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We investigate classical and quantum correlations of a quantum field in the inflationary universe using a

particle detector model. By considering the entanglement and correlations between two comoving

detectors interacting with a scalar field, we find that the entanglement between the detectors becomes

zero after their physical separation exceeds the Hubble horizon. Furthermore, the quantum discord, which

is defined as the quantum part of total correlation, approaches zero on the super horizon scale. These

behaviors support the appearance of the classical nature of the quantum fluctuation generated during the

inflationary era.
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I. INTRODUCTION

According to the inflationary scenario of cosmology, all
structure in the Universe can be traced back to primordial
quantum fluctuations during an accelerated expanding
phase of the very early universe. Short wavelength quan-
tum fluctuations generated during inflation are considered
to lose quantum nature when their wavelengths exceed the
Hubble horizon length. Then, the statistical property of
generated fluctuations can be represented by classical dis-
tribution functions. This is the assumption of the quantum
to classical transition of quantum fluctuations generated by
the inflation. As the structure of the present Universe is
classical objects, we must explain or understand how this
transition occurred and how the quantum fluctuations
changed to classical fluctuations.

We have investigated this problem from the viewpoint of
entanglement [1,2]. For quantum fluctuations behaving in
the classical way, quantum expectation values of any op-
erators must be calculable using appropriate classical dis-
tribution functions. Restricting to two point correlation
functions of quantum operators, this condition is equiva-
lent to the separability of a bipartite state. For a separable
state, the entanglement is zero and there exists a positive
normalizable P function [3] and this function can play the
role of classical distribution function. In our previous
study, we defined two spatially separated regions in the
inflationary universe and investigated the bipartite entan-
glement between these regions. We found that the entan-
glement between these two regions becomes zero after
their physical separation exceeds the Hubble horizon.
This behavior of the bipartite entanglement confirms our
expectation that the long wavelength quantum fluctuations
during inflation behave as classical fluctuations and can
become seed fluctuations for the structure formation in the
Universe. Our previous analysis concerning the entangle-
ment of quantum fluctuations in the inflationary universe

relies on the separability criterion for continuous bipartite
systems [4,5] of which dynamical variables are continuous.
The applicability of this criterion is limited to systems with
Gaussian states: the wave function or the density matrix of
the system is represented in a form of Gaussian function.
Thus, we cannot say anything about the entanglement for
the system with non-Gaussian states such as excited states
and thermal states. Furthermore, from a viewpoint of ob-
servation or measurement, information on quantum fluctu-
ations can be extracted via interaction between quantum
fields and measurement devices. Hence, it is more natural
to consider a setup in which the entanglement of quantum
fields is probed using detectors.
Following this direction, we consider particle detectors

[6,7] with two internal energy levels interacting with a
scalar field in this paper. By preparing two spatially sepa-
rated equivalent detectors interacting with the scalar field,
we can extract the information on entanglement of the
scalar field by evaluating the entanglement between these
two detectors. As a pair of such detectors is a two-qubit
system, we have the necessity and sufficient condition for
entanglement of this system [8,9]. Using this setup, B.
Reznik et al. [10,11] studied the entanglement of the
Minkowski vacuum. They showed that an initially non-
entangled pair of detectors evolved to an entangled state
through interaction with the scalar field. As the entangle-
ment cannot be created by local operations, this implies
that the entanglement of the quantum field is transferred to
a pair of detectors. M. Cliche and A. Kempf [12] con-
structed the information-theoretic quantum channel using
this setup and evaluated the classical and quantum channel
capacities as a function of the spacetime separation. G.V.
Steeg and N. C. Menicucci [13] investigated the entangle-
ment between detectors in de Sitter spacetime and they
concluded that the conformal vacuum state of the massless
scalar field can be discriminated from the thermal state
using the measurement of entanglement.
In this paper, we investigate the entanglement structure

of the quantum field in the expanding universe using the
particle detector model. We also consider correlations
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between detectors and explore the relation between classi-
cal and quantum parts of correlations. This paper is organ-
ized as follows. In Sec. II, we present our setup of a
detector system. Then, in Sec. III, we review entanglement
measure (negativity) and classical and quantum correla-
tions for a tw-qubit system. In Sec. IV, we calculate en-
tanglement and correlations for quantum fields in de Sitter
spacetime and discuss how the classical nature of quantum
fluctuations appears. Section V is devoted to summary. We
use units in which c ¼ ℏ ¼ G ¼ 1 throughout the paper.

II. TWO DETECTOR SYSTEM

We consider a system with two equivalent detectors
interacting with the massless scalar field in an expanding
universe [11,13]. The detectors have two energy level
states j "i; j #i and their energy difference is given by �.
The interaction Hamiltonian is assumed to be

V ¼ gðtÞð�þ
A þ ��

A Þ�ðxAðtÞÞ þ gðtÞð�þ
B þ ��

B Þ�ðxBðtÞÞ;
(1)

where �þ, �� are raising and lowering operators for the
detector’s state:

�þ ¼ j "ih# j; �� ¼ j #ih" j:

Two detectors are placed at xA;BðtÞ and ðt; xA;BðtÞÞ and

represent their world lines. We assume that the detectors
are comoving with respect to cosmic expansion. Strength
of the coupling is controlled in accord with the following
Gaussian window function

gðtÞ ¼ g0 exp

�
�ðt� t0Þ2

2�2

�
: (2)

