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Mechanics and Kinetics in the Friedmann-Lemaitre-Robertson-Walker space-times
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Using the standard canonical formalism, the equations of mechanics and kinetics in the Friedmann-
Lemaitre-Robertson-Walker (FLRW) space-times in Cartesian coordinates have been obtained. The
transformation law of the generalized momentum under the shift of the origin of the coordinate system
has been found, and the form invariance of the Hamiltonian function relative to the shift transformation
has been proved. The derived equations allow one to shift the origin of the coordinate system to the point
of location of the observer. The space in the vicinity of this point can be considered as a Euclidean one
which makes straightforward the interpretation of calculations. For the distribution function in the phase
space, the general solution of the collisionless Boltzmann equation has been found. The results of this
work can be used for treatment of evolution of the distribution function of particles arriving from the
cosmologically distant objects. We discuss, in particular, two important cases of astrophysical interest: (i)
the homogenous distribution particles taking into account energy losses, and (ii) the spherically symmetric
case with arbitrary angular distribution. While the first problem is linked to the diffuse distributions of
particles produced at cosmological epochs, the second one is relevant to the discrete astrophysical objects.
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L. INTRODUCTION

The covariant general relativistic Boltzmann equation
for the one-particle distribution function has been found in
Ref. [1]. Equation (16) from Ref. [1] reads

IxX OX v
pi — —A T pipk =0, 1
o P ap! wp’'p (1)

However, the physical meaning of the function y and
correct interpretation of the equation had been revealed
much later (see Refs. [2,3] and references cited there, as
well as Ref. [4], where a critical review of previous studies
conducted for the basic plasma modes in the expanding
Universe is given). Throughout the present paper, except
for Appendix A, we consider the motion of particles and
the kinetics in the Friedmann-Lemaitre-Robertson-Walker
(FLRW) space-times in Cartesian coordinates. The unique-
ness of the FLRW metrics [5], its homogeneity, and iso-
tropy are more clearly exposed in these coordinates,
therefore we do not use generally covariant notations.
Our approach is based on the standard scheme of the
classical mechanics: the generalized coordinates and
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Lagrangian function — the generalized momentum —
the Hamiltonian function — the phase space. Thus, there
is no problem to derive the collisionless Boltzmann equa-
tion and to interpret the distribution function. Moreover,
the Hamilton-Jacobi equation allows us, as in the case of
the conventional space, to find in the explicit form all six
integrals of motion and thereby to obtain the general
solution of the Boltzmann equation. The solution is par-
ticularly simple in the spherically symmetric case.

It is well known that the metrics FLRW is form invariant
relative to the shift of the origin of the coordinate system,
and it is known how the Cartesian coordinates are trans-
formed under the shift [6]. The mechanics also appears to
be form invariant. This circumstance is always implicitly
assumed; however, to our knowledge, the direct prove of
the invariance has not been demonstrated. In this paper we
prove the form invariance of the Hamiltonian function and
find the law of the momentum transformation under the
shift of the origin of coordinates. If one moves the refer-
ence point to the point where the observer is located, we
can easily interpret the results of calculations since in the
vicinity of the observation point the space can be consid-
ered as a Euclidean one.

In the curved space, if the distribution of particles is
homogenous, it is isotropic as well (see Appendix B). In
this case, the derivation of the collisionless Boltzmann
equation is trivial, and the collision integrals can be de-
scribed in the same way as in the flat space. It is impossible
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to find analytical solutions to the Boltzmann equation with
collision integrals, therefore we restricted ourselves by
several simple, but important for applications, cases
when the solution can be obtained by quadratures.

For convenience, some of the principal calculations are
presented in four Appendices. In Appendix A we give a
simple derivation of the Boltzmann equation for space with
an arbitrary metric written in arbitrary coordinates. The
Hamilton function has been obtained, and it has been
shown that the equation of motion and the Boltzmann
equation can be written in the standard form. Finally, in
Appendix D we note the surprising effect that a photon,
emitted by the source with superluminal recession velocity
in the direction to the observer, during a certain time
interval moves away from the observer.

II. MECHANICS OF FREE PARTICLES IN FLRW
SPACE-TIMES

In Cartesian coordinates the Friedmann-Lemaitre-
Robertson-Walker metric can be represented in the form

(rdr)? )

2

ds* = d* — az(t)<dr2 + K ,
1 — «kr?

where « is the discrete quantity which describes possible
isotropic models and has the following values: k = 1 for
the closed model (positive curvature), k = — 1 for the open
model (negative curvature), and « = O for the flat space.
The function a(r), which is determined by the Friedmann
equation, is assumed to be given. We use the three-
dimensional vector notations, r = (x, y, z), (rdr) = xdx +
ydy + zdz, etc., where r is considered to be a vector in the
sense that under rotations relative to the origin of coordi-
nates the components of r are transformed the same way as
the vector components in Euclidean space.

The action functional of a particle in the gravitational
field is given by (assuming ¢ = 1)

S=—mfds=det, 3)

where the Lagrangian function is

L= —m\/l - c12(t)(v2 + K< rvy 2). “)

1 — kr

Considering r and v = dr/dt as generalized coordinates
and velocities, we can make use of the formalism of the
classical mechanics (see, e.g., [7,8]). Then the generalized
momentum is expressed as

r(rv)

% _ ma2<v + Km>
v \/1 - az(t)<v2 + K%)

and the energy is

p = , 5)
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oL
v = " . (®6)
v

\/1 — az(t)<v2 + K—l(:"K):z)

Note that £ = m, as it is in Minkowski space. It is easy to
ascertain by direct check that (a = a(r))

1
E? — ;(p2 — k(pr)?) = m?, @)

therefore the Hamiltonian function has the following form:

Hpro= é\/pz — k(pr)* + m>a>. )]

The dependence of generalized coordinates and momenta
on time is found from canonical equations of motion

i oH _ l p — kr(pr) ’ ©)
op  ap>— k(pr)? + m>a’
b= oH _ 1 kp(pr) ’ (10)

ar a \/pz _ K(pr)2 T a2

which admit an exact analytical solution in the general case
(see below). For massless particles the Hamiltonian func-
tion becomes

H =% p*> — k(pr)*. (11)

This formula can also be applied to ultrarelativistic
particles.

