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Infrared stability of de Sitter QFT: Results at all orders

Donald Marolf* and Ian A. Morrison"

University of California at Santa Barbara, Santa Barbara, California 93106, USA
(Received 19 November 2010; published 16 August 2011)

We show that the Hartle-Hawking vacuum for any theory of interacting massive scalars on a fixed
de Sitter background is both perturbatively well defined and stable in the IR. Correlation functions in this
state may be computed on the Euclidean section and Wick rotated to Lorentz signature. The results are
manifestly de Sitter-invariant and contain only the familiar UV singularities. More importantly, the
connected parts of all Lorentz-signature correlators decay at large separations of their arguments. Our
results apply to all cases in which the free Euclidean vacuum is well defined, including scalars with masses
belonging to both the complementary and principal series of SO(D, 1). This suggests that interacting
Quantum Field Theories in de Sitter—including higher spin fields—are perturbatively IR stable at least
when i) the Euclidean vacuum of the zero-coupling theory exists and ii) corresponding Lorentz-signature
zero-coupling correlators decay at large separations. This work has significant overlap with a paper by

Stefan Hollands, which is being released simultaneously.
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I. INTRODUCTION

While free quantum fields in de Sitter space (dSp) have
been well understood for some time (see [1] for scalar
fields), interacting de Sitter quantum field theory continues
to be a topic of much discussion. In particular, there has
been significant interest in the possibility of large infra-red
(IR) effects in interacting de Sitter quantum field theories
[2-26], both with and without dynamical gravity.

In [27] we began to address the specific class of such
concerns associated with (IR) divergences of the naive
Lorentz-signature de Sitter Feynman diagrams or more
generally those concerns that can be addressed in the
context of minimally-coupled scalar fields with mass
M? >0 on a fixed de Sitter background, i.e., in a context
where gravity is nondynamical. There we computed one-
loop corrections to propagators on Euclidean de Sitter
(which is just the D-sphere SP) and analytically continued
the results to Lorentz-signature. This procedure defines the
so-called Hartle-Hawking vacuum of the Lorentzian theory
[28], which on general grounds should be a good quantum
state (see Sec. V). In particular, the analytically continued
correlators are expectation values of products of operators
in a single state as opposed to matrix elements between an
“in-vacuum” and a potentially different “out-vacuum.”
We do not attempt to define any notion of S matrix.

Because S is compact, it is a priori clear that Euclidean
correlators do not suffer infra-red divergences. We showed
in [27] that, to one-loop order, the analytically continued
Lorentz-signature correlators were also finite and decayed
at a rate determined by the lightest relevant mass.'

*marolf @physics.ucsb.edu

ian_morrison @physics.ucsb.edu

'In addition, the one-loop calculations reported in [29] estab-
lish that correlators of free-field stress tensors decay at large
separations.
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The purpose of the current paper is to extend these results
to arbitrary N-point functions and to all orders in pertur-
bation theory, again showing that connected correlators
decay rapidly as the separation between points becomes
large. As in [27], our results will apply to all masses for
which the free Euclidean de Sitter vacuum is well-defined,
i.e. for all M? > 0, including values in both the compli-
mentary series and the principal series of SO(D, 1). We
again emphasize that we consider massive scalar quantum
field theories on a fixed de Sitter background, taking
gravity to be nondynamical. Because of the growth of the
graviton propagator at large distances, introducing a dy-
namical graviton could lead to radically different results
than those reported below.

Nevertheless, we also emphasize that the decay of con-
nected correlators found below demonstrates that the
Hartle-Hawking vacuum of any massive scalar field theory
is perturbatively stable, and that the Hartle-Hawking
vacuum is an attractor state for local operators in the sense
defined in [27]. To explain this point in detail, let us
consider a state constructed from the Hartle-Hawking
vacuum |0), with appropriately smeared operators:

w) = [ - [ P YD)V - oY) 0
(1)

Here the Y; are points in dSp, [, -+- denotes an
integral over de Sitter, and f(Y,,...,Y,) is a smearing
function which we assume to be supported in a compact
domain D. Now examine the correlation function
W, (X)) -+ P, (Xy)|W) with all X; at large separations
from D. In this configuration the correlator is simply a
smeared correlation function between 2n operators located
within D and N operators with large (say, roughly equal)
separations |Z| from D evaluated in the Hartle-Hawking
vacuum. Since the associated connected correlators decay
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rapidly at large separations, this function approximately
factorizes into a product of two correlators: one for the
points in D and one for the other points. The former
factor is just the norm of |¥), so we have
Wy (X)) - o (Xp)W) — (WD) - 1 (Ol (Xy) -+ -
¢ »(Xn)|0) . This means that, as probed by local opera-
tors, the excited state | W) becomes indistinguishable from
the Hartle-Hawking vacuum. Thus, despite concerns raised
in [30-33] associated with the lack of a conserved positive-
definite energy and other issues in de Sitter space, our
results below provide a very physical sense in which the
Hartle-Hawking vacuum of any massive scalar field theory
is stable. Note that, although the above argument was
phrased in terms of the elementary field ¢, the fact that
composite operators can be defined by the operator product
expansion with respect to geodesic distance [34] implies
that the same conclusion immediately follows for all com-
posite local operators built from such fundamental fields.

We begin by briefly reviewing free de Sitter quantum
field theory in Sec. II. We then address simple tree dia-
grams in Sec. III, which also serves to introduce some
useful Mellin-Barnes techniques and our choice of
(Pauli-Villars) regularization scheme. We address general
diagrams in Sec. IV, where we establish the desired results
for finite Pauli-Villars regulator masses (so that all dia-
grams are finite). Since the infra-red asymptotics are inde-
pendent of the regulator masses, it is straightforward to
take the limit where such regulators are removed.? Some
technical material is relegated to the Appendices. We close
with some discussion in Sec. V.

Remark: While paper was being prepared, we received a
draft of [36] which reports similar results.

II. FREE DE SITTER QFT

This brief section serves as a review of scalar quantum
field theory in de Sitter and allows us to establish our
notation. We consider D-dimensional de Sitter space dSp
with radius €, which may be defined as the single-sheet
hyperboloid in a D + 1-dimensional Minkowski space
Mp .. Points on de Sitter satisfy [37]

NapX*XP = £2, )

where X4 is a vector in the embedding space and 7,5 =
diag(—1,1,...,1) is the wusual Minkowski metric.
Henceforth we will drop the index notation and denote the
inner product of two embedding space vectors X; and X,

2After subtracting regulator-dependent local counterterms in
order to obtain a finite result. We consider theories can be
renormalized in this way. One would expect this procedure to
be equivalent (up to finite local counterterms) to the renormal-
ization prescription given in [35] and thus to define a fully
covariant renormalized quantum field theory in the sense of
[34] whenever the flat-space limit is power-counting renorma-
lizable. However, we have not analyzed this question in detail
and save any investigation for future work.
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simply by X; - X,. For two points on de Sitter located at
X, and X, the inner product X, - X,/€* provides a conve-
nient measure of distance which we loosely call the embed-
ding distance between X; and X, [1]. The embedding
distance is related to the length of the chord between
X, and X, in the embedding space (with the length being
proportional to 1 — X - X;) and is clearly invariant under
the full de Sitter isometry group SO(D, 1). The embedding
distance satisfies

() X, - X,/€> € [—1, 1) for spacelike separation,

(ii) X, - X,/€*> = 1 for null separation, and

(iii) |X; - X,/€*| > 1 for timelike separation.

