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We provide an approximate analytical expression of the mass-radius relation of a Newtonian self-

gravitating Bose-Einstein condensate (BEC) with short-range interactions described by the Gross-

Pitaevskii-Poisson system. These equations model astrophysical objects such as boson stars and,

presumably, dark matter galactic halos. Our study connects the noninteracting case studied by Ruffini

and Bonazzola (1969) to the Thomas-Fermi limit studied by Böhmer and Harko (2007). For repulsive

short-range interactions (positive scattering lengths), there exists configurations of arbitrary mass but their

radius is always larger than a minimum value. For attractive short-range interactions (negative scattering

lengths), equilibrium configurations only exist below a maximum mass. Above that mass, the system is

expected to collapse and form a black hole. We also study the radius versus scattering length relation for a

given mass. We find that equilibrium configurations only exist above a (negative) minimum scattering

length. Our approximate analytical solution, based on a Gaussian ansatz, provides a very good agreement

with the exact solution obtained by numerically solving a nonlinear differential equation representing

hydrostatic equilibrium. Our analytical treatment is, however, easier to handle and permits one to study the

stability problem, and derive an expression of the pulsation period, by developing an analogy with a

simple mechanical problem.
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I. INTRODUCTION: A BRIEF REVIEW

Quantum mechanics predicts that the particles can be
classified in two groups: fermions [1,2] and bosons [3,4].
In early works, these systems were studied in the absence
of interaction and fundamental concepts such as the Pauli
exclusion principle for fermions and the Bose-Einstein
condensation for bosons were evidenced. Fermi statistics
forces the particles to occupy successively higher energy
levels while bosons at zero temperature all condense into
the ground state. In these ideal systems, the distribution of
particles is spatially homogeneous. However, for very
massive systems, as in astrophysical situations, one must
take self-gravity into account. In that case, the system
becomes spatially inhomogeneous and centrally con-
densed. This leads to the concepts of fermion [5,6] and
boson [7–10] stars.

Soon after the discovery of the quantum statistics for
fermions by Fermi [1] (1926) and Dirac [2] (1926), Fowler
[11] (1926), in a paper entitled ‘‘Dense Matter,’’ under-
stood that white dwarf stars owe their stability to the
quantum pressure of the degenerate electron gas [12].
Therefore, gravitational collapse is avoided by Pauli’s
exclusion principle [13]. Fowler modeled a white dwarf
star at zero temperature by a completely degenerate Fermi
gas in gravitational equilibrium. He noted that the star is
‘‘strictly analogous to one gigantic molecule in its lowest
quantum state’’ [14]. As shown by Milne (1930) [15] and
Chandrasekhar (1931) [16], the resulting structure is
equivalent to a polytrope of index n ¼ 3=2 so that the
mass-radius relation of classical white dwarf stars is

MR3 ¼ 91:9ℏ6=m3
eG

3ð�HÞ5, where me is the mass of the
electron, H the mass of the proton, and � the molecular
weight. Chandrasekhar (1931, 1935) [17,18] took special
relativity into account and showed that the star becomes
equivalent to a polytrope of index n ¼ 3 in the ultrarela-
tivistic limit. From that result, he deduced the existence of

a maximum mass MCh ¼ 3:09ðℏc=GÞ3=2ð�HÞ�2 above
which there is no hydrostatic equilibrium [19]. This mass
MCh ¼ 5:75M�=�2 is of the order of the solar mass
(MCh ¼ 1:44M� for � ¼ 2) [20]. Massive stars cannot
pass into the white dwarf stage. They undergo gravitational
collapse and become neutron stars in which gravitational
contraction is arrested by the quantum pressure of
the neutrons [21]. The structure of neutron stars was
studied by Oppenheimer and Volkoff (1939) [22] using

general relativity. They obtained a maximum mass M ¼
0:376ðℏc=GÞ3=2m�2

n ¼ 0:7M� (and a corresponding radius
R ¼ 9:6 km and density � ¼ 5 1015 g cm�3) above which
no equilibrium state exists (the Chandrasekhar calcula-
tions, neglecting general relativity, lead to a larger value
of the maximum massM ¼ 5:75M�). In that case, nothing
prevents the gravitational contraction of the star which
becomes a black hole. The mass-radius relation MðRÞ of
neutron stars makes a spiral while the mass-central density
relation Mð�0Þ presents damped oscillations. The series of
equilibria becomes unstable after the first mass peak which
corresponds to the maximum mass [22–25]. The existence
of a limiting mass for self-gravitating fermions, the
Chandrasekhar mass, is striking because it can be ex-
pressed in terms of fundamental constants similarly to
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Bohr’s radius of the atom [26]. This limiting mass arises
because of relativistic effects. For a nonrelativistic fermion
star, we have the mass-radius relation MR3 ¼
91:9ℏ6=m8G3 that is valid for small masses M � MCh.
For general relativistic fermion stars [22], the maximum
mass and the minimum radius can be written MCh ¼
0:376M3

P=m
2 and R ¼ 3:52ðMP=mÞ2lP, where MP ¼

ðℏc=GÞ1=2 is the Planck mass and lP ¼ ðℏG=c3Þ1=2 is the
Planck length. The radius can be expressed in terms of
the Compton wavelength of the fermions �c ¼ ℏ=mc
as R ¼ 3:52ðMP=mÞ�c. For m� 1 GeV=c2, we get
MCh � 1030 kg�M� and R� km.

The preceding results are valid at T ¼ 0. The self-
gravitating Fermi gas at nonzero temperature has been
studied in the context of statistical mechanics by Hertel
and Thirring (1971) [27], Messer (1981) [28], and more
recently by Chavanis (2002) [29] (an exhaustive descrip-
tion of the phase diagrams in canonical and microcanonical
ensembles is presented in the review [30]). In these studies,
the system must be enclosed within an artificial ‘‘box’’ so
as to avoid its complete evaporation. For large systems, one
recovers the classical isothermal self-gravitating gas [5]
that may undergo a gravothermal catastrophe [31] in the
microcanonical ensemble (fixed energy) or an isothermal
collapse [32] in the canonical ensemble (fixed tempera-
ture). If the particles are fermions, the gravitational col-
lapse stops when quantum degeneracy effects (Pauli
exclusion principle) come into play. This leads to the
formation of a composite structure made of a completely
degenerate and very compact nucleus (fermion ball) sur-
rounded by a dilute atmosphere [30]. Self-gravitating fer-
mions were also discussed in cosmology, in models where
dark matter is made of massive neutrinos [33]. Originally,
the self-gravitating Fermi gas with neutrino masses in the
�eV=c2 range was proposed by Ruffini and co-workers
(1982–1990) [34–36] as a model for dark matter halos
(R� 1023 cm� 100 kpc and M� 1045 g� 1012M�) and
clusters of galaxies. Then, Viollier and co-workers
(1997–2001) [37–39] suggested that degenerate superstars
composed of weakly interacting fermions in the
�10 keV=c2 range could be an alternative to the super-
massive black holes that are reported to exist at the centers
of galaxies (e.g. M ¼ 2:6 106M� and R ¼ 18 mpc in our
Galaxy). Finally, Bilic et al. (2003) [40] showed that a
weakly interacting fermionic gas at finite temperature
could provide a self-consistent model of dark matter that
describes both the center and the halo of the galaxies. Since
the density of a self-gravitating isothermal sphere de-
creases as r�2 at large distances, this model is consistent
with the flat rotation curves of the galaxies. On the other
hand, since the core is degenerate in the sense of quantum
mechanics (Pauli exclusion principle), it leads to flat den-
sity profiles and avoids the cusp problem of cold dark
matter (CDM) models (see below). In addition, the gravi-
tational collapse of fermionic matter leads to a compact

object (fermion ball) at the center of the galaxy that could
mimic a central black hole.
Coincidentally, the Fermi-Dirac statistics also arises in

the theory of violent relaxation developed by Lynden-Bell
(1967) [41] for the Vlasov-Poisson system. However, in
that case, the origin of the ‘‘degeneracy’’ is due to dynami-
cal constraints (Liouville’s theorem) instead of quantum
mechanics (Pauli’s principle). This theory was initially
developed to describe collisionless stellar systems such
as elliptical galaxies. In that case, the nondegenerate limit
may be the most relevant [41]. However, as proposed by
Kull et al. (1996) [42] and Chavanis and Sommeria (1998)
[43], this approach (with dynamical degeneracy retained)
could also apply to dark matter halos and provide a much
more efficient relaxation mechanism than in the fermion
scenario. Indeed, the violent relaxation of collisionless
systems (leading to the Lynden-Bell statistics) takes place
on a few dynamical times while the collisional relaxation
of fermions (leading to the Fermi-Dirac statistics) is larger
than the age of the universe by several orders of magnitude.
Therefore, it is not clear how the fermions have thermal-
ized and how they can possess sufficiently large tempera-
tures. By contrast, the Lynden-Bell theory predicts a large
effective temperature (even if T ¼ 0 initially), a r�2 den-
sity profile at large distances consistent with the flat rota-
tion curves of galaxies and an effective exclusion principle
at short distances that could avoid the cusp problem and
lead to fermion balls mimicking black holes, just like in the
fermionic scenario.
Therefore, fermion stars rapidly found applications in

relation to white dwarf stars, neutron stars, massive neu-
trinos in dark matter models, and in the violent relaxation
of collisionless self-gravitating systems.
The concept of boson stars was introduced by Kaup

(1968) [44] and Ruffini and Bonazzola (1969) [45]
although no astrophysical application of these objects
was known at that time. They were just hypothetical stars
whose main interest was ruled by the fundamental laws of
physics that govern their structure. In a sense, boson stars
are descendent of the so-called geons of Wheeler (1955)
[46] except that they are built from scalar particles (spin-0)
instead of electromagnetic fields, i.e. spin-1 bosons. Kaup
and Ruffini and Bonazzola considered the T ¼ 0 limit [47]
at which the bosons form a Bose-Einstein condensate
(BEC) and showed that the concept of an equation of
state breaks down. Indeed, at zero temperature a boson
gas has a vanishing pressure and is unable to sustain any
configuration of equilibrium in the classical perfect fluid
approximation. But if one considers a quantum system of
massive self-gravitating bosons in their ground state self-
consistently, stable equilibrium configurations exist. In that
case, all the bosons are in the same quantum state and they
are described by a unique wave function c ðrÞ. Therefore,
boson stars can be regarded as macroscopic quantum states
that are only prevented from collapsing gravitationally by
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the Heisenberg uncertainty principle �x�p� ℏ. In the
Newtonian approximation, a self-gravitating BEC is de-
scribed by the Schrödinger-Poisson system and in the
relativistic case one must couple the Klein-Gordon equa-
tion to the Einstein field equations. The Newtonian ap-
proximation is valid for sufficiently small masses and
yields the mass-radius relation MR ¼ 9:9ℏ2=Gm2 (where
R is the radius containing 99% of the mass) [45]. The
radius decreases as mass increases, like for classical white
dwarf stars, but the scaling is different. When relativistic
effects are taken into account, there exists a maximum
mass, the Kaup mass MKaup ¼ 0:633M2

P=m, above which

no equilibrium configuration exists [44,45]. In that case,
the system collapses to a black hole. The minimum radius
Rmin ¼ 6:03�c corresponding to the Kaup mass is of the
order of the Compton wavelength �c ¼ ℏ=mc of the bo-
sons. These results were rederived independently by
Thirring (1983) [48] and Breit et al. (1984) [49].

There exists remarkable similarities between boson and
neutron stars [44,45,49,50]. For example, the mass-central
density relation Mð�0Þ of boson stars exhibits damped
oscillations and the series of equilibria becomes dynami-
cally unstable after the first mass peak corresponding to
the maximum mass [51–53]. On the other hand, the mass-
radius relation MðRÞ has a snail-like (spiral) structure, and
the mass-particle number relation MðNÞ presents cusps.
The Newtonian approximation is valid for sufficiently low
densities corresponding to M � MKaup and R � �c. On

the other hand, boson stars become relativistic when they
approach the maximum mass MKaup ¼ 0:633M2

P=m and

the corresponding radius Rmin ¼ 6:03�c. Except for mat-
ters of scales, all these results are remarkably similar to
those obtained for neutron stars [22–25]. However, there
also exists crucial differences between self-gravitating ob-
jects made of fermions or bosons. In particular, boson stars
are stopped from collapsing by Heisenberg’s uncertainty
principle while for fermion stars gravitational collapse is
avoided by Pauli’s exclusion principle. This difference is
reflected in the critical mass of stable configurations:
MCh �M3

P=m
2 for fermions and MKaup �M2

P=m for bo-

sons. This difference is due principally to the fact that all
the N bosons are in the ground state whereas the N fermi-
ons, according to the Pauli exclusion principle, are distrib-
uted in the N lowest energy states of the phase space.
As a result, the mass of boson stars MKaup �M2

