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A physical interpretation of the two-sheeted space, the most fundamental ingredient of noncommutative

spectral geometry proposed by Connes as an approach to unification, is presented. It is shown that the

doubling of the algebra is related to dissipation and to the gauge structure of the theory, the gauge field

acting as a reservoir for the matter field. In a regime of completely deterministic dynamics, dissipation

appears to play a key role in the quantization of the theory, according to the ’t Hooft’s conjecture. It is thus

argued that the noncommutative spectral geometry classical construction carries the seeds of quantization,

implicit in its feature of the doubling of the algebra.
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I. INTRODUCTION AND MOTIVATION

Noncommutative spectral geometry [1,2] (NCSG) is a
rich mathematical theory that combines notions of non-
commutative geometry with spectral triples, a mathematical
tool conceived by Alain Connes. Within this context,
Connes and collaborators built a model which offers a
purely geometric explanation for the standard model (SM)
of electroweak and strong interactions—themost successful
model of particle physics at hand today—compatible with
right-handed neutrinos and neutrino masses [3]. This model
succeeds at finding a way to merge the diffeomorphism
invariance which governs general relativity, with the local
gauge invariance which governs gauge theories upon which
the SM is based. The NCSG model has also been used to
derive supersymmetric extensions to the SM [4].

This unification model lives by construction at high
energy scales (namely at unification scale), thus providing
a natural environment to address unresolved issues of early
universe cosmology [5–12]. Various criticisms have how-
ever been raised. One may for instance argue that since the
model is at present purely classical, strictly speaking one
cannot employ it within the context of the early universe
since then the energy scales were so high that quantum
corrections could no longer be neglected. Or one may
argue that since the action functional is obtained through
a perturbative approach in inverse powers of the cutoff
scale, it ceases to be valid at lower energy scales relevant
for astrophysical studies. Note that the original approach
may a priori also be treated nonperturbatively, however it
is very difficult to compute exactly the spectral action in its
nonperturbative form. Another criticism that a physicist
may have is that while the model is naturally developed in

the Euclidean signature, any physical studies must be
performed in the Lorentzian signature.
The aim of this paper is twofold: first, to address the

connection between gauge theories and the algebra
doubling and offer a simple physical insight to this rich
mathematical theory; second, to reply to some of the above
mentioned criticisms.
In what follows, after a short introduction to noncom-

mutative spectral geometry in Sec. II, we show in Sec. III
how the algebra doubling, which is an essential mathemati-
cal feature of the NCSG construction, is related to the
gauge structure of the theory. We introduce the notion of
dissipation within this context, which in Sec. IV will lead
to the quantum aspect of the noncommutative spectral
geometry and the notion of temperature. In our discussion
we will resort to the proposal by ’t Hooft [13–15], accord-
ing to which quantum features and behaviors in a theory
would result from a more fundamental deterministic sce-
nario due to a process of information loss. In other words,
according to ’t Hooft’s proposal, quantum mechanics
emerges from an underlying deterministic classical dy-
namics acting at an energy scale much higher than the
one of our observations, provided information loss (dis-
sipation) has occurred. This means that the NCSG
‘‘classical’’ construction, holding at high energy scales,
may carry in itself the seeds for quantum behavior, pro-
vided in the same construction there is room for dissipa-
tion. In the following, we argue that this is indeed the case,
since, as we show, the characterizing feature of the algebra
doubling is related to dissipation, which in turn can be
described in terms of gauge fields. Thus the two-sheeted
space selected in NCSG is related to gauge theories, as well
as to dissipation and to quantization. We summarize our
physical interpretation of the NCSG purely gravitational
approach to unification in our conclusions.
Before proceeding, it is important to clarify in which

sense we talk of dissipation and of temperature in what
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follows. This is necessary because the standard model, as is
well known, is a zero temperature quantum field theory
(QFT) model describing a closed (nondissipative) system.
It is however equally well known that even in high energy
physics there are many cases in which the zero temperature
approximation is inadequate, as, for example, in the quark-
gluon plasma physics, unified gauge theory scenarios, as-
trophysics, cosmology and in general in all cases where one
studies critical phenomena in symmetry breaking phase
transition processes in the early universe (see e.g.,
Ref. [16]).Whenwemention temperaturewe think therefore
to such circumstances where use of a thermal field theory is
unavoidable. It is in fact a fortunate case that the doubling of
the algebra in NCSG also implies finite temperature fea-
tures, as we will discuss in Secs. IV and VI. We talk of
dissipation and open systems in the same specific sense one
observes in a system of electromagnetically interactingmat-
ter field, that neither the energy-momentum tensor of the
matter field nor that of the gauge field are conserved. It is,
however, @�T

��
matter¼eF��j�¼�@�T

��
gaugefield, so that what

is conserved [17,18] is the total T��
total ¼ T��

matter þ T��
gaugefield,

which is the energy-momentum tensor of the closed system
{matter field, electromagnetic field}: each element of the
couple is open (dissipating) on the other one, although
the closedness of the total system is ensured. It is in this
sense that dissipation enters our discussion of the implica-
tions of the algebra doublingwithout spoiling the closedness
of the SM.

II. ELEMENTS OF NONCOMMUTATIVE
SPECTRAL GEOMETRY

For the reader’s convenience we summarize briefly some
of the basic features and ingredients of NCSG in the
present section.

At low energy scales, the laws of physics can be de-
scribed by the action functional S ¼ SE-H þ SSM which is
the sum of the Einstein-Hilbert action SE-H and the SM
action SSM. While the former depends on the geometry of
the underlying manifold M, the latter is governed by
internal symmetries of a gauge group. The symmetries
of the two parts are also different: general relativity is
governed by diffeomorphism invariance (outer automor-
phisms), while gauge symmetries are based on local gauge
invariance (inner automorphisms). Near the Planck scale,
this sum fails to capture the correct description of physics,
and one may argue that the distinct feature between the
underlying symmetries of the two parts of S may be at the
origin of the unsuccessful search for a unified theory of all
interactions including gravity. The full group of invariance
of the total (including gravity and matter) action functional
S is the semidirect productU ¼ G 2DiffðMÞ of the group
G of gauge transformations of the matter sector (the stan-
dard model) and the groupDiffðMÞ of diffeomorphisms of
the manifoldM. One thus tries to find a space whose group