Since the Hamiltonian function explicitly depends on
time, the energy of the particle is not conserved. To deter-
mine the time dependence of the energy, let us consider the
differential equation which at any « has the form

) (12)

dE _0H a<E_m2>
dt Jat a

The solution of this equation gives the relation between
values of the energy of a freely moving particle at different
moments of time:
)\2 1/2
E(n) — [(@) (EX¢) — m?) + m2] RGE
a(r)

For photons (or ultrarelativistic particles) this leads to the
well-known relation between the energy and the scale
factor (redshift):

a(t)E(r) = const. (14)

Often this relation is interpreted as a consequence of
the Doppler effect. However, this seems to us not correct
since Eq. (13) for m # 0 cannot be obtained using Lorentz
transformation. In the nonrelativistic case, denoting E =
m + Ey;, and assuming that Ey;, << m, we get

a®(t)Ey;, () = const, (15)
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which means that for nonrelativistic particles the decrease
of kinetic energy with time is faster.

III. FORM INVARIANCE OF MECHANICS

The space with metric given by Eq. (2) is homogeneous
and isotropic. The isotropy of the space is obvious since the
quantities dr?, r?, and (rdr) in Eq. (2) do not change under
rotation relative to the origin of coordinates. The homoge-
neity implies that the origin of coordinates can be chosen at
any point of the space, and the metric would have the same
form of Eq. (2). The proof of homogeneity can be found in
Ref. [6]. If the origin of coordinates is shifted from the
point r = 0 to the point r = ¢, then the new coordinates r’
are expressed through the old coordinates in the following
way [6]:

k(or)
r’=f(r,0')Er—0'< l—Kr2+—).
VI —ko? + 1
(16)
If r = o, we have r' = 0. The inverse transformation
r =rr, —o) 17

is obtained from Eq. (16) by replacing o — —o. The
“volume” elements in the new and old coordinates are
connected by relations
k(or)
&y = ( 1 — ko?+ 7)d3r, (18)
V1 — kr?

k(or') \
—|d’r 1
=) (1
[note that Egs. (18) and (19) are equivalent].

Let us find the transformation laws for the velocity and
momentum under shifts. The velocity is transformed as a
contravariant vector. Assuming r = r(z), ' =r'(r) in
Eq. (16) and differentiating it with respect to ¢, we find

d3r=( 1 — ko? —

"'=o(vr o)

v

(rv) (ov)
VI—«krr V1 — ko +1
The momentum, as it follows from Eq. (5), is a covariant
vector, therefore the transformation law of p is

pi=M""ips 21

where matrix M ™! is inverse to M¥ = 9v}/dv;. Equation
(21) can be written in the explicit form:

=v+ KO'( ) (20)

p =ppr o)
B k(op)
Ja = ko?)(1 — kr?) + k(or)
y (r o1« )
I —ka? + 1

=r

(22)
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As in the case of the transformation Eq. (16), the inverse
transformations of Egs. (20) and (22) can be obtained by
replacement of o~ with —o and interchange of primed and
unprimed quantities:

v =o(,r, —0o), p=pp,r, —o). (23)

From Eqgs. (22) and (23) the following relations between
the volume elements in the momentum space can be found:
/1 _ 2
Bp' = ad Pp,  (24)

Ja = k)1 — ko?) + k(or)

. Ners
b V(1 = kr?)(1 — ko?) — k(or)

The change of variables from (p,r) to (p/,r') is a
canonical transformation that can be proved by direct
computation of Poisson brackets. However, it can be dem-
onstrated much easier by noting that the transformation can
be carried out by the generating function

&Pp. (25

k(or')
Spr) = () + (po)(VT— wr” - )
V1— ko +1
(26)
The equations
aS aS
r= o p= EP] (27)

following from this are equivalent to Egs. (16) and (22).
Since S does not depend on time, the old and new

Hamiltonian functions are equal: ' = # . By the direct

check, one can ascertain the validity of the equation

p” —kp'r'? = p* — k(pr. (28)
Therefore, in the new reference system

H'(p,ro)=Hp, rri

|
= a\/p'2 — k(p'r? + mid (29)

i.e. the Hamiltonian function is form invariant. Thus, we
arrive at the natural conclusion that not only the geometry
but also the mechanics in FLRW space-times does not
change under the shift of the origin of coordinates. It
should be kept in mind that in the curved space not only
generalized coordinates but also generalized momenta and
velocities depend on choice of origin of coordinates.

The transformations given by Egs. (16), (20), and (22)
are convenient for analysis of the results obtained in the
curved space. Let us assume that we know the solution of a
problem in the reference frame with the origin located at
the source, and an observer is located at the point r. For
analysis of the result it is convenient to move to another
coordinate system shifting the origin to the location of
observer, i.e. to assume o = r. The space in the small
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neighborhood of ' = 0 of the new reference frame can be
considered as a Euclidean one that appreciably simplifies
the analysis.

The replacement of o = r in Egs. (20) and (22) gives
the ge{leralized velocity and momentum in the observation
point:

r(rv) ( 1

q=13(p,r,r)=p+r:2p)(\/1—f<r2—1). (1)

The vectors u and g are parallel, while their squares are

u=uvvrr)=v+

- 1), (30)

2
= X e ()

1 — kr

It should be noted that quantities > and ¢° are invariants
relative to shift. Multiplying Eq. (31) by vector r, we find

(gr) = (pr)v1 — kr?. (33)

Rewriting (pr) = prcosf, (qr) = grcosf’, and taking
into account that ¢ = pv/1 — kr’cos?6 in such notation,
we obtain the following relation between the angles in the
new and old coordinate systems:

1 — kr?
6 = 0 : 34
€os ST = kr2cos?0 (34

and
0/

cosh = L, (35)

1 — kr’sin?6’

1 — 2
§inf = sinfs|— (36)

1 — krisin?6¢’

Let us denote by V and P the usual (not generalized)
velocity and momentum of the particle registered by the
observer. Then

P=gq/a. (37)