P=m is

generally much smaller than the mass of fermion stars
MCh �M3

P=m
2. They differ by a factor m=MP � 1. For

example, for m� 1 GeV=c2 for which m=MP � 10�19,
one can estimate the total mass of a boson star to be
M� 1011 kg� 10�19M� and its radius R� 10�15 m
yielding a density 1038 times that of a neutron star.
Contrary to the mass of neutron stars that is of the order
of a solar mass, the mass of these mini boson stars is too
small to be astrophysically relevant. They could play a
role, however, if they exist in the universe in large quantity

or if the mass m of the bosons is extraordinary small
leading to macroscopic objects with a mass comparable
to the mass of the sun (or even larger) [10]. This is the case,
in particular, for axionic boson stars that could account for
the mass of MACHOs (between 0.3 and 0.8 M�) if the
axions have a mass m� 10�10 eV=c2 [54].
Colpi et al. (1986) [55] considered the case of self-

interacting scalar fields with a 1
4�j�j4 term and found

that the resulting configurations differ markedly from the
noninteracting case even when � � 1. In that case, the

maximum mass M ¼ 0:06
ffiffiffiffi
�

p
M3

P=m
2 may be comparable

with the Chandrasekhar mass of self-gravitating fermions

when �� 1. Similarly, the radius R� ffiffiffiffi
�

p ðMP=mÞ�c of
self-interacting boson stars may be much larger than the
Compton wavelength and become comparable with the
radius of fermion stars. For m� 1 GeV=c2, boson star

configurations exist with a mass M� 1030
ffiffiffiffi
�

p
kg and a

radius R� ffiffiffiffi
�

p
km similar to those of neutron stars. For

smaller masses m� 1 MeV=c2, we get M� 1036
ffiffiffiffi
�

p
kg

and R� 106
ffiffiffiffi
�

p
km. The radius is comparable to that of

the sun but it encloses 106 solar masses. These parameters
are reminiscent of supermassive black holes in active
galactic nuclei, so that boson stars, like fermion stars,
could be an alternative to black holes [56]. These enhance-

ments of mass and size are due to the parameter
ffiffiffiffi
�

p
MP=m

that is very large even for small � due to the smallness
of m relative to MP. Therefore, self-coupling can signifi-
cantly change the physical dimensions of boson stars,
making them much more astrophysically interesting. The
self-interaction has the same effect on the bosons as the
exclusion principle on fermions. It plays the role of an
interparticle repulsion (for � > 0) that dominates over
uncertainty pressure and prevents catastrophic gravita-
tional collapse. Colpi et al. [55] showed that a quartic
self-interaction is equivalent to an effective barotropic
pressure. At low densities p ¼ ð�ℏ3=4m4c5Þ�2 (polytrope
n ¼ 1) and at high densities p ¼ �=3 (linear) like in the
core of neutron stars [22–25] [this result is not explicitly
given in [55] but it can be obtained as a limit of their
Eq. (17)]. This strengthens the analogy between boson
stars and neutron stars. Since boson stars may have masses
comparable to the mass of neutron stars, or even larger,
they become astrophysical relevant and may play a role in
the problem of dark matter [54,55].
A wide ‘‘zoology’’ of exotic particles that could form

dark matter has been proposed. In particular, many grand
unified theories in particle physics predict the existence of
various exotic bosons (e.g. axions, scalar neutrinos, neu-
tralinos) that should be present in considerable abundance
in the universe and comprise (part of) the cosmological
missing mass [57,58]. Although the bosonic particles have
never been detected in accelerator experiments, they are
considered as leading candidates of dark matter and might
play a significant role in the evolution and the structure of
the universe. The formation of boson stars was investigated
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by Madsen and Liddle (1990) [59] and is now relatively
well understood. A spatially homogeneous distribution of
self-gravitating bosons can undergo a sort of Jeans insta-
bility as described by Khlopov et al. (1985) [60] and
Bianchi et al. (1990) [61]. When the perturbation has suf-
ficiently grown, the cloud collapses under its own gravity
at first in free fall. Then, as nonlinear gravitational effects
become important at higher densities, the configuration
starts to oscillate and settles into a compact bosonic object
through the radiation of the scalar field. This gravitational
cooling process has been evidenced and studied by Seidel
and Suen (1994) [62]. This is a dissipationless mechanism
similar in some respect to the violent relaxation of colli-
sionless stellar systems [41,63] but ending on a unique final
state (boson star) independent on the initial conditions.
Therefore, (mini)boson stars could be the constituents of
dark matter halos [54,55]. Later, it was suggested that dark
matter halos themselves could be gigantic self-gravitating
BECs. This idea was introduced in order to solve basic
problems inherent to cold dark matter models.

Dark matter is one of the most important puzzles
in modern physics and cosmology. Cold dark matter
(�CDM) models with a small cosmological constant com-
prising weakly interacting massive particles (WIMPs),
such as the lightest neutralinos, are presently favored by
theorists over hot dark matter (HDM) models comprising
relativistic light neutrinos. Although the cold dark matter
(CDM) model is popular and remarkably successful in
explaining the large-scale structure of the universe [64],
it seems to encounter many problems on the scale of
galactic or subgalactic structures. Indeed, CDM simula-
tions lead to r�1 cuspy density profiles at galactic centers
(in the scales of the order of 1 kpc and smaller) [65] while
most rotation curves indicate a smooth core density [66].
On the other hand, the predicted number of satellite gal-
axies around each galactic halo is far beyond what we see
around the Milky Way [67]. These problems might be
solved, without altering the virtues of CDM models, if
the dark matter is composed of scalar particles in a cold
BEC. The wave properties of the dark matter may stabilize
the system against gravitational collapse as a consequence
of the Heisenberg uncertainty principle, providing halo
cores instead of cuspy profiles. The resulting coherent
configuration may be understood as the ground state of
some gigantic bosonic atom where the ultralight boson
particles are condensed in a single macroscopic quantum
state c ðrÞ. In these models, the formation of dark matter
structures at small scales is suppressed by the quantum
uncertainty principle. This property could alleviate the
problems of the CDM model such as the cusp problem
and the missing satellite problem.

The first suggestion that galactic halos are formed by
bosons, either in their quantum ground state (BEC) or in an
appropriate isothermal distribution, is due to Baldeschi
et al. (1983) [68]. In order to yield masses and sizes that

agree with those of galactic halos (M� 1045 g and
R� 1023 cm), the mass of the bosons must be extremely
small m� 10�24 eV=c2 (estimated with the Newtonian
mass-radius relation). The idea that galactic halos could
be a giant system of ‘‘Bose liquid’’ was also advanced
by Sin (1994) [69] who studied rotation curves induced
by self-gravitating BECs. Sin considered the ultralight
pseudo–Nambu-Goldstone boson (axion) appearing in the
late-time cosmological phase transition theories as a
major dark matter candidate. Since it is almost massless
m� 10�24 eV=c2, its nature is more wavelike than parti-
clelike so that the dark matter distribution must be treated
quantum mechanically. Therefore, galactic halos can be
considered as self-gravitating Bose liquids whose collapse
is prevented by the uncertainty principle. At the galactic
scale, the Newtonian approximation turns out to be rele-
vant. Sin considered condensation wave functions for the
galactic halo that have nodes (excited states) because the
rotation curve of the zero node solution falls too fast to
explain the flatness of the rotation curve of many galaxies.
Because of the systems’ wavelike nature, he found that the
rotation curve of galaxies has a ripplelike fine structure that
seems to agree with observations. However, this may be a
coincidence because the presence of wiggles in the rotation
curves is rather related to spiral arms inside the disks, and
excited states are generally unstable [51]. Indeed, the
excited modes decay to the ground state through emission
of gravitational radiation, a process similar to atomic tran-
sitions [70,71]. In this sense, boson stars are like gravita-
tional atoms.
An alternative scalar field matter model for dark halos of

galaxies was developed by Schunck (1998) [72]. He ob-
tains rotation curves that give a very good agreement with
observations of spiral and dwarf galaxies. In this model,
the density decreases at large distances like r�2 yielding
asymptotically flat rotation curves. Furthermore, this
model produces oscillations around this asymptotic value
that can match, in some cases, the data. Since these oscil-
lations (‘‘wiggles’’) do not correspond to excited states, the
solutions of this model are stable. Although these results
are obtained in the Newtonian limit, it is shown that the
radial pressure coming from general relativity plays a role
for the rotation velocity that is comparable to the contri-
bution of the normal part. On the other hand, in the strongly
relativistic case, this model leads to massive objects with
large redshift values and rotation velocities. This might be
an explanation for the large energy contributions seen in
quasars [72]. At about the same period, Matos and Guzmán
(1999) [73] introduced a model in which dark matter is a
scalar field embedded in an exponential (and later cosh)
scalar potential. This model produces a density profile of
the form 1=ðr2 þ r2cÞ which gives a good agreement with
the rotation curve of galaxies and accounts for their flatness
at large distances [74]. It also explains the suppression of
subgalactic structures (since it produces a sharp cutoff in
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the mass power spectrum) and the smoothness of
galaxy core halos [75]. This model has only one free
parameter, the scalar field mass, whose determined value
m� 10�23 eV=c2 accounts both for the typical mass of
galactic halos and for cosmological observations (two
a priori independent measurements) [76]. A similar mass
was found by Arbey et al. (2001) [77] and Silverman and
Mallett (2002) [78].

In these models, the self-interaction of the particles is
neglected and the mass of the bosons must be extremely
small in order to reproduce the characteristic mass and size
of galactic halos. Such an ultralight scalar field (e.g. an
axion) withm� 10�24 eV=c2 was called ‘‘fuzzy cold dark
matter’’ (FCDM) by Hu et al. (2000) [79], who discussed
its overall cosmological behavior. An alternative to this
unnatural small mass is to take self-coupling into account.
Indeed, in the context of boson stars, the work of Colpi
et al. (1986) [55] has demonstrated that, for the same value
of the boson mass m, even a small coupling can consid-
erably change the mass and size of self-gravitating BECs.
In that case, values of the mass in the ballpark of an eV=c2

may be compatible with a size of a few kiloparsecs. Lee
and Koh (1996) [80] investigated relativistic boson stars
with a self-interacting scalar field as a model of galactic
halos. A massive scalar field or a boson condensate with
quartic—or close to quartic—self-coupling was also pro-
posed as a possible dark matter candidate by Peebles
(2000) [81], who called it ‘‘fluid dark matter’’ and by
Goodman (2000) [82] who called it ‘‘repulsive dark
matter.’’ Similarly, Arbey et al. (2003) [83] considered a
self-coupled charged scalar field which is equivalent to a
self-gravitating Bose condensate. Form4=�� 50ðeV=c2Þ4,
they obtained a very good agreement with the measure-
ments of the circular speed of the dwarf spiral DDO154.
Böhmer and Harko (2007) [84] pursued the idea that dark
matter is in the form of a self-gravitating BEC and studied
the condensate by using the nonrelativistic Gross-
Pitaevskii equation coupled to the Poisson equation.
They took self-interaction into account via a quartic non-
linearity and used the Thomas-Fermi approximation which
becomes exact for N ! þ1. Under these assumptions,
the BEC is equivalent to a barotropic fluid with a poly-
tropic equation of state of index n ¼ 1 [80,82–84]. This

leads to a length scale R ¼ �ðaℏ2=Gm3Þ1=2 for bound
objects that is independent on their mass (a is the scat-
tering length). Böhmer and Harko considered the ex-
ample of a galactic dark matter halo extending up to
R ¼ 10 kpc ¼ 3:08� 1022 cm with a mass of the order
of M ¼ 3� 1011M� yielding an average density � ¼
5:30� 10�24 g cm�3. For a ¼ 5:77� 10�7 cm (a typical
value in terrestrial BEC experiments [85]) they found that
the mass of the particles forming the condensate dark
matter halo is of the order of the eV (more precisely,
m¼1:44 eV=c2 for a ¼ 106 fm and m ¼ 14 meV=c2 for
a ¼ 1 fm). They also determined the rotation curves

created by a BEC and found a very good agreement with
the observational data for several low surface brightness
galaxies. For recent studies of scalar field/BEC dark matter
models, see, e.g., Refs. [86–93].
This detailed introduction shows that the idea of boson

stars has a long and rich history and that they may play a
role in different areas of astrophysics. If we consider dark
matter halos, the Newtonian approximation is sufficient.
In previous works, two limits have been considered.
Ruffini and Bonazzola [45] neglect the self-interaction of
the particles (a ¼ 0) and solve the Schrödinger-Poisson
system. In that case, the equilibrium state results from
the balance between the gravitational attraction and the
Heisenberg principle equivalent to a quantum pressure.
Alternatively, Böhmer and Harko [84] take into account
the self-interaction of the particles (a > 0) and study the
Gross-Pitaevskii-Poisson (GPP) system. They consider
the Thomas-Fermi (TF) limit which amounts to neglecting
the quantum pressure. In that case, the equilibrium state
results from the balance between the gravitational attrac-
tion and the small-scale repulsion due to scattering. As we
shall see, the TF limit is valid if GN2m3a=ℏ2 � 1. In the
present work, we shall connect these two limits by consid-
ering the general case where both short-range interactions
and quantum pressure are taken into account. We shall also
treat the case where the self-interaction is attractive instead
of repulsive. Since atoms may have negative scattering
lengths in terrestrial BEC experiments [85], it may be
useful to consider the possibility of attractive interactions
in our general study. The TF approximation cannot be
employed in that case and we have to use the complete
set of equations. Attractive self-interaction is equivalent to
a negative pressure p ¼ �jkj�2 that adds to the gravita-
tional attraction. In that case, we find the existence of a

maximum massMmax ¼ 1:012ℏ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffijajGmp

above which the
system cannot be in equilibrium. This maximum mass can
be very small, as small as the Planck massMP (!), meaning
that when the self-interaction is attractive the system is
very unstable. When applied to a cosmological context
[94], an attractive self-interaction could enhance the gravi-
tational collapse and accelerate the formation of structures
in the universe.
The paper is organized as follows. In Secs. II and III we

provide general results concerning the Gross-Pitaevskii-
Poisson system. We specifically consider the noninteract-
ing case and the Thomas-Fermi limit. In Sec. IV, we obtain
an analytical approximate expression of the mass-radius
relation of self-gravitating BECs with positive or negative
scattering lengths by using a Gaussian ansatz for the wave
function and developing a simple mechanical analogy. In
Sec. V, we study the Jeans instability of an infinite homo-
geneous self-gravitating BEC by taking into account the
self-interaction of the particles that was ignored in previous
works. In paper II [95], we show that our approximate
analytical approach gives a good agreement with the exact
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results obtained by numerically solving the equation of
hydrostatic equilibrium. In paper III, we extend our ana-
lytical approach to more general situations.