of diffeomorphisms is U; this can be achieved within
noncommutative geometry.1

To capture the effect of the SM on the continuous four-
dimensional manifold, Connes considered a model of a
two-sheeted space, made from the product of a four-
dimensional smooth compact Riemannian manifold M
with a fixed spin structure, by a discrete noncommutative
space F composed by only two points. In this approach,
the SM of electroweak and strong interactions is seen as a
phenomenological model, which however specifies the
geometry of space-time in such a way so that the
Maxwell-Dirac action functional leads to the SM action.
Following this proposal, the geometric space is defined as
the tensor product of a continuous geometry M for space-
time by an internal geometry F for the SM.
An essential step for this proposal is to adapt the notion

of metric for spaces which do not require commutativity of
the coordinates. We will thus sketch the transition from the
Riemannian g�� paradigm, based on the Taylor expansion

in local coordinates x� of the square of the line element
ds2 ¼ g��dx

�dx�, to the NCSG paradigm.

The noncommutative nature of the discrete space F is
given by the spectral triple (A, H , D), where A is an
involution of operators on the finite-dimensional Hilbert
space H of Euclidean fermions, and D is a self-adjoint
unbounded operator in H . Spectral triples are analogous
to Fourier transform in commutative spaces and are intro-
duced in order to create a link with experimental data,
which are all of a spectral nature. It is worth noting that
the spectral nature approach is intrinsic to the noncommu-
tative spectral geometry.
To be more precise, let H ¼ L2ðM; SÞ be the Hilbert

space of square integrable sections of the spinor bundle,
A ¼ C1ðMÞ be the algebra of smooth functions on M
acting on H as simple multiplication operators

ðf�ÞðxÞ¼fðxÞ�ðxÞ; 8f2C1ðMÞ and8�2L2ðM;SÞ;
and D ¼ 6@M ¼ ffiffiffiffiffiffiffi�1

p
��rs

� (where rs
� is the spin

connection2

The algebra A, related to the gauge group of local
gauge transformations, is the algebra of coordinates; all

1A main difference between noncommutative spectral geome-
try and other approaches of quantizing gravity is that here one is
searching for a hidden signature of space-time geometry within
the functional of gravity coupled to the SM at present energy
scales, instead of postulating the geometry around the Planck
scale which necessitates an extrapolation by many orders of
magnitude.

2The spin connection rs
� is expressed in a vierbein e. Let ea�

be defined as g�� ¼ ea�e
b
��ab, so that �a ¼ e

�
a �� satisfy the

anticommutation f�a; �bg ¼ 2�ab. Setting �ab ¼ ð1=4Þ½�a; �b�,
one then gets

rs
� ¼ @� þ 1

2
!ab

� �ab

to be the Dirac operator on the spin Riemannian manifold M.
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information about space is encoded in A. In the product
noncommutative space M�F , the algebra A is
Abelian, whereas the derivative in the discrete direction
is a finite difference quotient. For spaces whose coordi-
nates do not commute, geometry is defined by specifying
the Dirac operator, thus distance is described through D
and not through the metric tensor g��. The familiar geo-

desic formula

dðx; yÞ ¼ inf
Z
�
ds; (1)

where the infimum is taken over all possible paths con-
necting x to y, used to determine the distance dðx; yÞ
between two points x and y within Riemannian geometry,
is then replaced by

dðx; yÞ ¼ supfjfðxÞ � fðyÞj: f 2 A; jj½D; f�jj � 1g: (2)

Within the noncommutative spectral geometry D plays the
role of the inverse of the line element ds. The operator D
corresponds to the inverse of the Euclidean propagator of
fermions, and is given by the Yukawa coupling matrix
which encodes the masses of the elementary fermions
and the Kobayashi-Maskawa mixing parameters. In con-
clusion, NCSG is given by a spectral triple (A,H , D), in
other words by an involutive algebra A represented
as operators in Hilbert space H and the line element
ds ¼ 1=D.

The product geometry is specified by the rules

A ¼ A1 �A2; H ¼ H 1 �H 2; (3)

and hence for M�F the rules read

A ¼ C1ðMÞ �AF ¼ C1ðM;AF Þ;
H ¼ L2ðM; SÞ �HF ¼ L2ðM; S �HF Þ;
D ¼ 6@M � 1þ �5 �DF ;

(4)

where �5 is the chirality operator in the four-dimensional
case.

Assuming the algebra A constructed in the geometry
M�F is symplectic-unitary, it must be of the form [19]

A ¼ MaðHÞ �MkðCÞ; (5)

with k ¼ 2a andH being the algebra of quaternions, which
has a basis f1; i��g, where ��ð� ¼ 1; 2; 3Þ are the Pauli
matrices. The field of quaternions H plays an important
role in this construction and its choice remains to be
explained. To obtain the SM one assumes quaternion line-
arity. The first possible value for the even number k is 2,
corresponding to a Hilbert space of four fermions, but this
choice is ruled out from the existence of quarks. The next
possible value is k ¼ 4 leading to the correct number of
k2 ¼ 16 fermions in each of the three generations. Note
that if new particles are discovered at the Large Hadron
Collider (LHC), one may be able to accommodate them by
considering a higher value for the even number k.

Another basic ingredient of the NCSG approach is to
consider the Dixmier trace—a noncommutative analogue
of integration on a compact n-dimensional Riemannian
spin manifold—as the fundamental functional to define
the action of the theory. The Dixmier trace is then con-
nected with residues of zeta functions.
The noncommutative spectral geometry model is based

upon the spectral action principle stating that, within the
context of a product noncommutative geometry, the bare
bosonic Euclidean action is given by the trace of the heat
kernel associated with the square of the noncommutative
Dirac operator and is of the form

Tr ðfðD=�ÞÞ; (6)

where f is a cutoff function and� fixes the energy scale;D
and � have physical dimensions of a mass and there is no
absolute scale on which they can be measured. This action
can be seen à laWilson as the bare action at the mass scale
�. The fermionic term can be included in the action
functional by adding ð1=2ÞhJc ; Dc i, where J is the real
structure on the spectral triple and c is a spinor in the
Hilbert space H of the quarks and leptons.
Dealing within noncommutative spaces, one obtains the

group U of symmetries of gravity and matter as the group
of automorphisms, and the S ¼ SE-H þ SSM as the spectral
action. Moreover, the fermions of the standard model
provide the Hilbert space of a spectral triple for the algebra,
while the bosons (including the Higgs boson) are obtained
through inner fluctuations of the Dirac operator of the
product geometry.
For the four-dimensional Riemannian geometry, the

trace TrðfðD=�ÞÞ is expressed perturbatively in terms of
the geometrical Seeley-deWitt coefficients an, which are
known for any second order elliptic differential operator, as
[20–23]

TrðfðD=�ÞÞ � 2�4f4a0 þ 2�2f2a2 þ f0a4 þ � � �
þ��2kf�2ka4þ2k þ � � � ; (7)

where the smooth even cutoff function f, which decays fast
at infinity, appears through its momenta fk given by

f0 	 fð0Þ fk 	
Z 1

0
fðuÞuk�1du; for k > 0;

f�2k ¼ ð�1Þk k!