Note that (PV) = (qu) = (pv). From Egs. (30) and (31)
one can find the generalized velocity and momentum at the
point r expressed in terms of V and P:

v =l|:V+r(r2V) W1 —wr? - 1)], (38)
a r

V = au,

o (R CRT)

I%

'In the derivation of Eq. (30) it is convenient to use the

equality (V1 — ko> + 1)7' = —=(v/1 — ko? — 1)/ k>
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The relations between quantities V, P, and E are the same
as in special relativity:

m P
E=—u-—_=VP2+m? V=—.
V1 — V2 E

As an example, let us consider the solution given by
Egs. (9) and (10) in the case of negative curvature
(k = —1). The origin of coordinates is taken at the position
of the particle at the initial moment of time ¢, i.e. r(¢;) = 0.
Then the motion is radial and we seek the solution in the
following form:

(40)

p(t) = nw(t), 41)

with initial condition p|,—, = 0, w|,—, = @, where n is
an arbitrary unit vector, and @, is an arbitrary constant.
The differential equations for p and @ are given by

r(t) = np(1),

1 1+ p?
dp _1___wltp) 42)
dt  a |1 + p?) + m*a®
1 2
do _ 1 “p . 43)
dt a Jw2(1 + p2) + m*a?
Dividing one equation to another, we find
dw wp
—_— = 44
T (44)

from where it follows that @?(1 + p?) = @3 = const.

It is convenient to introduce a new function 7 defined as

t dr’
1) = ’ 3
(. 1) j;- a(t)y1 + (ma(t) /@) )

Then the functions from Eq. (41) can be expressed
through 7:

p(t) = sinhm, w(t) = @,/ coshn. (46)
The generalized velocity is
v :ﬂd_n: n coshn . @7
dn dt o1+ (ma/w,)

Substituting the solution into Eqgs. (30) and (31) and as-
suming k = —1, we find the velocity and momentum at an
arbitrary moment of time:

S VT

a’ V1 + (ma/w,)?

If at the initial moment of time the particle is at the point
r = o, the solutions have the form

r (1) = F(n sinhy, — o), (49)

P

p (t) = p(nw,y/ coshn, n sinhn, —o). (50)

These expressions are obtained from Eq. (41) by shifting
the origin of coordinates to —o. They describe the general
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solution of Hamilton equations which depends on six
arbitrary constants: three components of vector o, two
angles defining the direction of n, and .

For the space with positive curvature (k = +1), the
calculations are similar. Equation (48) remains correct in
this case, but instead of Eq. (46) we have

p = siny, w = @,/ cosm, (51)

where 7 is defined as before by Eq. (45).

IV. DISTRIBUTION FUNCTION

Let f(p, r, t) be a distribution function of particles in the
phase space. By definition, the quantity

dN = f(p,r,t)d’pd’r (52)

implies the number of particles found at the moment ¢ in
the volume element d°pd’r of the phase space. The
Jacobian of the canonical transformation equals unity,
therefore the phase volume does not change under shift, i.e.,

Bpd’r = dp'd*r, (53)

where the canonical variables (p’, r') are connected to (p, r)
through Egs. (16) and (22). One can directly verify Eq. (53)
by multiplying Egs. (18) and (24), or (19) and (25). Since
dN and d®pd®r are invariants, the distribution function is
also invariant relative to the shift of the origin of coordi-
nates:

flp.r, )= f(p'.r', ). (54)

The Boltzmann equation for f has the following stan-
dard form (see Appendix A):

b= (Lot20 a0

ar Jdp

This equation describes the evolution of the distribution
function of free-moving particles.2 To take into account
interactions, the collision integral should be added to the
right part.

For a single particle moving according to Eq. (41), the
distribution function is

f(p,r,t) = 8(p — nwy/ coshn)d(r — nsinhny). (56)

If at the initial moment of time a particle is found at the

point r = b and has momentum P, = nw,/a(t;), then the

distribution function is

f(p,r,t)=8(p(p,r, &) — nw,/coshn)d(F(r, o) — nsinhn),
(57)

where 7 and p are defined in Egs. (16) and (22). Here the
invariance of f relative to the shift has been used.

%In the absence of collisions this equation is equivalent to the
Vlasov equation or Liouville equation for one particle.
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Equations (17) and (23), as well as the fact that Jacobian
is unity, allow us to write f in the form

f(p,r, 1) = 8(p — p(n@y/ coshn, nsinhn, —0))

X 8(r — F(n sinhn, —0o)). (58)

The general solution of Eq. (55) can be found in the case
of free-moving particles. To find the characteristics of the
equation, let us return to the problem considered in the
previous section and solve it by the use of the Hamilton-
Jacobi equation, which for the Hamiltonian function of
Eq. (8) has the form (for sake of definiteness we restrict

our considerations to the case of Kk = —1)
1 1/2
9, [2—((VS)2 + (rUS)P) + m2] 0. (59)
at a*(t)

As usual, for integrable systems the complete integral of
the equation can be found by separation of variables [7].
Solving Eq. (59), we find

S(s, r, t) = sarsinh(vr) — ft \/sz/az(t’) + m?dt.  (60)

Here s is an arbitrary constant, » is an arbitrary unit vector.

Without loss of generality it can be assumed that s = 0. It

is convenient to consider the expression in the right part of

Eq. (60) as a function of 7 and the vectors s = sv and r. The

lower limit of integration over dt’ is taken for convenience.

It is easy to show directly that Eq. (60) satisfies Eq. (59).
The momentum is

p=t= (61)
r  Ji+ wr?
From this it follows that » = s/s = p/p, thus
s = le + (vr)? = py1 + (pr)?/p. (62)

To determine the particle motion, let us differentiate S with
respect to arbitrary constants and equate the result to other
constants:

r — v(vr)

V1 + (vr)?

95 _ varsinh(vr) +
s

—nr=§  (63)

where

' dr’
= . 64
K —[ a(t\1 + (ma(t')/s)? (4

The six quantities s and & are integrals of motion of the
problem and at the same time they are characteristics of
Eq. (55). Therefore the general solution of the Boltzmann
equation can be presented in the form

fp.r, 1) = P(s, 8), (65)
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where ® is an arbitrary function.’ Here it is implied that s
and £ are expressed via generalized coordinates and mo-
menta via Egs. (62) and (63).