The antipodal point of X; is simply —X;; clearly the
embedding distance between antipodal points is —1. See
Fig. 1.

In this work we restrict attention to massive scalar fields
¢,(X). It is convenient to keep track of the spacetime
dimension with the parameter & = (D — 1)/2; the mass
parameter o is then defined by the equation

— oo+ 2a) = M?¢?, (3)

where M? is the bare mass squared of the field if we assume
minimal coupling to the metric. There is a redundancy in
this definition as (3) is invariant under o — — (o + 2a);
for clarity we choose to define o as the positive root

oi=—a+(a? - MH?)'?, 4)

but all expressions involving o must necessarily be invari-
ant under 0 — —(o + 2a). Free scalar fields form irre-
ducible representations of the de Sitter group SOy(D, 1)
and fall into three series [38]:

(1) complementary series: —a < o <0,

(2) principal series: 0 = —a +ip, p €ER, p =0,

(3) discrete series: o0 =10, 1,2,....

I+
1 Z<-1 N L 7 < —1 :
' N Z>1 L7 '
-X & -1<Z<1 X X -1<Z<1 » —X
. // Z>1 \\ .
1Z < -1 . . Z<-1:
=
FIG. 1 (color online). The conformal diagram of global

de Sitter. The dashed ends are identified. Shown are the points
X and the corresponding antipodal point —X. Values of the
embedding distance Z:= XY/€*> in different regions of
de Sitter are labeled; in addition, the dashed red lines denote
the light cone with Z = 1 and the dotted green lines denote the
light cone with Z = —1 [1].
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FIG. 2 (color online). On shell values of o and —(o + 2a) in
the complex plane for massive scalar fields. The red dashed line
denotes the path of o for increasing M? starting from at o = 0
for M?> = 0. The green doted line shows the path of —(o + 2a)
for increasing M? starting from — (o + 2a) = —2a for M*> = 0.
Relatively light fields with 0 < M?¢? < a? correspond to values
of o and —(o + 2«) on the negative real axis and belong to the
complementary series. Heavier fields with M*{?> = o corre-
spond to complex values of o and — (o + 2«) on the line defined
by Reo = Re(—o — 2a) = —a.

We plot o and —(o + 2a) as a function of M?> >0 in
Fig. 2. Relatively light massive fields belong to the com-
plimentary series while heavier fields belong to the princi-
pal series. It is useful to note that .. = % — a corresponds
to an otherwise massless conformally coupled free field.
This value lies in the complimentary series so long as
D > 2. Discrete series fields correspond to massless and
tachyonic scalars and we will not consider them here.

Free massive scalar fields admit a unique de Sitter-
invariant Hadamard vacuum |0).., commonly referred to
as the Euclidean vacuum (it is also the Bunch-Davies
vacuum) [1,3]. Since the theory is free, the vacuum is
completely characterized by its 2-point functions. Let us
define the function

gZ*D

(47T)a+1/2

I'(—o)'(o + 2«a)

5,(2) = 0w

1 1+Z
><2F1|:—0',0'+2a;§+a; > ] (5)

Here ,F,(a, b; c; z) is the Gauss hypergeometric function.
In general this function has a branch point at Z = 1 and is
cut along the positive real axis Z € [1, +o). The time-
ordered and Wightman correlation functions of a massive
scalar field ¢, (X) are given by

<0|T¢0'(X1)¢0'(X2)|0>free = Ao'(Xl ’ X2 - ié): (6)

015 (X1) b (X)|0)gree = A (X - X5 — i€5(X1, X5)), (7)

where in (7) the operator ordering is enforced by
s(X;, X,) = +(—) if X, is in the future (past) of X, (see,
e.g., [39)).

At the level of free fields, one may in fact use any
member of the one-parameter family of 2-point functions
found in [1,3] to define a de Sitter-invariant vacuum state.
These other vacua are usually called Mottola-Allen (MA)
or « vacua. However, the nontrivial MA vacua do not
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satisfy the Hadamard or Bunch-Davies criteria; in particu-
lar, their 2-point functions i) have an additional singularity
at antipodal points and ii) have an additional negative
frequency contribution to the singularity at coincident
points [40]. As a result, only the Euclidean vacuum ex-
trapolates to the usual Minkowski vacuum in the flat-space
limit [41]. It has been difficult to find consistent extensions
of MA vacua to interacting theories—see e.g. [39,42-46].
For these reasons we will discuss only the Euclidean
vacuum in this work.

II1. SIMPLE TREE DIAGRAMS

We now proceed to analyze simple connected tree dia-
grams. As noted in the introduction, we compute diagrams
on Euclidean S” and analytically continue the results to
de Sitter. In particular, the Mellin-Barnes (MB) techniques
used below provide representations of connected diagrams
Vy(Xy,...,X,, Xy) on SP in terms of the N(N — 1)/2
embedding distances Z;; = X; - X; relating the external
points. While the Z;; are not all independent for general
N, D, it will often be convenient to use our Mellin-Barnes
representation to extend the definition of 'V to a function
of N(N — 1)/2 independent variables Z;;. The analytic
continuation can then be performed by analytically con-
tinuing in each Z;; and evaluating Z;; = X, - X; for N
points X; in Lorentz-signature de Sitter space.

The only subtlety in the analytic continuations will be
the presence of branch cuts. As noted in Sec. II, for the
two-point function this amounts to choosing the appropri-
ate ie prescription to construct time-ordered or Wightman
correlators as desired. Much the same is true of higher
N-point correlators, though the specifics are more compli-
cated to state. However, since our only goal is to extract the
asymptotics at large Z;;, we need not be concerned with
such details here. The large Z asymptotics are identical on
both sides of each cut so that all analytic continuations
satisfy the fall-off properties derived below. This means, in
particular, that our results hold for both Wightman and
time-ordered correlators.

A. The Green’s function

It is convenient for our analysis to use a Mellin-Barnes
integral representation of the scalar Green’s function on
SP. Mellin-Barnes representations have proved to be quite
useful in evaluating Feynman diagrams in flat-space QFT
(see, e.g., [47] for an introduction). They are especially
convenient for deriving asymptotic expansions (see
Sec. 4.8 of [47]), and it is for this reason that we choose
to use them here. We review some essential information
about Mellin-Barnes integrals in Appendix A; further de-
tails can be found an any standard text on mathematical
methods.