ð2kÞ! f
ð2kÞð0Þ:

Moreover, since its Taylor expansion at zero vanishes, the
asymptotic expansion Eq. (7) reduces to

Tr ðfðD=�ÞÞ � 2�4f4a0 þ 2�2f2a2 þ f0a4: (8)

In conclusion, the cutoff function f plays a role only through
its threemomenta f0, f2, f4, which are three real parameters
in the model; they are intimately related to the coupling
constants at unification, the gravitational constant, and
the cosmological constant. In this four-dimensional
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Riemannian manifold (one brane of the two-sheeted space),
the term in �4 gives a cosmological term, the term in �2

gives the Einstein-Hilbert action functional, and the
�-independent term yields the Yang-Mills action for the
gauge fields corresponding to the internal degrees of free-
dom of the metric.

The asymptotic expression for the spectral action func-
tional leads to the full Lagrangian for the standard model
minimally coupled to gravity, with neutrino mixing and
Majorana mass terms. Thus, this approach leads to a geo-
metric explanation of the SM; in particular, the vacuum
expectation value of the Higgs field is related to the non-
commutative distance between the two sheets. The Higgs
field is found to be conformally coupled to the Ricci scalar.
The generalized Einstein-Hilbert action contains in addi-
tion a minimally coupled massless scalar field � related to

the distance d between the two sheets by d / e��ðyÞ, with y
an element of the product noncommutative space.

III. NONCOMMUTATIVE SPECTRAL
GEOMETRY, THE ALGEBRA DOUBLING

AND THE GAUGE STRUCTURE

In Ref. [1] Alain Connes considers the work of
Heisenberg establishing, in the early years of quantum
mechanics (QM), the matrix mechanics—where physical
quantities are governed by noncommutative algebra—and
he discusses how close such a discovery is to experimental
reality and how strict is its relation to the observed discre-
tization of the energy of the atomic levels and of angular
momentum. In this section our aim is twofold: first, we
show that one central ingredient in NCSG, namely, the
‘‘doubling’’ of the algebra A ! A1 �A2 acting on the
‘‘doubled’’ space H ¼ H 1 �H 2 [cf. Eq. (3)], is also
present in the standard QM formalism of the density matrix
and Wigner function. We then show that the doubling of
the algebra is implicit even in the classical theory when
considering the Brownian motion of a particle, which had
such an important role in the development of the atomistic
view of matter, and that it is related to dissipation. Second,
in Sec. we show that the doubling of the algebra and the
dissipation are related to the gauge structure of the theory.

For the first part of our discussion, we start by consid-
ering the standard expression [24] of the Wigner function

Wðp;x;tÞ¼ 1

2�ℏ

Z
c 


�
x�1

2
y;t

�
c

�
xþ1

2
y;t

�
e�iðpy=ℏÞdy:

(9)

By putting

x� ¼ x� 1

2
y; (10)

the associated density matrix is

Wðxþ; x�; tÞ 	 hxþj	ðtÞjx�i ¼ c 
ðx�; tÞc ðxþ; tÞ; (11)

and the mean value of a quantum operator A is given by

�AðtÞ ¼ hc ðtÞjAjc ðtÞi
¼

ZZ
c 
ðx�; tÞhx�jAjxþic ðxþ; tÞdxþdx�

¼
ZZ

hxþj	ðtÞjx�ihx�jAjxþidxþdx�: (12)

In the formalism of the density matrix and the Wigner
function, the coordinate xðtÞ of a quantum particle is thus
split into two coordinates xþðtÞ (going forward in time)
and x�ðtÞ (going backward in time). The forward and the
backward in time evolution of the density matrix
Wðxþ; x�; tÞ is then described by ‘‘two copies’’ of the
Schrödinger equation,

iℏ
@c ðxþ; tÞ

@t
¼ Hþc ðxþ; tÞ; (13)

� iℏ
@c 
ðx�; tÞ

@t
¼ H�c 
ðx�; tÞ; (14)

respectively, i.e.,

iℏ
@hxþj	ðtÞjx�i

@t
¼ Hhxþj	ðtÞjx�i; (15)

whereH is given in terms of the two Hamiltonian operators
H� as

H ¼ Hþ �H�: (16)

The connection with Alain Connes’ discussion of spectro-
scopic experiments, noncommutative matrix algebra, en-
ergy level discretization and the algebra doubling is thus
evident: the density matrix and theWigner function require
the introduction of a doubled set of coordinates ðx�; p�Þ
[or ðx; pxÞ and ðy; pyÞ] and of their respective algebras.