Assuming m = 0, the solution given by Eq. (65) can be
applied to study the evolution of distribution function of
photons and neutrinos in FLRW space-time in the case of
inhomogeneous and anisotropic distribution.

For the collision integrals it is convenient to use, instead
of generalized momentum, the energy E and unit vector
n = P/P=gq/q in the direction of momentum. Let us
introduce the distribution function F according to the
relation

dQ
dN = F(E, n,r, t)dE4—dV. (66)
aa

dN is the number of particle at the moment ¢ located in the
volume dV with the energy restricted in the interval dE and
the direction of the momentum P enclosed in the solid
angle d(). It is follows from the metric of Eq. (2) that the
volume element is

_a(ndr
V1= w2
Let us denote dV, = dV/a® which is a dimensionless

volume element (in units of a*). It is easy to find from
Eq. (31) that

av (67)

g =1 — kr*d®p, (68)

therefore the volume element of the phase space is
BpdPr=d3qdV, = d*PdV. (69)

Using this equation and definitions given by Eqgs. (52) and
(66), we find the relation between functions f and F:

f(p,r,t) = F(E n,r t)/(47PE). (70)

Since E and |P| do not change under shifts, F is an
invariant as is f:

F(E n,r,t)=F\(En'r o), (71

where n' is unity vector in the direction of ¢’ =
p(p’, ¥, ¥'). Further in this section we use both distribution
functions.

To derive the collision integral in the FLRW space-time,
it is convenient to shift the origin of the reference frame to
the collision point. Then the collision integral can be
written as in the flat space. After that one should move to
the initial reference frame.

The general solution based on Killing vector constants of the
motion is obtained as well in Ref. [9]. However, the solution is
expressed as a function of arguments which are not canonically
conjugated quantities. Therefore one needs an additional analy-
sis to find the relationship between the solution and the distri-
bution function.

PHYSICAL REVIEW D 84, 044016 (2011)

A. Homogeneous distribution

Let us consider the case of the homogeneous space
distribution of particles. In this case the distribution func-
tion should be form invariant relative to shift, i.e. it has an
identical form in different reference frames. Moreover,
along with Eq. (54) the stronger condition should be ful-
filled:

flp.r, )= f(p'.r', 1) (72)

If p’ and r’ are expressed in accordance with Egs. (16) and
(22) in terms of p, r, and o, then the right part should not
depend on o. Therefore the condition given by Eq. (72)
imposes severe restrictions on the form of function f.
Assuming o = r, we find as the necessary condition

f(p,r, 1) = f(q,0,1), (73)

where ¢ is defined in Eq. (31). In the flat space ¢ does not
change under shift, therefore any function of the form of
Eq. (73) describes a homogeneous distribution. This is not
the case for k = * 1. In the curved space the homogeneous
distribution is also isotropic, i.e. f depends only on |g| (see
Appendix B). Then, in the case of homogeneous distribu-
tion, one can write

flp,r. 1) =glq,1). (74)

We assume further that at k = 0 the distribution function is
also isotropic.

The substitution of Eq. (74) into Eq. (55) cancels the last
two terms that results in the simple equation

ag\
(E)q = 0. (75)

For clarity, here we introduce the notation which is
usually used in thermodynamics to emphasize that the
time derivative is taken at fixed g. Equation (75) implies
that the homogeneous and isotropic distribution function of
noninteracting particles in phase space is time indepen-
dent. It should be noted that in this case Eq. (75) does not
change its form also at the presence of arbitrary magnetic
field, provided that the synchrotron losses are negligible.

Let us derive the equation for the distribution function F
defined in Eq. (66). If distribution is homogeneous, the
function does not depend on n and r and one can assume”

F = F(E, t) = 4mPEg(q, 1). (76)

In the new variables (E, 1) the derivative (dg/d1), is written

in the form
og ag> HP2<8g)
=) =(=) ——(=), 77
(az)q (81‘ g E \JE), 7

“It should be noted that in the case of homogeneous distribu-
tion the collision integrals are written as in the flat space since
F(E, 1) = F'(E, 1).
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where H = a/a is the Hubble constant. Expressing g
through F, we find

g 1
—) =——KF(E 7
<at)q 47PE (& 1), (78)

where K is an operator defined as

KF(E 1) = (%)E - H(aiE <IZ F)t - 3F). (79)

The general solution of Eq. (75) is
glg, 1) = P(q), (80)

where @ is an arbitrary function of one argument. Then the
function F is

F(E, {) = 4mPE®(a(1)P). 81)

This expression defines the evolution of the distribution
function for noninteracting particles; if the function
F(E, t') is known at the moment ¢ = ¢/, Eq. (81) allows
us to find F at subsequent (previous) moments of time. One
can write F(E, t') in an explicit form:

_alt) E

F(E, 1) a0 mF(E(E, L)1), (82)
where
N a(t) B B a*(t)
E(E 1) = o) \/Ez m2(1 az([)) (83)

The quantity E(E, , ') has a simple physical meaning; it is
the energy which a particle should have at the moment ¢ in
order to have the energy E at the moment 7. Therefore the
following relation takes place:

EEE L)1 1)=EE1t1). (84)
For massless particles this equation is simplified:

a(t)
a(r)

In particular, for blackbody photons, assuming ' = t,
(present epoch), we obtain

2
FE, 1) = ( > F(Ea(t)/a(f), 7). (85)

E2

1
FIED = 5155 explE/AT O] =1

(86)

where T(t) = Tya(ty)/a(t) is the temperature at time 7,

Ty = 2.726 K is the temperature at the present epoch.