Starting with the case o < o, =
may write the scalar Green’s functio

1 _—ganda =1, we
2 2
n
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1
(477)‘”1/2[‘[% +a+ o, % —a— o]

A, (2) =

1
X[F[—a+ V,0'+2a+1/,—1/,§—a—1/]

(59

where we use a condensed notation for products and ratios
of I'-functions:

F[ a, a, ..., a; ] _ ['(a))l(ay) - - - T'(a;)
b]>b2""’bk F(bl)r(bZ)F(bk)

or merely I'[ay, a, ..., a;] for just a product. In (8) the
symbol [, ... denotes a contour integral in the complex
v plane. We take as implicit the measure dv/27i. The
contour of integration is a straight line parallel to the
imaginary axis traversed from —ijoo to +ic0 anywhere
within a region called the ‘“‘fundamental strip” (FS). In
general we denote a fundamental strip by its left and right
boundaries (I, r). For the Green’s function (8) the funda-
mental strip is (a’,% — a), which is nonempty due to the
restriction o < % — «. The integrand is analytic in v within
the FS; beyond the FS it has an infinite number of poles due
the Gamma functions. By convention we call poles gen-
erated by Gamma functions I'(- - - + ») left poles; like-
wise, we call poles generated by Gamma functions
I'(- - - — v) right poles. The fundamental strip is the region
between the left and right poles. For this reason we do not
generally need to write the FS explicitly as it may be
inferred from the Gamma functions of the integrand.

The asymptotic behavior of A ,(Z) at large |Z| > 1 may
be determined by moving the contour to the left. The first
of the two series of left poles give the leading asymptotic
terms:

()]

Azl > 1) = #{r[—a, o+ al(—22)
+ 1o +2a, —0 — a](—22)" 72}
X [1+0(z7%)] (10)

The asymptotic behavior for |Z| near 1 is determined by
moving the contour to the right. When D is odd, « is an
integer greater than or equal to 1 and the leading behavior

is given by
1 ( 1)(1 - Z)l/Z—a
— I1(a-)—=
(47T)a+l/2 2 2

[ I—a -0 0+2a ]
+ T
%—a—a‘,%+a+a'
X[14+ 001 —-2)] (11)

Azl <) =

When D is even a = % +n, n € Ny (where N, are the
non-negative integers) and the two sets of poles overlap at
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v € N, yielding double-poles. As a result the pole at
v = ( gives a term with logarithmic behavior:

%(#)"[1 +0(1-2)]

1 r 1+ o0 +2n
4zt 1+0,1+n

X log(l — Z) + 0(1) (12)

Azl <1) =

(the first term is omitted when n = 0).

When o > o the left-most right pole in (8) lies to the
left of the right-most left pole so that there are can be no
straight contour in between. To arrive at an expression
valid for all masses, consider again the case o < o, and
move the contour in (8) to the right past the first right pole

at v =1 — a to obtain the expression

-1 /‘ —0‘+v,0‘+2a,—v,%—a—v
— | T
(@meriiz ), Itat+tol-a-0o

X (V_%l-i- a)(l ;Z)v RACES) <1 —Z)l/z—a'
(13)

(4 7T)oz+1 /2 2
In the integral in the first line the contour lies in the interval
(max{o, 1 — a}, min{0, % — a}). This interval is nontrivial
for o < % — a (since o < 0), and (13) is a valid represen-
tation of the propagator for any such o. This process can be
repeated as needed so that one can then increase o as far
into the complementary series as desired. The asymptotic
properties when o > % — a are again given by (10)—(12).
At conformal coupling o = % — a, only the residue term in

(13) survives:

A, (2)=

ACC(Z) =

NGRS (1 - Z)I/Z—a (14

(477.)a+1 /2 2
The behavior of the Green’s function at large M? > 1

will be important to our analysis. Starting with (8) we
define

b o) i=

1 —0'+V,0'+2a+v,%—a—v
(47r)2+1/2 I+tat+ol-a-0o ’
(15)

so that the Green’s function may be written

2,2 = [ w,ren(-9)" ae

At large M? > 1 the function ¢ ,(v) has the asymptotic
behavior

M2a*1+21/ 1
Volv) = i

W - — O — V)(l + O(M_z)), (17)

2
and as a result the Green’s function has the asymptotic
behavior
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SCRE) as)

Note that (18) contains no left poles; the left poles of the
original expression (15) do not appear at any finite order
in the expansion in inverse powers of M?. In the limit
M? — oo the inequality [M?(1 — Z)/2| > 1 holds for any
fixed Z # 1, and in this limit the contour in (18) may be
closed in the left half-plane giving A, (Z # 1) = O(M™%).
By examining the action of (18) integrated against a test
function (represented as an MB integral) one may deter-
mine that (18) is equivalent to

1 1 8(z—-1)
M2 VOl(Sza) (1 _ ZZ)afl/Z
the first few subleading terms are

1 1 8(Z—-1)

M? vol(§%%) (1 — z2)a—1/2
n 1 1 ad [ 8(Z—-1) ]
M* vol(§2*) 9ZL(1 — z2)«~1/2

N 1 1 92 [ 8(z-1)
MO vol($2%) 97> L(1 — z2)*~1/2

Ay (2) = +O0M™); (19)

A, (2) =

(20)

Of course, the expansion (20) follows from the fact
that the Green’s function is the inverse of the Klein-
Gordon operator using gzl-m= —M_ZFV'W= -M 1+
V2/M?+.)1.

B. Pauli-Villars regularization

Feynman diagrams containing loops in general contain
UV divergences which must be dealt with through the
process of perturbative renormalization. For our purposes
it is convenient to use Pauli-Villars (PV) renormalization
[48]. In PV regularization we replace the original scalar
Green’s function A ,(Z) with the regularized function

[D/2]
AF(Z) = A, (D) + D CiA,(2). 1)
i=1
Here [ - -] denotes the integer part. This function is nothing
more than the original Green’s functions plus Green’s
functions of heavy particles with masses M? = —p;(p; +
2a). We take the masses M? to belong to the principal
series so that Ay*(Z) will decay for large |Z| > 1 at the
same rate as A,(Z). The coefficients C; are bounded
functions of the M? chosen to make Ay%(Z) finite at
Z =1, i.e., to cancel the UV-divergent terms in A_(Z)
(including the logarithmic divergences that occur for
even dimensions). For example, for D =2, 3 the PV-
regularized Green’s function is

ASZ) = A (2) — A, (2), forD=23  (22)

] + O(M™?).
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while for D = 4, 5 it is
A?g(z) = A(r(Z) + CIApl(Z) + CZApZ(Z):

(23)
for D =45
where the coefficients satisfy
C,+C,=—1, CiM? + C,M3 = —M?%. (24)

One may write similar expressions for any dimension (see
e.g. [48]), and, if desired, one may make further PV sub-
tractions to ensure that A5%(Z) is differentiable to any
desired order at Z = 1. Such additional subtractions are
useful in dealing with either field-renormalization counter-
terms or derivatively-coupled theories. Below, we assume
for simplicity of notation that neither of these is present in
our theory. However, the analysis is identical in the pres-
ence of derivative couplings so long as one assumes suffi-
cient PV subtractions to have been made to render all
diagrams finite at the desired order of perturbation theory.3
In particular, detailed specification of these subtractions is
not needed.