Using the two copies of the Hamiltonian H� operating
on the outer product of two Hilbert spacesHþ �H� has
been implicitly required in QM since the very beginning of
the theory. Use of Eqs. (15) and (16), shows immediately
that the eigenvalues of H are directly the Bohr transition
frequencies h�nm ¼ En � Em, which was the first hint
toward an explanation of spectroscopic structure.
We now show that the need to double the degrees of

freedom is implicit even in the classical theory when
considering the Brownian motion. We closely follow
Ref. [25], where the results here summarized are derived.
We recall that in the classical Brownian theory one has

the equation of motion

m €xðtÞ þ � _xðtÞ ¼ fðtÞ; (17)

where fðtÞ is a random (Gaussian distributed) force
obeying

hfðtÞfðt0Þinoise ¼ 2�kBT�ðt� t0Þ: (18)

Equation (17) can be derived from a Lagrangian in a
canonical procedure by employing a delta functional clas-
sical constraint representation as a functional integral. By
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averaging over the fluctuating force f, one indeed obtains
[25]

h�½m €xþ� _x�f�inoise¼
Z
Dy

�
exp

�
i

ℏ

Z
dtLfð _x; _y;x;yÞ

��
noise

;

(19)

where

Lfð _x; _y; x; yÞ ¼ m _x _yþ�

2
ðx _y� y _xÞ þ fy: (20)

Note that ℏ is introduced solely for dimensional reasons.
We thus see that the constraint condition at the classical
level introduced a new coordinate y, and the standard
Euler-Lagrange equations are obtained, namely

d

dt

@Lf

@ _y
¼ @Lf

@y
;

d

dt

@Lf

@ _x
¼ @Lf

@x
; (21)

i.e.,

m €xþ � _x ¼ f; m €y� � _y ¼ 0: (22)

We remark that the Lagrangian system equations (20)–(22)
were obtained in a completely classical context in a search
aimed to build up a canonical formalism for the dissipative
system [26–28]. The x-system is an open system. In order
to set up the canonical formalism it is required to close the
system; this is the role of the y-system, which is the time-
reversed copy of the x-system. The fx-yg system is thus a
closed system.

We also remark that the exact expression for the imagi-
nary part of the action reads [29,30]

ImS½x; y� ¼ 1

2ℏ

Z tf

ti

Z tf

ti

dtdsNðt� sÞyðtÞyðsÞ; (23)

where Nðt� sÞ denotes the quantum noise in the fluctuat-
ing random force given by the Nyquist theorem [30].

The meaning of Eq. (23) is that nonzero y yields an
‘‘unlikely process’’ in the classical limit ‘‘ℏ ! 0’’, in view
of the large imaginary part of the action. At quantum level,
instead, nonzero ymay allow quantum noise effects arising
from the imaginary part of the action [30]. This sheds some
light on the role played by the doubled degrees of freedom
in the interplay between classical and quantum. We thus
see that the second sheet cannot be neglected: in the
perturbative approach one may drop higher order terms
in the action functional expansion, since they correspond to
unlikely processes at the classical level. However, these
terms may be responsible for quantum noise corrections
and therefore, in order to not preclude the quantization
effects, one should keep them.

The gauge structure

Let us now show how the doubling of the degrees of
freedom is related to the gauge structure of the theory. Our
subsequent discussion will thus unveil the relation between
the two-sheeted space in the NCSG construction and the
gauge structure of the theory.

We consider the equation of the classical one-
dimensional damped harmonic oscillator

m €xþ � _xþ kx ¼ 0; (24)

with time independent m, � and k, which is a simple
prototype of open systems.
As we have seen, to set up the canonical formalism for

open systems, the doubling of the degrees of freedom is
required in such a way as to complement the given open
system with its time-reversed image, thus obtaining a
globally closed system for which the Lagrangian formal-
ism is well defined. The doubling of the x degree of
freedom leads one to consider the oscillator in the doubled
y coordinate

m €y� � _yþ ky ¼ 0: (25)

The system of the oscillator Eq. (24) and its time-reversed
(� ! ��) image Eq. (25) is then a closed system de-
scribed by the Lagrangian density, Eq. (20), where we
put f ¼ kx. The canonically conjugate momenta px and
py can now be introduced as customary in the Lagrangian

formalism,

px 	 @L

@ _x
¼ m _y� �

2
y; py 	 @L

@ _y
¼ m _xþ �

2
x; (26)

and the dynamical variables fx; px; y; pyg span the new

phase space.
It is convenient to use the coordinates x1ðtÞ and x2ðtÞ

obtained through the (canonical) transformation

x1ðtÞ ¼ xðtÞ þ yðtÞffiffiffi
2

p ; x2ðtÞ ¼ xðtÞ � yðtÞffiffiffi
2

p ; (27)

in terms of which the motion equations can be rewritten as

m €x1 þ � _x2 þ kx1& ¼ 0; (28a)

m €x2 þ � _x1 þ kx2 ¼ 0 (28b)

and p1 ¼ m _x1 þ ð1=2Þ�x2; p2 ¼ �m _x2 � ð1=2Þ�x1. The
Hamiltonian is then found to be

H ¼ H1 �H2

¼ 1

2m

�
p1 � �

2
x2

�
2 þ k

2
x21 �

1

2m

�
p2 þ �

2
x1

�
2 � k

2
x22:

(29)

Following Refs. [31–34] we can now introduce the vector
potential as

Ai ¼ B

2

ijxj ði; j ¼ 1; 2Þ; (30)

with

B 	 c

e
�; 
ii ¼ 0; 
12 ¼ �
21 ¼ 1: (31)

We realize that Hi (with i ¼ 1; 2) in Eq. (29) describe
two particles with opposite charges e1 ¼ �e2 ¼ e in the
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(oscillator) potential � 	 ðk=2=eÞðx21 � x22Þ 	 �1 ��2

with �i 	 ðk=2=eÞx2i and in the constant magnetic field

B defined as B ¼ r�A ¼ �B3̂, namely,

H ¼ H1 �H2 ¼ 1

2m

�
p1 � e1

c
A1

�
2 þ e1�1

� 1

2m

�
p2 þ e2

c
A2

�
2 þ e2�2: (32)

Using Eq. (30) the Lagrangian of the system can be written
in the familiar form

L ¼ 1

2m

�
m _x1 þ e1

c
A1

�
2 � 1

2m

�
m _x2 þ e2

c
A2

�
2

� e2

2mc2
ðA2

1 þ A2
2Þ � e�

¼ m

2
ð _x21 � _x22Þ þ

e

c
ð _x1A1 þ _x2A2Þ � e�: (33)

Remarkably,wehave theLorentzian-like (pseudo-Euclidean)
metric in Eq. (32) [cf. also Eqs. (16), (32), and (41) below].
The minus sign, not imposed by hand, but required by the
doubling of the degrees of freedom, is crucial in our deriva-
tion (and in the NCSG construction).

In conclusion, the doubled coordinate, e.g. x2, acts as the
gauge field component A1 to which the x1 coordinate is
coupled, and vice versa. The energy dissipated by one of
the two systems is gained by the other one and vice versa,
in analogy to what happens in standard electrodynamics as
observed at the end of Sec. I. The interpretation is recov-
ered of the gauge field as the bath or reservoir in which the
system is embedded [33,34]. The gauge structure thus
appears intrinsic to the doubling procedure.