The corresponding Planckian distribution is EF(E, t).
The particle number density is

N(1) = f " F(E, 1)dE. (87)

Writing F in the form of Eq. (82) and introducing new
variable of integration E' = E(E, 1, '), we find

PHYSICAL REVIEW D 84, 044016 (2011)

NG = (‘;%;)3 f " F(E', {)dE! (88)
and thus
N(t)a’(t) = N(t")a*(t') = const. (89)

In the presence of sources the equation for g can be
written in the form

g
(), = sta.n 90)
For the case under consideration (homogeneous and iso-
tropic space), the source function s(g, r) depends only on ¢
and ¢ as does the distribution function. Assuming that the
source is activated at the moment 7; and that g(q, t;) = 0,
we obtain

glg, n = ft s(g, t)dr, =t 91)

I

The equation for F in the presence of the sources has the
form

RF(E, 1) = S(E, 1), S(E, 1) = 4wPEs(q,1). (92)

The solution of this equation is

B ta(t') S(E(E, t, 1), 1)
F(E t) = E[z,. o) EE LD

Equation (93) can be considered as Eq. (91) written in
different notations. Using Eq. (84) it is easy to verify that if
the source is active over a finite time #; < 1 < i, then, after
the source is switched off (z > /), Egs. (93) and (82) are

dr'. (93)

equivalent.
Let us consider the equation
d
(55) = A neta.n o4
174

which describes absorption or decay of particles. Its solu-
tion is

8(q, 1) = glg. t;)e", (95)
where the optical depth is

F= ﬁ Mg, 1)dr. (96)
Denoting
Nat) = w2, 1) = u(\ /) + ), O
and switching from variables (g, ) to (E, 1), we obtain
T= ftt,u(S(E, 1, 1), tdr. (98)

In the presence of absorption, the function F satisfies the
equation
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KF(E, 1) = —w(E, DF(E, 1), (99)
which has the solution

Cl(tl') E

F(E, t) = —F(&(E t, 1), t;)e". 100
(B0 =" 5 11y FEE L1 e (100)
In a more general case, g obey the equation
98
q

and at ¢ < ¢, the functions g and s are equal to zero. Then
we have

g(g, 1) = /, :dt’s(q, t’)exp(— ﬁ "Ag, t”)dt”). (102)

The corresponding equation for the function F,
KF(E, 1) = S(E, 1) — u(E, 1)F(E, 1), (103)
has the following solution:

a(t') S(E(E, 1, 1), 1)
a(t)  EE 1)

F(E 1) = Ej’ dr
1;

X GXP(— f C(EE, 117, t”)dt”). (104)
t/

This expression can be derived from Eq. (102) using
definitions in Egs. (70) and (92), and switching from
variables (g, 1) to (E, r). One can move from the integration
over the time dt in Eq. (104) to the integration over the
redshift dz (Appendix C).

It should be noted that in the case of homogeneous
distribution the kinetic equations for the metrics with
k=0, +1, and —1 are written identically. However, it
does not mean that the curvature does not effect on ki-
netics. In fact it does, because the behavior of a(z), which
enters into the equations, depends on «.

B. Energy losses

In the case of presence of a source of particles and
continuous energy losses with a rate b = |dE/dt|, the
equation for distribution function has the following form:

RF(E,1) = = (0E OF) = S0, (10)
This equation can be applied to the treatment of propaga-
tion of high-energy cosmic rays through the intergalactic
radiation and magnetic fields. While for protons the energy
losses are defined by interactions with cosmic microwave
background radiation (via photomeson and pair-production
processes), for electrons the losses are due to synchrotron
radiation and inverse Compton scattering. To solve
Eq. (105) let wus first find the Green function
G(E, Ey, t, 1) which satisfies (by definition) the equation

RG - (;iE(b(E, NG) = S8(E — E)o(t —15)  (106)
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and the condition G| 1<, = 0. From Eq. (106) it follows
that

G(E, Ey ty + 0, 1,) = 8(E — Ey). (107)

The Green function is the distribution function for the case
when at the moment 7, one particle with energy E, is
injected.

The solution is sought in the form

G(E, Eo, 1, to) = M(f, t0)8(E - g(E(), 1, to))e(t - to),
(108)

where £ is defined in Eq. (83). From Eq. (107) it follows
that the functions u and & satisfy the initial conditions:

u(ty, to) = 1, E(Ey, to, o) = E,. (109)

After substitution of Eq. (108) into Eq. (106), it is helpful
to represent the product b(E, )G as b(E(Ey,t, 1), 1)G.
Consequently, we find the following system of ordinary
differential equations:

iw+3Hu =0, (110)
E+W(EN=0, (111)
where
W(E )= HE —m*/E) + b(&, 1). (112)
Equation (110) gives
_ (a(tp))3
ult, 1) = (a(t)). (113)

In the general case, Eq. (111) can be solved numerically.
The distribution function is expressed via the Green
function in the following way:

FE 1) = fo " dtoult, 1) f " AEyS(E — E(Ey, 1, 1)) S(Eo, to).

(114)
The integration over dE; gives
FED = [ duguts 1)S(Eo 1)0E/0E) . (15)
0
where the solution of the equation
E(Eyt tg) =E (116)

should be substituted into the integrand instead of E.

It is convenient to perform calculations in the following
way. Let us denote by U(E, ty, t) the solution of the
equation

oU

— + WU, 1) =0, (117)
at,

which satisfies

UE tt)=E. (118)
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In these notations we have E(Ey, t, ty) = U(E, t, t;) and
the solution of Eq. (116) can be written in the form E, =
U(E, t,, t). For calculation of the last factor, we note that

ok, ad
E = —=—U(E . 11
D( )tort) aE aEU( ,to,t) ( 9)
This function obeys the linear differential equation,
ad
—D+¥V, D=0, (120)

ato

where the function

0
W, =W (U(E, 10, 1), ty) = @‘I’(E/, tolE=vE 0
(121)

can be obtained by differentiation of Eq. (117) and after
some obvious redesignations. The initial condition has the
form D(E, t, t) = 1, therefore

D(E, 1y, 1) = exp( f "W (U(E 1 1), zg)dtg). (122)
)

If ¥ does not depend explicitly on time, the equation
reduces to

W(E)

D(E t, 1) = m,

(123)

but in the general case it is necessary to use Eq. (122).
Thus, in the case of energy losses, the distribution
function is

F(E 1) = jo "u(t, 1) S(U(E, 1o, 1), 1o) D(E, 1o, 1. (124)

For derivation of D it is easier if one uses Eq. (120) with
the initial condition D(E, ¢, t) = 1 instead of the integral
representation of Eq. (122). Let us define the function

F(E, t0.1) — [ "ult, )SW(E, £, 1), 15)D(E, th, 1)dth,

)

