonality of these three columns of course also means
that they correspond to the three Gell-Mann diagonal gen-
erators of SU(3). Similarly, these three columns also ap-
pear [29,32] in a table of Clebsch-Gordon coefficients for
SU(2). These may all indicate some deeper reasons for
tribimaximal mixing, such as the possibility [29] that
neutrinos are composite.

With so little known about the underlying theory of
neutrino mixing, we take here a purely phenomenological
approach. If we take the column vectors as reflecting some
basic feature of the neutrino, a minimal modification may
be to keep the column vectors unchanged as much as
possible. Some phenomenological implications have been
studied in Ref. [33]. In this paper we analyze these minimal
modifications to the tribimaximal mixing in light of the
recent T2K data. Because of unitarity, we can leave at most
one column unchanged. Minimal modification to the tribi-
maximal mixing can therefore be characterized by which
column we leave unchanged. Some special cases have been
considered in the literature [23,29,32,34,35]. We refer to
them as case V¢, case V?, and case V¢, corresponding to
keeping the third, second, and first columns unchanged,
respectively. This class of modifications can be obtained by
multiplying a two-generation mixing matrix from the right
of Vrg,2 and 3, 1 and 3, and 1 and 2 mixing patterns. These
modifications can be viewed as perturbation to the tribi-
maximal mixing by modifying the neutrino mass matrix
[33]. One can also motivate minimal modification by
perturbing the charged lepton mass matrix in a similar
fashion, which would result in one of the rows of Vg
being unchanged. One such example has been studied by
Friedberg and Lee in [35]. Therefore there are another
three types of minimal modification, keeping the first row
or the second row or the third row indicated by case W¢,
case W’ and case W¢, respectively.

A. One of the columns in Vg unchanged

Leaving one of the columns in Vg unchanged, we have

the three possibilities:
cost sint 0
V¢ = Vig| —sint cost O |,
\ 0 0 1
cosT 0

Vb = Vg 0 1 0

—sinte™ @ 0

/1 0 0

Ve =Vl 0 cosT sinte?
—id

) 3)

\0 —sin7e

We will use the abbreviation ¢ = cosT and s = sinT.
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Note that for V¢, with the third column in Vig un-
changed, V,; = 0 and there is no nonremovable phase
leading to a vanishing Jarlskog parameter, J = 0. No CP
violation phenomena can show up in oscillation related
processes.

B. One of the rows in Vi unchanged

Keeping the neutrino mass matrix unchanged and per-
turbing the charged lepton mass matrix for the tribimax-
imal mass matrices, one obtains a V in the form of a unitary
U multiplied from left to the tribimaximal mixing V =
UVrg. The three cases with one of the rows unchanged
from tribimaximal mixing can be written in the following

forms:
1 0 O
Wé = (0 C S)VTB,
0 —s ¢

c 0 sei®
wb = 0 1 0 |V “4)
—se @ 0 ¢
¢ sed 0
We= | —se® ¢ 0|V
0 0 1

Since there is no nonremovable phase in W% no CP
violation phenomena can show up in oscillation related
processes for this case.

As mentioned earlier, the case W¢ has been motivated
theoretically and studied by Friedberg and Lee [35].

III. PHENOMENOLOGICAL IMPLICATIONS

As was mentioned in the introduction, of these six cases,
we are theoretically prejudiced in favor of V?, which we
studied in Ref. [23]. As far as we know, some of the other
cases are not well motivated and we analyzed them merely
as straw men to be knocked down by future precision
experiments.

There are no phases for cases V¢ and W?. They are
given by

2c s c 2s
(%% wtE O
vl cEe s s k|
_c _ s c _ s _ 1
KVE 3 B 3 2 )
2 1 0
(& 5
W=l %% 55 5 H
\~%tk 5k st h

The modification to tribimaximal mixing is represented
by a nonzero s = sin7 (¢ = cos7). For case V¢, the main
predictions of this mixing pattern are that |V 3| = 1/ V2
which is at the boundary of the 1o allowed range. Present
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data constrain the modification mixing parameter s (with
¢ > 0), which can modify the value for V,,, to be in the
range —0.04-0.002 (—0.075-0.0) at 1o (30) with the best
fit value of —0.02. For case W, a definitive prediction for
this case is that V,, = 1/+/3. This is outside the 10 range,
but within the 20 range. A nonzero s will modify V3 away
from 1/~/2. The current data allow s to be in the range
0-0.08 (—0.14-0.105) at the 1o (30) with the best fit value
to be 0.08. For both cases V¢ and W¢, V5 are predicted to
be zero. They are in conflict with data at the 3o level. Also
there are no phases for V¢ and W¢. There is no CP
violation in neutrino oscillation. This provides another
test for cases V* and W¢. Should future experiments find
CP violation in neutrino oscillations, these two cases
would be ruled out.