The cancellation of UV singularities has immediate
implications for the Mellin-Barnes representation of the
regulated propagators. Since the short-distance expansion
is determined by the location of the right poles, and, since
right poles with Rer <0 give terms divergent at Z = 1
(where the character of the divergence depends on the
location of the pole), all such right poles must cancel;
i.e., the fundamental strip for the regularized propagators
may be extended to (o, 0) without picking up any explicit
pole terms of the sort that appeared in (13). It follows that
for any o < 0 we may write the regularized Green’s func-
tion as

a2 = [ Wig(v)r(—v)(l_TZ)” (25)

with

[D/2]
Yot(v) = g, (v) + Y Cith, (v). (26)
i=1

The function ¢5*(») is analytic on the interval (Reo, §) in
odd dimensions and (Reo, 1) in even dimensions. Using
the results in Appendix A one may readily show that the

function s ,(v)—and therefore 5°(v) as well—has the

asymptotic behavior

[ (x + iy)l = e P27 1 + O(lyl ]

(27)
for [y| > 1.

3For theories that are power-counting renormalizable, one may
fix the set of PV subtractions independent of the order in
perturbation theory. On the other hand, nonrenormalizable theo-
ries should be treated as effective theories. In this case, there is
no harm in taking the regularization scheme (i.e., the set of PV
subtractions) to depend on the order in perturbation theory to
which one works.
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Furthermore, the integrand in (25) has only a simple pole at
v = (0 which insures that there is no logarithmic UV
divergence.

The PV-regularized Green’s function AG°(Z) is a
bounded function of Z. Because the sphere is compact it
follows that using the regularized Green’s function to
compute correlation functions yields regularized correla-
tion functions that are bounded functions of the embedding
distances. The UV divergences of the original perturbation
series are recovered in the limit M? — +oco. We consider
theories which can be renormalized by subtracting local
counterterms with coefficients depending on the regulator
masses M;. As remarked in footnote 2 above, one would
expect this procedure to be equivalent (up to finite local
counterterms) to the renormalization prescription given in
[35], and thus to define a fully covariant renormalized
quantum field theory in the sense of [34] whenever the
flat-space limit is power-counting renormalizable.

C. Single-vertex diagrams

In this section we compute the connected, single-vertex
tree-level Feynman diagram that arises lowest order in
perturbation theory; see Fig. 3. As stated in Sec. III B, for
simplicity of notation we assume below that there are
derivative couplings. However, the analysis in the presence
of derivative couplings is essentially identical.

We find it convenient to first use the PV-regulated
Green’s functions Az2(Z) for our computation and then
to take the limit where the regulators are removed. While
such regularization is not in fact necessary for tree dia-
grams, it has the convenient property that it allows us to use
the MB representation (25) which treats all masses uni-
formly. Our discussion below involves a set of fields with
mass parameters o;. Note that each o; requires its own set
of regulator masses M,;, so removing the regulators is the
limit M;; — oo (or p;; — ).

The diagram in Fig. 3 is given by the expression

VX, .. X, Xy) = f AGEX, - Y) - AGS(X, - Y)
Y
X AGE(Xy - Y). (28)

Here Y is a unit vector and [, ... denotes an integral
over SP. To compute the right-hand side we first expand
the Green’s functions Ay2(X; - Y) according to (25):

Xl Xn XN

FIG. 3. The single-vertex tree Feynman diagram.
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Az = [ | v Cn(—5)" @)

2

After inserting N copies of this into (28) the integral over Y
becomes

‘: 1=X Y\ (1=X, - Y\»
My [y( 2 ) ( 2 )

1— Xy - Y\
x(f) . (30)

This master integral is performed in Appendix B; the
result is

(47T)a+1/2
M=vy,...,—v, —vn 1 +2a+ 3 ]

Xf (1 _Xl 'Xz)alz.'.(l_xn‘XN)anN
(a) 2 2

X F[_alz, .

MN:

.,AN - VN]
XF[%+Q+ZV1'_Z“U]]' 3D

Here [, ... denotes an integral over N(N — 1)/2 integra-
tion variables a;;. The a;; are labeled according to the
corresponding embedding distance X; - X;. We use the
shorthand A; = 27:1 a;;. The integration contours lie be-

, _anN’Al — Vi .

tween their respective left and right poles. After perform-
ing the shift of variables v; — v; + A; we obtain

(o, (X1) " &g, (X,) Dy, (Xy))

. [ {(1 - X Xz)alz o <1 - X, XN>anN
(@) 2 2

X F[_alz, ey —anN]VN(a)} (32)

with

Vyla) = (477)a+1/2f[ ]{r[—yl, T

X lp{flg(Al + Vl) ct lpll.;e—g(AN + VN)

1+2a+2v,+22a,]

Our main task is to determine the fundamental strip of
each a;; variable. The Gamma functions in (32) restrict the
fundamental strip of each a;; variable to satisfy Rea;; <O0.
To further determine the FS we must determine where the
function V)y(a) ceases to be analytic in the a;;. When all a;;
satisfy Rea;; = 0 the function Vy(a) imposes no further
restriction on the right side of the fundamental strips.
Because of the symmetry of the diagram we need only
study one variable in detail, say a,. As a function of a;,
the function Vy(a) has left poles at
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(112:0'1_14/1_1’1, 312:0'2_14/2_7’1,

1 /
alz——i—a—ZaU—n.

(34)

In this expression n € Ny, A} =A; — ay,, etc., and
Z/a,»j = X a;; — aj. We conclude that the FS of a,, is

1
ajn. <max{0'1 - A/], gy — A/Z’ - 5 —a — Zlaij}’ O>
(35)

Analogous statements hold for the remaining a;;. In (35)
and below we take the operation max to select the greatest
real part of any of its arguments. Note, in particular, that
since the regulator masses M;; lie in the principle series (so
that Rep;; = —a is fixed) the allowed strip (35) is inde-
pendent of the values chosen for the regulator masses M;;,
though it does depend on the precise locations chosen for
the other contours.

We can use our knowledge of the fundamental strips of
the a;; variables to bound the behavior of the diagram Vy
at large embedding distances Z;;. For example, consider
the case [Zj,| > 1 and all other Z;; # 1. We are free to
arrange the a;; integration contours such that all a;; except
ay, are fixed satisfying Rea;; = —e€, where € is an infini-
tesimal positive constant. In this configuration the FS of
a,, becomes

apy: (max{o,, o,} + O(e), 0). (36)

We can therefore move the a,, integration contour to a;, =
max{o|, o,} + O(€). In this configuration it becomes
clear that the diagram decays at least as fast as
|Z,,|maxtonoa}+0le) - More generally we may say that
when any embedding distance satisfies |Z;;| > 1 the dia-
gram decays at least as fast as | Z;;|7m "€ where 07y =
max{c, ..., oy} and infinitesimal € > 0.

