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We present a study of the experimental determination of the forward-backward asymmetry in the

process eþe� ! t�t and in the subsequent t ! Wb decay, studied in the context of the International Linear

Collider. This process probes the elementary couplings of the top quark to the photon, and the Z and theW

bosons at a level of precision that is difficult to achieve at hadron colliders. Measurement of the forward-

backward asymmetry requires excellent b quark identification and determination of the quark charge. The

study reported here is performed in the most challenging all-hadronic channel eþe� ! b �bq �qq �q. It

includes realistic details of the experimental environment, a full Monte Carlo simulation of the detector,

based on the Silicon Detector concept, and realistic event reconstruction. The forward-backward

asymmetries are determined to a precision of approximately 1% for each of the two choices of beam

polarization. We analyze the implications for the determination of the t�tZ and Wt �b couplings.
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I. INTRODUCTION

The top quark is substantially more massive than the
other known quarks. Simply by virtue of this fact, the top
quark couples more strongly to the particles that generate
the spontaneous symmetry breaking of the electroweak
interactions. It is possible that the large mass of the top
quark is explained by new interactions of the top quark. It
is thus important to measure the properties of the top quark
carefully, searching for signals of special interactions of
this quark.

Particularly interesting quantities to study are the form
factors that describe the coupling of the top quark to
elementary currents. These are the analogues for any
new interactions of the proton form factors, which played
such a large role in the elucidation of QCD. We will study
the process eþe� ! t�t. In this reaction, two sets of form
factors enter, the form factors that describe the � and Z
couplings to t�t, which describe the t�t production vertex,
and the form factors that describe the W coupling to t �b,
which describe the t and �t decay vertices. As a matter of
principle, a full reconstruction of the t�t system in eþe�
annihilation can give information on both sets of vertices.
The effects of the possible form factors on observables
of the t�t system have been studied by many authors,
for example, [1–7]. Some of these couplings will be
constrained at the LHC, but others are very difficult
to access there. In particular, the vector and axial
vector couplings of the top quark to the Z boson are
shifted by new physics effects in many models [8–10].
However, these couplings are very difficult to
measure precisely at the LHC, and the associated form
factors are completely inaccessible at values of Q2 larger
than m2

Z.

In this paper, we will begin a study of the determination
of these form factors under realistic experimental condi-
tions at the proposed future eþe� collider, the International
Linear Collider (ILC). We will make use of the detector
model given by the Silicon Detector (SiD) concept and the
set of full-simulation tools developed for the benchmarking
of SiD [11]. These tools provide a very detailed simulation
of the experimental environment at the ILC.
We will consider the forward-backward asymmetries

both for the b and �b quarks and for the t and �t quarks.
In each case, the forward-backward asymmetry is
defined as

Afb ¼ �ð� < 90�Þ � �ð� > 90�Þ
�ð� < 90�Þ þ �ð� > 90�Þ ; (1)

where �ð� < 90�Þ is the cross section of the events in
which the b or t quark has a polar angle of less than 90�
in the center of mass frame of reference. The standard
spherical coordinate system convention is used to define
�. This asymmetry measurement is a complex analysis in a
dense multijet environment. Typical events have six-jet
final states. Flavor tagging must be done to identify the b
quark jets and resolve the combinatoric ambiguities. Quark
charges must be measured to distinguish the t and �t decay
products. Detector resolution and acceptance, together
with nonideal efficiency and purity of the reconstruction
algorithms, could play a critical role in determining the
ultimate sensitivity of the measurement and hence its
physics reach. This study addresses these issues for the
first time. Our conclusion is that, with the beam conditions
and integrated luminosities that the ILC will provide,
a well-designed detector can overcome these potential
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problems and realize the small measurement uncertainties
that were projected in parametric studies.

The paper is organized as follows: Sec. II gives general
parameters of top quark production at the ILC. Section III
introduces the SiD detector concept. Section IV presents
the software framework used in this analysis. Section V
describes the signal selection and the calculation
of the cross section for the fully hadronic t�t final
state. This section also discusses the flavor-tagging
method and its performance. Section VI is devoted to
the quark charge reconstruction algorithms, which are
fundamental to the analysis. The results for forward-
backward asymmetries are presented in Sec. VII.
Section VIII puts these results into context by interpreting
them as bounds on deviations of the Zt�t and Wtb form
factors from their standard model values. Section IX gives
our conclusions.