Let us see then how such a conclusion can be also
reached in the case of a fermion field.

For brevity we discuss the simple case of the massless
fermion3 and the U(1) local gauge transformation group.
We will see how in this case the doubling of the algebra
A ! A1 �A2 acting on the outer product space H ¼
H 1 �H 2 is related with the gauge structure of the theory.

We consider the classical (prequantum) theory. The
Lagrangian of the massless free Dirac field is

L ¼ � �c��@�c : (34)

Under the U(1) local gauge transformation,

c ðxÞ ! exp½ig�ðxÞ�c ðxÞ; (35)

L transforms as

L ! L0 ¼ L� ig@��ðxÞ �c ðxÞ��c ðxÞ: (36)

It is well known that in order to make L invariant under the
local gauge transformation, Eq. (35), the coupling of the

current j� ¼ i �c��c with the gauge vector field A� has to

be introduced in L in such a way that, when c ðxÞ trans-
forms as in Eq. (35), j�ðxÞA�ðxÞ transforms as

j�ðxÞA�ðxÞ ! j�ðxÞA�ðxÞ þ j�ðxÞ@��ðxÞ; (37)

i.e.,

A�ðxÞ ! A�ðxÞ þ @��ðxÞ: (38)

The Lagrangian L modified by the coupling gj�A� leads

to the lagrangian Lg defined as

Lg ¼ � �c��@�c þ ig �c��cA�; (39)

which is by construction invariant under the U(1) local
gauge transformations, Eqs. (35) and (38), namely Lg !
L0
g ¼ Lg. As usual, in order for A� to be a dynamical field,

the term �ð1=4ÞF��F�� has to be added to the modified

Lagrangian Lg. Moreover, the Lorentz gauge condition

@�A�ðxÞ ¼ 0; (40)

has to be adopted in order to ensure that only transverse
modes of the A� field enter physical states. As said in the

introduction, these are represented by square integrable
(spinor) functions in the Hilbert space H ¼ L2ðM; SÞ,
where the algebra acts by multiplication operators.
Equation (40) expresses the restriction to the physical
states inH , where the gauge constraint is satisfied, which
we will denote by h@�A�ðxÞi ¼ 0, where h. . .i stands for
expectation values in the physical states hphysj . . . jphysi.
Now, let us go back to the Lagrangian equation (33) for a

classical fermion field and show how the doubling of the
fermion degrees of freedom is related, under convenient
constraints, to the local gauge invariance.
The field algebra is doubled by introducing the fermion

tilde-field ~c ðxÞ. The tilde-system is a ‘‘copy’’ (with the
same spectrum and couplings) of the c -system. The
Lagrangian is written now as

L̂ ¼ L� ~L ¼ � �c��@�c þ ~c��@� ~c : (41)

We assume, for simplicity, that in L̂ there is no coupling

term of the field c ðxÞ with the tilde-field ~c ðxÞ. The

Hamiltonian for the system is of the form Ĥ ¼ H � ~H
[to be compared with Eq. (16)], which in terms of creation

and annihilation operators of the c ðxÞ and ~c ðxÞ fields is
given by Ĥ ¼ P

kℏ!kðaykak � ~ayk~akÞ. Let the zero energy
eigenstate of Ĥ be denoted by j0ð�Þi.4 The space of states
Ĥ ¼ H � ~H is constructed out of j0ð�Þi by repeated

applications of creation operators of c ð�; xÞ and ~c ð�; xÞ
and is called the �-representation fj0ð�Þig [29,33,34].

3Extension to the massive fermion case, the boson case and
non-Abelian gauge transformation groups is possible; see
Refs. [33,34].

4In other words, j0ð�Þi is the vacuum with respect to the fields
c ð�; xÞ and ~c ð�; xÞ obtained from c ðxÞ and ~c ðxÞ, respectively,
by means of the Bogoliubov transformation [29,35].
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In the following we consider the subspace H � �
fj0ð�Þig made of all the states jai�, including j0ð�Þi, such
that the �—state condition

½aykak � ~ayk~ak�jai� ¼ 0; for any k; (42)

holds for any jai� in H �. This condition can be shown to
be the realization in H � of the Lorentz gauge condition
Eq. (40).5 We have

hj�ðxÞi� ¼ h~j�ðxÞi�; (43)

where h. . .i� denotes matrix elements in H �. We will
denote equalities between matrix elements in H �, say
hAi� ¼ hBi�, by A ffi B and call them �-weak equalities.
Since they are equalities among c-numbers, they are clas-
sical equalities.

Now, the key point is that, due to Eq. (43), the matrix
elements in H � of the Lagrangian equation (41) (as well
as of a more general Lagrangian than the simple one
presently considered) are invariant under the simultaneous

local gauge transformations of c and ~c given by Eq. (35)
and

~c ðxÞ ! exp½ig�ðxÞ� ~c ðxÞ; (44)

respectively, i.e.,

hL̂i� ! hL̂0i� ¼ hL̂i�; in H �; (45)

under the gauge transformations in Eqs. (35) and (44).
We thus realize that a crucial role in the �-weak gauge

invariance of L̂ under Eqs. (34) and (44) is played by the

tilde- term ~c��@� ~c since it transforms in such a way as to

compensate the local gauge transformation of the c kine-
matic term, i.e.,

~c ðxÞ��@� ~c ðxÞ! ~c ðxÞ��@� ~c ðxÞþg@��ðxÞ~j�ðxÞ: (46)

This suggests the introduction of the vector field A0
� by

gj ��ðxÞA0
��ðxÞ ffi ~c ðxÞ� ��@ ��

~c ðxÞ; �� ¼ 0; 1; 2; 3: (47)

Here and in the following, the bar over � means no
summation over repeated indices. Equation (46) implies
that A0

� transforms as

A0
�ðxÞ ! A0

�ðxÞ þ @��ðxÞ; (48)

when Eqs. (35) and (44) are implemented. This suggests
identifying, in H �, A

0
� with the conventional U(1) gauge

vector field and introducing it in the original Lagrangian
through the usual coupling term ig �c��cA0

�.