This window function approximates the detector being
‘‘on’’ when jt� t0j & � and ‘‘off’’ the rest of time. We
assume that the detectors are both down state initially
(t ! �1) and the scalar field is vacuum state j0i. Thus,
the initial state of the total system is j�0i ¼ j ##ij0i. Then,
in the interaction representation, the final state (t ! þ1)
of the total system after interaction becomes

j ~�i¼
�
1� i

Z 1

�1
dt1 ~V1�1

2

Z 1

�1
dt1dt2T½ ~V1

~V2�þ���
�
j ~�0i

¼
�
1�1

2
T½��

A�
þ
A þ��

B�
þ
B �
�
j ##ij0i

� i�þ
A j "#ij0i� i�þ

B j #"ij0i
�1

2
T½�þ

A�
þ
B þ�þ

B�
þ
A �j ""ij0iþOðg3Þ; (3)

where T is time ordering and symbols with a tilde denote
quantities in the interaction representation. We defined a
field operator

��
A;B ¼

Z 1

�1
dt1gðt1Þe�i�t1�ðt1; xA;Bðt1ÞÞ:

As we are interested in the detectors’ state, by tracing out
the degrees of freedom of the scalar field, the state for the
detectors’ degrees of freedom becomes

�AB ¼
X4 0 0 X
0 E EAB 0
0 EAB E 0
X� 0 0 1� 2E� X4

0
BBB@

1
CCCA; (4)

where we use the basis f""; "#; #"; ##g for this matrix repre-
sentation of the state. The matrix elements of the state (4)
are

X ¼ �2
Z 1

�1
dt1

Z t1

�1
dt2g1g2e

i�ðt1þt2Þ

� h�ðt1; xAÞ�ðt2; xBÞi;
EAB ¼

Z 1

�1
dt1

Z 1

�1
dt2g1g2e

�i�ðt1�t2Þh�ðt1; xAÞ�ðt2; xBÞi;
E ¼ EABðr ¼ 0Þ;
X4 ¼ 4

Z 1

�1
dt3

Z t3

�1
dt4g3g4

Z 1

�1
dt1

�
Z t1

�1
dt2g1g2e

�i�ðt3þt4Þei�ðt1þt2Þ

� h�ðt4; xBÞ�ðt3; xAÞ�ðt1; xAÞ�ðt2; xBÞi:

In X4, the four point function can be written using two
point functions

h�ðt4; xBÞ�ðt3; xAÞ�ðt1; xAÞ�ðt2; xBÞi
¼ h�ðt4; xBÞ�ðt1; xAÞih�ðt3; xAÞ�ðt2; xBÞi

þ h�ðt4; xBÞ�ðt3; xAÞih�ðt1; xAÞ�ðt2; xBÞi
þ h�ðt3; xAÞ�ðt1; xAÞih�ðt4; xBÞ�ðt2; xBÞi:

E, EAB are Oðg2Þ and X4 is Oðg4Þ quantities. For the
purpose of obtaining entanglement only, it is not necessary
to evaluate X4. We need X4 to obtain quantum mutual
information in which quantum parts of correlations are
encoded. By changing integration variables to

x1 ¼ t1 þ t2
2

; y1 ¼ t1 � t2
2

;

x2 ¼ t3 þ t4
2

; y2 ¼ t3 � t4
2

;

YASUSADA NAMBU AND YUJI OHSUMI PHYSICAL REVIEW D 84, 044028 (2011)

044028-2



we have the following expressions for the matrix elements:

X ¼ �4g20e
2i�t0

Z 1

�1
dxe�x2=�2þ2i�x

Z 1

0
dye�y2=�2

Dþðxþ t0; y; rÞ;

EAB ¼ 2g20

Z 1

�1
dxe�x2=�2

Z 1

�1
dye�y2=�2�2i�yDþðxþ t0; y; rÞ;

X4 ¼ 16g40

Z 1

�1
dx1e

�x21=�
2þ2i�x1

Z 1

0
dy1e

�y21=�
2
Z 1

�1
dx2e

�x22=�
2�2i�x2

Z 1

0
dy2e

�y22=�
2

�
�
Dþ

�
x1 þ y1 þ x2 � y2

2
þ t0;

x2 � y2 � x1 � y1
2

; r

�
�Dþ

�
x1 � y1 þ x2 þ y2

2
þ t0;

x2 þ y2 � x1 þ y1
2

; r

�

þDþðx1 þ t0; y1; rÞDþðx2 þ t0; y2; rÞ þDþ
�
x1 þ y1 þ x2 þ y2

2
þ t0;

x2 þ y2 � x1 � y1
2

; 0

�

�Dþ
�
x1 � y1 þ x2 � y2

2
þ t0;

x2 � y2 � x1 þ y1
2

; 0

��
; (5)

where we have introduced the Wightman function for the
scalar field

Dþðx1; y1; rÞ � h�ðt1; xAÞ�ðt2; xBÞi; r ¼ jxA � xBj:

III. ENTANGLEMENTAND CORRELATIONS
OF DETECTORS

As the response of detectors due to interaction with the
scalar field is given by the state (4), we can extract infor-
mation on entanglement and correlations of the scalar field
indirectly by analyzing this state.