II. TOP QUARK AT THE ILC

The International Linear Collider is a proposed electron-
positron accelerator operating in the center of mass energy
range

ffiffiffi
s

p ¼ 200 GeV–500 GeV. An upgrade to the center
of mass energy of 1 TeV is also envisaged, as are possible
calibration runs at the Z boson mass energy [12]. The
maximum design luminosity is 2� 1034 cm�2 s�1. In the
analysis presented here the center of mass energy and total
integrated luminosity were assumed to be, respectively,
500 GeV and 500 fb�1, the latter one equivalent to a few
years of ILC running.

The top quark at the ILC, assuming the 500 GeV
operation, is mainly produced in pairs through the
eþe� ! Z ! t�t and eþe� ! � ! t�t processes. The theo-
retical total cross section of top quark pair production is
approximately 600 fb [13]. Although this value is substan-
tially lower than the one at the LHC, the clean environ-
ment, well-defined initial state, and polarization make the
ILC an ideal machine to perform top quark precision
measurements.

III. THE SID DETECTOR CONCEPT

The top quark properties are studied with the concept
of the Silicon Detector, which is a general purpose
detector designed to perform precision measurements
and, at the same time, be sensitive to a wide range of
possible new phenomena [11]. It is based on a five layer
silicon pixel vertex detector, silicon tracking with single
bunch time stamping capabilities, silicon-tungsten elec-
tromagnetic calorimetry, and a highly segmented had-
ronic calorimeter. The particle flow algorithm (PFA)
[14] is an important strategy driving the basic philosophy
and layout of the detector. SiD also incorporates a five
Tesla solenoid, an iron flux return, and a muon identi-
fication system. A schematic view of the SiD quadrant is
shown in Fig. 1.

IV. ANALYSIS FRAMEWORK

The event generation has been performed using the
WHIZARD Monte Carlo (MC) generator [15,16]. Event

samples were created with the expected ILC baseline
parameters of 80% electron and 30% positron polarization.
Half of the event sample was created with a positive
electron and negative positron polarization, while the other
half has been created with a negative electron and positive
positron polarization.

WHIZARD was used to generate samples of all zero, two,

four, and six fermion final states as well as top quark-
dominated eight fermion processes. This generation used
electroweak vertices only, with gluon emission turned off.
The intent of this strategy was to correctly describe multi-
fermion processes such as return to the Z (eþe� !
��Z� ! 4 fermions) and similar processes with intermedi-
ate off-shell W bosons. These reactions with t-channel
exchange and off-shell electroweak bosons are the most
important backgrounds to multifermion eþe� annihilation
processes. QCD was included in the events by using
PYTHIA to evolve final-state quarks through parton shower-

ing, fragmentation, and decay. PYTHIA [17] was also used
to generate final-state photon radiation. There is no double-
counting of multifermion production between the
WHIZARD stage and the parton shower stage. This proce-

dure treats multigluon radiation only approximately and
ignores quantum interference between the electroweak and
QCD production amplitudes. However, these are relatively
small effects at the ILC and are unimportant except in
dedicated QCD studies.
About 7� 106 events were created and processed

through the full GEANT 4 [18] detector simulation, with
individual events weighted to reflect the statistical sam-
pling. However all of the six and eight fermion states, the
ones most relevant for the analysis, were left unweighted.

FIG. 1 (color online). Disposition of subdetectors in the SiD
quadrant. All dimensions are in mm.
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The sample has been subsequently divided into b �bq �qq �q
final states, which constitute the signal and all remaining
events representing the background.

In addition to these ‘‘pseudo data’’ events a further
independent sample of 2� 106 b �bf �ff �f events was used
for the calibration of algorithms.

The jet clustering algorithm used in this analysis is the
y-cut algorithm [19] with the number of jets fixed at six to
match the number of jets expected for a hadronic t�t event.