The diagram "V provides the connected part of the PV-
regulated N-point correlation function (¢, (X;)---
¢q, (X,)d,, (Xy)) to lowest order in perturbation theory.
Our primary goal is to determine the behavior of such
connected correlators when the operators are taken to large
separations, so that several embedding distances Z;; be-
come large. From the discussion above it follows that the
connected PV-regulated correlator decays at least as fast as
|Z|7mx+O(€) where |Z] is the largest embedding distance
between operators. In practice the diagram may decay
much more rapidly.

In order to show that the unregulated diagrams have the
same IR behavior, we must take the limit M? — co where
the regulator masses become large. The key step is to
recall, as noted below (35), that the allowed locations of
the a;; contours are independent of the regulator masses
M;;. We may therefore investigate the large M;; behavior
by inserting the asymptotic expansion (17) for the
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,,(A; + v;), associated with the propagators for the PV

regulator masses, into (33) with the a;, contour fixed at any
location allowed by (35) (and analogously for the other
a;j). To leading order, all dependence on the regulator
masses is in factors of the form (p,)?* !T241%271 The
particular power law depends on the location of the v;
contours, and the most favorable behavior is obtained by
taking the v; contours to be as far to the left as possible.
With this in mind, taking into account certain relevant
poles, it is straightforward to analyze the large M;; behav-
ior. The leading term is independent of M;; and is obtained
by simply replacing every 5° with the unregulated i,
i.e., just by the unregulated expression. Subleading terms
are suppressed by powers of M ;2 and can be neglected.
Since the unregulated i, also satisfy (27) at large imagi-
nary v;, the O(1) Mellin-Barnes integral can be analyzed in
the usual way to find asymptotic behaviors at large |Z;;|
dictated by the locations of the a;; contours, i.e., by (35)
and its analogues. Thus the large |Z;;| behavior of the
M;; — oo limit satisfies the same bounds we derived at
finite M;;. In particular, the limiting diagram decays at least

as fast as |Z|7mx "0 where |Z| is the largest embedding
distance between operators.

IV. GENERAL DIAGRAMS

In this section we analyze connected Feynman diagrams
containing loops. We again use the PV-regulated propaga-
tors of Sec. III B. For simplicity of notation we again
assume that there are no derivative couplings or field-
renormalization counterterms. However, the analysis with
derivative couplings or field-renormalization counterterms
is essentially identical so long as sufficient PV subtractions
have been made as described in Sec. III B.

At the technical level, the key step will be to show in
Sec. IV B that all diagrams have a Mellin-Barnes repre-
sentation of the following form:

l_Xl 'Xz)alz . .(1 _Xn 'XN)anN

VvlXi, ... X, Xy)= {(
N( 1 n N) @ 2 2

xr[—alz,...,—anN]va)}, 37)

where the function Vy(a) satisfies the following require-
ments:
(1) Vy(a) is analytic when all a;; are contained within
the region given by the set of restrictions

Re a,-j S (a-max - 'Pij(a'), 0] (38)

Here o, is the real part of the mass parameter of
the lightest field participating in the diagram, and
P,;j(d') is a polynomial function of all the Reay,
variables except Rea;; (hence the prime) and has
non-negative coefficients.
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(2) When the qa;; are contained in the region (38) the
function Vy(a) decays at large [Ima,,| > 1 at least
as rapidly as

s apy)| o e Th/2 |y 7l

[Vy(x + iy, aps, ...
N 13 (39)

for |y| > 1,

and likewise for the other a;;.
However, let us first discuss the implications of this form
and show that it leads to exponentially decaying correlators
as desired.

A. Implications of our Mellin-Barnes representation

To begin, note that the requirement (39) ensures that
each integral in (37) converges so long as no embedding
distance is equal to unity, i.e. when the diagram is eval-
uated away from coincident points. For any a;; = x + iy
the integrand in (37) is comparable at large |y| > 1 to

X

l_Xl'.Xj

e—w|y|+i77y|y|3/2
2

(40)

and thus converges absolutely. To evaluate V(X Loees
X,, Xy) at coincident points we must move some of the
contours into the right half plane. For example, suppose we
wish to evaluate V (X, ..., X,, Xy) at X; = X,. To do so
we first move the a;, contour into the right half-plane. In
doing so we pick up a residue from the pole at a;, = 0.
From (38) it follows that Vy(a;, = 0, ...) is regular, and so
this pole is a simple pole. Upon setting X; - X, = 1 the
remaining contour integral, with a, (slightly) in the right
half-plane, vanishes, leaving just the residue

VX, X5, X Xn)

. [ {(1 - X5 X3)013+‘123 (1 - X5 XN)alN+a2N
(@) 2 2

% (1 - X3 ‘ X4)(/l34 L. (1 - XV! * XN)anN
2 2

XI=ap, ..., —a,n]Vn(0, aps, ..., anN)}. (41)
Here [ («) - - - denotes that there is no ay; integral.
J
ViYW (a) 1= ! ey
I=ajn+1, - —ayn+1] Jie)
X Vyia(aiy, .o, @y, €1 = aiysns -

In this expression [ [c] - - - denotes contour integration over
¢y, ..., cy. These integrals are guaranteed to converge so
long as the a;; are within the region for which the integrand
of (42) is analytic. Although this expression is rather
complicated, it is easy to verify that this function satisfies

©»CON T ANN+1 Cpy -
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In fact, it turns out that the term on the right-hand side of
(41) may be written in form (37), i.e. Vy_; (X5 ..., Xy).
Said differently, a function Vi x(Xi, ..., Xy Xy+1s
..., Xy.ix) when evaluated at Xy, = -+ =Xy, g =7
is itself a function of the form V., ,(X,,..., Xy, Y). For
example, let us consider when K = 2. Following the pro-
cedure outlined above Eq. (41) we have

Vv Xy, ... Xy, YY)

_f {(1_Xl‘Xz)aIZ...(l_Xn'XN)anN
(a’) 2 2

5 (1 - X Y)al,N+l+al,N+2 (1 —Xy- Y)aN,N+l+aN,N+2
2 2

XT[=ap, ..., —ayn+2]Vn+2(a1n, - an y o 0)}-

(42)

In this expression the prime in the (a’) below the
integral means that there is no ay4 y+, integration. The
integrand in (42) is still analytic with respect to the remain-
ing a;; in the region given by (38). It follows that after a
few cosmetic changes we may write (42) in the form
of (37). Let us relabel the variables a;y,, — ¢; (here
i =1,...,N), then shift variables a; y+; — a;y+1 — ¢;;
(42) becomes

VX, ... Xy, YY)

_[ {(1 _Xl 'Xz)alz...<1 _Xn'XN>anN
() 2 2

% (1 - X Y)al,N+l<1 — Xy Y)aN,N+I
2 2

X IT=ap ., —an VY @) 3)