A. Entanglement of detectors

As a measure of the entanglement between two detec-
tors, we consider the negativity [14] defined via a partially
transposed operation to the density matrix (4) with respect
to detector B’s degrees of freedom. The eigenvalues of the
partially transposed density matrix are

� ¼ E� jXj þOðg4Þ:
The negativity is defined using the eigenvalues of the
partially transposed density matrix

N ¼ X
�i<0

j�ij ¼ max½0; jXj � E�: (6)

From here on, we designate the following quantity as the
negativity

N ¼ jXj � E: (7)

The negativity gives the necessity and the sufficient con-
dition of the entanglement for two-qubit systems [8,9].
Thus two detectors are entangled when N > 0 and sepa-
rable whenN < 0. For separable initial states of detectors
N < 0, N > 0 after interaction with the scalar field
implies the scalar field is entangled because entanglement
cannot be generated by local operations.

B. Correlations of detectors

Using Bloch representation, the state (4) can be written
as follows

�AB¼1

4

�
I�Iþa ���IþI�b ��þ X3

‘;m¼1

c‘m�‘��m

�
;

a¼b¼ð0;0;�1þ2Eþ2X4Þ;

c‘m¼
2ðEABþXRÞ �2XI 0

�2XI 2ðEAB�XRÞ 0

0 0 1�4E

0
BB@

1
CCA; (8)

where I is the identity operator, f�1; �2; �3g are the Pauli
spin matrices, XR ¼ ReðXÞ and XI ¼ ImðXÞ. To quantify
quantumness of quantum fluctuations in de Sitter space-
time, we want to consider the ‘‘classical’’ and ‘‘quantum’’
part of the correlation between two detectors. The classical
part of correlation is defined through a local measurement
on each detector. By a measurement here we mean the
von Neuman type; complete measurement consisting of
orthogonal one-dimensional projectors.

1. Classical mutual information

To define the classical part of the correlation between
two detectors (two qubits), we perform a local projective
measurement of detector states. Of course, it is not possible
to perform measurement of the scalar field in the infla-
tionary era directly. We consider the following measure-
ment procedure as a gedanken experiment to explore the
nature of quantum fluctuation. The measurement operators
for each detector are

MA� ¼ I � nA � �
2

; MB� ¼ I � nB � �
2

;

jnAj ¼ jnBj ¼ 1; (9)

where � denotes output of the measurement. nA, nB

represent the internal direction of measurement. The joint
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probability pjk attaining measurement result j for detector

A and k for detector B (j, k ¼ �1) is obtained as

pjk¼ trðMA
j �MB

k �
ABÞ

¼1

4

�
ð1þðjÞaznAz Þð1þðkÞbznBz Þ

þðjkÞX
‘m

ðc‘m�a‘bmÞnA‘nBm
�
;

c‘m�a‘bm¼
2ðEABþXRÞ �2XI 0

�2XI 2ðEAB�XRÞ 0

0 0 �4E2þ4X4

0
BB@

1
CCA:

(10)

The probability pj attaining a result j for detector A and pk

attaining a result k for detector B are

pj ¼
X
k

pjk; pk ¼
X
j

pjk:

Using the joint probability (10) obtained by the measure-
ment, the classical mutual information IC is defined by [15]

ICðpÞ ¼ HðpjÞ þHðpkÞ �HðpjkÞ;
HðpjÞ ¼ �X

j

pjlog2pj;

HðpjkÞ ¼ �X
jk

pjklog2pjk;

where HðpÞ is a Shannon entropy for a probability distri-
bution p. The explicit form of ICðpÞ using pjk is

ICðpÞ ¼
X
jk

pjklog2

�
pjk

pjpk

�
: (11)

The measure of classical correlation is defined via the
maximization done over all possible projective measure-
ments1:

C ðpÞ ¼ supfnA;nBgICðpÞ: (12)

We evaluate the classical mutual information of pjk

separately for the cases where the vectors nA;B are parallel

to the z axes or not. For the case where nA and nB are both
parallel to the z axes, we have

ICðpÞ ¼ 1

ln2

�
E2 � X4 þ X4 ln

�
X4

E2

��
þOðg6Þ: (13)

For the case where one of nA or nB is parallel to the z axes,

ICðpÞ ¼ Oðg6Þ: (14)

For the case where both nA and nB are not parallel to the z
axes,

ICðpÞ ¼ 1

2 ln2

�P
‘m¼x;y ~c‘mðnAÞ‘ðnBÞm

�
2

ð1� ðnAzÞ2Þð1� ðnBzÞ2Þ
þOðg6Þ;

~c‘m ¼ 2ðEAB þ XRÞ �2XI

�2XI 2ðEAB � XRÞ

 !
: (15)

By introducing new direction vectors

~nA ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnAxÞ2 þ ðnAyÞ2

q nAx

nAy

 !
;

~nB ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnBxÞ2 þ ðnByÞ2

q nBx

nBy

 !
;

we obtain

ICðpÞ ¼ 1

2 ln2

�X
‘m

~c‘mð~nAÞ‘ð~nBÞm
�
2
: (16)