We remark that, provided we restrict ourselves to the
�-weak equalities, i.e., to matrix elements in H �, matrix
elements of physical observables, which are solely func-
tions of the c ðxÞ field, are not changed by Eq. (47).

Moreover, observables turn out to be invariant under gauge
transformations. Next, one can show that the conservation

laws derivable from L̂, namely, in the simple case of
Eq. (41) the current conservation laws,

@�j�ðxÞ ¼ 0; @�~j�ðxÞ ¼ 0; (49)

are also preserved as �-weak equalities when Eq. (47) is
adopted. One may also show that

@�F0
��ðxÞ ffi �gj�ðxÞ; @�F0

��ðxÞ ffi �g~j�ðxÞ; (50)

inH �. In the Lorentz gauge, from Eq. (50) we also obtain
the �-weak relations

@�A0
�ðxÞ ffi 0; @2A0

�ðxÞ ffi gj�ðxÞ: (51)

In conclusion, our discussion shows the intrinsic gauge
properties of the doubling procedure: we have obtained
that inH � the doubled algebra Lagrangian Eq. (41) for the

field c and its double ~c can be substituted by the
Lagrangian

L̂g ffi � 1

4
F0��F0

�� � �c��@�c þ ig �c��cA0
�; (52)

which is indeed the standard Uð1Þ local gauge invariant
Lagrangian for the fermion field c . Remarkably, the tilde-
kinematical term is replaced, in a �-weak sense, by the
gauge field-current coupling. The second equation in
Eq. (50), shows that the variations of the gauge field tensor
F0
�� have their source in the current ~j�, which suggests that

the tilde-field plays the role of a ‘‘reservoir.’’ Such an
interpretation in terms of a reservoir may thus be extended
also to the gauge field A0

�, which indeed acts in a way to

compensate the changes in the matter field configurations
due to the local gauge freedom.
Finally, in the case an interaction term is present in the

Lagrangian equation (41), L̂tot ¼ L̂þ L̂I; L̂I ¼ LI � ~LI,
the above conclusions still hold provided H � is an invari-

ant subspace under the dynamics described by L̂tot.
We close this section by remarking that it also can be

shown that in the formalism of the algebra doubling a
relevant role is played by the noncommutative
q-deformed Hopf algebra [36], pointing to a deep physical
meaning of the noncommutativity in this construction.
Indeed, the map A ! A1 �A2 in Eq. (3) is just the
Hopf coproduct map A ! A � 1þ 1 �A 	
A1 �A2 which duplicates the algebra. The Bogoliubov
transformation of ‘‘angle’’ � relating the fields c ð�; xÞ and
~c ð�; xÞ to c ðxÞ and ~c ðxÞ, is known to be obtained by
convenient combinations of the deformed coproduct op-

eration of the form �ayq ¼ ayq � q1=2 þ q�1=2 � ayq , where
q 	 qð�Þ is the deformation parameters and ayq are the
creation operators in the q-deformed Hopf algebra [36].
These deformed coproduct maps are noncommutative and
the deformation parameter is related to the condensate
content of j0ð�Þi [constrained by the �-state condition

5Equation (42) turns out to be equivalent to the Gupta-Bleurer
condition in quantum electrodynamics [29,33,34].
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Eq. (42)]. In this connection it is interesting to observe that
the q-derivative is a finite difference derivative, which has
to be compared with the fact that in the NCSG construction
the derivative in the discrete direction is a finite difference
quotient, as mentioned in Sec. II.

A relevant point is that the deformation parameter labels
the �-representations fj0ð�Þig and, for � � �0, fj0ð�Þig and
fj0ð�0Þig are unitarily inequivalent representations of the
canonical (anti)commutation rules. This is a characteristic
feature of quantum field theory [29,35]. Its physical mean-
ing is that an order parameter exists, which assumes differ-
ent �-dependent values in each of the representations. In
other words, the deformed Hopf algebra structure induces
the foliation of the whole Hilbert space into physically
inequivalent subspaces.

IV. ALGEBRA DOUBLING, DISSIPATION,
AND QUANTIZATION

We have considered till now the doubling of the algebra
such as the one occurring in the NCSG construction and
have shown that such a doubling is related to the gauge
structure of the theory. We have done this by considering
essentially classical systems and have mentioned in several
points features of such systems at a quantum level. We
have also stressed that the doubling of the system degrees
of freedom, say x, amounts to considering the fact that the
system is embedded in some environment, which is indeed
described by the doubled y coordinate.

In a series of papers [13–15] ’t Hooft has discussed
classical, deterministic models and has conjectured that,
provided some specific energy conditions are met and
some constraints are imposed, loss of information might
lead to a quantum evolution. In this section, following
Refs. [37,38], we show that in agreement with ’t Hooft’s
conjecture, loss of information (dissipation) in a regime of
completely deterministic dynamics appears to be respon-
sible for the system’s quantum mechanical evolution. Our
conjecture is then that the NCSG classical construction
carries the seeds of quantization implicit in its feature of
the doubling of the algebra.

In order to be specific, we consider the classical damped
harmonic x-oscillator described by Eq. (24) and its time-
reversed image, the y-oscillator, Eq. (25). It is also conve-
nient to put [32] x1 ¼ r coshu, x2 ¼ r sinhu, and

C ¼ 1

4�m
½ðp2

1 � p2
2Þ þm2�2ðx21 � x22Þ�; (53)

J2 ¼ m

2
½ð _x1x2 � _x2x1Þ � �r2�; (54)

where C is taken to be positive and

� ¼ �

2m
;� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m

�
�� �2

4m

�s
; with � >

�2

4m
:

Using z ¼ r2 and the canonical transformation

q1 ¼
Z dzm�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4J22 þ 4m�Cz�m2�2z2
q ;

q2 ¼ 2uþ
Z dz

z

2J2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4J22 þ 4m�Cz�m2�2z2

q ;

p1 ¼ C; p2 ¼ J2;

