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Anomaly-induced quadrupole moment of the neutron in magnetic field
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Neutrons cannot possess a quadrupole moment in the vacuum. Nevertheless, we show that, in the
presence of an external magnetic field, the neutrons acquire a new type of quadrupole moment
Q7 = ya'B/ involving the components of spin and magnetic field. This ““chiral magnetic” quadrupole
moment arises from the interplay of the chiral anomaly and the magnetic field; we estimate its value for
the neutron in the static limit and find y = 1.35 X 10~2 fm*. The detection of the quadrupole moment of
the neutron would provide a novel test of the role of the chiral anomaly in low-energy QCD and can be
possible in the presence of both magnetic and inhomogeneous electric fields. The quadrupole moment of

the neutron may affect, e.g., the properties of neutron stars and magnetars.
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1. Quantum anomalies are known to play an important
role in QCD. For example, the Abelian chiral anomaly
[1,2] accounts for the 7 — v decay and forces chiral
skyrmions to be baryons. In this short paper, we will
explore the effect of the chiral anomaly on the deformation
of the neutron in an external magnetic field.

The electric dipole moment of the neutron has attracted
a lot of attention, as it allows to put a strict bound on the
amount of CP violation in QCD and beyond; see [3] for a
recent result. The electric quadrupole moment defined as
the expectation value of the operator Q% = ¥ e(3xix/ —
8Yx?) is not possible for a spin-1/2 particle, e.g., [4].
Indeed, the matrix element of Q% can contain only the
components of the angular momentum of the system, and,
for a spin-1/2 particle, the algebra of Pauli matrices pre-
vents one from constructing a quadrupole moment. The
presence of an external magnetic field can induce an axial
deformation of the system, leading to a magnetic quadru-
pole moment QF, ~ B'B/ (see, e.g., [5] for the case of the
hydrogen atom).

We will now argue that the chiral anomaly induces a new
type of quadrupole deformation of the nucleons in the
presence of a magnetic field—a ‘‘chiral magnetic” quad-
rupole moment Q" ~ ¢ B/ that involves both the compo-
nents of spin and magnetic field. Our analysis is motivated
in part by a recent study [6] of the effects of chiral anomaly
on the electric charge distribution inside the nucleons and
in part by the finding of the anomaly-induced quadrupole
deformation of the quark-gluon plasma in a magnetic
field [7].

2. In QCD, the Abelian anomaly is given by [1,2]
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where 70 is the neutral pion field, f, is the pion decay
constant, and N, is the number of colors. The correspond-
ing effective Hamiltonian can be obtained by taking the
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expectation value of (1) over a neutron state in the static

limit:
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In this limit, the pion field is sourced by the neutron
through
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Inserting the static solution to (3) into (2) and using the
nonrelativistic reduction for the neutron wave function
yields
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It is easy to see that the Hamiltonian (4) gives rise to the
neutron’s chiral magnetic quadrupole moment Q':
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which can be rewritten as
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after the use of the Goldberger-Treiman relation. Note
that the chiral magnetic quadrupole moment involves the
correlation between different components of spin and mag-
netic field and is thus different from the ‘“‘conventional”
electric and magnetic quadrupole moments.

Numerically, using g, = 1.23, f, =93 MeV, and
m, = 135 MeV, we get for the chiral magnetic quadru-
pole moment of the neutron from (6)

QY =~ (1.35 X 1072 fm*)o’B/. (M

Qi = — Nt oir3NB/ 6)

3. The chiral corrections to (7) mostly contribute to the
pion nucleon coupling g,y or to the axial charge g, and
renormalize them to their physical values. The nonstatic
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corrections to the pion field are not expected to be important
for the static quadrupole moment. The quantum chiral loops
would induce higher-order contributions to the induced
quadrupole moment; however, these corrections appear to
be numerically small (see below). If a precise measurement
of the chiral magnetic quadrupole moment is possible, these
corrections would have to be evaluated. Such a measure-
ment would open a possibility of a precision determination
of the nucleon axial charge g,. The arguments presented
above indicate that the Abelian chiral anomaly affects
solely the magnetically induced neutron quadrupole mo-
ment and not its electric charge. In a recent paper [6], the
authors have argued for the existence of both an anomaly-
induced charge and an electric quadrupole moment; our
treatment leads only to a specific anomaly-induced quad-
rupole deformation, as discussed above. Measuring this
quadrupole moment is of fundamental interest and would
provide a novel test of the role of the chiral anomaly in low-
energy QCD. Such measurements would require the pres-
ence of very strong magnetic and inhomogeneous electric
fields, e.g., the field of an intense laser.

4. The operator (6) also appears in the low-energy ex-
pansion of the amplitude of polarized Compton scattering
at order w* (w is the energy of the photon) [8]; see, e.g.,
[9-11]. Our evaluation of the quadrupole moment QY
corresponds to the pion pole part of the ~¢'B/ term in
the spin polarizability of the neutron. The pole contribution
dominates over the higher-order chiral loops and A7 con-
tributions [12,13]. In the case of a static external magnetic
field that we consider in this paper, the effect of this term
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can be easily understood. Indeed, an external magnetic
field B due to the interaction with the magnetic moment
of the neutron will align its spin so that & || B. In contrast,
the quadrupole moment ~¢'B/ would tend to create a
misalignment of the spin and magnetic field, causing the
precession of the neutron’s spin around the direction of the
magnetic field.

It is now established that neutron stars and magnetars
can develop very strong magnetic fields eB ~ 10> G [14].
We speculate that, if the neutron stars contain a 3P2 aniso-
tropic neutron superfluid (see [15] and references therein),
the precession of the neutron spins may translate into a
macroscopic precession of the angular momentum of the
star. Indeed, in the presence of a strong magnetic field B,
the angular momentum / = 1 locked to the spin S = 1 of
the Cooper pair would precess around the axis of B.
Since the Cooper pairs in a superfluid form a Bose con-
densate and are in the same quantum state, this precession
would translate into a macroscopic precession of the sys-
tem. This effect is similar to the coherent enhancement of
microscopic parity violation in anisotropic superfluids pre-
dicted by Leggett [16].
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