As the eigenvalues of the matrix ~c is 2ðEAB � jXjÞ, the
maximum of classical mutual information for this case is
given by

IC;maxðpÞ ¼ 2

ln2
ðjEABj þ jXjÞ2: (17)

Thus, the classical correlation of the state (8) obtained by
the local projective measurement is

C ¼ max

�
1

ln2

�
E2 �X4 þX4 ln

�
X4

E2

��
;
2

ln2
ðjEABj þ jXjÞ2

�
:

(18)

We comment on the relation between the classical mu-
tual information and a correlation function of qubit varia-
bles. By the local projective measurement of the state (8),
we obtain the following expectation values for qubit vari-
ables:

hnA � �i ¼ a � nA;

hnB � �i ¼ b � nB; hnA � � � nB � �i ¼ X
‘;m

c‘mðnAÞ‘ðnBÞm:

By introducing a fluctuation part of qubit variables as
��n ¼ n � � � hn � �i, the correlation function for fluc-
tuations of qubit variables is

h��nA��nBi ¼
X
‘;m

ðc‘m � a‘bmÞðnAÞ‘ðnBÞm

¼ X
‘;m

~c‘mð~nAÞ‘ð~nBÞm; (19)

where we have assumed nA, nB are not parallel to the z axis
at the last equality. Therefore, the classical mutual infor-
mation (16) for joint probability pjk corresponds to the

square of the correlation function of the fluctuation part of
the qubit variables.

1This definition of the classical correlation is based on two-
sided measurements of correlations. We can also define the
classical correlation using one-sided measurements of
correlations.
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2. Quantum mutual information and quantum discord

The quantummutual information IQ of the bipartite state

�AB is defined independently of measurement procedure:

IQð�ABÞ ¼ Sð�AÞ þ Sð�BÞ � Sð�ABÞ;
Sð�Þ ¼ �trð�log2�Þ;

(20)

where Sð�Þ is the von Newmann entropy for the state �.
This quantity represents the total correlations of the bipar-
tite system including both the quantum and classical parts
of correlations.

We evaluate the quantum mutual information for the
state (8). The eigenvalues of the state (8) are 1� 2Eþ
jXj2 � X4; E� EAB; X4 � jXj2. The reduced density ma-
trix for the subsystem A is

�A ¼ trB�
AB ¼ Eþ X4 0

0 1� E� X4

� �
:

Thus, the quantum mutual information for the two detector
system is given by

IQð�Þ ¼ 1

ln2
½�2E lnEþ ðEþ EABÞ lnðEþ EABÞ

þ ðE� EABÞ lnðE� EABÞ� þ 1

ln2
½E2 � X4

þ jXj2 � 2X4 lnEþ ðX4 � jXj2Þ lnðX4 � jXj2Þ�
þOðg6Þ: (21)

The quantum discord [16–18] is introduced as the dif-
ference between the quantum mutual information and the
classical mutual information

Q ð�Þ ¼ IQð�Þ � CðpÞ: (22)

For arbitrary local projective measurements, it can be
shown thatQ 	 0. Thus, the quantum mutual information
can be decomposed into a positive classical mutual infor-
mation and a positive quantum discord. The necessity and
sufficient condition for zero quantum discord is expressed
as the state has the following form [19]:

�AB ¼X
j;k

pjkM
A
j M

B
k : (23)

For this state, measurement (9) does not alter the form of
state because MA

j , M
B
k are projection operators. In this

sense, the state with zero quantum discord can be termed
a classical state and the quantum discord represents the
quantum part of the total correlations. For pure state, we
have Q ¼ C and the state with zero quantum discord has
no classical correlations.

3. Bell-CHSH inequality

Related to classical correlations obtainable via local
measurements, we consider the question whether correla-
tions derived under the state (8) admit a local

hidden-variable (LHV) description; measured correlation
functions can be mimicked by classical distribution
functions. Let us consider the following operator (Bell
operator):

BCHSH ¼ a �� � ðbþ b0Þ ��þa0 �� � ð�b0Þ ��; (24)

where a, a0, b, b0 are real unit vectors. Then, the Bell-
Clauser-Horne-Shimony-Holt (CHSH) inequality [20] is

jhBCHSHij 
 2: (25)

If the state admits a LHV description of correlations, then
this inequality holds. Violation of this inequality means
existence of nonlocality. The two qubit state violates the
Bell-CHSH inequality if and only if the following condi-
tion is satisfied [21]:

Mð�Þ> 1;

Mð�Þ � the sum of the two largest eigenvalues

of the matrixccy; (26)

where the matrix cjk ¼ trð��j � �kÞ. For the state (8),

cjk ¼
c11 c12 0

c12 c22 0

0 0 c33

0
BB@

1
CCA; c11 ¼ 2ðEAB þ XRÞ;

c22 ¼ 2ðEAB � XRÞ; c12 ¼ �2XI; c33 ¼ 1� 4E:

As eigenvalues of cjk are 1� 4E, 2ðEAB � jXjÞ, the sum of

the square of the two largest eigenvalues of c cannot
exceed unity and the Bell-CHSH inequality holds.
However, this does not mean the LHV description of
correlations is possible; holding the Bell-CHSH inequality
is only a necessary condition for the LHV description and
does not guarantee existence of a LHV. Actually, by pass-
ing each detector through the filter

fA;B ¼ 1 0
0 �

� �
;

there is a possibility revealing hidden nonlocality of the
state [22]. After passing through the filter, the state is
transformed according to �!�0 ¼ ðfA�fBÞ�ðfA�fBÞ.
Assuming that �2 ¼ Oðg2Þ, the transformed normalized
state is