II. THE GROSS-PITAEVSKII-POISSON SYSTEM

A. The mean-field Gross-Pitaevskii equation

Following Böhmer and Harko [84], we model dark
matter halos as a self-gravitating Bose-Einstein condensate
with short-range interactions. Since the cosmic BEC has a
relatively low mean mass density, we can use the
Newtonian approximation. At T ¼ 0, all the bosons have
condensed [96] and the system is described by one order
parameter c ðr; tÞ called the condensate wave function. In
the mean-field approximation, the ground state properties
of the condensate are described by the Gross-Pitaevskii
equation [97,98]:

iℏ
@c

@t
ðr; tÞ ¼ � ℏ2

2m
�c ðr; tÞ þm�totðr; tÞc ðr; tÞ; (1)

�totðr; tÞ ¼
Z

�ðr0; tÞuðjr� r0jÞdr0; (2)

�ðr; tÞ ¼ Nmjc ðr; tÞj2; (3)

Z
jc ðr; tÞj2dr ¼ 1: (4)

Equation (4) is the normalization condition, Eq. (3) gives
the density of the BEC, Eq. (2) determines the associated
potential, and Eq. (1) determines the wave function. We
assume that the potential of interaction can be written as
u ¼ uLR þ uSR, where uLR refers to the long-range gravi-
tational interaction and uSR to the short-range interaction.
We assume that the short-range interaction corresponds to
binary collisions that can be modeled by the pair contact
potential uSRðr� r0Þ ¼ g�ðr� r0Þ, where the coupling
constant (or pseudopotential) g is related to the s-wave
scattering length a through g ¼ 4�aℏ2=m3 [85]. For the
sake of generality, we allow a to be positive or negative
(a > 0 corresponds to short-range repulsion and a < 0
corresponds to short-range attraction). Under these condi-
tions, the total potential can be written �tot ¼ �þ hð�Þ,
where � is the gravitational potential and

hð�Þ ¼ g� ¼ gNmjc j2 (5)

is an effective potential modeling short-range interactions.
When this form of potential is substituted in Eq. (2), we
obtain the Gross-Pitaevskii-Poisson (GPP) system

iℏ
@c

@t
¼ � ℏ2

2m
�c þmð�þ hð�ÞÞc ; (6)

�� ¼ 4�G� ¼ 4�GNmjc j2; (7)

that will be the object of focus in this paper. In the general
formalism developed in the sequel, we will consider an

arbitrary potential hð�Þ. However, for specific applications,
we will consider the potential (5). More general situations
will be studied in paper III.

B. The Madelung transformation

Let us use the Madelung [99] transformation to rewrite
the GPP system in the form of hydrodynamic equations.
From the wave function

c ðr; tÞ ¼ Aðr; tÞeiSðr;tÞ=ℏ; (8)

where Aðr; tÞ and Sðr; tÞ are real functions, we introduce
the density and velocity fields:

� ¼ Nmjc j2 ¼ NmA2; u ¼ 1

m
rS: (9)

We note that the flow defined in this way is irrotational
since r� u ¼ 0. Substituting Eq. (8) in Eq. (6) and sep-
arating real and imaginary parts, we obtain

@�

@t
þr � ð�uÞ ¼ 0; (10)

@S

@t
þ 1

2m
ðrSÞ2 þm�þmhð�Þ þQ ¼ 0; (11)

where

Q ¼ � ℏ2

2m

�
ffiffiffiffi
�

pffiffiffiffi
�

p ¼ � ℏ2

4m

�
��

�
� 1

2

ðr�Þ2
�2

�
(12)

is the quantum potential. The first equation is similar to the
equation of continuity in hydrodynamics. The second equa-
tion has a form similar to the classical Hamilton-Jacobi
equation with an additional quantum term. It can also be
interpreted as a generalized Bernouilli equation for a po-
tential flow. Taking the gradient of Eq. (11) and using the
well-known identity ðu � rÞu ¼ rðu2=2Þ � u� ðr� uÞ
which reduces to ðu � rÞu ¼ rðu2=2Þ for an irrotational
flow, we obtain an equation similar to the Euler equation
with an additional quantum potential,

@u

@t
þ ðu � rÞu ¼ �rh�r�� 1

m
rQ: (13)

This equation shows that the effective potential h appearing
in the GP equation can be interpreted as an enthalpy in the
hydrodynamic equations. We can rewrite Eq. (13) in the
form

@u

@t
þ ðu � rÞu ¼ � 1

�
rp�r�� 1

m
rQ; (14)

where pðr; tÞ is a pressure. Since hðr; tÞ ¼ h½�ðr; tÞ�, the
pressurepðr; tÞ ¼ p½�ðr; tÞ� is a function of the density (the
flow is barotropic). The equation of statepð�Þ is determined
by the potential hð�Þ through the relation

h0ð�Þ ¼ p0ð�Þ
�

: (15)
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This yields pð�Þ ¼ �hð�Þ �Hð�Þ, where H is a primitive
of h [100]. In conclusion, the GPP system is equivalent to
the ‘‘hydrodynamic’’ equations (10), (14), and (7).We shall
refer to these equations as the quantum barotropic Euler
equations. In the classical limit ℏ ! 0, the quantum poten-
tial disappears andwe recover the ordinary barotropic Euler
equations [101]. For a potential of the form (5), the equation
of state is

p ¼ 2�aℏ2

m3
�2: (16)

This is equivalent to a polytropic equation of state,

p ¼ K��; � ¼ 1þ 1

n
; (17)

with a polytropic constantK ¼ 2�aℏ2=m3 and a polytropic
index n ¼ 1 (i.e. � ¼ 2). Inversely, the effective potential
associated with the general polytropic equation of state (17)
is hð�Þ ¼ ½K�=ð�� 1Þ����1.

Remark.—The quantum potential (12) first appeared
in the work of Madelung [99] and was rediscovered by
Bohm [102] (it is sometimes called ‘‘the Bohm potential’’).
We note the identity

� 1

m
rQ 	 � 1

�
@jPij; (18)

where Pij is the quantum stress (or pressure) tensor

Pij ¼ � ℏ2

4m2
�@i@j ln�; (19)

or

Pij ¼ ℏ2

4m2

�
1

�
@i�@j�� �ij��

�
: (20)

This shows that the quantum potential is equivalent to an
anisotropic pressure.

C. The time-independent GP equation

If we consider a wave function of the form

c ðr; tÞ ¼ AðrÞe�iEt=ℏ; (21)

we obtain the time-independent GP equation

� ℏ2

2m
�c ðrÞ þmð�ðrÞ þ hð�ÞÞc ðrÞ ¼ Ec ðrÞ; (22)

where c ðrÞ 	 AðrÞ is real and �ðrÞ ¼ Nmc 2ðrÞ. Dividing
Eq. (22) by c ðrÞ, we get

m�þmhð�Þ � ℏ2

2m

�
ffiffiffiffi
�

pffiffiffiffi
�

p ¼ E; (23)

or, equivalently,

m�þmhð�Þ þQ ¼ E: (24)

This relation can also be obtained from the quantum
Hamilton-Jacobi equation (11) by setting S ¼ �Et. Com-
bined with the Poisson equation (7), we obtain an eigen-
value equation for the wave function c ðrÞ where the
eigenvalue E is the energy. In the following, we shall be
interested by the fundamental eigenmode corresponding to
the smallest value of E. For this mode, the wave function
c ðrÞ is spherically symmetric and has no node so that the
density profile decreases monotonically with the distance.

D. Hydrostatic equilibrium

The time-independent solution (23) can also be obtained
from the quantum barotropic Euler equation (14) since it is
equivalent to the GP equation. The steady state of the
quantum barotropic Euler equation (14), obtained by tak-
ing @t ¼ 0 and u ¼ 0, satisfies

rpþ �r�� ℏ2�

2m2
r
�
�

ffiffiffiffi
�

pffiffiffiffi
�

p
�
¼ 0: (25)

This generalizes the usual condition of hydrostatic equi-
librium by incorporating the contribution of the quantum
potential. Equation (25) describes the balance between the
gravitational attraction, the repulsion due to the quantum
potential and the repulsion (for a > 0) or the attraction
(for a < 0) due to the short-range interaction (scattering).
This equation is equivalent to Eq. (23). Indeed, integrating
Eq. (25) using Eq. (15), we obtain Eq. (23) where the
eigenenergy E appears as a constant of integration. Com-
bining Eq. (25) with the Poisson equation (7), we obtain the
fundamental equation of hydrostatic equilibrium with
quantum effects:

�r �
�rp
�

�
þ ℏ2

2m2
�

�
�

ffiffiffiffi
�

pffiffiffiffi
�

p
�
¼ 4�G�: (26)

For an equation of state of the form (16), it becomes

� 4�aℏ2

m3
��þ ℏ2

2m2
�

�
�

ffiffiffiffi
�

pffiffiffiffi
�

p
�
¼ 4�G�: (27)

There are two important limits that we discuss in the
following.

E. The noninteracting case

The noninteracting case corresponds to a ¼ 0. This is
the situation first considered by Ruffini and Bonazzola [45]
and revisited by Membrado et al. [103] with a different
method. In that case, the condition of hydrostatic equilib-
rium (27) reduces to

ℏ2

2m2
�

�
�

ffiffiffiffi
�

pffiffiffiffi
�

p
�
¼ 4�G�: (28)

This corresponds to the balance between the gravitational
attraction and the repulsion due to the quantum pressure
arising from the Heisenberg uncertainty principle. This
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equation can be solved numerically to yield the density
profile [45,103]. The density decays smoothly to infinity
(see, e.g., Fig. 1 in [103]) so that its support is not compact,
contrary to fermion stars at T ¼ 0 [5]. The radius of the
configuration containing 99% of the mass has been com-
puted in [103]. They obtained the value

R99 ¼ 9:9
ℏ2

GMm2
: (29)

This radius is much smaller than the gravitational Bohr
radius aB ¼ ℏ2=ðGm3Þ by a factor 1=N � 1. They also
found that the quantum kinetic energy �Q, the potential

energyW, the total energy Etot, and the eigenenergy E (see
their definitions in Sec. III A) are given by

�Q ¼ 0:054 26
G2M3m2

ℏ2
; (30)

W ¼ �0:108 52
G2M3m2

ℏ2
; (31)

Etot ¼ �0:054 26
G2M3m2

ℏ2
; (32)

E ¼ �0:162 78
G2M2m3

ℏ2
: (33)

Finally, they determined numerically the rotation curve,

vcðrÞ ¼
�
GMðrÞ

r

�
1=2

; (34)

produced by a Newtonian self-gravitating BEC (see Fig. 2
in [103]) and mentioned application to galactic dark matter
halos. To our knowledge, Membrado et al. (1989) [103]
were among the first authors in the literature to propose
that dark matter halos could be a condensate boson sphere
and to compute the corresponding rotation curve. However,
they did not take into account self-coupling which is
necessary to obtain physically relevant results.

F. The Thomas-Fermi approximation

The Thomas-Fermi (TF) approximation amounts to ne-
glecting the quantum potential in Eq. (25). This is the
situation considered by Böhmer and Harko [84] in relation
to dark matter halos with repulsive self-interaction a > 0.
In that case, Eq. (25) reduces to the usual condition of
hydrostatic equilibrium:

rpþ �r� ¼ 0: (35)

This corresponds to the balance between the gravitational
attraction and the repulsion due to the short-range interac-
tion. Combined with the Poisson equation (7), we obtain
the fundamental equation of hydrostatic equilibrium:

�r �
�rp
�

�
¼ 4�G�: (36)

For an equation of state of the form (16), it can be rewritten

��þGm3

aℏ2
� ¼ 0: (37)

This equation, which is equivalent to the Lane-Emden
equation for a polytrope of index n ¼ 1, can be solved
analytically [5]. The density profile is given by the formula

�ðrÞ ¼ �0R

�r
sin

�
�r

R

�
; (38)

where �0 is the central density and

R ¼ �

�
aℏ2

Gm3

�
1=2

(39)

is the radius of the configuration at which the density
vanishes (compact support). The radius of a polytrope
n ¼ 1 is independent on the mass M [5]. These results
have been derived by several authors in the context of self-
gravitating BECs [80,82–84] using different formalisms.
The radius containing 99% of the mass is given by R99 ¼
0:954 242 11R. The central density is determined by the
mass according to

�0 ¼ �M

4R3
¼ M

4�2

�
Gm3

aℏ2

�
3=2

: (40)

Using the analytical expression (38) of the density profile,
we find that the moment of inertia (72) and the internal
energy (63) are given by

I ¼
�
1� 6

�2

�
MR2 ¼ ð�2 � 6Þ aℏ

2M

Gm3
; (41)

U ¼ GM2

4R
¼ 1

4�

G3=2m3=2M2

a1=2ℏ
: (42)

On the other hand, in the TF approximation, the steady
state equation (23) reduces to

m�þ 4�aℏ2

m2
� ¼ E: (43)

It can be used to determine the eigenenergy E. Indeed, if
we evaluate this relation at r ¼ R at which � ¼ �GM=R
and � ¼ 0, we find that

E ¼ �GMm

R
¼ � 1

�

G3=2m5=2M

a1=2ℏ
: (44)

Then, Eq. (43) with Eqs. (38) and (44) determine the
gravitational potential �ðrÞ. On the other hand, multiply-
ing Eq. (43) by �, integrating over the configuration, and
using the expressions (42) and (44) of the internal energyU
and eigenenergy E, we find that the potential energy (64) is
given by

W ¼ � 3GM2

4R
¼ � 3

4�

G3=2m3=2M2

a1=2ℏ
: (45)
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The total energy is

Etot ¼ UþW ¼ �GM2

2R
¼ � 1

2�

G3=2m3=2M2

a1=2ℏ
: (46)

Finally, using Eq. (38), the rotation curve (34) has the
analytical expression

v2
cðrÞ ¼ 4G�0R

2

�

�
R

�r
sin

�
�r

R

�
� cos

�
�r

R

��
: (47)

For r ! 0, the velocity increases linearly with r as for

a uniform sphere with density �0: vcðrÞ � ð4��0G=3Þ1=2r.
For r
R, we recover the Keplerian law vcðrÞ¼
ðGM=rÞ1=2. The rotation curves created by dark matter
halos made of self-gravitating BECs in the TF limit have
been studied by Arbey et al. [83] and Böhmer and Harko
[84], who showed that they provide a good agreement with
measured rotation curves of certain spiral galaxies.

G. Dimensional analysis and validity
of the TF approximation

In the absence of short-range interaction, the structure of
the self-gravitating BEC results from the balance between
the gravitational attraction and the quantum pressure aris-
ing from the Heisenberg uncertainty principle. Using di-
mensional analysis in Eq. (27), i.e. ℏ2=m2R4 �GM=R3,
we obtain the length scale

RQ ¼ ℏ2

GMm2
; (48)

which gives the typical size of a self-gravitating BEC with
mass M without short-range interaction (a ¼ 0).