(55)

the system’s Hamiltonian Eq. (29) can be rewritten as

H ¼ X2
i¼1

pifiðqÞ; (56)

with f1ðqÞ ¼ 2�, f2ðqÞ ¼ �2�. Note that fqi; pig ¼ 1,
and the other Poisson brackets are vanishing.
Equation (56) belongs to the class of Hamiltonians

considered by ’t Hooft. There, the fiðqÞ are nonsingular
functions of the canonical coordinates qi and the equations
for the q’s, namely _qi ¼ fqi; Hg ¼ fiðqÞ), are decoupled
from the conjugate momenta pi. A complete set of observ-
ables, called beables, then exists, which Poisson commute
at all times. The meaning of this is that the system admits a
deterministic description even when expressed in terms of
operators acting on some functional space of states jc i,
such as the Hilbert space [14]. We stress that such a
description, in terms of operators and Hilbert space, does
not imply per se quantization of the system. As we will
see, quantization is achieved only as a consequence of
dissipation.
Thus we see that J2 and C are beables [it can be seen

from the Hamiltonian Eq. (56) that q1 and q2 are also
beables]. Next we put H ¼ HI �HII, with

HI ¼ 1

2�C
ð2�C� �J2Þ2; HII ¼ �2

2�C
J22 (57)

and impose the constraint

J2jc i ¼ 0; (58)

which defines physical states and guarantees that H is
bounded from below.
Because of the constraint equation (58) we can then

write

Hjc i ¼ HIjc i ¼ 2�Cjc i ¼
�
1

2m
p2
r þ K

2
r2
�
jc i; (59)

with K 	 m�2. We thus realize that HI reduces to the
Hamiltonian for the two-dimensional ‘‘isotropic’’ (or
‘‘radial’’) harmonic oscillator €rþ�2r ¼ 0.
The physical states are invariant under time-reversal

(jc ðtÞi ¼ jc ð�tÞi) and periodical with period  ¼ 2�=�.
The generic state jc ðtÞiH can be written as

jc ðtÞiH ¼ T̂

�
exp

�
i

ℏ

Z t

t0

2�J2dt
0
��

jc ðtÞiHI
; (60)
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where T̂ denotes time-ordering and the constant ℏ, with
dimension of an action, is needed for dimensional reasons.
The states jc ðtÞiH and jc ðtÞiHI

satisfy the equations

iℏ
d

dt
jc ðtÞiH ¼ Hjc ðtÞiH; (61)

iℏ
d

dt
jc ðtÞiHI

¼ 2�Cjc ðtÞiHI
: (62)

Note that HI ¼ 2�C has the spectrum H n
I ¼ ℏ�n, n ¼

0;�1;�2; . . . ; since our choice has been that C is positive,
only positive values of n will be considered.

Let us now exploit the periodicity of the physical states
jc i. Following Ref. [39], one may generally write

jc ðÞi ¼ exp

�
i�� i

ℏ

Z 

0
hc ðtÞjHjc ðtÞidt

�
jc ð0Þi

¼ expð�i2�nÞjc ð0Þi; (63)

i.e.,

hc ðÞjHjc ðÞi
ℏ

�� ¼ 2�n; n ¼ 0; 1; 2; . . . :

Using  ¼ 2�=� and � ¼ �� leads to

H n
I;eff 	 hc nðÞjHjc nðÞi ¼ ℏ�

�
nþ �

2

�
: (64)

The index n has been introduced to exhibit the n depen-
dence of the state and the corresponding energy. We see
that H n

I;eff gives the effective nth energy level of the

physical system, namely, the energy given by H n
I cor-

rected by its interaction with the environment. We con-
clude that the dissipation term J2 of the Hamiltonian is
responsible for the zero point (n ¼ 0) energy: E0 ¼
ðℏ=2Þ��.

We remark that in quantum mechanics the zero point
energy is formally due to the nonzero commutator of the
canonically conjugate q and p operators: the zero point
energy is the ‘‘signature’’ of quantization. Our discussion
thus shows that dissipation manifests itself as ‘‘quantiza-
tion.’’ In other words, the (zero point) ‘‘quantum contribu-
tion’’ E0 to the spectrum of physical states signals the
underlying dissipative dynamics.

Let us consider further the dynamical role of J2. Using
uðtÞ ¼ ��t, Eq. (60) can be rewritten as

jc ðtÞiH ¼ T̂

�
exp

�
i
1

ℏ

Z uðtÞ

uðt0Þ
2J2du

0
��

jc ðtÞiHI
; (65)

and we have that

� iℏ
@

@u
jc ðtÞiH ¼ 2J2jc ðtÞiH: (66)

Thus, 2J2 induces translations in the u variable and in
operatorial notation one can write pu ¼ �iℏð@=@uÞ.
Equation (58) thus defines families of physical states,

representing stable, periodic trajectories. Note that 2J2
implements transitions from family to family, according
to Eq. (66). Equation (61) can then be rewritten as

iℏ
d

dt
jc ðtÞiH ¼ iℏ

@

@t
jc ðtÞiH þ iℏ

du

dt

@

@u
jc ðtÞiH: (67)

The contribution to the energy due to dissipation is thus
described by ‘‘translations’’ in the u variable.
Consider the defining relation for temperature in ther-

modynamics (with kB ¼ 1)

@S

@U
¼ 1

T
: (68)

Using S 	 ð2J2=ℏÞ and U 	 2�C, Eq. (56) gives T ¼ ℏ�.
Provided S is identified with the entropy, ℏ� can be re-
garded as the temperature. Thus, the ‘‘full Hamiltonian’’
Eq. (56) plays the role of the free energy F , and 2�J2
represents the heat contribution in H (or F ). Note that the
statement that 2J2=ℏ behaves as the entropy is not surpris-
ing since it controls the dissipative (thus irreversible loss of
information) part of the dynamics.
It is worth noting that the thermodynamical picture out-

lined above is also consistent with the results on the
canonical quantization of open systems in quantum field
theory [28].