�0

tr�0 ¼
1

X4 þ 2�2Eþ �4

�

X4 0 0 �2X

0 �2E �2EAB 0

0 �2EAB �2E 0

�2X� 0 0 �4

0
BBBBB@

1
CCCCCA; (27)

and the matrix c is transformed to
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c0 ¼ 2�2

X4 þ 2�2Eþ �4

�
EAB þ XR �XI 0

�XI EAB � XR 0

0 0 X4�2�2Eþ�4

2�2

0
BBB@

1
CCCA: (28)

Assuming that the state is entangled N ¼ jXj � E> 0,
eigenvalues of c0 are

� 2�2jXj
X4 þ �4

; 1� 4E�2

X4 þ �4
;

and the condition for violation of the Bell-CHSH inequal-
ity Mð�0Þ> 1 is

�4 � jXj2
2E

�2 þ X4 < 0:

For existence of a real � satisfying this inequality, we
need [10]

jXj4 > 16X4E
2: (29)

This provides a sufficient condition for violation of
the Bell-CHSH inequality and existence of a hidden
nonlocality.

IV. BEHAVIOR OF ENTANGLEMENT
AND CORRELATIONS OF

SCALAR FIELD

The matrix elements EAB, X, X4 of (5) can be evaluated
using numerical integration after considering contributions
of poles in integrands by contour integration on a complex
plane [23]. However, numerical integrations of these func-
tions are not so easy especially evaluating the fourfold
integral of X4. Hence, in this paper, we consider asymptotic
estimation of these functions to derive analytic approxi-
mate forms. We assume parameters �� � 1 with other
dimensionless combinations of parameters such as H��2

contained in Dþ are kept in order of unity. That is, we are
considering the asymptotic behavior of EAB, X, X4 in the
range of parameters

�� � 1; H� � 1;

where H is the Hubble parameter. By rescaling the inte-
gration variables x and y,

X ¼ �4g20ð��2Þ2e2i�t0
Z 1

�1
dxe�ð��Þ2ðx2�2ixÞ

�
Z 1

0
dye�ð��Þ2y2Dþðt0 þ��2x;��2y; rÞ;

EAB ¼ 2g20ð��2Þ2
Z 1

�1
dxe�ð��Þ2x2

�
Z 1

�1
dye�ð��Þ2ðy2þ2iyÞDþðt0 þ��2x;��2y; rÞ:

For �� � 1, x and y integrals in X can be evaluated
approximately at the saddle point x ¼ i and y ¼ 0 of the
integrand. After performing Gaussian integrals about these
saddle points, we have

X 
 �4g20ð��2Þ2e2i�t0
Z 1

�1
dxe�ð��Þ2ðx2þ1Þ

�
Z 1

0
dye�ð��Þ2y2Dþðt0 þ i��2; 0; rÞ

¼ �2�g20�
2e�ð��Þ2e2i�t0Dþðt0 þ i��2; 0; rÞ:

In the same way, expression for EAB is

EAB 
 2g20ð��2Þ2
Z 1

�1
dxe�ð��Þ2x2

�
Z 1

�1
dye�ð��Þ2ðy2þ1ÞDþðt0;�i��2; rÞ

¼ 2�g20�
2e�ð��Þ2Dþðt0;�i��2; rÞ:

Thus, the asymptotic forms of X, EAB for �� � 1 are
obtained as

X 
 �2�g20�
2e�ð��Þ2Dþðt0 þ i��2; 0; rÞ;

EAB 
 2�g20�
2e�ð��Þ2Dþðt0;�i��2; rÞ;

X4 
 4�2g40�
4e�2ð��Þ2½Dþðt0;�i��2; rÞ2

þ jDþði��2 þ t0; 0; rÞj2 þDþðt0;�i��2; 0Þ2�
¼ E2 þ E2

AB þ jXj2: (30)

The negativity is

N 
 2�g20�
2e�ð��Þ2½jDþðt0 þ i��2; 0; rÞj

�Dþðt0;�i��2; 0Þ�: (31)

Using the asymptotic form of X4, we can reduce the
condition of hidden nonlocality (29). For the entangled
region jXj � E, using the asymptotic form of X4 
 E2 þ
jXj2 þ E2

AB 
 jXj2, the condition of hidden nonlocality
(29) reduces to

jXj> 4E; (32)

and provides a stronger condition than that for entangle-
ment jXj> E.
Now, let us we consider entanglement and correlations

of the scalar fields in Minkowski and de Sitter spacetime.