The other four cases have two parameters; one can
use available data on the magnitude of the elements in V
to constrain them and to predict other observables, in
particular, the Jarlskog CP violating parameter J =
Im(V,,;V;,V},1V,.0). Complete determination of parameters
related to neutrino physics includes the mixing angles and
the CP violating Dirac phase, and also the absolute neu-
trino masses and possible Majorana phases. Since not
much information can be used to constrain the Majorana
phases, in the following we will use the combined pre-T2K
and the recent T2K and MINOS data to study some phe-
nomenological implications for the mixing parameters of
the other four minimal modifications described in the
previous section.

Case V?: In this case the mixing matrix V? is given by

2¢ 1 2se'®
NG 3 6
b— | —c _se® 1 ¢ _ se?
4 “TFE B B w | ©
c se”® 1 c se'd

Sk V2 BB VI

A definitive prediction of this mixing pattern is that
V,, = 1/+/3. This is outside the lo range, but consistent
with data within the 20 level. Since V,, is fixed to be 1/ V3,
|V,5| can be expressed as a function of V,; with

Ve3 = V2/3 - |Vel|2' (7)

This can be used as an additional check.

In this case there is room for a nonzero V,; and also a
nonzero  Jarlskog  parameter given by J =
[V,11V,3]sind/2+/3 for CP violation. Using the allowed
range for 65, we can easily obtain information for s with
the best fit value given by 0.177 and the 1o (307) allowed
range 0.16-0.22 (0.09-0.27).

Expressing V,3 and V3 in terms of the mixing angle 7
(through ¢ and s) and CP violating phase, we have

2 . 1 1 )
V= Zsetd Vio2a=—=c——se, 8
3 \/; w3 5 \/6 ( )
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FIG. 1 (color online). Case V’. |V,5| as a function of & for
|V ,3| equals to 0.617 (1o lower bound, dashed line), 0.641 (best
fit value, solid line) and 0.701 (1o upper bound, dotted line). The
solid and dashed horizontal lines are for the best value and the
1o bounds of |V,;|, respectively.

One could use Eq. (8) to eliminate 7 and relate |V 3],
|V,3l and 8,

1 1 1 1/2
[V,5l = (—6‘2 + 52— —cscos5)

2° 6" 3

1 1 2
- I:(§|Ve3|0055 - 75\/1 - 3|V63|2/2)

1 1/2
+ Z |Ve3|2sin26] . (9)

FIG. 2 (color online).
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Using the known ranges of sinf,; and sinf;3, the 1o
range for V3 is determined to be 0.617-0.701. We could
plot |V,5| in terms of the unknown & for some typical
values of V5 in the allowed range. In solving for |V ;]
we have to pick the branch consistent with Eq. (8) of
course. We will work in the convention where s and ¢
are all positive. The result is shown in Fig. 1. |V,| is
symmetric in the region of 0 to 7 and 7 to 27 for 6.
The allowed ranges in Table I rule out some portion of
allowed 6. Regions of & close to 7 are not allowed at the
1o level, but there are ranges of & which can be consistent
with data. Improved data can further narrow down the
allowed range.

Since in this case there are only two unknown parame-
ters, s and 8, in the model, the four parameters 6,5, 6,3,
015, and the CP violating parameter dppg of the general
parametrization are related. The boundaries in Fig. 1 rep-
resent the 1o allowed ranges for the parameters of the
model. The situations are similar for the other three cases
in our later discussions. Note also that the analysis we are
carrying out is insensitive to whether the neutrino mass
hierarchy is normal or inverted.

One can extract useful information on the CP violating
parameter J by using the relation

1
J = ——=sind|V3ly/1 — 3|V.5?/2. 10
35 Vsl [Vesl?/ (10)

Note that J is simply proportional to sind. The results are
shown in Fig. 2. On the left panel of Fig. 2, J is plotted as a
function of & for three values of |V,;|. The absolute value
of J can be as large as 0.04 for |V ;| and takes its 1o upper
value of 0.179.