In the TF approximation, in which the quantum poten-
tial is negligible, the structure of the self-gravitating
BEC results from the balance between the gravitational
attraction and the short-range repulsion due to scattering
(when a > 0). Using dimensional analysis in Eq. (27), i.e.
ðaℏ2=m3R2ÞðM=R3Þ �GM=R3, we obtain the length scale

Ra ¼
�
aℏ2

Gm3

�
1=2

; (49)

which gives the typical size of a self-gravitating BEC with
scattering length a > 0 in the TF approximation.

Considering Eq. (27) again, the quantum pressure and
the pressure arising from the short-range interaction be-
come comparable when ðaℏ2=m3R2ÞðM=R3Þ � ℏ2=m2R4,
i.e. Na=R� 1. Estimating R by Eq. (48) or (49), this
condition can be rewritten 	� 1 where we have intro-
duced the important dimensionless parameter:

	 	 GN2m3a

ℏ2
: (50)

For a > 0 and 	 � 1, we are in the TF limit in which
the quantum potential is negligible. In that case, the equi-
librium state results from a balance between repulsive

scattering and gravitational attraction. Alternatively, for
	 � 1, we are in the noninteracting limit in which scat-
tering is negligible. In that case, the equilibrium state
results from a balance between quantum pressure and
gravitational attraction. The transition between these two
regimes occurs for 	� 1. For a given value of the scatter-
ing length a, the TF limit is valid for M � Ma, where

Ma ¼ ℏffiffiffiffiffiffiffiffiffiffiffi
Gma

p ; (51)

and the noninteracting limit is valid for M � Ma. For
a given value of the mass M, the TF limit is valid for
a � aQ, where

aQ ¼ ℏ2

GM2m
; (52)

and the noninteracting limit is valid for a � aQ [104].

When a > 0, the gravitational attraction is necessary to
balance the repulsive quantum potential and the repulsive
short-range interaction. When a < 0, we could expect an
equilibrium between the repulsive quantum potential and
the attractive short-range attraction, in which gravitational
effects are negligible. Using dimensional analysis in
Eq. (27), i.e. ðjajℏ2=m3R2ÞðM=R3Þ � ℏ2=m2R4, we obtain
the length scale

R0
a � Njaj; (53)

which gives the typical radius of a nongravitational BEC
with attractive short-range interactions. However, as we
shall see, such equilibria are unstable.

H. Analogies between bosons and fermions

The mean-field Gross-Pitaevskii equation (6) also de-
scribes a gas of fermions when one takes into account
the quantum potential Q arising from the Heisenberg un-
certainty principle [105]. This description goes beyond
the TF approximation and can be useful to regularize the
dynamics at small scales [39]. In the case of fermions, we
must also take into account the quantum pressure arising
from the Pauli exclusion principle. It can be calculated
from the Fermi-Dirac distribution function at T ¼ 0.

In d dimensions, the equation of state is p ¼ K�1þ2=d,

where K ¼ ð1=ðdþ 2ÞÞðd=2SdÞ2=dð2�ℏÞ2=m2þ2=d for spin
s ¼ 1=2 fermions [106]. This is equivalent to a polytrope
of index n ¼ d=2. This pressure term is the one that ap-
pears in the hydrodynamic equation (14). Using Eq. (15),

it corresponds to an effective potential of the form hð�Þ¼
ðd=2þ1ÞK�2=d in the Gross-Pitaevskii equation (6).
In particular, in d¼3 dimensions, the pressure is

p ¼ K�5=3 with K ¼ ð1=5Þð3=8�Þ2=3ð2�ℏÞ2=m8=3 leading

to a potential h ¼ ð5=2ÞK�2=3 and to a GP equation
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iℏ
@c

@t
¼ � ℏ2

2m
�c þm�c þ ð3�2Þ2=3

2
N2=3 ℏ

2

m
jc j4=3c :

(54)

In comparison, a self-gravitating BEC with a potential (5)
is described by the GP equation

iℏ
@c

@t
¼ � ℏ2

2m
�c þm�c þ N

4�aℏ2

m
jc j2c : (55)

Apart from the difference in the exponent, we see that the
jc j4 (quartic) self-interaction of bosons (p / �2 / jc j4)
plays a role similar to the Pauli exclusion principle

for fermions, equivalent to a jc j10=3 interaction (p /
�5=3 / jc j10=3). Indeed, a quartic self-interaction with
a > 0 is equivalent to an interparticle repulsion that domi-
nates over the uncertainty pressure for N � 1. Similarly,
in the case of fermions, the exclusion pressure dominates
over the uncertainty pressure for N � 1. In the Newtonian
regime, and in the TF approximation, self-coupled boson
stars are equivalent to n ¼ 1 polytropes and fermion stars
(like classical white dwarf stars) to n ¼ 3=2 polytropes.
The analogy between boson stars with a self-interaction
and fermion stars takes even more sense in the relativistic
regime [55]. In that case, a self-coupled boson star has an

equation of state p ¼ �=3 ¼ Kn4=3 (where � is the energy
density and n is the particle density) corresponding to a
n ¼ 3 polytrope like in the core of neutron stars [22–25].

We note that the potential hð�Þ / �2=d associated with
fermions becomes equivalent to the potential hð�Þ / �
associated with self-coupled bosons when d ¼ 2. In fact,
the dimension d ¼ 2 is a critical dimension [107]. When
we consider a gas of repulsive (impenetrable) bosons, the
potential hð�Þ ¼ g� arising in the GP equation ceases to be
valid for d � 2 (in d ¼ 2 it remains marginally valid with
logarithmic corrections). In particular, in d ¼ 1, it is re-
placed by hð�Þ ¼ �2ℏ2�2=2m4 exactly like for spinless
(s ¼ 0) fermions. This is a manifestation of the boson-
fermion duality in one dimension [108].

III. EXACT RESULTS

A. The energy functional

The total energy associated with the GPP system (6) and
(7) or, equivalently, with the quantum barotropic Euler-
Poisson system (10), (14), and (7) can be written

Etot ¼ �c þ�Q þUþW: (56)

The first two terms correspond to the total kinetic energy:

� ¼ Nℏ2

2m

Z
jrc j2dr: (57)

Using the Madelung transformation, it can be decomposed
into the ‘‘classical’’ kinetic energy,

�c ¼
Z

�
u2

2
dr; (58)

and the ‘‘quantum’’ kinetic energy,

�Q ¼ 1

m

Z
�Qdr: (59)

Substituting Eq. (12) in Eq. (59), we obtain the equivalent
expressions

�Q ¼ � ℏ2

2m2

Z ffiffiffiffi
�

p
�

ffiffiffiffi
�

p
dr

¼ ℏ2

2m2

Z
ðr ffiffiffiffi

�
p Þ2dr ¼ ℏ2

8m2

Z ðr�Þ2
�

dr: (60)

The third term is the internal energy,

U ¼
Z

�
Z � pð�1Þ

�2
1

d�1dr

¼
Z
½�hð�Þ � pð�Þ�dr ¼

Z
Hð�Þdr; (61)

where we have used Eq. (15) and integrated by parts to
obtain the second equality. For a polytropic equation of
state (17), it takes the form

U ¼ K

�� 1

Z
��dr ¼ 1

�� 1

Z
pdr: (62)

In particular, for the potential (5), using Eq. (16), we get

U ¼ 2�aℏ2

m3

Z
�2dr: (63)

Finally, the fourth term is the gravitational energy:

W ¼ 1

2

Z
��dr: (64)

The total energy per particle can be expressed in terms of
the wave function as

Ê tot ¼
Z �

ℏ2

2m
jrc j2 þ ĤðNmjc j2Þ þ 1

2
m�jc j2

�
dr;

(65)

where Ĥ ¼ H=N. Then, the GP equation (6) can be written

iℏ
@c

@t
¼ �Êtot

�c � : (66)

For a power-law potential hð�Þ ¼ ½K�=ð�� 1Þ����1, we

have Hð�Þ ¼ ½K=ð�� 1Þ��� so that ĤðNmjc j2Þ ¼

jc j2� with 
 ¼ KN��1m�=ð�� 1Þ.
It can be shown (see Appendix E) that the total energy

Etot is conserved by the quantum barotropic Euler-Poisson
system (or by the GPP system). The mass M ¼ R

�dr
is also conserved. Therefore, a minimum of the energy
functional Etot½�;u� at fixed mass M is a nonlinearly
dynamically stable steady state of the quantum barotropic
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Euler-Poisson system (this follows from general results of
dynamical stability [109]). We are therefore led to consid-
ering the minimization problem,

min
�;u

fEtot½�;u�jMg: (67)

An extremum of energy at fixed mass is given by the
variational principle �Etot � ��M ¼ 0, where � is a
Lagrange multiplier taking into account the mass con-
straint. Using the results of Appendix E, this gives u ¼ 0
and the condition

m�þmhð�Þ � ℏ2

2m

�
ffiffiffiffi
�

pffiffiffiffi
�

p ¼ m�: (68)

This equation is equivalent to the steady state equation (23)
provided that we make the identification

� ¼ E=m: (69)

This shows that the Lagrange multiplier (chemical poten-
tial) in the constrained minimization problem (68) is
equal to the eigenenergy E by unit of mass [if we apply
the variational principle (67) at Eq. (65) we get Eq. (22)].
On the other hand, considering the second order variations
of energy, we find that the distribution is dynamically
stable iff

�2Etot 	 1

2

Z
h0ð�Þð��Þ2drþ 1

2

Z
����dr

þ ℏ2

8m2

Z �
r
�
��ffiffiffiffi
�

p
��

2
dr

þ ℏ2

8m2

Z �
ffiffiffiffi
�

p
�3=2

ð��Þ2dr> 0; (70)

for all perturbations that conserve mass:
R
��dr ¼ 0.

Remark 1.—If we plot � ¼ E=m ¼ @Etot=@M (conju-
gate quantity) as a function of M (conserved quantity), we
can determine the stability of the system by a direct appli-
cation of the Poincaré theory of linear series of equilibria
(see, e.g. [30,110] for details). According to the Poincaré
theorem, a change of stability can only occur at a turning
point of mass or at a bifurcation point. Therefore, if we
know a limit in which the configuration is stable, then we
can use the Poincaré theorem to deduce the stability of
the whole series of equilibria. We shall use this method in
paper II.

Remark 2.—In the TF approximation, the energy func-
tional (56) reduces to the standard Chandrasekhar energy
functional. It is well known that a polytrope with index
� > 4=3, including the polytrope � ¼ 2 (n ¼ 1) corre-
sponding to Eq. (16), is a minimum of energy at fixed
mass. Therefore, it is nonlinearly dynamically stable with
respect to the barotropic Euler-Poisson system. Its linear
dynamical stability can also be settled by using the
Eddington [111] equation of pulsation or the Ledoux
[112] criterion (see [101] and Appendix B of [113]).

B. The virial theorem

From the quantum barotropic Euler-Poisson system
(10), (14), and (7), we can derive the general time-
dependent virial theorem (see Appendix F):

1

2
€I ¼ 2ð�c þ�QÞ þ 3

Z
pdrþW; (71)

where

I ¼
Z

�r2dr (72)

is the moment of inertia. For a polytropic equation of
state (17), we have the identity

R
pdr ¼ ð�� 1ÞU. More

specifically, for the potential (5) leading to Eq. (16), we getR
pdr ¼ U. In that case, the time-dependent virial theorem

can be rewritten

1
2
€I ¼ 2ð�c þ�QÞ þ 3UþW: (73)

At equilibrium ( €I ¼ �c ¼ 0), we obtain the time-
independent virial theorem

2�Q þ 3UþW ¼ 0: (74)

On the other hand, the energy functional (56) reduces to

Etot ¼ �Q þUþW: (75)

Finally, multiplying the steady state equation (24) by � and
integrating over the configuration, we obtain the general
identity

�Q þ
Z

�hdrþ 2W ¼ NE: (76)

For a polytropic equation of state (17), we find thatR
�hdr ¼ �U. More specifically, for the potential (5)

leading to Eq. (16), we get
R
�hdr ¼ 2U. In that case,

Eq. (76) can be rewritten

�Q þ 2Uþ 2W ¼ NE: (77)

In the noninteracting case (a ¼ 0), the internal energy
vanishes: U ¼ 0. The three independent equations (74),
(75), and (77) reduce to 2�Q þW ¼ 0, Etot ¼ �Q þW,

and�Q þ 2W ¼ NE. From these equations, we obtain the

relation

Etot ¼ 1
3NE: (78)

This relation shows that the total energy Etot is not equal to
NE, as we could naively believe [45]. The 1=3 factor was
previously obtained by Membrado et al. [103] from a
different argument. We can check that the above relations
are satisfied by the different components (30)–(33) of the
energy.
In the TF approximation, the quantum energy is

neglected: �Q ¼ 0. The three independent equations (74),
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(75), and (77) reduce to 3UþW ¼ 0, Etot ¼ UþW,
and 2Uþ 2W ¼ NE. From these equations, we obtain
the relation

Etot ¼ 1
2NE: (79)

We can check that the above relations are satisfied by the
different components (42) and (44)–(46) of the energy.

Finally, in the nongravitational limit, the potential
energy is neglected: W ¼ 0. The three independent
equations (74), (75), and (77) reduce to 2�Q þ 3U ¼ 0,
Etot ¼ �Q þU, and �Q þ 2U ¼ NE. From these equa-

tions, we obtain the relation

Etot ¼ �NE: (80)

IV. THE GAUSSIAN ANSATZ

To obtain the density profile of a self-gravitating BEC
and the mass-radius relation, we need to solve the differ-
ential equation (27) expressing the condition of hydrostatic
equilibrium. This will be done numerically in paper II.
However, it can also be useful to obtain approximate
analytical results. In that respect, we shall follow an ap-
proach similar to the one developed by Stoner (1929 1930)
[114,115], Nauenberg (1972) [116], and Chavanis (2007)
[113] in the case of classical and relativistic white dwarf
stars. The idea is to prescribe an approximate density
profile (characterized by its mass M and radius R), com-
pute the total energy EtotðRÞ, and minimize it with respect
to R, for a given massM, in order to obtain the equilibrium
radius RðMÞ. This method has provided very good approx-
imations of the mass-radius relation of white dwarf stars.
We shall see that it also provides a good approximation
of the mass-radius relation of self-gravitating BECs. In
order to evaluate the quantum kinetic energy which in-
volves density gradients, we shall make a Gaussian ansatz.
The Gaussian ansatz is particularly accurate for small or
moderate values of 	 for which the density profile extends
to infinity (e.g., in the noninteracting case 	 ¼ 0). By
contrast, in the case 	 � 1, this ansatz is poor because
the density profile approaches that of a n ¼ 1 polytrope
which has a compact support (this is the exact solution in
the TF limit 	 ! þ1). However, for the sake of illustra-
tion, we shall use the Gaussian ansatz for all
configurations.