A. Minkowski vacuum

The Wightman function of the massless scalar with
Minkowski vacuum state is

Dþ ¼ � 1

4�2

1

4ðy� i�Þ2 � r2
; (33)

where a positive small constant � > 0 is introduced to
regularize ultraviolet divergence in the Wightman function
(see Appendix). Using (30),
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X ¼ �ð2�g20Þ
e�ð��Þ2

4�2

�
�

r

�
2
;

EAB ¼ ð2�g20Þ
e�ð��Þ2

4�2

1

ðr=�Þ2 þ 4ð��Þ2 :

The negativity is

N ¼ g20
8�

e��2�2

�
4

�
�

r

�
2 � 1

ð��Þ2
�
; (34)

and the N ¼ 0 line is given by

�� ¼ r

2�
: (35)

For r=� < 2��, the negativity is positive and detectors
are entangled (Fig. 1). As the prepared initial state of
detectors is separable and entanglement cannot be created
via local operations, this entanglement is due to the scalar
field and it is swapped to a pair of detectors through
interaction. For large separation r=� > 2��, detectors
are separable. However, this does not mean the scalar field
is separable for this separation; by increasing detector’s
parameter � with fixed r, it is possible to make N > 0.
For any separation r, we can always choose an appropriate
value of � that makes detectors entangled. Thus, we can
say that the Minkowski vacuum is always entangled.
Now, let us consider behavior of correlations. The left

panel in Fig. 2 shows r dependence of jXj; EAB. They are
monotonically decreasing functions with respect to r. In
the entangled region r < 2��2, EAB is nearly constant
EAB 
 E and in the separable region r > 2��2, EAB 

jXj<E. r dependence of the quantum mutual information
IQ and the classical correlation C is shown in the right panel
in Fig. 2. These correlations also decrease monotonically
with respect to r. In the entangled regions, the difference of
these two correlations (quantum discord) increases as r
increases until two detectors become separable. In the
separable region, quantum discord remains constant.
As shown in Fig. 3, the ratio of classical correlation to

total correlation C=IQ is a good indicator of separability for

this system. In the entangled region, the ratio decreases
monotonically and in the separable region, the ratio ap-
proaches a constant value. We can derive this behavior
using the following r dependence of X, EAB:

r � rc: EAB 
 E � jXjðentangled regionÞ;
r � rc: jXj 
 EAB � Eðseparable regionÞ; (36)

where rc ¼ 2��2. For r � rc,

FIG. 1 (color online). Contours of negativity for the
Minkowski vacuum. Two detectors are entangled with parame-
ters in the shaded region. Darker areas correspond to larger
negativities. In the region above the dotted line, the Bell-
CHSH inequality is violated after operation of local filtering.

FIG. 2 (color online). r dependence of correlations (�� ¼ 1, g0 ¼ 0:1). The right panel shows r dependence of IQ and C. In both
panels, dashed lines represent negativity.
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C 
 max

�
2

ln2
jXj2 lnjXj

E
;
2

ln2
jXj2

	
;

IQ 
 � 2

ln2
jXj2 lnE:

(37)

In this region, as jXj � E, the ratio is

C
IQ


 1� lnjXj
lnE

;

and this reproduces decreasing behavior of the ratio with
respect to r. For r � rc,

C 
 8

ln2
E2
AB; IQ 
 2

ln2

E2
AB

E
; (38)

and the ratio C=IQ approaches a constant value indepen-

dent of r and its value is given by

C
IQ


 4E� g20
e�ð��Þ2

ð��Þ2 : (39)

The behavior of r dependence of the ratio C=IQ changes at

jXj 
 E and this corresponds to the separable lineN ¼ 0.
The separability conditionN < 0 comes from the positive
partially transposed criterion of the state [14]. Although the
quantity C=IQ is introduced independently of the positive

partially transposed criterion, the change of its r depen-
dence at N 
 0 arises and it corresponds to the separa-
bility condition.

B. Scalar field in de Sitter spacetime

In de Sitter spacetime with a spatially flat slice

ds2 ¼ �dt2 þ e2Htdx2;

the Wightman function of a massless conformal scalar field
with the conformal vacuum state [7] is

Dþ
conf ¼

H2

16�2
½�sinh2ðHðy� i�ÞÞ þ e2HxðHr=2Þ2��1:

(40)

The Wigthman function of a massless minimal scalar field
with the Bunch-Davis vacuum state is2

Dþ
min ¼ Dþ

conf þD2;

D2 ¼ � H2

8�2
½Ei½iðHr� 2e�Hx sinhðHðy� i�ÞÞÞ�

þ Ei½ið�Hr� 2e�Hx sinhðHðy� i�ÞÞÞ��: (41)

The massless minimal scalar field in de Sitter spacetime
suffers from infrared divergence. Hence we have intro-
duced the infrared cutoff k0 ¼ H in D2 which corresponds
to a maximal comoving size of the inflating region; r is the
comoving distance between two spatially separated points
and satisfies r < H�1. We have assumed that inflation
starts at t ¼ 0 and the comoving distance rmust be smaller
than the size of the inflationary universe H�1 at t ¼ 0. The
asymptotic form of X, EAB are

Xconf ¼ X1; EABconf ¼ EAB1;

Xmin ¼ X1 þ X2; EABmin ¼ EAB1 þ EAB2;
(42)

where

X1 ¼ �ð2�g20Þ
e�ð��Þ2

4�2

ðH�Þ2
ðHrpÞ2

e�2iH��2
;

EAB1 ¼ ð2�g20Þ
e�ð��Þ2

4�2

ðH�Þ2
4sin2ðH��2Þ þ ðHrpÞ2

;