For |V 3| close to its lower bound, & close to 0 and 277
are favored. For & close to 7, |V ;]| is outside of its 1o
allowed range. There are overlaps for the regions allowed
in the right panel of Fig. 2 and those in Fig. 1. Combining

Case V?. Left: J as a function of & for |V,;| equals to 0.179 (solid line), 0.145 (dashed line), and 0.134 (dotted)

line. Right: |V 3| as a function of & for |V,3| equals to 0.179 (solid line), 0.145 (dashed line), and 0.134 (dotted line). The solid and two
dashed horizontal lines are for the best value and the 1o bounds of IV#3|, respectively.
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FIG. 3 (color online). Case V?. Contours of |V,;| and |V 43| for
different values of J. The curves are for J equal to +0.04 (solid
line), =0.03 (dashed line), and *=0.01 (dotted line). The solid
and two dashed horizontal lines are for the best value and the 1o
bounds of |V,;], respectively.

information from V,, discussed earlier, we can conclude
that this case is ruled out at the 1o level, but is consistent
with data at the 20 level.

In Fig. 3, the contours of |V,5| and |V ;| for different
values of J are shown. The contours are degenerate in
*|J].

Case V°: For this case, the mixing matrix is

1 —id o i
FAVE TRt
A prediction for the mixing is that V,; = 2/ NG Vs is
related to V,, by

Vsl =41/3 = [V~ 12)

Imposing unitarity of the Vpyns, this prediction is in the 1o
region.

Within the 1o range of V3, s is allowed to vary from 0.2
to 0.31 with the best fit value of 0.25, and V,, can be within
its 1o range. One can again combine information from
|V,43l and |V ;]| to constrain the CP violating phase & and
the Jarlskog parameter J. We have

1 2
|VM3|=[(|veglcos6+7Z 131Vl |
1/2
+|Ve3|2sin52:| ,
1. >
Jz—msmélvdl 1-3|V,4]% (13)

The results are shown in Figs. 4—6. For this case even a
larger portion of the 6 range is ruled out by data as can seen
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FIG. 4 (color online). Case V¢. |V 3| as a function of & for
|V ,3| equal to 0.617 (dashed line), 0.641 (solid line), and 0.701
(dotted line). The solid and dashed horizontal lines are for the
best value and the 1o bounds of |V,s|, respectively.

from Fig. 4. From the right panel of Fig. 5, we also see that
a large portion of & is ruled out. However, there are over-
laps for the two regions. This case can be consistent with
data at the 1o level. CP violating information is shown in
the left panel of Fig. 5. The largest value of J is 0.04 when
|V,5| takes its 1o upper bound value of 0.179. The corre-
lations of J, V3, and V3 are shown in Fig. 6.
Case W”: The mixing matrix W? is given by

2¢ _ sei® c se'd _ sel?
NG VBB N
_ _ 1 1 1
Wb = T - 5 | a9

i

c __ 2se” c _ se™®

YA A S S

This case predicts V3 = 1/ 2. This prediction is at the
boundary of the 1o allowed range. But it is different than
case V¢ since V3 is not zero and J can be nonzero. s is in
the range of 0.19-0.25 at the 10 level with the best fit value
given by 0.20. In this case correlations of |V, |, |V,3|, and &
or J are given by

1 2

[V,,| = \/—§[<\/§|V33| cosd + \/1 — 2|Ve3|2)
1/2
+ 2|Ve3lzsin25] ,

1
J = —=sind|Vly1 — 2|V,;]% 15
35 [Vesl Vsl (15)
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FIG. 5 (color online).
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Case V¢. Left: J as a function of § for |V ;| equal to 0.179 (solid line), 0.145 (dashed line), and 0.134 (dotted

line) for case V°. Right: [V ,3| as a function of & for |V,;| equal to 0.179 (solid line), 0.145 (dashed line), and 0.134 (dotted line). The
solid and dashed horizontal lines are for the best value and the 1o bounds of |V“3|, respectively.