A. The energy functional

We shall calculate the energy functional (56) by making
a Gaussian ansatz for the density profile

�ðrÞ ¼ M

�
1

�R2

�
3=2

e�r2=R2
: (81)

The central density is �ð0Þ ¼ M=ð�3=2R3Þ and the corre-
sponding rotation curve is

vcðrÞ ¼
�
GM

R

�
1=2

�
R

r
erf

�
r

R

�
� 2ffiffiffiffi

�
p e�ðr=RÞ2

�
1=2

: (82)

For comparison with the results of paper II, it is convenient
to introduce the radius containing 99% of the total mass.
For the Gaussian density profile (81), we find that R99 ¼
2:381 67R. On the other hand, using Eq. (81), the quantum
kinetic energy, the internal energy, and the potential energy
are given by

�Q ¼ �
ℏ2M

m2R2
; U ¼ 


2�aℏ2M2

m3R3
;

W ¼ ��
GM2

R
;

(83)

with the coefficients

� ¼ 3

4
; 
 ¼ 1

ð2�Þ3=2 ; � ¼ 1ffiffiffiffiffiffiffi
2�

p : (84)

To compute the potential energy, we have used the formula
W ¼ �4�G

Rþ1
0 �ðrÞMðrÞrdr valid for a spherically

symmetric distribution of matter, and integrated by parts.
The moment of inertia is given by

I ¼ �MR2; with � ¼ 3
2: (85)

Finally, using the velocity profile (A5) of Appendix A, we
find that the classical kinetic energy is given by

�c ¼ 1

2
�M

�
dR

dt

�
2
: (86)

From these expressions, the energy functional (56) can
be rewritten as a function of R and _R (for a fixed mass M)
as

Etot ¼ 1

2
�M

�
dR

dt

�
2 þ �

ℏ2M

m2R2
þ 


2�aℏ2M2

m3R3
� �

GM2

R
:

(87)

This can be interpreted as the total energy

Etot ¼ 1

2
�M

�
dR

dt

�
2 þ VðRÞ (88)

of a fictive particle with mass�M and positionRmoving in
a potential

VðRÞ ¼ �
ℏ2M

m2R2
þ 


2�aℏ2M2

m3R3
� �

GM2

R
: (89)

We shall come back on this mechanical analogy in
Sec. IVC. The potential VðRÞ is plotted in Fig. 1 for
different values ofM (with a > 0 and a < 0). These differ-
ent cases are studied in the sequel.

B. The mass-radius relation

Aminimum of the energy functional Etot½�;u�, given by
Eq. (56), at fixed mass M determines a stable steady state
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of the quantum barotropic Euler-Poisson system (equiva-
lent to the Gross-Pitaevskii-Poisson system). In the
Gaussian approximation, we are led to determining the
minimum of the function EtotðR; _RÞ, given by Eq. (88), at
fixed mass M. Clearly, we must have _R ¼ 0 so that a
minimum of energy at fixed mass is a steady state. Then,
we must determine the minimum of the potential energy
VðRÞ. Taking the derivative of VðRÞ with respect to R, we
obtain

V 0ðRÞ ¼ �2�
ℏ2M

m2R3
� 3


2�aℏ2M2

m3R4
þ �

GM2

R2
: (90)

The critical points of the potential energy VðRÞ, satisfying
dV=dR ¼ 0, are the solution of the equation

M ¼ 2�

�

ℏ2

Gm2R

1� 6�
aℏ2

�Gm3R2

: (91)

The radius can be expressed as a function of the mass
according to

R ¼ �

�

ℏ2

GMm2

�
1


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6�
�

�2

GmM2a

ℏ2

s �
; (92)

with þ when a 
 0 and 
 when a < 0. This equation
provides an analytical approximate expression of the mass-
radius relation of a self-gravitating BEC with short-range
interactions. It can also be obtained from the equilibrium
virial theorem (74) by making the Gaussian ansatz (see
Sec. IVC).

Let us first consider asymptotic limits of this relation.
(i) In the noninteracting case (a ¼ 0), we obtain

R ¼ 2�

�

ℏ2

GMm2
: (93)

The radius R99 containing 99% of the mass is R99 ¼
8:955ℏ2=GMm2. This can be compared with the exact
result (29) giving Rexact

99 ¼ 9:9ℏ2=GMm2. The agreement

is fairly good. (ii) In the TF approximation (when a > 0),
we get

R ¼
�
6�


�

�
1=2

�
aℏ2

Gm3

�
1=2

: (94)

The radius is independent on mass. The radius R99

containing 99% of the mass is given by R99 ¼
4:125ðaℏ2=Gm3Þ1=2. This can be compared with the exact

result (39) giving Rexact
99 ¼ 2:998ðaℏ2=Gm3Þ1=2. The agree-

ment is less good than in the noninteracting case. The
reason is related to the fact that the distribution (38) has
a compact support so that it is quite different from a
Gaussian. The radius defined by Eq. (94) represents the
minimum radius Rmin of the self-gravitating BEC for a
given value of the scattering length a > 0. For R ! Rmin,
the mass tends to þ1. According to Eq. (91), it diverges
like

M�
�

�2

6�
�

�
1=2 ℏffiffiffiffiffiffiffiffiffiffiffi

Gma
p 1

R
Rmin

� 1
: (95)

(iii) In the nongravitational limit (when a < 0), we get

R ¼ 3�


�

Mjaj
m

: (96)

The radius R99 containing 99% of the mass is given by
R99 ¼ 1:900Mjaj=m. However, we shall see that these
configurations are always unstable.
A critical point of VðRÞ is an energy minimum iff

V00ðRÞ> 0. Computing the second derivative of VðRÞ, we
obtain

V 00ðRÞ ¼ 6�
ℏ2M

m2R4
þ 12


2�aℏ2M2

m3R5
� 2�

GM2

R3
: (97)

Using the mass-radius relation (91), the foregoing equation
can be rewritten

V 00ðRÞ ¼ �GM2

R3

�
1þ 6�
aℏ2

�Gm3R2

�
: (98)

Let us first consider the case of repulsive short-range
interactions (a > 0). The mass-radius relation is repre-
sented in Fig. 2. There exists one, and only one, solution
for each value of the mass and it is stable since, according
to Eq. (98), it is a minimum of energy [V 00ðRÞ> 0];
see Fig. 1. The radius is a decreasing function of the
mass. The noninteracting limit corresponds to M � Ma,
i.e. R � Ra � Rmin. ForM ! 0, the radius R ! þ1 with
the scaling (93). The TF limit corresponds to M � Ma,
i.e. R� Ra � Rmin. For M ! þ1, the radius R tends to

0 5 10 15 20 25 30 35 40
R

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1
V

(R
)

a > 0

a < 0

a < 0

M < M
max

M > M
max

S

S

U

FIG. 1. Potential VðRÞ for different values of M. The radius
and the mass are normalized by Ra and Ma (with a replaced by
jaj) and the potential by Ea ¼ GM2

a=Ra ¼ ℏðGmÞ1=2=jaj3=2.
Then, VðRÞ ¼ �M=R2 
 2�
M2=R3 � �M2=R (with þ for
a > 0 and � for a < 0). For a > 0, we have taken M ¼ 1:2
and for a < 0 we have taken M ¼ 0:9<Mmax and M ¼
1:2>Mmax, where Mmax ¼ 1:085 (see below).
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the minimum value Rmin given by Eq. (94) with the scaling
(95). In the noninteracting case a ¼ 0, the mass-radius
relation is given by Eq. (93) which determines a stable
equilibrium state for any mass M.

Let us now consider the case of attractive short-range
interactions (a < 0). The mass-radius relation is repre-
sented in Fig. 3. There exists a maximum mass

Mmax ¼
�

�2

6�
�

�
1=2 ℏffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Gmjajp ; (99)

corresponding to the radius

R� ¼
�
6�


�

�
1=2

�jajℏ2

Gm3

�
1=2

: (100)

It may be noted that, contrary to the Chandrasekhar mass or
to the Kaup mass, this maximum mass is a purely
Newtonian result. For that reason, it is generally very small

(see Appendix B 4). The approximate values Mmax ¼
1:085ℏ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gmjajp

and R�
99 ¼ 4:125ðjajℏ2=Gm3Þ1=2 ob-

tained with the Gaussian ansatz are in fairly good agree-

ment with the exact results Mexact
max ¼ 1:012ℏ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gmjajp

and

ðR�
99Þexact ¼ 5:5ðjajℏ2=Gm3Þ1=2 obtained numerically in

paper II. For M>Mmax, there is no solution (no critical
point of energy) and the system undergoes gravitational
collapse to a black hole. For M<Mmax, there exists two
solutions with the same mass. However, according to
Eq. (98), only the solution with the largest radius R> R�
is stable [local minimum of energy V00ðRÞ> 0]. The other
solution is an unstable maximum of energy [V00ðRÞ< 0];
see Fig. 1. We can check that the change of stability

[V 00ðRÞ ¼ 0] occurs at the turning point of mass in the
series of equilibria [M0ðRÞ ¼ 0], in agreement with the
Poincaré theorem. In the stable region, the radius is a
decreasing function of the mass. The noninteracting limit
corresponds to M � Ma �Mmax and R � Ra � R�. For
M ! 0, the radius R ! þ1 with the scaling (93).
For M ! Mmax, the radius R tends to the minimum value
R�. The nongravitational limit corresponds to M ! 0 and
R ! 0 but these configurations are inaccessible since they
are dynamically unstable (energy maxima) [117]. If the
system is initially placed on the unstable branch, it is
expected to undergo gravitational collapse [RðtÞ ! 0] or
to evaporate [RðtÞ ! þ1], see Fig. 1. It may also relax
towards the stable equilibrium state with a larger radius
[RðtÞ ! RS] provided that it is able to dissipate energy,
e.g. by radiation.

C. The virial theorem

Using the Gaussian ansatz, the time-dependent virial
theorem (73) can be written

1

2
�M

d2R2

dt2
¼ �M

�
dR

dt

�
2 þ 2�

ℏ2M

m2R2

þ 3

2�aℏ2M2

m3R3
� �

GM2

R
: (101)

Since

0 1 2 3 4 5 6 7 8 9 10

R
99

0

50

100

150
M

a > 0

R
min

TF limit

S

Non-interacting limit

FIG. 2. M as a function of R99 for given a > 0. The mass
is normalized by Ma and the radius by Ra. Thus, M ¼
2�R=ð�R2 � 6�
Þ with R99 ¼ 2:381 67R. The radius is

given as a function of the mass by R ¼ ð�=�MÞ�
ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 6�
�M2=�2
p Þ. In the noninteracting limit M ! 0,

we get M� 2�=�R, i.e., M� 8:955=R99 and in the TF limit
M ! þ1, we get R ! ð6�
=�Þ1=2, i.e., R99 ! 4:125. All the
configurations are stable.
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S

U

FIG. 3. M as a function of R99 for given a < 0. The mass is
normalized by Ma and the radius by Ra (where a is replaced by
jaj). Thus, M ¼ 2�R=ð�R2 þ 6�
Þ with R99 ¼ 2:381 67R. The

radius is given as a function of the mass by R ¼ ð�=�MÞ�
ð1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 6�
�M2=�2
p Þ. In the noninteracting limit R ! þ1,

we get M� 2�=�R, i.e., M� 8:955=R99 and in the nongravita-
tional limit R ! 0 (unstable), we get M� �R=ð3�
Þ, i.e., M�
0:5262R99. There exists a maximum massMmax ¼ �=

ffiffiffiffiffiffiffiffiffiffiffiffi
6�
�

p ¼
1:085 corresponding to a radius R� ¼ ð6�
=�Þ1=2, i.e.,
R�
99 ¼ 4:125. The configurations are stable for R> R� and

unstable for R< R�.
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d2R2

dt2
¼ 2R

d2R

dt2
þ 2

�
dR

dt

�
2
; (102)

we note the nice cancellation of terms in Eq. (101) leading
to the final equation,

�M
d2R

dt2
¼ 2�

ℏ2M

m2R3
þ 3


2�aℏ2M2

m3R4
� �

GM2

R2
: (103)

The equilibrium virial theorem (d2R=dt2 ¼ 0) returns
the mass-radius relation (91) obtained from the condi-
tion dV=dR ¼ 0. In fact, the time-dependent virial
theorem (103) can be written

�M
d2R

dt2
¼ �dV

dR
: (104)

This equation describes the motion of a fictive particle with
mass �M and position R in a potential VðRÞ. Therefore, the
total energy Etot ¼ �c þ V given by Eq. (88) is conserved:

dEtot

dt
¼ d

dt
ð�c þ VÞ ¼ 0: (105)

In this mechanical analogy, a stable equilibrium state
corresponds to a minimum of VðRÞ as we have previously
indicated. Alternatively, Eq. (104) can be viewed as the
Hamilton equation of motion of the fictive particle asso-
ciated with the Hamiltonian (88).