X2 ¼ ð2�g20Þ
e�ð��Þ2

8�2
ðH�Þ2fEið�ie�Ht0HrpÞ

þ Eiðie�Ht0HrpÞg;

EAB2 ¼ �ð2�g20Þ
e�ð��Þ2

8�2
ðH�Þ2fEið�ie�Ht0Hrp

þ 2e�Ht0 sinð�H�2ÞÞ þ Eiðie�Ht0Hrp

þ 2e�Ht0 sinð�H�2ÞÞg; (43)

where Ht0 is the e-folding time at which detectors are
switched on. The physical distance between detectors at
this instance is rp ¼ eHt0r0 with r0 <H�1. Unlike the

Minkowski vacuum case, physical distance between two
detectors increases in accord with cosmic expansion, and
entanglement between detectors changes in time. For suf-
ficiently large e-foldings Ht0 � 1,

FIG. 3 (color online). r dependence of the ratio C=IQ
(�� ¼ 1, g0 ¼ 0:1). The dashed line represents negativity.

2EiðxÞ ¼ �R1
x

dk
k e

�k ¼ �þ lnxþP1
n¼1 cnx

n.
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Xmin 
 X2 
�ð2�g20Þ
e�ð��Þ2

4�2
ðH�Þ2½� lnðHrpÞþHt0�;

EABmin 
 EAB2


 ð2�g20Þ
e�ð��Þ2

4�2
ðH�Þ2

�
1

4sin2ðH��2Þ
� ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðHrpÞ2 þ 4sin2ðH��2Þ

q
þHt0

�
;

and the negativity for the minimal scalar field is

N ¼ g20
2�

e��2�2ðH�Þ2
�
ln

�
2sinðH��2Þ

Hrp

�

� 1

4sin2ðH��2Þ
�
: (44)

The separability condition N < 0 yields

Hrp * 2sin2ðH��2Þ exp
�
� 1

4sin2H��2

�
� 1:0; (45)

where the numerical value is obtained for H��2 ¼ 1.
Comparing this to the Minkwski vacuum case, we can
find sufficiently large rp at which detectors are separable

for any value of a detector’s parameters �, � (see Fig. 4).
As rp grows in time t0, two entangled detectors rp < H�1

evolve to a separable state after their separation exceeds
the Hubble horizon scale. This behavior is consistent with
our previous analysis of entanglement using the lattice
model and the coarse-grained model of the scalar field
[1,2]: bipartite entanglement of the scalar field between

spatially separated regions in de Sitter spacetime disap-
pears beyond the Hubble horizon scale. For the conformal
invariant scalar field, the separability condition becomes

Hrp * 2 sinH��2 � 1:4: (46)

The numerical value is for H��2 ¼ 1. Contrary to the
minimal scalar field, the entangled region extends to the
super horizon scale. Although the size of the entangled
region is larger than that of the minimal scalar field, the
two detectors are separable when their separation reaches
scale (46) and this behavior is the same as the minimal
scalar field.
For the entangled state, we can check the violation of the

Bell-CHSH inequality. The condition of violating the Bell-
CHSH inequality after operation of local filtering is

Hrp & 2sin2ðH��2Þ
� exp

�
� 1

sin2H��2

�
� 0:34ðminimal scalarÞ;

Hrp & sinðH��2Þ � 0:84 ðconformal scalarÞ: (47)

Thus, for both scalar fields, the appearance of a hidden
nonlocality is possible only on the subhorizon scale and
violation of the Bell-CHSH inequality cannot be detected
on the super horizon scale.
Behavior of correlations is completely different for these

two types of scalar fields. Figure 5 shows rp dependence of

functions jXj; EAB for the conformal invariant scalar field
and the minimal scalar field.

FIG. 4 (color online). Contours of negativity for the conformal invariant scalar field (left panel) and the minimal scalar field (right
panel) (�=H ¼ 1, r0 ¼ 0:1). Two detectors are entangled with parameters in the shaded region. In the region above the dotted line, the
Bell-CHSH inequality is violated after operation of local filtering.
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For the conformal invariant scalar field, these functions
decay as �r�2

p on super horizon scale, which is the same

behavior as the Minkowski vacuum case. On the other
hand, for the minimal scalar field, these functions approach
a constant value on the super horizon scale due to accu-
mulation of long wavelength modes of quantum fluctua-
tions. The different behavior of X, EAB leads to different
behavior of classical and quantum parts of correlations of
these scalar fields.

In Fig. 6, the classical and total correlation C, IQ of the

minimal scalar field also approach constant values on the
super horizon scale while these correlations of the confor-
mal invariant scalar field decay as �r�4

p .