In this expression the integral is over the variables

ap, ..., ayy+ and Vit (a) is given by
— A N+1 - O T ANN+D CL e ey —CN]

. e, Ok (44)

requirements (1) and (2) using the asymptotics described
in Appendix A. The same analysis may be performed for
any K>1 with the same conclusion: the function
VyikXy, ..., Xy, Y, ..., Y) is of the form of a function
Vye1(Xy, ..., Xy, Y) given by (37).
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The last and most important consequence of the form
(37) is that the function Vy(X,,..., X,, Xy) decays ex-
ponentially when evaluated at large embedding distances.
For example, suppose | X - X,| > 1. A bound on the decay
of Vy(X,, ..., X, Xy) can be found in the same manner as
in the previous section. Let all integration contours except
that of a;, be located at Rea,;; = —e€. From (38) it follows
that in this configuration a;, has a fundamental strip at
least as large as

app: <a-max + 0(6)’ O>r (45)

so Vy(X;,...,X, Xy) decays at least as fast as
(X, - X,)7mat€ for any € > 0.

Furthermore, suppose that removing some vertex results
in a disconnected diagram, and suppose also that one of
the resulting connected components contains none of the
original external legs. Then this piece contributes only an
overall multiplicative constant (which is finite at finite
regulators masses M;;) to the diagram and does not affect
the large Z behavior. One may therefore remove such
pieces from the diagram when computing o, above.
We refer to this process as “trimming,” so that the trimmed
version of a given diagram has all such pieces removed.

Obviously, the same result also holds for the other
embedding distances. From this result it follows that the
connected part of a PV-regulated N-point function—which
may be described to any order in perturbation theory by
diagrams of the form "V y—decays when any two opera-
tors are taken to be separated by a large distance Z at least
as fast as |Z|7m "0 where o,y is the (real part of the)
largest o that appears in any trimmed diagram that con-
tributes to the correlator.

B. Proof of the desired Mellin-Barnes representation

The proof that all diagrams can be written in the form
(37) is through induction. One constructs a diagram vertex
by vertex, beginning with a single-vertex tree diagram. We
have already seen that single-vertex diagrams have MB
integral representations of the required form. Thus one
simply needs to show that, upon adding a vertex to an
existing diagram with the form (37), the new diagram is
again of the form (37). We show this below.

The process of adding a new vertex to an existing
diagram is shown schematically in Fig. 4. Starting with

X1 XM

Xo

XN+1

XN

FIG. 4. The process of adding a new vertex to an existing
diagram.
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an (N + K)-legged diagram Vy x(Xy, ..., Xy, Xyi1s

., Xny+x), one attaches a new vertex to the K = 1 exter-
nal legs Xy, ..., Xy+x. One then attaches to the new
vertex (M — N) new external legs so that the new diagram
is an M-legged diagram:

VM(XI)""XM) :f VN+K(X1:""XNr Y,,Y)

XAy, Xy - Y)- -

ON+1

(46)

This procedure generates all diagrams in which no
propagator has both of its ends on the same vertex. But
adding such one-link loops simply multiplies any diagram
by factors of Az%(Y - Y), which are just finite constants due
to our PV regularization, and which are readily absorbed
into the definition of V. It thus remains only to show that
the diagrams generated by the above process satisfy re-
quirements (1) and (2) associated with (37).

Note that K =1 in order for the diagram to be con-
nected. Following the discussion in Sec. IVA, since K = 1
we know that Vi, (X, ..., Xy, Y, ..., Y) can be written
in the form of some V. (X;,..., Xy, Y). Inserting this
(46) becomes

VM(Xl,...,XM)=[ Vya Xy, .., Xy Y)

X ATE (Xyey - ¥) -

ON+1

AGE Xy - Y).
47)

It is convenient to define n =N — 1 and m = M — 1.
The integral (46) can be computed in essentially the same
manner as the single-vertex diagram Sec. III. We begin
by expressing both V. ,(X;,..., Xy, Y) and the regu-
lated Green’s functions in terms of their MB integral
representations:

VN+1(X1"' XN’ Y)

X(l_Xl )Vl.' (I_XN Y)
2 2
X F[—alz, ceey, —ApNy, Ve, _VN]
X Vysiap, ... aumn vy, - . ., I/N)}, (43)

ATE(X, - Y) = f ()T (— V)<#). (49)

Here it is important to keep track of notation. In the first
equation we have relabelled a; y+1 — v;, i =1,..., N, so
that the remaining N(N —1)/2 a;; variables run
ayy, ..., a,y. In the second expression i runs i =
N +1,..., M. Inserting these into (47) we then integrate
over Y using the master integral M,, [see (31)].
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After performing a shift of integration variables v; — v; +
B; (where B; = Y'Y b;;) we arrive at

Jj=1
VM(XI, oo Xo)

. f f {(1 - Xl . Xz)a12+h12 . (1 - Xn . XN)anN+hnN
(@ J () 2 2

% (1 - X XN+1)hI,N+I o <1 - X, XM)b’”M
2 2

X Ty .., —ayys —biss s —b Vi@ b)}.
(50)

In this expression the b;; run over all distinct pairs ij (i.e.,

b]z, ey me) and

v —ita+Y v+ 3 b

VM(a,b)=j {F 1 M>3 > > j
[v] 1+2a+3Y v, +23 by

X Vysilap, ...
X s, (Bys1+vysr) oy (By + VM)}-

(D

’anN’Bl + Vl,...,BN+ VN)

It is now straightforward to determine the region for
which the integrand in (50) is analytic in the integration
variables. The simplest variables to analyze are the b;;
variables with N < i, j = M. For these variables the analy-
sis is identical to that performed for the single-vertex
graph; the result is that the integrand is analytic in the
region

1
Reme (S <max{0'm - B;n, Oy — B;W’ _E —a— Zlbij}y O]
(52)

As usual here the prime denotes that b,,;, is omitted
from the sums. For variables b;; with 1 =i = N and N <
J = M one finds

1
ReblM (& (max{a'max - ?LN+1((1, b), Ty — B;VI’ - 5

~a- Z’bij}, 0].

Finally, let us determine the region for which the integrand
is analytic with respect to a;; while holding the b;; contours
with 1 =i, j =N fixed to satisfy Reb;; = —e. In this
configuration it is easy to determine that the integrand is
analytic when

Rea; € (0pax — Piala, b) + O(e), 0]

(53)

(54)

Therefore, we can perform the shift of variables a;; —
a;j — b;; in order to get (50) in the form (37). We know
that the b;; integrals with 1 < i, j = N will converge in the
region given by (52)-(54). We see that (52)—(54) satisty

(38), and that all integrals converge sufficiently rapidly to

PHYSICAL REVIEW D 84, 044040 (2011)

satisfy (39). Thus we have shown that V (X, ..., X)) is
of the form (37).