(125)

It is obvious that F(E,t) = F(E,0,¢). The function
F(E, 1, t) can be found solving the differential equation,

d
EF(E, to, t) + l/t(t, fo)S(U(E, to, t), to)@(E, to, t) = 0,
0

(126)

with the initial condition F(E, t, = t,t) = 0. Thus, the
derivation of F(E, t) requires a solution of the system of
three ordinary differential equations of first order, namely,
Egs. (117), (120), and (126), starting from the point 7, = ¢,
where the values of the functions are known, to the point
l() = O
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C. Spherically symmetric distribution

In the case of spherical symmetry, the distribution func-
tion can be considered as a function of the following
arguments:

f=1grpmo), (127)
where  w = (pr)/(|pl|r]) = cosf. For this function
Eq. (55) becomes

I a(V(1 + m*a*(1)/ )1 — kr* u?)
X (,u,(l - krz)(;—]: .1 _r“2 %) —0. (128

The equation does not contain the derivative df/dgq, i.e. g
enters in this equation as a parameter. Therefore it is
helpful to introduce the new variable instead of time

(129)

t dr'
= | o
ta(t)W1 + m?a*(t)/ q*
and consider f as a function of the arguments (g, r, &, 7).
Then it brings us to the equation

AR (M(l—kﬂ)af 1_’Lz‘”c):o,

—_— -+
In 1=k u? ar rooop

(130)

which admits a solution in the general case. The general
solution of the equation determined by the method of
characteristics has the form

flg.rpmm) =P XY), (131)
where

201 _ .2

x="UZ#) (132)
1 — kr
Y = \/i_K In(y/1 — kP u? + ru/—«x) — 1
1

= \/__Karsinh(r,un/—K) -, (133)

® is an arbitrary function of three arguments.’ In the case
of k = 1, we have \/— k = i, and it is convenient to present
Eq. (133) in the form
Y = arcsin(ru) — 7. (134)
For k = 0 we have
Y=ru—mn. (135)

The obtained results are quite convenient to use at least
in two cases.

>This solution is surely a special case of Eq. (65), but it is
easier to obtain it by solving directly Eq. (130).
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1. The boundary problem

Let us assume that the distribution function is known at a

certain point 7 = r, (on the surface of a ““star”):
(g, e o m) = fulg, m, ). (136)

Then Eq. (131) allows us to derive the distribution function

in all space. For instance, in the case k = —1 we get
f(q) r) MJ 77) :f*(q) ﬂ) ﬁ)) (137)
where
2 _ 2
- ry > r- — rx
=———, 1 +ri————, (138)
H rv1 + rz\/ ’”Z,U«2
VI+r2a?+r,
f=m+ InY T (139)

Equation (137) defines the distribution function in the
reference frame with the origin of coordinates at the center
of the “star”. If the observer is located at the distance r,
then, as indicated before, it is convenient to move to the
reference frame related to the observer. At the location
point of observer, the distribution function is

f(g, ¥ =0,cos0’, n) = f(q, r, m, ), (140)

where u (u = cosé) should be represented in the form of
Eq. (35). Here, we take into account that ¢ and i do not
change under shift.

In the case of k = 1, the following relations should be
used in Eq. (137):

2 _ 2
. ru , 1T
p=—2t _h-p-T_Z a4
Iy 1 - 7”2\/ rzlu’2
7) = n + arcsin(r, i) — arcsin(ruw). (142)

2. Initial value problem

Let us assume that the distribution function is known at
some moment of time ¢ = ¢; which corresponds to n = 0:

flg, r, mm=0)= folg, r, ). (143)
Then at an arbitrary moment of time
fq. r. . m) = fo(q, ro. po). (144)
Here
[RSEEE L {
"o = 1 — il . Mo ==
Krep ro
(145)
where

, 2,2
{ = ru cosh(n/—«) — I_#Sinh(n\/—_/c). (146)
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For analysis of the angular and energy distribution it is
convenient, as before, to introduce the new reference frame
choosing the origin of coordinates at the point where the
observer is located.

V. SUMMARY

In this paper the mechanics and kinetics in the FLRW
space-times have been studied on the basis of the standard
canonical formalism. The Cartesian coordinates r and the
corresponding generalized momenta p are considered as
the points (p, r) in the phase space where the distribution
function f(p, r, t) given by Eq. (52) is introduced. The
form invariance of equations of mechanics and kinetics
relative to shift of the origin of the reference frame as well
as the invariance of the distribution function f have been
proved. The transformation of the momentum under shift is
described by the quite lengthy equation, Eq. (22). But for
applications it is sufficient to use Eq. (31) which defines the
transformation of momentum under the shift of the origin
to the point r where the observer is located. The collision-
less Boltzmann equation admits general solutions for the
function f [see Eq. (65)].

Along with the distribution function f, the
“conventional” distribution function F(E, n,r,t) given
by Eq. (66) is introduced in the phase space. This function
is more convenient for inclusion of collision integrals, and
defines the relationship between the functions f and F. If
the collision integral / for the Minkowski space is known,
it can be found also in the FLRW space-time using the
following procedure. The origin of coordinates should be
shifted to the collision point where / can be written as in
the flat space-time. After that the collision integral should
be transformed to the initial reference frame using the
formulas obtained in this paper.

The equations are considerably simplified in the case of
homogeneous and isotropic distribution. For this case the
analytical solution of the kinetic equation with the source
and absorption processes is given in Sec. [IVA. In the case
of energy losses the equation can be no longer solved
analytically and determination of F comes to solving the
system of three ordinary differential equations.

The results of Sec. IV C can be quite useful for analysis
of angular and energy distribution of particles from sources
located at cosmological distances. The distribution func-
tion represented by Eq. (131) describes the solution in the
reference frame related to the source. This function can be
easily transformed to the reference frame associated with
observer that gives the spectrum and angular distribution in
the observation point.