D. The pulsation equation

To study the linear dynamical stability of a steady state
of Eq. (104), we make a small perturbation around that
state and write RðtÞ ¼ Rþ �ðtÞ, where R is the equilibrium
radius and �ðtÞ � R is the perturbation. Using V 0ðRÞ ¼ 0
and keeping only terms that are linear in �, we obtain the
equation

d2�

dt2
þ!2� ¼ 0; (106)

where ! is the complex pulsation given by

!2 ¼ 1

�M
V 00ðRÞ: (107)

According to this equation, a steady state is linearly stable
iff !2 > 0; that is to say iff it is a (local) minimum of
energy VðRÞ. In that case, the system oscillates about its
equilibrium value with a pulsation !. Otherwise, the per-
turbation grows exponentially rapidly with a growth rate

� ¼
ffiffiffiffiffiffiffiffiffiffiffi
�!2

p
. Using Eq. (97) for V 00ðRÞ and comparing with

Eq. (83), we find that

!2 ¼ 6�Q þ 12Uþ 2W

I
: (108)

In the noninteracting case (U ¼ 0), using the virial
theorem (74), we get !2 ¼ �W=I. In the TF approxima-
tion (�Q ¼ 0), using the virial theorem (74), we obtain

!2 ¼ �2W=I. This expression coincides with the Ledoux

formula for a polytrope of index � ¼ 2 [112]. In paper III,
we show that this result can be generalized to an arbitrary
polytropic index (see also Ref. [113]).
Using Eqs. (107), (98), and (91), the pulsation can be

written in terms of the radius as

!2 ¼ 2�

�

ℏ2

m2R4

1þ 6�
aℏ2

�Gm3R2

1� 6�
aℏ2

�Gm3R2

: (109)

For a > 0, the pulsation-radius relation is plotted in
Fig. 4. We note that !2 > 0 for any R so that the configu-
rations are stable. When slightly perturbed about its equi-
librium state, the system oscillates with a pulsation !. For
a < 0, the pulsation-radius relation is plotted in Fig. 5.
We find that !2 > 0 for R> R� (stable) while !2 < 0
for R< R� (unstable). In the latter case, the perturbation

grows with a growth rate � ¼
ffiffiffiffiffiffiffiffiffiffiffi
�!2

p
.

Let us derive asymptotic expressions of the pulsation.
(i) In the noninteracting case, we obtain

!2 ¼ �

�

GM

R3
¼ 2�

�

ℏ2

m2R4
¼ �4

8��3

G4M4m6

ℏ6
: (110)

When a � 0, this expression is asymptotically valid for
R ! þ1 and M ! 0. (ii) In the TF approximation (for
a > 0), we get

!2 ¼ 2�GM

�R3
¼ 2�5=2

�ð6�
Þ3=2
G5=2Mm9=2

a3=2ℏ3
: (111)

This expression is valid for R ! Rmin, i.e. M ! þ1, with
MðRÞ given by Eq. (95). In that limit ! ! þ1. (iii) In the
nongravitational limit (for a < 0), we find that

0 1 2 3 4 5 6 7 8 9 10
R

99

0

2.5
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7.5
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ω
2

a > 0

Non-interacting limit

TF limit

R
min

S

FIG. 4. !2 as a function of R99 for given a > 0. The pulsation
is normalized by !a ¼ ðGMa=R

3
aÞ1=2 ¼ Gm2=aℏ and the radius

by Ra. Thus, !
2 ¼ ð2�=�R4Þð1þ 6�
=�R2Þ=ð1� 6�
=�R2Þ

with R99 ¼ 2:381 67R. In the noninteracting limit R ! þ1,
we get !2 � 2�=�R4, i.e., !2 � 32:18=R4

99 and in the TF limit

R ! Rmin, we get !
2 � ð��2=18��2
2Þ=ðR=Rmin � 1Þ ! þ1.
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!2 ¼ � 2�

�

ℏ2

m2R4
¼ � 2�5

�ð3�
Þ4
m2ℏ2

M4a4
: (112)

This expression is valid for R ! 0 and M ! 0.
Remark 1.—In the TF limit (when a > 0), the density

profile is known analytically, see Eq. (38). Therefore, we
can be more precise. If we use the Ledoux [112] formula
!2 ¼ �2W=I for the pulsation (which is approximate)
with the exact expressions (45) and (41) of W and I, we

obtain !Ledoux ¼ 0:3512ðGM=R3
aÞ1=2. The Gaussian ap-

proximation yields !Gauss ¼ 0:3199ðGM=R3
aÞ1=2 corre-

sponding to Eq. (111). Finally, the exact result obtained
by solving the Eddington [111] equation of pulsation

numerically is !exact ¼ 0:3480ðGM=R3
aÞ1=2. We note that

the reference pulsation can be written ðGM=R3
aÞ1=2 ¼

N1=2G5=4m11=4a�3=4ℏ�3=2.
Remark 2.—In the case of an attractive self-interaction

(a < 0), there is no equilibrium when M>Mmax and the
system is expected to collapse. We could attempt to de-
scribe this collapse by using Eq. (103) as done in Fig. 6. For
RðtÞ ! 0, it reduces to �Md2R=dt2 ¼ 6�
aℏ2M2=m3R4

so that gravitational effects become negligible. This leads

to a finite time collapse with a radius scaling like RðtÞ /
ðtcoll � tÞ2=5. However, this scaling is different from the

scaling RðtÞ / ðtcoll � tÞ1=2 obtained by directly solving the
Gross-Pitaevskii equation (without gravity) [118]. This
shows that the Gaussian ansatz is not always accurate.
Equation (103) can be used close to a steady state so as
to provide a good approximation of the pulsation period

and of the growth rate, but it may lead to inaccurate results
in more general situations.

E. The radius versus scattering length relation

For a given massM, Eq. (92) determines the radius R as
a function of the scattering length a. Inversely, Eq. (91)
yields

a ¼ m3

6�
Mℏ2

�
�GMR2 � 2�

ℏ2

m2
R

�
: (113)

On the other hand, using Eqs. (107), (98), and (113), the
pulsation is given in terms of the radius by

!2 ¼ 2�GM

�R3

�
1� �ℏ2

�GMm2R

�
: (114)

The radius versus scattering length relation is represented
in Fig. 7 and the pulsation-radius relation is represented in
Fig. 8.
Let us first consider the case of repulsive short-range

interactions (a 
 0). There exists one, and only one, solu-
tion for any value of a and it is stable (!2 > 0). In the
noninteracting case a ¼ 0, the radius is given by Eq. (93)
and the pulsation by Eq. (110). In the TF approximation,
valid for a � aQ, the radius is given by Eq. (94) and the
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FIG. 6. Collapse of the BEC for M>Mmax in the case of an
attractive self-interaction (a < 0). We have represented the BEC
radius RðtÞ as a function of time, by solving Eq. (103) obtained
with the Gaussian ansatz. The radius is normalized by Ra,
the mass by Ma, and the time by ta ¼ jajℏ=Gm2. The equation
of motion can then be rewritten �M €R ¼ �V 0ðRÞ with VðRÞ ¼
�M=R2 � 2�
M2=R3 � �M2=R. The solution is ð2=�MÞ1=2t ¼RR0

RðtÞ dR=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðR0Þ � VðRÞp

(solid line). The collapse leads to a

finite time singularity. The collapse time tcoll is obtained from the
foregoing expression by using RðtcollÞ ¼ 0. The solution can then

be rewritten ð2=�MÞ1=2ðtcoll � tÞ ¼ RRðtÞ
0 dR=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VðR0Þ � VðRÞp

.

For t ! tcoll, the radius behaves like RðtÞ ’ ð25�
M=�Þ1=5 �
ðtcoll � tÞ2=5 (dashed line). We have taken M ¼ 1:2, R0 ¼ 1
yielding ð2=�MÞ1=2tcoll ¼ 1:692.
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FIG. 5. !2 as a function of R99 for given a < 0. The pulsa-
tion is normalized by !a ¼ ðGMa=R

3
aÞ1=2 ¼ Gm2=jajℏ and the

radius by Ra (with a replaced by jaj). Thus, !2 ¼ ð2�=�R4Þ�
ð1� 6�
=�R2Þ=ð1þ 6�
=�R2Þ with R99 ¼ 2:381 67R. In
the noninteracting limit R ! þ1, we get !2 � 2�=�R4,
i.e., !2 � 32:18=R4

99 and in the nongravitational limit R ! 0
(unstable), we get !2 ��2�=�R4, i.e., !2 ��32:18=R4

99. The

pulsation is maximum for R99 ¼ 5:247 with the value !2 ¼
10:02� 10�3.
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pulsation by Eq. (111). The radius increases with the
scattering length a and tends to þ1 for a ! þ1.
Therefore, a repulsive self-interaction allows one to con-
struct dark matter halos whose size is much larger than for
systems without self-interaction.

Let us now consider the case of attractive short-range
interactions (a < 0). There exists a minimum scattering
length

amin ¼ � �2

6�
�

ℏ2

GM2m
; (115)

corresponding to the radius

R� ¼ �

�

ℏ2

GMm2
: (116)

The approximate values amin ¼ �1:178ℏ2=GM2m and
R�
99 ¼ 4:477ℏ2=GMm2 obtained with the Gaussian ansatz

are in fairly good agreement with the exact results aexactmin ¼
�1:025ℏ2=GM2m and ðR�

99Þexact ¼ 5:6ℏ2=GMm2 obtained

numerically in paper II. For a < amin, there is no equilib-
rium and the system undergoes gravitational collapse.
For amin < a< 0, there exists two solutions with dif-
ferent radii. The solution with the largest radius R> R�
is stable (!2 > 0) and the solution with the smallest radius
R< R� is unstable (!2 < 0). In the stable region, the

radius increases with the scattering length a. There exists
a minimum radius R� given by Eq. (116). For R ! R�,
the pulsation behaves like !2 ¼ ð2�GM=�R4�ÞðR� R�Þ.
In the nongravitational limit, corresponding to R � R�,
the radius is given by Eq. (96) and the pulsation by
Eq. (112).

V. JEANS-TYPE INSTABILITY OF
A SELF-GRAVITATING BEC

In this section, we study the linear dynamical stability of
an infinite homogeneous system of self-gravitating BECs
described by the quantum barotropic Euler equations. This
is a generalization of the classical Jeans problem to the
fully quantum context. This type of analysis has been
performed by several authors [60,61,78,79,91,119] in dif-
ferent contexts. However, these authors did not take into
account short-range interactions that play an important role
in the physics of cosmic BECs. Therefore, our discussion is
more general. We shall also develop the connection with
the results established in the previous sections.
Let us consider the quantum barotropic Euler-Poisson

system (10), (14), and (7) describing the dynamical evolu-
tion of an infinite system of self-gravitating BECs. In order
to correctly define the gravitational force in a static infinite
system (the case of an expanding universe is treated in
[94]), it is necessary to modify the Poisson equation [120].
This can be done in different ways, either by subtracting
the average density �� to the local density �ðr; tÞ or by
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FIG. 7. Radius R99 versus scattering length a relation for a
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the scattering length by aQ. Thus, a ¼ ð�R2 � 2�RÞ=6�
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R99 ¼ 2:381 67R. The radius is given as a function of the

scattering length by R ¼ ð�=�Þð1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 6�
�a=�2

p Þ with
the signs þ and � for amin � a � 0 and with the sign þ for
a 
 0. Stable solutions exist for a 
 amin ¼ ��2=ð6�
�Þ ¼
�1:178 and R99 
 R�

99 corresponding to R� ¼ �=�, i.e., R�
99 ¼

4:477. The radius R is monotonically increasing with the scat-
tering length a. The noninteracting limit (a ¼ 0) corresponds to
R ¼ 2�=�, i.e., R99 ¼ 8:955. In the TF limit, valid for a ! þ1,
we have R� ð6�
=�Þ1=2a1=2, i.e., R99 � 4:1252a1=2. The non-
gravitational limit, valid for R ! 0 (lower branch) corresponds
to R� ð3�
=�Þjaj, i.e., R99 � 1:900jaj, but these solutions are
unstable.
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ð2�4=��3Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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�a=�2
p
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introducing a shielding length 
�1 in the interaction and
letting 
 ! 0. This is not a ‘‘Jeans swindle’’ as oftentimes
said [101] but rather a well-defined and rigorous mathe-
matical procedure [120]. We therefore consider the system
of equations

@�

@t
þr � ð�uÞ ¼ 0; (117)

@u

@t
þðu �rÞu¼�1

�
rp�r�þ ℏ2

2m2
r
�
�

ffiffiffiffi
�

pffiffiffiffi
�

p
�
; (118)

�� ¼ 4�Gð�� ��Þ; (119)

where �� is the average density. In our study, the tempera-
ture T ¼ 0 and the pressure pðr; tÞ is due to short-range
interactions (scattering) between particles. For specific
applications, we shall assume a barotropic equation of state
of the form (16).

The linearized quantum barotropic Euler equations
around an infinite homogeneous distribution with � ¼ ��,
u ¼ 0, and � ¼ 0 are

@��

@t
þ �r � �u ¼ 0; (120)

�
@�u

@t
¼ �c2sr��� �r��þ ℏ2

4m2
rð���Þ; (121)

��� ¼ 4�G��; (122)

where c2s ¼ p0ð�Þ ¼ �h0ð�Þ is the velocity of sound. For
the equation of state (16), it is given by

c2s ¼ 4�aℏ2�

m3
: (123)

It is easy to combine these equations into a single equation
for the perturbed density ��. We find that

@2��

@t2
¼ � ℏ2

4m2
�2��þ c2s���þ 4�G���: (124)

Expanding the perturbation in plane waves of the form
��ðr; tÞ / exp½iðk � r�!tÞ�, we obtain the dispersion re-
lation

!2 ¼ ℏ2k4

4m2
þ c2sk

2 � 4�G�: (125)

This is the gravitational analogue of the Bogoliubov [121]
energy spectrum of the excitation of a weakly interacting
Bose-Einstein condensate. For large wave numbers (small
wavelengths), the quasiparticle energy tends to the kinetic
energy of an individual gas particle and !� ℏk2=2m. The
group velocity is

vg ¼ @!