The results are shown in Figs. 7-9. Now |V;| is playing
the role of |V 5| for the cases V¥ and V*. From Fig. 7 and
the right panel in Fig. 8, we see that the allowed range for &
is constrained to be even closer to 77/2 and 377/2. But there
are still regions consistent with data at the slightly larger
than 1o level. J can be as large as 0.04 when |V ;| is equal
to its 1o upper bound value of 0.179. The correlations of J,
V.3, and V3 are shown in Fig. 9.

Case W¢: In this case the third row is left unchanged
from tribimaximal mixing [35] and the mixing matrix W*¢
is given by

2¢ _ se® c 4 se'd se'd
NG 6 BB
¢ — | _ ¢ _ 25 ¢ _ s c
w 6 :;6 3 :;3 2 (16)
_ 1 1 _ 1
NG V3 V2

IVl

0.60 L L o T ]
0.00 0.05 0.10 0.15 0.20

Vel

FIG. 6 (color online). Case V*. Contours of |V,3| and |V 3| for
different values of J. The curves are for J equal to +0.04 (solid
line), =0.03 (dashed line), and *=0.01 (dotted line). The solid
and dashed horizontal lines are for the best value and the lo
bounds of |V,;|, respectively.

We have
1 2
Vool = 7§[(ﬁlve3|<:0s6 w1 -2vap)
1/2
+2|Ve3|2sin25:| ,
J= L sindlVshi — 2Vl (17)
3\/5 e3 e3l -

The expression for |V,,| is the same as for case W?, but
the sign of J is opposite to those for case W” when reading
Figs. 8 and 9, respectively. One can easily read off the
constraints on 6 and J from Figs. 7 and 8. A crucial

03sF T T T T T

i |
|
|
|
|
|
Rl
ol
Bl
|
|
1
\
|
|

Vel

0.05 [

000 F o o

FIG. 7 (color online). Case W?. |V ;| as a function of & for
|V,,| equal to 0.538 (dashed line), 0.553 (solid line), and 0.568
(dotted line). The solid and dashed horizontal lines are for the
best value and 1o bounds of |V 3|, respectively.
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FIG. 8 (color online).
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Vel

Case WP, Left: J as a function of & for | V3| equal to 0.179 (solid line), 0.145 (dashed line), and 0.134 (dotted

line). Right: |V,,| as a function of & for |V,3| equals to 0.179 (solid line), 0.145 (dashed line), and 0.134 (dotted line). The solid and
dashed horizontal lines are for the best value and the 1o bounds of |V,,], respectively.

difference is that V 5 is no longer 1/~/2, but ¢/ /2. [V 5l
can vary from 0.684-0.694 (0.670-0.703) at the 1o (30)
level. This case is consistent with data at 1o level. Precise
measurement of |V,u3| can be used to distinguish these two
cases.

IV. SUMMARY

Recent data from T2K and MINOS show evidence of a
nonzero V.3 at 90% C.L.. There may be the need for
modifications to the tribimaximal mixing with which V
is equal to zero resulting in a CP conserving mixing. We
have studied several possible ways to minimally modify
the tribimaximal mixing by keeping one of the columns or
one of the rows in the tribimaximal mixing unchanged. Six
cases were studied. Two of the cases have V,; = 0. These
two cases are in tension with data at the 3o level. Also for
these two cases, the CP violating Jarlskog parameter J is

0.60 T T

Vel

0.50 - !

N
0.00 0.05 0.10 0.15 0.20
|Ve3|

FIG. 9 (color online). Case W?. Contours of |V,;| and |V,,| for
different values of J. The curves are for J equal to =0.04 (solid
line), =0.03 (dashed line), and *£0.01 (dotted line). The solid
and dashed horizontal lines are for the best value and the 1o
bounds of |V,,|, respectively.

identically zero. CP violation in neutrino oscillation can
provide new tests for these two cases. For the other four
cases, all have two parameters in the mixing matrix.
Current data on neutrino oscillation can put constraints
on the parameters, but remain consistent with data within
20 for case V?, and within 1o for the other three cases. The
allowed ranges for CP violation are also constrained.
Future experiments can test the predictions to rule out these
models.
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APPENDIX A

Here we review some features of the family group Ay
[24] that led us to favor V?, which we analyzed in [23]. A
key point to achieve the tribimaximal mixing in models
based on A, symmetry is to obtain the matrices U; and U,
which diagonalize the charged lepton and neutrino mass
matrices M, and M,,, UTM,U, = D, and UIM,U, = D,
in the following forms [23]:

. 1 w w
Uu=—|1 1 1|
"B
1 o w?
10 -1 (AD)
1
u,=—|0 2 o0 |
V2
1 0 1

where w® = 1. The mixing matrix V is given by U;r U,.
Note that U, which plays a role in diagonalizing the
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charged lepton mass does not show up in V. With suitable
choices of phase conventions, V can be written in the form
in Eq. (2). In general the elements in the diagonal matrix
D, have phases, the Majorana phases. We provide some
details in Appendix B for obtaining the relevant mass
matrix.