APPENDIX A: RELATIVISTIC BOLTZMANN
EQUATION IN THE GENERAL FORM

Below a simple derivation of the collisionless
Boltzmann equation for the space with an arbitrary metric
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gap(x) is presented. It is shown that the equation can be
written in the form of Eq. (55) with a relevant Hamiltonian
function. The Hamiltonian approach to the derivation of
the Boltzmann equation has been also considered in the
recent paper [10]. Let x®)(r) (i = 1,2, 3) be the coordi-
nates of the particle with number s at the moment #, and let
pgs)(t) be the covariant components of its momentum. It is
convenient to consider the single-particle distribution func-
tion [2,3] as a function of the following independent var-
iables: covariant momentum p = (p;, p,, p3), coordinates
r = (x', % x%), and time. Let us also introduce the zero
components:

=

Po=po(p.1,1)

1 4 : -
=—(—8"pi+ \/ (8% pi)* — g™ (g pipi — m?)).

(AD)

Here p, is the solution of the quadratic equation
8*Ppapp = m*, and the solution should be chosen from
two possible ones, so that p® = g%¢p_, > 0.

The microscopic single-particle distribution function is
defined from the following relations:

fpr 0= f9p,r0, (A2)

fOp,r 1) =8 —rOD)8(p — pO1),  (A3)

where three-dimensional é functions are equal to the prod-
uct of three one-dimensional ones. For derivation of the
equation let us differentiate £ with respect to time,

I s
o (P FW), (A4)
Pi

afy _ _ 9 (Wi ) —
dt ax'
where for the convenience of further transformations the
quantities % and p(s) are inserted under the sign of
partial derivatives. From the definition of momentum it is
follows that X' = p®i/p(0 where p&e = g“ﬁpg) are
contravariant components of the 4-momentum. Taking into
account that & functions entering into £ allow one to
replace r*)(¢) and p*)(¢) by r and p, in Eq. (A4) p'/p° can
be written instead of £ [here the following relation is
used: 8(x — x0)f(x) = 8(x — x)f(x0)].

The same operation can be done in the last term of
Eq. (A4):

1 S)a (s 1 ag“ s)a (s
PSS) = p(S)O Ta,ﬁip(“) p(‘ B = _ﬁp(A) p(~)l3’

2pW0 9x’

(A5)

where ' are the Christoffel symbols; the values of the
functions should be taken at the point (p*) (), r¥)(¢)). The
presence of 6 functions allows the following replacement:

agaﬁ B

1
W pepP,

/ A6
Pi 2p0 dx'! (A6)
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where all functions are evaluated at the point (p, r). Thus it
brings us to the equation

are ( f(s)) 9 (1 98ap
dt ax 0 ap; \2p° ox!

By differentiating the equation g*#p,pz = m?* with
respect to p;, we find

e ph f<s>) —0.
(AT)

IPp _ o9Po
api apz
By differentiating the equation g,gp®pP = m? with
respect to x', we get

a

1agaﬁ a B — ap

1 - «Pa _ 09Po
2 ax! “ ax!

ox P oy

= p“ (A9)

where it is taken into account that dp,/dx’ = 0. Using
Egs. (A8) and (A9), Eq. (A7) can be written in the form

) R (< Y)Y
ot ap; Ipi

It can be seen that the terms, which do not contain deriva-
tives of f ) are canceled.

Summing over s, we obtain the equation for the function
given by Eq. (A2):

a 0 d d d
<_—ﬂ_.+ p‘?—>f=o. (A1)
at  dp; 0x'  Ox' Jp;
This equation can be also written in the form
9 103gap 9 )
¢ 2 papb — )f =0, Al2
(p ax* 2 ax' P ap; / ( )

The macroscopic (averaged over the ensemble) distribu-
tion function satisfies the same equations.

Note that the second and third terms enter into Egs. (56)
and (A11) with opposite signs. The reason is the following.
Throughout the paper we use the generalized momentum
dL/dv', while p; in this Appendix is the covariant com-
ponents of momentum. One can show that for the
Lagrangian of the general form

L = —mylge0 + 2200 + guvvh, (A13)

the generalized momentum differs from p; by sign:
dL/ovi = —p; [see [11], Eq. (9.7)]. Therefore the mo-
menta used in the main part of the paper and in this
Appendix have opposite signs. The energy E =
vidL/dv' — L coincides with p,, and consequently, if
one replaces p; — —p; in Eq. (Al), we will get the
Hamilton function expressed through generalized mo-
menta and coordinates:

H = —(g pi+ \/(go"p,-)2 — g%(g™* pipy — mz))-
(A14)
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Then the Hamilton equations and the Boltzmann equation
have standard forms Eq. (55).

APPENDIX B: ISOTROPY OF HOMOGENEOUS
DISTRIBUTION

It is easy to show that in the case of xk = *=1 the
direction of the vector ¢ changes under shift. It suffices
to consider the infinitesimal shift do. Let us denote by dq
the change of g under the shift to §o. Since ¢ is invariant
relative to shift, §¢°> = 2(gdq) = 0, i.e. the vectors g and
6q are orthogonal. Therefore ¢ can be represented as

8q = (8¢ X q), (BI)

where 6¢ depends linearly on 6o and can be considered
as an arbitrary vector. The requirement of invariance of f
relative to the shift gives
af af of
of = b4 = (5 x )5 = sd(ax 1) = 0. ®2)
aq dq aq
that is equivalent, due to the arbitrariness of d¢, to the
equality

ad
q X o _ 0. (B3)
aq
This implies that the vector ¢ and 0 f/dq are parallel, and
af
— = qA(q, 1). B4
0q (g.1) (B4)

Writing this equality in spherical coordinates, one can
ascertain that f does not depend on angular variables, i.e.
it is a function of only |g|. Thus, we conclude that the
isotropy of the distribution follows from its homogeneity.