@k
¼

ℏ2k2

2m2 þ c2sffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏ2k4

4m2 þ c2sk
2 � 4�G�

q k: (126)

In the noninteracting case (a ¼ 0), the pressure is zero
(p ¼ 0) and the particles interact only via gravity. The
dispersion relation reduces to

!2 ¼ ℏ2k4

4m2
� 4�G�: (127)

This equation exhibits a characteristic wave number due to
the interplay between gravity and quantum effects
(Heisenberg’s uncertainty principle):

kJ ¼
�
16�Gm2�

ℏ2

�
1=4

: (128)

This quantum Jeans scale appears in the works of
[60,61,78,79,91,119]. The system is stable for perturba-
tions with k > kJ and unstable for perturbation with
k < kJ. The maximum growth rate corresponds to k ¼ 0
leading to � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�G�
p

. The mass contained within the
sphere of diameter �J, where �J ¼ 2�=kJ, is

MJ ¼ �

6
�1=4

�
�3ℏ2

Gm2

�
3=4

: (129)

We therefore expect that the gravitational collapse of
a homogeneous distribution of noninteracting bosons at
T ¼ 0 leads to objects with typical radius RJ ¼ �J=2 and
typical massMJ, or larger (recall that the maximum growth
rate corresponds to � ! þ1) [122]. The physical mecha-
nism that leads to a nonvanishing Jeans scale and Jeans
mass has the same nature as that which accounts for the
equilibrium of the boson stars studied by Ruffini and
Bonazzola [45]. It corresponds to a balance between the
gravitational force and the quantum pressure. Eliminating
the density between Eqs. (128) and (129), we obtain the
formula

MJ ¼ �4

12

ℏ2

Gm2RJ

; (130)

which qualitatively agrees with the mass-radius relation
(29) obtained in [45].
In the Thomas-Fermi approximation in which the quan-

tum potential can be neglected, the particles interact via
gravity and they experience a pressure due to short-range
interactions. The dispersion relation reduces to

!2 ¼ c2sk
2 � 4�G�: (131)

This is the usual Jeans dispersion relation. For a < 0, the
system is always unstable. For a > 0, the Jeans wave
number is

kJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�G�

p
cs

¼
�
Gm3

aℏ2

�
1=2

: (132)

The system is stable for perturbations with k > kJ and un-
stable for perturbation with k < kJ. The maximum growth
rate corresponds to k ¼ 0 leading to � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�G�
p

. The
characteristic wave number (132) arises due to the
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interplay between gravity and scattering. We note that
the Jeans wave number is independent on the density.
The mass contained within the sphere of diameter �J,
where �J ¼ 2�=kJ, is

MJ ¼ �

6
�

�
�c2s
G�

�
3=2 ¼ �

6
�

�
4�2aℏ2

Gm3

�
3=2

: (133)

We therefore expect to form objects with typical radius
RJ ¼ �J=2 and typical mass MJ, or larger. The physical
mechanism that leads to a nonvanishing Jeans scale and
Jeans mass has the same nature as that which accounts for
the equilibrium of self-gravitating BECs with repulsive
short-range interactions studied by Böhmer and Harko
[84]. It corresponds to a balance between the gravitational
force and the pressure due to repulsive scattering. In fact,
Eq. (132) agrees with the radius (39) of boson stars in the
TF limit and Eq. (133) corresponds to the mass-central
density relation (40).

In the nongravitational case, the dispersion relation re-
duces to

!2 ¼ ℏ2k4

4m2
þ c2sk

2: (134)

For a > 0, the system is always stable. For a < 0, the
critical wave number is

kJ ¼
�
16�jaj�

m

�
1=2

: (135)

The system is stable for perturbations with k > kJ and
unstable for perturbation with k < kJ (the subscript J—
for Jeans—is here an abuse of language since gravity is
neglected). This characteristic wave number arises due to
the interplay between quantum pressure and attractive
scattering. The mass contained within the sphere of diame-
ter �J, where �J ¼ 2�=kJ, is

MJ ¼ �

6

1

�1=2

�
�m

4jaj
�
3=2

: (136)

We therefore expect to form objects with typical radius
RJ ¼ �J=2 and typical massMJ, or larger. Eliminating the
density between Eqs. (135) and (136) we obtain

MJ ¼ �2m

12jajRJ; (137)

which reproduces the scaling of Eqs. (53) and (96) [123].

The growth rate is maximum for k� ¼ ð8�jaj�=mÞ1=2 and
its value is �� ¼ 4�jajℏ�=m2.

From the dispersion relation (125), we note that the

TF approximation is valid for k � ka with ka 	
ð16�jaj�=mÞ1=2 and the nongravitational approximation

is valid for k � kg with kg ¼ ðGm3=jajℏ2Þ1=2. The non-

interacting limit corresponds to ka � kg, i.e., a � a0 ¼
ðGm4=16��ℏ2Þ1=2. We now consider the general case. The
pulsation vanishes at the critical Jeans wave number

k2J ¼
2m2

ℏ2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c4s þ 4�Gℏ2�

m2

s
� c2s

�
: (138)

Using the expression (123) of the velocity of sound, this
can be rewritten

k2J ¼
8�jaj�

m

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Gm4

4�a2ℏ2�

s
� sgnðaÞ

�
: (139)

The system is stable for k > kJ and unstable for k < kJ.
From the Jeans wave number (139), we can define the
Jeans radius RJ ¼ �J=2 ¼ �=kJ and the Jeans mass
MJ ¼ 4

3�R
3
J. We find that

MJ ¼
4
3�ð�m8a Þ3=2

�1=2½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Gm4

4�a2ℏ2�

q
� sgnðaÞ�3=2

: (140)

Eliminating the density between Eqs. (139) and (140), we
obtain

MJ ¼ �4

12

ℏ2

m2 RJ

GR2
J � �2aℏ2

m3

: (141)

This expression returns the mass-radius relation (91). For
a > 0, !2 increases monotonically with k. Accordingly,
the growth rate is maximum for k ¼ 0 (infinite wave-
length) leading to � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�G�
p

. For a < 0, !2 achieves
a minimum negative value at

k� ¼
�
8�jaj�

m

�
1=2

: (142)

Accordingly, the growth rate is maximum for k ¼ k� and
its value is

�� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16�2a2ℏ2�2

m4
þ 4�G�

s
: (143)

For jaj � ðGm4=4�ℏ2�Þ1=2, we find that �� �
4�jasjℏ�=m2 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�G�
p

. Therefore, an attractive short-
range interaction (a < 0) increases the growth rate of the
Jeans instability. The pulsation is plotted as a function of
the wave number in Fig. 9 for positive and negative scat-
tering lengths.
These results may have profound cosmological implica-

tions. Dark matter is usually described by hydrodynamical
equations of the form (117)–(119) without the quantum
potential (Q ¼ 0). In the context of cold dark matter
(CDM) models with vanishing temperature and pressure
(T ¼ p ¼ 0), the usual Jeans analysis predicts that all
scales are unstable. Consequently, the Jeans scale and the
Jeans mass are zero (�J ¼ MJ ¼ 0). This is the intrinsic
reason why CDM models generate cuspy dark matter halo
profiles and an abundance of low mass halos. However,
these cusps and satellites are not seen in observations
[66,67]. As argued by several authors [79,91,119], these
problems could be solved if the dark matter of the universe
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is a self-gravitating BEC. In that case, the wave properties
of the dark matter can stabilize gravitational collapse,
providing halo cores and suppressing small-scale struc-
tures. Indeed, if dark matter is a BEC, even at T ¼ 0 there
exists a nonzero Jeans length (�J > 0). Stability below the
Jeans scale is guaranteed by the Heisenberg uncertainty
principle. Therefore, there exists a minimum radius and a
minimum mass at which the system is stable. If the parti-
cles have a repulsive self-coupling (a > 0), stability results
from the pressure arising from the repulsive scattering [84].
This nonthermal pressure indeed stabilizes the system
against gravitational collapse and leads to dark matter
halos with a flat core equivalent to n ¼ 1 polytropes (or
other barotropic structures depending on the form of the
self-interaction). Alternatively, if the particles have an
attractive self-coupling (a < 0), generating a negative
pressure, this (anti)pressure can enhance the Jeans insta-
bility and fasten the formation of structures. The virtues of
these results could be combined by assuming that the sign
of the scattering length a changes in the course of the
evolution. It could be negative in the early universe to
help with the formation of structures and become positive
once the structures start to form in order to prevent their
complete gravitational collapse. The mechanism of this
change of sign is, however, unknown so that this idea
remains highly speculative. In any case, the quantum pres-
sure and the scattering pressure are small-scale effects. The
BEC model and the CDMmodel differ at small scales only
while they are indistinguishable at large scales [79].
Therefore, at large scales of observational interest, we
recover the usual equations of CDM which have proven
to be very relevant.

VI. CONCLUSION

In this paper, we have studied the structure and the
stability of a self-gravitating BEC with short-range inter-
actions. We have connected the results of Ruffini and
Bonazzola [45] obtained in the absence of self-coupling
to the results of Böhmer and Harko [84] obtained for self-
coupled BECs in the Thomas-Fermi approximation. We
have also considered the case of attractive short-range
interactions (a < 0) and found the existence of a maximum
mass abovewhich no equilibrium state exists. These results
have been obtained analytically by using a Gaussian ansatz
and developing an analogy with a simple mechanical
problem. In paper II, we shall compare our approximate
analytical results with the exact results obtained by nu-
merically solving the equation of hydrostatic equilibrium.
Finally, in paper III, we shall extend our analytical method
to more general situations.
Our study was motivated by the proposal that dark mat-

ter halos could be gigantic cosmic BECs [68,69,79–84].
In that case, gravitational collapse is prevented by the
Heisenberg uncertainty principle or by the short-range
interaction. This suggestion remains, of course, highly
speculative since we do not know the true nature of dark
matter. There exists other theories according to which dark
matter could be made of massive neutrinos [34–40]. In
such theories, gravitational collapse is prevented by the
Pauli exclusion principle for fermions. On the other hand,
whatever the nature of its constituents, if we view dark
matter as a collisionless system described by the Vlasov
equation, dark matter halos could result from a process of
violent collisionless relaxation [42,43]. In that case, gravi-
tational collapse is prevented by Lynden-Bell’s type of
exclusion principle [41]. This form of relaxation is much
more rapid and efficient than a ‘‘collisional’’ relaxation
(e.g. for fermions). Furthermore, it generates a density
profile with a flat core (containing possibly a massive
degenerate nucleus) and a r�2 density halo yielding flat
rotation curves. These features are remarkably consistent
with observations making this alternative scenario quite
attractive. It may also be recalled that the very existence of
dark matter is questioned by some authors who introduced
modified gravity theories, like the MOND theory [124], to
explain the astrophysical observations without invoking
dark matter.

APPENDIX A: THE VELOCITY FIELD

In this Appendix, we determine the expression of the
velocity field used in Sec. IVA to compute the classical
kinetic energy (86).
The continuity equation (10) can be rewritten

@ ln�

@t
þr � uþr ln� � u ¼ 0: (A1)

Let us assume that �ðr; tÞ is given by Eq. (81) where
R ¼ RðtÞ is a function of time. Then, we have
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FIG. 9. Dimensionless dispersion relation �2¼
4þ2�
2�1
with � ¼ !=!0, 
 ¼ k=k0, and � ¼ a=a0, where !0 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�G�

p
, k0 ¼ ð16�G�m2=ℏ2Þ1=4, and a0 ¼ ðGm4=4��ℏ2Þ1=2.

The Jeans wave number is 
2
J ¼ ��þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2 þ 1

p
. For a < 0, the

maximum growth rate is �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

p
reached for 
2� ¼ ��.

The TF limit corresponds to 
2 � j�j, the nongravitational limit
to 
2 � 1=j�j, and the noninteracting limit to j�j � 1.
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@ ln�

@t
¼ �3

d lnR

dt
þ 2

r2

R2

d lnR

dt
; (A2)

r ln� ¼ �3
r

R2
: (A3)

Assuming that the velocity profile is of the form uðr; tÞ ¼
fðtÞr and substituting these relations in Eq. (A1), we obtain�

2
r2

R2
� 3

��
d lnR

dt
� fðtÞ

�
¼ 0: (A4)

This relation is identically satisfied if fðtÞ ¼ d lnR=dt.
Therefore, we can make the ansatz

u ðr; tÞ ¼ d lnR

dt
r ¼ _R

R
r; (A5)

for the velocity field.

APPENDIX B: RELATIVISTIC EXTENSIONS
AND MAXIMUM MASS

In this Appendix, we propose a simple way to generalize
our Newtonian results to the relativistic regime. Our ap-
proach returns the right scaling of the maximum mass in
the known cases and provides interpolation formulas in
more general cases.

1. Thomas-Fermi limit for fermion stars

The mass-radius relation of a nonrelativistic fermion
star is

R� ℏ2

GM1=3m8=3
; (B1)

with a prefactor 4.51 [5]. According to this relation, there
exists an equilibrium state for any value of the mass M. In
reality, this relation ceases to be valid when the radius
approaches the Schwarzschild radius RS ¼ 2GM=c2 so
that general relativistic effects come into play. Equating
the two relationships, and introducing the Planck mass

MP ¼ ðℏc=GÞ1=2, we obtain the maximum mass of a rela-
tivistic fermion star,

MCh �M3
P

m2
: (B2)

This corresponds to the Chandrasekhar mass which scales
like Eq. (B2) with a prefactor 0.376 in general relativity
[22]. The corresponding radius, which can be interpreted as
the minimum radius of a relativistic fermion star, is

Rmin �MP

m
�c; (B3)

where �c ¼ ℏ=mc is the Compton wavelength. The pre-
factor in Eq. (B3) is 3.52 [22]. Since m=MP � 1, we note
that Rmin � �c. We also note that �c=lP ¼ MP=m, where

lP ¼ ðℏG=c3Þ1=2 is the Planck length.

2. Noninteracting boson stars

In the absence of short-range interaction, the mass-
radius relation of a nonrelativistic self-gravitating BEC is
given by [45,103]

R� ℏ2

GMm2
; (B4)

with a prefactor 9.9 (if R represents the radius containing
99% of the mass). This relation is valid as long as the
radius is much larger than the Schwarzschild radius
RS ¼ 2GM=c2. Equating the two relationships, and intro-
ducing the Planck mass, we obtain the maximum mass of a
relativistic self-gravitating BEC without self-interaction,

MKaup �M2
P

m
: (B5)

This corresponds to the Kaup [44] mass which scales like
Eq. (B5) with a prefactor 0.633. The corresponding radius,
which can be interpreted as the minimum radius of a
relativistic self-gravitating BEC without short-range inter-
action is

Rmin � �c: (B6)

Therefore, the radius of a relativistic self-gravitating BEC
without self-interaction scales like the Compton wave-
length of the particles that compose the BEC. More pre-
cisely, the radius containing 95% of the mass is given by
Eq. (B6) with a prefactor 6.03 [50]. We note that the ratio
between the classical radius (B4) and the Compton wave-
length scales like

R

�c

�MKaup

M
; (B7)

with a prefactor 15.6. Therefore, for nonrelativistic BECs,
such as dark matter galactic halos, the typical radius of
the halo is much larger than the Compton wavelength
(R � �c) since M � MKaup.