One can easily find that the neutrino mass matrix must
be the following form:

a 0 B
M,,=(0 0% 0),
B 0 «

to obtain the right form for U,,. With appropriate redefini-
tion of phases and mixing angles, one obtained the form
VTB for V.

To achieve the above with specific models, there are
some requirements for Higgs boson fields” vacuum expec-
tations values as can be seen in Appendix B. In general, M,
above will be modified. If one keeps the charged lepton
mass matrix unchanged, the most general Higgs potential
may not respect the conditions leading to modification
resulting modifying the “11” entry to o — € and the
“33” entry to a + € for the neutrino mass matrix M,
given by Eq. (B4) in Appendix B. With appropriate rede-
finition of phases and angles shown in Appendix B, one
obtains V” where we have redefined § = n + 7/2 to the
form in Eq. (B8).

(A2)

€13C12

b — | _ —i8 _
Ve = S12€23€ 12523513

—is _
S12823€ C12€23513

To have all of the elements in the second column in the
above matrix to be 1/+/3, one just needs to set s;3 = 1/+/3,
c13 =+/2/3, and s,3 = co3 = 1/+/2. We then obtain
Eq. (3) with ¢ = ¢, and s = s55.

In this basis, one can reconstruct the elements in the
neutrino mass matrix in terms of the mixing angle 7, phase
6, and masses i; by requiring M, = UI*VD,,VTU;f. We
have

a =~ ((c? = s2e 20, — (2 — s2e20)my),

((c* + s%e 29) i, + (¢ + s2e*?)iny),

€ = ics(e 5, — e1ny), (AS)

<
||
5

The «, B, and € here are equivalent to those given in
Appendix B with a different basis. The important thing is
that the number of independent parameters is the same total
of six.
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Note that in taking the form of V? in Eq. (3), without
Majorana phases in V, we have absorbed possible
Majorana phases in the masses 7; = m;e'>*i. Here m; are
real and positive. Without loss of generality, one can al-
ways choose one of the «; to be zero, for example «, = 0.
The above form belongs to the minimal modification to the
Vg mixing pattern specified earlier with the elements in
the second column remaining as V,, = 1/ V3.

We have arrived at this minimal modification from a
specific model. In fact, the above parametrization is the
most general one for V,, = 1/ V3 up to phase conventions.
One can understand this by starting with a most general
parametrization used by the Particle Data Group, Vppg,
and then setting certain angles to some particular values to
make sure that V,, = 1/ V3. Since we want all of the
elements in the second column to be 1/ \/§, for conve-
nience we exchange the second and the third columns,
and move the Dirac phase at different locations, by rede-
fining the phase of charged leptons and neutrinos, accord-
ing to the following:

VP = P VppGEPg, (A3)

where P, p are diagonal phase matrices with elements,
P, = diag(e’, 1,1), Pg = diag(e %, 1, 1), and E is a ma-
trix switching the second and third columns with elements
Ejj=616j + 6,63+ 6;30).

We have

S13 C13312€"'S

_ i
§23C13  €C12€3 — S12823813€" (A4)

_ _ i5
C€23C13 C12823 = 812€23513€

[
APPENDIX B

In Appendix B, we briefly outline how V? can be ob-
tained from models based on A, family symmetry [24]
with the standard model (SM) gauge symmetry.

A way to obtain U, in Eq. (A1) is to assign the three left-
handed SM lepton doublet I; = (I, l;,, I;3) and three
right-handed neutrino (I, [z, Ig3) representations into a
triplet, and the three singlets 1, 1/, and 1” of A4 group,
respectively. A SM doublet and A, triplet Higgs represen-
tation ® = (P, ,, P;) then leads to the Yukawa cou-
pling terms,

Ly = A @)y + 2,0 ([, P)lgy + A (I, D) nlgs
+ H.c. (B1)

After ® develops a vacuum expectation value (VEV) of the
form (®) = (v¢, V¢, Vo), the charged lepton mass matrix
is given by M, = U,;D, with D, = Diag(m,, m,, m,) and
m; = \/qu))\,-. This gives the right U; with U, = I.