In Fig. 7, the ratio C=IQ for the conformal invariant

scalar field approaches constant for rpH * 1 and this

behavior is the same as the Minkowski vacuum case (see
Fig. 3). However, for the minimal scalar field, value of this
ratio has lnrp dependence and increases as rp increases:

C
IQ


 4E� g20e
�ð��Þ2ðH�Þ2ðHt0Þ

¼ g20e
�ð��Þ2ðH�Þ2 ln

�
rp
r0

�
:

For a sufficiently large distance (large e-folding Ht0)
given by

ln

�
rp
r0

�
� eð��Þ2

g20ðH�Þ2 *
1

g20

�
�

H

�
2
; (48)

C 
 IQ and this means the quantum state of detectors

approaches the zero quantum discord state and can be
regarded as classical in the sense that measurement proce-
dure does not alter the state. As discussed in Ref. [12],
classical and quantum channel capacities of communica-
tion via detectors beyond the light cone identically van-
ishes and we presumably expect these capacities to be zero
beyond the Hubble horizon. Thus the correlation with zero
discord on the super horizon scale originates from quantum

fluctuations of the scalar field. Therefore, this behavior of
correlations supports the long wavelength quantum fluctu-
ations of the massless minimal scalar field in de Sitter
spacetime being treated as classical fluctuations.

V. SUMMARY

We investigated quantum and classical correlations of
the quantum field in de Sitter spacetime using the detector
model. Entanglement of the scalar field is swapped to that
of two detectors interacting with the scalar field and we can
measure the entanglement of the quantum field by this
setup of experiment. In de Sitter spacetime, the entangle-
ment between detectors disappears on the super horizon
scale and this behavior is consistent with our previous
analysis using the lattice model and the coarse-grained
model of the scalar field [1,2]. However, the behavior of
correlations shows different behavior depending on the
type of scalar fields. For the massless minimal scalar field,
the ratio of classical correlation to the total correlation
approaches unity for sufficiently large e-foldings. On the
other hand, for the massless conformal scalar field, that
ratio approaches a constant value smaller than unity and
the condition for classicality is not achieved. These results
support the long wavelength quantum fluctuation of the
minimal scalar field being treated as classical fluctuations
and becomng seed fluctuations for the structure in the our
Universe.
As an application of our analysis presented in this paper,

it is interesting to consider quantum effects in analogue
curved spacetimes proposed using Bose-Einstein conden-
sates or ion traps [24]. In these experiential setups of
analogue models, we can directly measure entanglement
and classical and quantum correlations of quantum fluc-
tuation using detectors in the laboratory. We expect that
investigation in this direction will increase understanding
of the quantum and classical nature generated during the
inflation.

X

EAB

0.5 1.0 5.0 10.0 50.0
10 7

10 6

10 5

10 4

0.001

0.01

rp H

X

EAB

0.5 1.0 5.0 10.0 50.0

10 4

0.001

0.01

rp H

FIG. 5 (color online). rp dependence of jXj and EAB (left panel: conformal invariant scalar field, right panel: minimal scalar field,
H� ¼ 0:5, �=H ¼ 1, r0 ¼ 0:1, g0 ¼ 0:1). rp is related to t0 as rp ¼ r0e

Ht0 . The dashed line represents the negativity.
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APPENDIX A: WIGHTMAN FUNCTION
OF MASSLESS MINIMAL

SCALAR FIELD

In de Sitter spacetime with a spatially flat slice, the
massless minimal scalar field obeys the following equation
of motion

€�þ 3H _�� e�2Htr2� ¼ 0: (A1)

The quantized field with the Bunch-Davis vacuum state is

�ðt; xÞ ¼
Z d3k

ð2�Þ3=2 ðfkðtÞâk þ f�kðtÞâ�k
yÞeik�x;

fk ¼ �Hffiffiffiffiffi
2k

p
�
�� i

k

�
e�ik�;

(A2)

where � ¼ �e�Ht=H is conformal time. The Wightman
function is

Dþðx1; x2Þ ¼ h�ðx1Þ�ðx2Þi
¼ 1

2�2

Z 1

0
dkk2j0ðkrÞfkð�1Þf�kð�2Þ;

r ¼ jx1 � x2j

¼ H2�1�2

4�2r

Z 1

0
e��k sinkre�ik��

þ H2

4�2r

Z 1

0
dke��k sinkr

�
� @

@k

��
e�ik��

k

�
;

�� ¼ �1 � �2; (A3)

where we have introduced a damping factor e��k with a
small positive number � to regularize ultraviolet diver-
gence of the k integral. The first integral is

FIG. 6 (color online). rp dependence of IQ and C (left panel: conformal invariant scalar field, right panel: minimal scalar field,
H� ¼ 0:5, �=H ¼ 1, r0 ¼ 0:1, g0 ¼ 0:1). The dashed line represents the negativity.

C IQ
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FIG. 7 (color online). rp dependence of the ratio C=IQ (left panel: conformal invariant scalar field, right panel: minimal scalar field,
H� ¼ 0:5, �=H ¼ 1, r0 ¼ 0:1, g0 ¼ 0:1). The dashed line represents the negativity.
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Dþ
conf ¼

H2

4�2

�1�2

�ð��� i�Þ2 þ r2
¼ H2

4�2 �y
;

�y ¼ �ð��Þ2 þ r2

�1�2

:
(A4)

This term is the same as the Wightman function for the
massless conformal invariant scalar field. The second in-
tegral diverges at k ¼ 0, hence we introduce a lower bound
k0 of k integral:

D2 ¼ H2

8�2
½�Eið�k0ðir� i��� �ÞÞ

� Eið�k0ð�ir� i��� �ÞÞ�: (A5)

As the value of k0, we choose k0 ¼ H which corresponds
to the size of the universe (horizon scale) at the beginning
of inflation.
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