C. Removing the regulator: the limit ij — 00

Our analysis above is complete at the level of effective
theories. In that context, one keeps the regulators masses
M;; finite and is careful to ask questions only about physics
atenergy scales much less than M;;. But for renormalizable
theories one would like to do more and to remove the
regulators by sending M;; — oo before taking the limit of
large |Z;;].

Such questions are straightforward to address using our
Mellin-Barnes representations. Note that, as with the tree
diagrams discussed in Sec. III C, we may study the large
M;; limit holding fixed the locations of all contours, subject
only to the conditions (38) found above. Suppose for the
moment that we choose the couplings to be independent of
the regulators masses M;;. Then all of the regulator-
dependence lies in the functions ¢ ,(») associated with
the regulator Green’s functions and the coefficients C;.
Note that each term in the asymptotic expansion (17) of
such functions at large M;; again decays exponentially
away from the real axis (now roughly as e ~7P!) fast enough
for the arguments of Secs. IVA and IV Bto hold.* As a
result, inserting the expansion (17) into one of our Mellin-
Barnes integrals (and also expanding the C;) produces an
asymptotic series in the masses M,;, each of whose coef-
ficients is again a Mellin-Barnes integral with the same
contours and convergence properties as the original
expression.

Of course, the above expansion will in general include
positive powers of M;; as well as negative powers; these are
just the expected ultraviolet divergences of the theory. But
let us suppose that by taking the coupling constants to
depend on M;; in an appropriate way the M;; — oo limits
of correlators become well-defined and finite, at least to
some fixed order in perturbation theory. This is precisely
the assumption that the divergences can be cancelled by
some set of M;;-dependent counterterms. Since coupling
constants are just overall multiplicative factors in each
diagram, it is straightforward to take this extra dependence
on the M;; into account. Expanding each coupling in an
asymptotic series generates a new series, where each term
is again a Mellin-Barnes integral of our standard form (and
with the same placement of the contours). This is true, in
particular, of the term that is independent of the M;;. But
this term gives the full M;; — oo limit, since all terms
involving positive powers of M;; must have cancelled in
order to obtain a finite result. The usual argument then
implies that this term decays as |Z|7mx+O© at large |Z],
where o, 1s the (real part of the) largest o that appears in

“In fact, such arguments require decay only as e~ "/2 times
an appropriate power law or faster.
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any trimmed diagram that contributes to the correlator at
this order. We will provide an explicit example of this
renormalization procedure in a future publication [49].

V. DISCUSSION

In the above work, we used Mellin-Barnes techniques to
determine the asymptotics of Pauli-Villars regulated dia-
grams for massive scalar quantum field theories in de Sitter
space. We found that connected correlators fall off at large
|Z| at least as fast as does the Green’s function for the
lightest field in the (trimmed) diagram (up to corrections
that grow less strongly than powers laws; e.g., factors of
log|Z|). Because of the simple way in which changing the
PV regulator masses interacted with the Mellin-Barnes
expressions, it was straightforward to show that the same
results hold in the M;; — oo limit in which the regulators
are removed, independent of the details of any counter-
terms required. An explicit example of this renormaliza-
tion procedure will appear in [49]. A similar analysis using
Mellin-Barnes techniques should also be possible in the
context of dimensional regularization.

As described in the introduction, for the (massive scalar)
QFTs considered it follows that, for any state obtained by
acting with appropriate smeared field operators on the
Hartle-Hawking vacuum, any correlation function will
approach that of the Hartle-Hawking vacuum at large
times; i.e., that the interacting Hartle-Hawking vacuum is
an attractor state in the sense of [27] for local correlators at
any order of perturbation theory. Since the above class of
states includes any perturbation of the Hartle-Hawking
vacuum created by a source of compact support, this
provides a sense in which this vacuum is stable despite
the possible concerns raised in e.g. [30,31,33].

Our results hold for all masses M? > 0 for which a free
Euclidean vacuum exists and for arbitrary interactions,
with nonrenormalizable theories being treated as effective
theories. While for simplicity of notation the calculations
were presented only for nonderivative couplings, no sig-
nificant changes are required to analyze derivatively-
coupled theories and (as usual) derivatives can only
strengthen the fall off at large Z. It would be very interest-
ing if our results could be extended to the massless case
M? = 0 following e.g. the approach of [50], which intro-
duced a new form of perturbation theory on S?.

Some readers may be concerned by our use of Euclidean
techniques. But on general grounds the Hartle-Hawking
state should be a valid quantum state. In particular, the
analytically continued correlators satisfy the Lorentz-
signature Schwinger-Dyson equations. Furthermore, the
de Sitter analogue [51] of the Osterwalder-Schrider con-
struction implies that the Hartle-Hawking state lives in a
positive-definite Hilbert space whenever the Euclidean
correlators satisfy reflection positivity. This in turns
holds at least formally whenever the Euclidean action is
bounded below, and has been rigorously shown in D = 2
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dimensions for standard kinetic terms and polynomial
potentials; see e.g. [52]. In such cases, it remains only to
ask how the Hartle-Hawking state relates to other states of
interest; e.g, perhaps the state defined by the standard in-in
perturbation theory in the expanding cosmological patch of
dSp. This question will be investigated in detail in [53],
where it will be shown that these two states agree for
massive scalar fields.

It would be interesting to apply some version of these
tools to massless scalar fields, perhaps using the perturba-
tion scheme described in [50]. Although the natural propa-
gator of this scheme grows logarithmically at large Z due to
a double pole at the origin, it is possible that this behavior
will softened by higher order corrections. Finally, we
emphasize that we consider field theories on a fixed space-
time background in which the metric is nondynamical. As
the known propagators for gravitons do not fall off at large
separations, the situation for dynamical gravity may be
quite different.
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APPENDIX A: MELLIN-BARNES INTEGRALS

We write a generic Mellin-Barnes integral as’

a+Awv,...,a,, +A,v,b,—By,...,b,—B,v
ra=r
v | +C1V,...c,,+CpV,d1 —DIV,...,dq—DqV

xX(2)", (A

where the measure dv/2 i is implicit and the contour is a
straight line parallel to the imaginary axis, traversed from
—ioo to +ioo, lying between the left and right poles. The
convergence of the integral (Al) is governed by the be-
havior of the integrand at large |Imy|. This behavior can be
determined from the well-known asymptotic behavior of
the Gamma function:
lim '(x + iy) = 2m)' 2=/ 2By =172[1 + 0(y™1)].

[yl—o0
(A2)

Let us assume that the all A;, B;, C;, D; are positive and
define

=

1 i

Ci_
1 i=1

D,, (A3)

P

M=

Bi_
1 ¢

l

1

SThis discussion follows closely the discussion in [54].
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i=1 i=1

i=1 i

™=

D;, (A4)

/]

C;

G=Re|:mai+ibi—
1

i= i=1 i

™M~
[ M»Q

1
~|—§(—m—n+p+q), (A5)

m n )4 q
H=[]@)* 1) 5 1) TImaP,  As)
i=1 i=1 i=1

i=1

and furthermore let Z = Re’® and v = x + iy. With this
notation the absolute value of the integrand behaves like

Ex
exp| ~ @y = Sl ol ommy A7)

as |y| — oo. From this we conclude that the integral (A1) is
absolutely convergent when
(1) |®| < E7r/2. The integral (A1) defines an analytic
function of Z for | argZ| < min(, £7
(2) |®| = E7/2 and Fx + G < —1. The integral de-
fines an analytic function for all Z.