To obtain the right form of the neutrino mass matrix,
three right-handed neutrinos vz = (vgy, Y2, Vr3), @ SM

053004-8
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doublet Higgs ¢, and a SM singlet ¥ = (x1, X2, x3), trans-
forming under the A, group as triplet, singlet, and triplet,
respectively. The Yukawa coupling terms relevant are

LV = AV(Z_LVR)I + m(ﬂRng)l + Ax((VRVIg)3X)1 + H.c
(B2)

With the VEV structure (¢) = v and (x) = (0, v,, 0), the
neutrino mass matrix is given by

m 0 m,
M=< OT MD), Mg=| 0 m 0 | (B3)
My Mg m, 0 m

where M}, = Diag(l, 1, 1))1,,v¢ andm, = A v,.The light
neutrino mass matrix is M, = —MpMz'MF which is the
desired form giving U, in Eq. (Al).

The charged lepton masses are controlled by the VEV of
@ which requires the components of ® to have the same
VEV. This choice leaves a Z; unbroken symmetry in the
theory. The neutrino mass matrix is, on the other hand,
controlled by the VEV of ¢ and y with only (x,) nonzero.
This preserves a Z, unbroken symmetry in the theory. If
there is no communication between these two sectors, the
residual Z; and Z, symmetries are left unbroken. But in
general these two sectors cannot be completely sequestered
and can interact which complicates the situation [26,28].
For example, the VEV structure with only {x,) as nonzero
may not be maintained. One of the consequences that
concern us is that the mass matrix M, will be modified

to [23]
a—€e 0 B
M,,=( 0 0% 0 )
B 0 ate

The above will lead to a different form for U, from that in
Eq. (A1) which can be written as

(B4)

—Cy 0 _iS0
U, = 0 1 0 , (B5)
—spe? 0 icye'®
where ¢y = cosf and s, = sinf with
41812
tan?(26) =
L e ey pe
4 2 __ 22
X (1 — lo” — €] 2sin20'),
(la + €l + |la —€l)
o= arg(i),
22 — €2
< a— €
=0+ ,
-5y
~ +el - |la—
tand = la el = la — el tano. (B6)

Cla+ €l + la— €
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The phase conventions are chosen such that setting € = 0,
the resulting mixing matrix V goes to Vrg.
In this basis, V is given by

—(cy + sye'?) 1 i(coe'? — sg)

1 . .
V=—| —(wcy, + wispe?) 1 i(wcye’? — wsy) |,
7 (wcy pe'’) (w%cy 0)

—(w%cy + wsge?) 1 i(wcye? — w?sy)

(B7)
which can be further rewritten as
cosT 0 isinTel”
V="V 0 1 0 vV,  (B3)
isinte™™ 0 cosT
where 'V, is a diagonal phase matrix V, =

(e€*+p/D) 1, ¢i(=£+p/2) multiplied from the right. 7, 7,
and ¢ are given by

1
sin?r = 5(1 — sin(20) cosp),

1 — tan®
tang = — ——— 2
ang 1 + tan@ tan(p/2),

tany = tan(26) sinp.

(B9)

Absorbing the phases in V, into the neutrino masses, the
total Majorana phases for i, /M,, and m; are k| =
—(2&+ p +2a)), kKy=ay, and k3= —(—2&+ p +2a3)
with

1 Lz s
a = —E[arg(c%la — €l +2s4c4l Ble’®T ) + 57| a + € e?0)]
—arg(—+/a —e),
1
@y =~ Sarg(y),

1 (5 =
ay= —E[arg(cf,la — €|l —255c9l Ble’®F ) + 52| + €l e??)]

—arg(iva + ). (B10)
In this basis, V' is given by Eq. (B8), but with V, removed.
The absolute masses squared are given by

2Re(ae”)
2wl + lel? + 1812 —
= lal? + el + 1P =20 0,

m3 = |yl (B11)
2Re(ae”)

2 24 24 24 .
m3 = lal® + [el* + | Bl cos(20)
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