APPENDIX C: CONNECTION BETWEEN TIME
AND REDSHIFT

For the flat ACDM model, the Friedmann equation has
the following form (see, for example, Ref. [12]):

a\z a(ty)\3

—| = H}| Q + Q4 |

(&) =l (eis) ]
where a(z,) is the value of the scale factor a at the present
epoch. This equation can be solved analytically. Let us

introduce the function B(r) = (a(1)/a(ty))*?. For B we
have the following equation:

.3 [
:8 = EHO QAEZ + QmJ

from where, taking into account that B(0) = 0, we find

1 1n<'8‘/QA+ ,829A+Qm>=§Ht
\/QA “/Qm 2 o

Solving Eq. (C3) for 3, we obtain

(CDH

(C2)

(C3)
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a() _ (Qm)” 3[sinh(%~/ﬂ_AHot):|2/3.

a(ty) a O\

This expression is also derived in [12] in a different way
[see Eq. (29) and (131)]. According to WMAP [13], the
parameters in Eq. (C4) have the following values: H, =
71 kms 'Mpc™!, Q,, =Q, + Q. =027, Q, =0.73.
In the model of flat Universe the scale factor a is deter-
mined with an accuracy of an arbitrary factor, therefore it is
convenient to adopt a(fy) = 1, that is equivalent to the
redefining of the comoving coordinates r.

The redshift z and a(z) are connected as

1+ z=alty)/alr).

(C4

(C5)

If a(r) is monotonically increasing, the connection between
z and ¢ is unique, and one can move from the integration
over dt to the integration over dz. In the case of flat
Universe we have

dz

dt = — .
[_IO(1 + Z)‘\/Qm(l + Z)3 + QA

(Co)

Naturally, the results obtained by integrating over time
with Eq. (C4) coincide with ones obtained by integrating
over dz.

APPENDIX D: SUPERLUMINAL
RECESSION VELOCITY

In the expanding Universe distant objects have super-
luminal recession velocities. This issue is elucidated quite
comprehensively in [14]. Here we want to emphasize that
superluminal recession velocities always occur in the ex-
panding space with k = 0 and k = —1, and to call atten-
tion to some features of photon propagation from sources
with superluminal recession velocities. Let us assume that
the observer registers a photon at t = t,. Then, at the
moment ¢t < t, the proper distance from the photon to the
observer equals

FIG. 1.

The dependence of proper distance on time.
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R,(1) = a(1) [ %

If a = const, we would have R, () = c(t, — 1), i.e. R ()
decreases linearly. If a(r) increases with time, and
a(0) = 0, then the propagation of the photon is qualita-
tively different. In this case, as it follows from Eq. (D1),
R,(0) =0, R,(1,) =0, and in the range 0 <7<1, the
function R, (1) > 0.

Figure 1 shows the time dependence R, (t). The calcu-
lations are performed for the values of parameters used in
Appendix C, however, it is clear that the qualitative behav-
ior of the curve is defined only by the condition a(0) = 0.

Let us call by proper velocity, v, the time derivative of
the proper distance:

v,(t) = dR,/dt = v,.(t) — c,

(D1

(D2)
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where v,(1) = (a(t)/a(t))R,(t) = H(#)R,(1) is the reces-
sion velocity, H(t) is the Hubble constant. At the point of
maximum ¢ = t, one has v, (¢,) = 0, therefore v,(,) = c.
In the range 0 < < ¢, the quantity v, > 0. It means that
the recession velocity is greater than ¢. The moment ¢,
corresponds to the redshift z, = 1.64, i.e. all sources with
z > 1.64 move away from us with velocities greater than
the speed of light. Photons emitted by these sources in the
direction to the observer initially move away, reaching the
maximum proper distance R,,,, and only after that R ()
starts to decrease. One can show that the source has a
minimal angular size if it is located at the distance R ,, =
1.78 Gpc that corresponds to redshift z,. = 1.64.

In the case of the closed space (k = +1), sources with
superluminal recession velocities are also possible pro-
vided that the condition & > ¢/ is fulfilled.

[1] A.G. Walker, in Proceedings of the Edinburgh
Mathematical Society (Series 2) (1936), Vol. 4, pp. 238—
253.

[2] . Debbasch and W.A. van Leeuwen, Physica
(Amsterdam) 388A, 1079 (2009).
[3] F. Debbasch and W.A. van Leeuwen, Physica

(Amsterdam) 388A, 1818 (2009).

[4] 1.Y. Dodin and N.J. Fisch, Phys. Rev. D 82, 044044
(2010).

[5] C.B. Collins, Gen. Relativ. Gravit. 19, 493 (1987).

[6] S. Weinberg, Gravitation and Cosmology: Principles and
Applications of the General Theory of Relativity (John
Wiley and Sons, Inc., New York, 1972).

[7] L.D. Landau and E. M. Lifshitz, Mechanics (Butterworth-
Heinemann, Oxford, 1976), 3rd ed.

[8] H. Goldstein, Classical Mechanics (Addison-Wesley,
Reading, MA, 1972), 2nd ed.

[9] S.D. Maharaj and R. Maartens, Gen. Relativ. Gravit. 19,
1217 (1987).

[10] I.Y. Dodin and N.J. Fisch, Phys. Plasmas 17, 112118
(2010).

[11] P.J.E. Peebles, Principles of Physical
(Princeton, New Jersey, 1993), 2nd ed.

[12] B.W. Carroll and D. A. Ostlie, An Introduction to Modern
Astrophysics (Pearson Addison-Wesley, San Francisco,
2007), 2nd ed.

[13] N. Jarosik, C.L. Bennett, C.L. Dunkley et al., Astrophys.
J. Suppl. Ser. 192, 14 (2011).

[14] T.M. Davis and C. H. Lineweaver, Pub. Astron. Soc. Aust.
21, 97 (2004).

Cosmology

044016-13


http://dx.doi.org/10.1016/j.physa.2008.12.023
http://dx.doi.org/10.1016/j.physa.2008.12.023
http://dx.doi.org/10.1016/j.physa.2009.01.009
http://dx.doi.org/10.1016/j.physa.2009.01.009
http://dx.doi.org/10.1103/PhysRevD.82.044044
http://dx.doi.org/10.1103/PhysRevD.82.044044
http://dx.doi.org/10.1007/BF00760653
http://dx.doi.org/10.1007/BF00759101
http://dx.doi.org/10.1007/BF00759101
http://dx.doi.org/10.1063/1.3497005
http://dx.doi.org/10.1063/1.3497005
http://dx.doi.org/10.1088/0067-0049/192/2/14
http://dx.doi.org/10.1088/0067-0049/192/2/14
http://dx.doi.org/10.1071/AS03040
http://dx.doi.org/10.1071/AS03040