See [54] for further details.

APPENDIX B: CALCULATION OF M
In this Appendix we compute the integral

‘MN:: M(V],..., VN)

_[(1—X1~Y)V1_“(l—Xn~Y)Vn<1—XN-Y)VN
Y 2 2 2

(B1)

with n = N — 1. Rather than directly evaluating (B1) we
instead consider the integral

Alay, ..., a,) = fy[al(l_#) +

<I—Xn-Y> (I—XN-
+ a, +
2 2

where «; are arbitrary real parameters and A is a complex
number with ReA < 0. The quantities A and M may be
related in a simple way. To do so we use a standard Mellin-
Barnes formula:

i

(B2)

(A1+”'+A11+AN))‘

1 n
= o e — _I_ — =
rew Lo L B

(A, (A2 (B3)
Inserting (B3) in (B2) yields

X (A
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) =g [ [

X {F[—A + ZMZ-, —up, ..., —un]
i=1
X .’M(ul, ey Uy A — Z u,-)}. (B4)
i=1

Written this way M is one factor of the Mellin transform
of A.

Let us now return to (B2) and integrate over Y. We use
the formula

ﬂ(al, .

N ® —1-A_—ifn

to write A as

_ @y
ﬂ(al,..., n F( /\)[ BB 1=2

X exp[—iﬁ(l + i ai)] fy eTiBVY
i=1
(B6)

where V = aX; + -+ + a,X,, + Xy. The integral over
Y can be written in terms of the Bessel function:

—igVY _ a+l‘]a(B|V|)
/e G gy B

The Bessel function may be written as a Mellin-Barnes

integral
J,(2) = j [1+_V’“+ M](;)Vﬂu; (B8)

inserting (BS8) into (B7) yields

—i — a M BQVZ'M
[Ye BVY _ o H[MF[”“*“]( ; ) (B9)

After inserting (B9) into (B6) we may integrate over 3
using the inverse of (BS)

f°° dBB~\"AemiBn =
0

BN —ion @10y

Convergence of the integral over B requires Re(A —
2u1) < 0. The result is
ol=A atl

—w,2m— A
ﬂ(al,...,an)—ﬁ Ho 2k }

X (2i)‘2M(V2)M(1 + iai)Az’L (B11)
i=1

Next we perform a number of manipulations in order to
tidy up (B11). First note that
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V2=a%+--'+a%+l+a1a2X1X2+"'+aanXN
L 2
= (1 + Zal) + 2(11&2(X1X2 - 1) + -
i=1

+2a,(X, Xy — 1). (B12)

It is convenient to use (B3) to write

1 “ 2(p—w)
IN—uw+w —w (l + ael-)
ey AU 12

X[Zalaz(Xl ’X2 - 1) + .- +2an(XnXN - 1)]W}

(VZ)M =

(B13)
Inserting this into (B11) yields
Alay,..., a,)
21 Agatd f / {F 2u—A—pt+w —w
r=x» JoJw l+a+u
n A—2w
X (21‘)*2#(1 + Za,.)
i=1

X [2a; a0y (X, Xy — 1)+ + 20, (X, Xy — 1)]w}. (B14)

We can now integrate over w. First, we use the Gamma
function duplication formula

r[x, x+ %] = 2172 /7 (2x) (B15)

21+20z77.0z+l/2

A(al, ..

La,) =

X F[_hlz, ey _hnN]F[Z hli A

In this expression there is a total of n integration variables
M1, ..., s, and N(N — 1)/2 variables h;;. The latter are
labeled such that each factor of (1 — X; - X;)/2 is raised to
the power A;;.

The convergence of each Mellin-Barnes integral may be
evaluated using the technique described in Appendix A.
Each integral converges absolutely for all (1 —X; -
X;)/2 # 1. The expression (B18) defines a single-valued
function of the inner products X; - X; for all complex
values of X; - X; away from the cuts X; - X; € [1, 00).
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on the Gamma function I'(2u — A); second, we use the
Gauss summation formula [54] written here as a Mellin-
Barnes integral:

a+ u, b+ u, d— .
fr M M M ot
) C+,LL

. at+db+dc—a—b—d
_e,tTrdl"

c—ac—>b

j|, (B16)
valid for Re(¢c — a — b — d) > 0. Cleaning up we have

Al(ay,..., a,)

1+2a +a+1/2
2 T

TT=Al+2a+ A1)

X (1 + i a’l'))L_zw
i=1

1-X,-X 1-X,X w
X[a1a2<721 2)+"'+an<72" N)] }

(B17)

{F[Zw—)\,%+a+/\—w,—w]

The next series of steps is simple but rather cumbersome
to transcribe. We expand both the term in parentheses and
the term in square brackets in (B17) using the Mellin-
Barnes expansion (B3). Within the parentheses there are
n + 1 terms, so the Mellin-Barnes expansion of this quan-
tity has n integrations. Likewise, the term in square brack-
ets has N(N — 1)/2 terms so the Mellin-Barnes expansion
of this quantity has N(N — 3)/2 integrations. After per-
forming some shifts in the integration variables (taking
care not to shift a contour through a pole) and relabelling
we obtain the following expression:

I =X X0\ 1 =X, - Xp\v
M1oe o M - - = oo — & Y
MT=—A1+2a+A] ,”(al) /,,(a”) {ﬁz [hN{( 2 ) ( 2 )

L 1
,Zhni_ﬂmzhm_/\+l§i#i5+ a+)‘_zhij]}}~

(B18)

Both (B4) and (B18) equate A with an n-fold Mellin
transform with parameters «;. It is easy to see that the
integration contours of the two expressions—those of the
u; in the former expression and w; in the latter expression—
may be taken to be traversed in the same places in their
respective complex planes. Now recall that theMellin in-
version theorem states that for a given choice of integration
contour the Mellin transform of a function is unique [54]. It
follows that we may identify the integrands and equate
Uy = py,...,u, = u,. The final step is to relabel

044040-13



DONALD MAROLF AND IAN A. MORRISON

PHYSICAL REVIEW D 84, 044040 (2011)

mi=u;—v;, fori=1,... n, )\-’VN'FiV,-, hij — aij, (B19)
i=1
which yields
My, ..., vy) = T (j::;lfza _— (a){(l - );1 .Xz)alz » (#)N
X F[—alz, cey —Aun, Ay — Yy, L Ay — VN,% + o+ Z v; — Zaif:l}' (B20)

In this expression A; := 7| a;;.
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