3. Thomas-Fermi limit for boson stars

We now consider self-gravitating BECs with repulsive
self-interaction (a > 0). In the TF limit, the radius of the
configuration is given by

R�
�
aℏ2

Gm3

�
1=2

; (B8)

with a prefactor � [84]. It is independent on the total mass
M of the system. In order to make contact with studies that
consider self-coupled particles interacting via a 1

4�j�j4
potential [55,80,82,83], we introduce the dimensionless
parameter

�

8�
	 a

�c

¼ amc

ℏ
; (B9)
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measuring the strength of the short-range interaction.
For a¼106 fm and m¼1:44 eV=c2 we get �=8� ¼ 0:01
and for a ¼ 1 fm and m ¼ 14 meV=c2 we find that
�=8� ¼ 10�10. In terms of this parameter, the radius
(B8) can be rewritten

R�
�
�ℏ3

8�Gc

�
1=2 1

m2
; (B10)

with a prefactor �. Interestingly, the same relation appears
in the work of Arbey et al. [83], who consider a self-
coupled charged scalar field and obtain an equation of
state p ¼ ð�ℏ3=4m4cÞ�2 equivalent to Eq. (16). The
same equation of state is obtained by Colpi et al. [55] at
low densities while p ¼ �c2=3 at high densities (see
Appendix D). There exists therefore a close connection
between a self-coupled BEC described by the GP equation
and a self-coupled charged scalar field. Using Eq. (B9),
the parameter 	 introduced in Sec. II G can be written
	 ¼ ð�=8�ÞðM=MPÞ2. The TF approximation is valid pro-
vided that ð�=8�ÞðM=MPÞ2 � 1.

The Newtonian approximation is valid as long as the
radius (B8) is much larger than the Schwarzschild radius
RS ¼ 2GM=c2. Equating these two relationships, we ob-
tain the maximum mass

M� ℏc2
ffiffiffi
a

p
ðGmÞ3=2 : (B11)

Using Eq. (B9) and introducing the Planck mass, it can be
rewritten

M� ffiffiffiffi
�

p M3
P

m2
: (B12)

This is the maximum mass appearing in the work of Colpi
et al. [55] with a prefactor 0.062. As emphasized by these
authors, for �� 1, it scales like the Chandrasekhar mass
M3

P=m
2 while the Kaup mass scales like M2

P=m. In the
presence of self-interaction, the maximum mass of a rela-
tivistic BEC is much larger than the Kaup mass by a factor
MP=m � 1, so that it becomes astrophysically relevant.
The radius of the configuration is still given, in the rela-
tivistic regime, by an equation of the form (B8) or (B10)
but the prefactor is different. It can be written

R� ffiffiffiffi
�

p MP

m
�c; (B13)

with a prefactor 0.3836 [125]. Therefore, for �� 1, the
radius of a self-coupled BEC is much larger than the
Compton wavelength since MP=m � 1.

More generally, the mass (B12) of a self-coupled BEC
is much larger than the Kaup mass (B5) provided that
� � ðm=MPÞ2. This is easily realized, even for weak
self-interactions, since m=MP � 1. Following Colpi
et al. [55], it makes sense to introduce the parameter (we
have not written their factor 4�):

� ¼ �
M2

P

m2
: (B14)

Then, Eqs. (B12) and (B13) can be rewritten

M�
ffiffiffiffi
�

p M2
P

m
; R�

ffiffiffiffi
�

p
�c; (B15)

with prefactors 0.062 and 0.3836. The self-interaction is
important for � � 1 while it is negligible for � � 1.
Even for small �, the self-interaction is important because
� can be quite large due to the greatness of the term
ðMP=mÞ2.
Finally, we emphasize that the radius R of a self-coupled

Newtonian boson star [see Eqs. (B8) and (B10)] depends
on m and a (or �) only through the combination a=m3

(or �=m4). The same observation holds for the radius R and
the mass M of a self-coupled relativistic boson star [see
Eqs. (B11)–(B13)].

4. Boson stars with attractive self-coupling

For self-gravitating BECs with attractive self-coupling
(� < 0), using Eq. (B9), the maximum mass (99) and the
minimum radius (100) can be written

M� MPffiffiffiffiffiffij�jp ; R�
ffiffiffiffiffiffi
j�j

p MP

m
�c; (B16)

with prefactors 5.073 and 1.1 (if R represents the radius
containing 99% of the mass). For j�j � 1, Mmax is of the
order of the Planck mass MP ¼ 2:18� 10�8 kg, i.e. ridic-
ulously small. This essentially means that a self-gravitating
boson gas with attractive interactions is very unstable.
However, the mass increases when j�j ! 0 while the
radius decreases. The system becomes relativistic when
the radius R approaches the Schwarzschild radius RS ¼
2GM=c2 defined with the mass M. This happens when
j�j< ðm=MPÞ2 yielding a maximum mass M�M2

P=m,
equivalent to the Kaup mass, and a radius R� �c of the
order of the Compton wavelength. Therefore, when self-
coupling is attractive, the maximum mass is very low
(implying a strong instability) except if the mass of the
bosons, or their self-interaction, is extremely small (which
is possible for axions and ultralight bosons [10,54,79]).
Summarizing, for � > ðm=MPÞ2 the maximum mass

scales like
ffiffiffiffi
�

p
M3

P=m
2 [55], for � ¼ 0 it scales like M2

P=m

[44], and for � <�ðm=MPÞ2 it scales like MP=
ffiffiffiffi
�

p
. It is

interesting to obtain the three mass scales M3
P=m

2, M2
P=m,

MP in the different regimes of a self-gravitating BEC.

5. General case: An interpolation formula

In the general case, the mass-radius relation of a non-
relativistic self-gravitating BEC with short-range interac-
tions can be approximated by the relation [see Eq. (91)]
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M�
ℏ2

Gm2R

1� aℏ2

Gm3R2

; (B17)

where we have gotten rid of (uncertain) numerical factors.
In the relativistic regime, equating the radius R with the
Schwarzschild radius RS ¼ 2GM=c2 and using Eqs. (B9)
and (B14), we obtain after simplification

M�M2
P

m

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ�

p
; R� �c

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ�

p
: (B18)

These formulas are valid for�>�1 [i.e. � >�ðm=MPÞ2].
For �<�1, the maximum mass and the minimum radius
are given by the Newtonian expressions (B16). In the
noninteracting case � ¼ 0 and in the TF limit � ! þ1,
we recover the previous scalings (B5), (B6), and (B15).
Taking into account the correct prefactors obtained in
[44,50,55,125], we can propose the interpolating formulas

M ¼ 0:633
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:0096�

p M2
P

m
; (B19)

R95 ¼ 6:03
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 0:004�

p
�c; (B20)

for the maximum mass and the minimum radius of a
relativistic self-gravitating BEC with short-range interac-
tions. Interestingly, an expression for the critical mass of a
relativistic boson star with repulsive self-interaction simi-
lar to Eq. (B19) has been obtained in [10] based on differ-
ent arguments.

APPENDIX C: JEANS INSTABILITY WITH
A COSMOLOGICAL CONSTANT

In this Appendix, we extend the Jeans instability
analysis of Sec. V by taking into account the cosmological
constant � ¼ 3� 10�56 cm�2. This can be done in the
Newtonian framework by replacing the Poisson equation
by

�� ¼ 4�G���c2

2
: (C1)

If we consider an infinite homogeneous distribution of
matter that is solution of Eq. (C1), we find that the density
is given by

� ¼ �c2

8�G
: (C2)

Let us assume that these particles are bosons forming
Bose-Einstein condensates. We restrict ourselves to the
noninteracting case (a ¼ 0) although more general situ-
ations could be contemplated as well. The Jeans analysis of
Sec. V, combined with the expression (C2) of the density,
shows that the gravitational collapse of these self-
gravitating BECs is expected to form structures with typi-
cal radius and mass [see Eqs. (128) and (129)] given by

R� �

�
ℏ2

�m2c2

�
1=4

; M�
�
�c2�8ℏ6

G4m6

�
1=4

: (C3)

Now, using the expression of the cosmological constant in
terms of classical fundamental constants proposed by
Böhmer and Harko [126],

� ¼ ℏ2G2m6
ec

6

e12
; (C4)

and introducing the Planck mass, the Planck length, and the
fine structure constant � ¼ e2=ℏc ¼ 1=137, we obtain

R� �3=2 M2
P

m1=2m3=2
e

lP; M� 1

�3=2

�
me

m

�
3=2

MP: (C5)

It is interesting to note that these length and mass scales
can be expressed essentially in terms of fundamental
constants.

APPENDIX D: AN APPROXIMATE EQUATION
OF STATE FOR RELATIVISTIC BECS

Colpi et al. [55] model a boson star by a scalar field with
a 1

4�j�j4 interaction described by the Klein-Gordon-

Einstein equations. In the Thomas-Fermi limit, they find
that the scalar field becomes equivalent to a fluid with an
equation of state,

p ¼ c4

36K

��
1þ 12K

c2
�

�
1=2 � 1

�
2
; (D1)

where K ¼ �ℏ3=4m4c. For � ! 0 (small densities), we
recover the polytropic equation of state p ¼ K�2 of a
nonrelativistic BEC with short-range interactions de-
scribed by the Gross-Pitaevskii equation [see Eqs. (16) and
(B9)]. For � ! þ1 (high densities), we obtain an equation
of state p ¼ �c2=3 like in the core of neutron stars. These
asymptotic limits were not explicitly given in [55]. The
study of BECs described by the Tolman-Oppenheimer-
Volkoff equations with the equation of state (D1) is con-
sidered in [125]. It is found that there exists a maximum

mass Mmax ¼ 0:06136
ffiffiffiffi
�

p
M3

P=m
2 (very close to the result

obtained in [55] by solving the Klein-Gordon-Einstein

equations) corresponding to a minimum radius Rmin ¼
0:3836

ffiffiffiffi
�

p ðMP=mÞ�c and a maximum central density
ð�0Þmax ¼ 1:592m4c3=�ℏ3.

APPENDIX E: CONSERVATION OF THE ENERGY

The energy associated with the GPP system (6) and (7),
or equivalently with the quantum barotropic Euler-Poisson
system (10), (14), and (7) is given by Eq. (56). Let us
explicitly show that it is conserved. Using Eq. (58), we
have

��c ¼
Z u2

2
��drþ

Z
�u � �udr: (E1)
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Using Eqs. (60) and (12), we find that

��Q ¼ ℏ2

m2

Z
r ffiffiffiffi

�
p � �r ffiffiffiffi

�
p

dr

¼ ℏ2

m2

Z
r ffiffiffiffi

�
p � r

�
1

2
ffiffiffiffi
�

p ��

�
dr

¼ � ℏ2

2m2

Z �
ffiffiffiffi
�

pffiffiffiffi
�

p ��dr ¼ 1

m

Z
Q��dr: (E2)

According to Eq. (61), we have

�U ¼
Z

H0ð�Þ��dr ¼
Z

hð�Þ��dr: (E3)

Finally, for a symmetric binary potential of interaction

�W ¼
Z

���dr: (E4)

Taking the time derivative of Etot, using the previous
relations, inserting the hydrodynamic equations (10) and
(13), and integrating by parts, we easily obtain _Etot ¼ 0.
Note that this result remains valid if u is not a potential
flow since u � ðu� ðr� uÞÞ ¼ 0.

APPENDIX F: VIRIAL THEOREM

In this Appendix, we establish the time-dependent virial
theorem associated with the quantum barotropic Euler-
Poisson system (10), (14), and (7). For the sake of general-
ity, we derive it in d dimensions. Taking the time derivative
of the moment of inertia (72) and using the continuity
equation (10), we obtain after an integration by parts

_I ¼ 2
Z

�r � udr: (F1)

With the aid of the continuity equation (10), the quantum
barotropic Euler equation (14) can be rewritten

@

@t
ð�uÞ þ rð�u � uÞ ¼ �rp� �r�� �

m
rQ: (F2)

Taking the time derivative of Eq. (F1), substituting
Eq. (F2), and using integrations by parts, we obtain the
time-dependent virial theorem

1

2
€I ¼ 2ð�c þ�QÞ þ d

Z
pdrþWii: (F3)

For a steady state, €I ¼ 0 and u ¼ 0, we obtain the equi-
librium virial theorem

2�Q þ d
Z

pdrþWii ¼ 0: (F4)

To obtain these expressions, we have used the following
identities. First, we have introduced the virial of the gravi-
tational force

Wii ¼ �
Z

�r � r�dr: (F5)

It can be shown that Wii ¼ ðd� 2ÞW if d � 2 and
Wii ¼ �GM2=2 if d ¼ 2, where W is the gravitational
(potential) energy [127]. On the other hand, it can be
established after a few manipulations (using essentially
integrations by part) that

�
Z �

m
r � rQdr ¼ 2�Q: (F6)

Indeed, using two successive integrations by parts, we have

Z
�r � r

�
�

ffiffiffiffi
�

pffiffiffiffi
�

p
�
dr

¼ d
Z
ðr ffiffiffiffi

�
p Þ2drþ 2

Z
rðr � r ffiffiffiffi

�
p Þ � r ffiffiffiffi

�
p

dr: (F7)

Using the convention of summation over repeated indices,
the last integral can be rewrittenZ

@iðxj@j ffiffiffiffi
�

p Þ@i ffiffiffiffi
�

p
dr

¼
Z

xj@i
ffiffiffiffi
�

p
@i@j

ffiffiffiffi
�

p
drþ

Z
ðr ffiffiffiffi

�
p Þ2dr

¼ 1

2

Z
xj@jðr ffiffiffiffi

�
p Þ2drþ

Z
ðr ffiffiffiffi

�
p Þ2dr

¼ 2� d

2

Z
ðr ffiffiffiffi

�
p Þ2dr: (F8)

Substituting the last term of this expression in Eq. (F7), we
obtain

Z
�r � r

�
�

ffiffiffiffi
�

pffiffiffiffi
�

p
�
dr ¼ 2

Z
ðr ffiffiffiffi

�
p Þ2dr: (F9)

Combining Eqs. (F9) and (60), we obtain Eq. (F6).
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(2001).
[76] M. Alcubierre, F. S. Guzmán, T. Matos, D. Núñez, L. A.
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