V. NONCOMMUTATIVE GEOMETRYAND THE
DISSIPATIVE INTERFERENCE PHASE

We have seen that doubling of the algebra amounts to
considering the system, its environment, and their recip-
rocal interaction. The relation which exists in the NCSG
construction between the doubling of the algebra and the
noncommutative geometry finds a realization in the rela-
tion between dissipation and noncommutative geometry in
the plane of the doubled coordinates ðx1; x2Þ. The reason is
that dissipation implies the appearance of a ‘‘dissipative
interference phase’’ a notion which we will clarify in the
present section.
Although in the following we consider the example of

the damped harmonic oscillator and of its time-reversed
image, our conclusions also apply to more general cases.
Since we will consider paths in the doubled coordinate

plane, it is convenient to work with the ðxþ; x�Þ coordi-
nates, introduced in Sec. III [which slightly differ in their
definition from the ðx1; x2Þ coordinates].
We remark that H given by Eq. (29) does not change its

form when x1; x2; p1; p2 are replaced by xþ, x�, pþ, p�,
respectively. The components in the (xþ, x�) plane of
forward and backward in time velocity v� ¼ _x� are then
obtained as

v� ¼ @H

@p�
¼ � 1

m

�
p� � �

2
x�

�
; (69)

and they do not commute
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½vþ; v�� ¼ iℏ
�

m2
: (70)

It is thus impossible to fix these velocities vþ and v� as
being identical [40]. By putting mv�¼ℏK�, Eq. (70)
gives

½Kþ; K�� ¼ i�

ℏ
	 i

L2
; (71)

and a canonical set of conjugate position coordinates
ð�þ; ��Þ may be defined by �� ¼ �L2K� so that

½�þ; ��� ¼ iL2: (72)

The commutation relation Eq. (72) characterizes the non-
commutative geometry in the plane ðxþ; x�Þ.

We now show that an Aharanov–Bohm-type phase
interference can always be associated with the noncommu-
tative ðX; YÞ plane where

½X; Y� ¼ iL2; (73)

L denotes the geometric length scale in the plane [40].
Consider a particle moving in the plane along two paths,

P 1 and P 2, starting and finishing at the same point, in a
forward and in a backward direction, respectively. Let A
denote the resulting area enclosed by the paths. We will
show that the phase interference # may be written as

# ¼ A
L2

: (74)

A phase-space action integral

S ðP Þ ¼
Z
P
pidq

i; (75)

may be associated with each path P (in phase space) for
motion at fixed energy. The phase interference # between
the two paths P 1 and P 2 is given by the difference

# ¼ 1

ℏ

Z
P 1

pidq
i � 1

ℏ

Z
P 2

pidq
i ¼ 1

ℏ

I
P¼@�

pidq
i; (76)

with P the closed path going from the initial point to the
final point via path P 1 and returning back to the initial
point via P 2. It constitutes the boundary of a two-
dimensional surface �: P ¼ @�. Then, due to Stokes
theorem, i.e.,

# ¼ 1

ℏ

I
P¼@�

pidq
i ¼ 1

ℏ

Z
�
ðdpi ^ dqiÞ; (77)

the phase interference # between two alternative paths
turns out to be proportional to the area A of the surface
� in phase space ðp1; . . . ; pf; q

1; . . . ; qfÞ.
Equation (73) in the noncommutative plane can be

written as

½X; PX� ¼ iℏ where PX ¼
�
ℏY
L2

�
; (78)

and Eq. (77) then reads

# ¼ 1

ℏ

Z
�
ðdPX ^ dXÞ ¼ 1

L2

Z
�
ðdY ^ dXÞ; (79)

which proves Eq. (74), i.e., the quantum phase interference
between two alternative paths in the plane is determined
by the noncommutative length scale L and the enclosed
area A.
Notice that the existence of a phase interference is

connected to the zero point fluctuations in the coordinates;
indeed Eq. (73) implies a zero point uncertainty relation
ð�XÞð�YÞ � L2=2.
For Eq. (71) in the dissipative case, i.e.,

L2 ¼ ℏ
�
; (80)

we then conclude that, provided xþ � x�, the quantum
dissipative phase interference # ¼ A=L2 ¼ A�=ℏ is
associated with the two paths P 1 and P 2 in the noncom-
mutative plane.

VI. CONCLUSIONS

We have considered the implications of the central in-
gredient in the NCSG, namely, the doubling of the algebra
A ¼ A1 �A2 acting on the space H ¼ H 1 �H 2.
First, we have shown that the doubling of the algebra is
related to dissipation (in the sense above specified) and the
gauge field structure. As a result, the two-sheeted geometry
must not be considered as just a simple almost commuta-
tive space, which is the simplest generalization beyond
commutative geometries but, instead, the construction
which can lead to gauge fields, required to explain the
standard model. Second, by exploiting ’t Hooft’s conjec-
ture, according to which loss of information within the
framework of completely deterministic dynamics might
lead to a quantum evolution, we have argued that dissipa-
tion, implied by the algebra doubling, may lead to quantum
features. We have thus suggested that the NCSG classical
construction carries the seeds of quantization implicit in
the doubling of the algebra.
We have shown that in Alain Connes’ two-sheeted con-

struction, the doubled degree of freedom is associated with
unlikely processes in the classical limit. Thus, in the per-
turbative approach one may drop higher order terms in the
expansion, since they correspond to unlikely processes at
the classical level. However, since the higher order terms in
the expansion are the ones responsible for quantum cor-
rections, the second sheet cannot be neglected at the clas-
sical level, if one does not want to preclude quantization
effects. Put it differently, the second sheet—representing
gauge fields—cannot be neglected once the universe en-
tered the radiation dominated era. However, at the grand
unified theories scale, when inflation took place, the effect
of gauge fields, in other words the discrete space of two
points, is fairly shielded.
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At the end of Sec. III we have mentioned that the
deformed Hopf algebra plays a relevant role in the algebra
doubling and it induces the foliation of the Hilbert space
into physically inequivalent subspaces. These describe
different phases of the system, the ground state associated
to each of them being, as known [29,35], a broken sym-
metry vacuum characterized by a different (�-dependent)
value of the order parameter. Variations in the order pa-
rameter (derivatives in the deformation parameter, or, in
the language of Sec. IV, translations in the u parameter
classifying ’t Hooft families of states) thus describe phase
transitions in the system evolution. In this connection, it is
also interesting to observe that the state j0ð�Þi can be

shown to be a finite temperature state, which means that
the algebra doubling leads to a thermal field theory [28,29]
(also consistently with the remarks at the end of Sec. IV).
We will not comment more on this point. However, we
remark that in the SM, although born and formulated as a
zero temperature QFT model, one cannot avoid consider-
ing finite temperature effects as, for example, in the
quark-gluon plasma studies, when studying phase transi-
tion processes in relation to cosmological scenarios in the
early universe evolution, and/or in discussing unification
models. Thermal aspects appear thus to be a valuable
feature of the NCSG construction and of our discussion,
in which they are implicit.
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