V. TOP QUARK SELECTION AND
eþe� ! t �t ! b �bq �qq �q CROSS SECTION

The analysis starts with a simple event selection based
on several global variables described below. Events
with isolated leptons, defined as a jet containing only one
reconstructed particle which is either an electron or a
muon, are rejected, as only the b �bq �qq �q final state was
considered.

Subsequently, a set of kinematic and topological dis-
criminating variables has been defined: the total energy of
the event; the jet finder y56 parameter, which represents the
y-cut separation between the five and six jet hypothesis; the

number of particles; and the number of tracks. The number
of particles in the event is defined as the number of
reconstructed particles identified by the PFA. Figure 2
shows distributions of these variables for the signal and
background samples before any selections.
Table I presents the kinematic and topological event

selections that have been used. After this stage all but
492 000 background events have been rejected. This
compares to the initial number of 12:5� 109 events. The
efficiency loss for the initial 143 000 signal events due
to this procedure is equal to 9.7%. The subsequent
stage of the analysis aims to identify the b quarks and to
identify the W bosons exploiting its significant invariant
mass.

FIG. 2 (color online). Kinematic and topological event selections: (a) y56, (b) total energy, (c) number of particles in the event, and
(d) number of tracks in the event.

TABLE I. List of the kinematic and topological event selec-
tions.

Etot > 400 GeV

logðy56Þ > �8:5
Number of particles in event > 80

Number of tracks in event > 30
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For the purpose of b quark identification the output of
the Linear Collider Flavour Identification (LCFI) flavor-
tagging algorithm [20] has been used with the default
settings. Figure 3 shows the performance of the LCFI
b-tagging algorithm when used for a eþe� ! t�t !
b �bq �qq �q sample. The neural network output for uds, c
and b quark jets demonstrates a good separation of differ-
ent quark flavors for a multijet environment. In numerical
terms, a selection corresponding to the b quark-tagging
efficiency of 45.0% will tag 2.6% of charm quarks and
0.8% of light quarks [21].

Three additional event selections have been applied to the
remaining events. The sum of the b-tag neural network
outputs of all six jets has been required to be higher than
1.5; the b-tag parameter of the most b-like and second most
b-like jet has been required to be at least 0.9 and 0.4,
respectively. Figure 4 shows the sum of the b tag of the
neural network outputs of all six jets for the signal and
background events after the kinematic and topological event

selection and before any b-tagging selection. It is clear that
this is a powerful discriminant to select a clean t�t sample. In
order to identify the invariant mass of the reconstructed W
bosons, the KinFit kinematic fitting algorithm [22] has been
used with a single constraint that the masses of the two W
bosons are equal. Only the four least b-like jets have been
considered for the fit in order to reduce the number of
combinations. All the events with a W mass of more than
110 GeVor less than 50 GeV have been rejected.
After the b quark andW boson identification procedure,

approximately 74 000 b �bq �qq �q signal and 33 500 back-
ground events have passed all selections corresponding to
a signal efficiency of 51.5% and purity of 68.8%. A sig-
nificant proportion of the remaining background derives
from the WþW� ! q �qq �q and b �bl�q �q events, with a
smaller contribution from ZZ ! q �qq �q.
The top quark mass has been reconstructed using the

same kinematic fitting approach. The primary aim of this
procedure was to find a correct match of the b quarks to the
corresponding W boson, which will be required when the
polar angle of the top quark needs to be reconstructed later
in the analysis. The reconstructed top mass was also used
to further suppress the background rejecting all events with
masses lower than 145 GeV and higher than 195 GeV.
Events that yield a probability of less than 1% with respect
to the constraints used for the fitting are also rejected. All
constraints used for the top mass kinematic fitting can be
found in Table II. The final efficiency of the whole selec-
tion process is 29.8% for a purity of 79.7%.
Once the event selection has been performed it is rela-

tively straightforward to calculate the cross section of the
eþe� ! t�t ! b �bq �qq �q process by the simple use of the
following formula:

� ¼ NALL � NBG

�
R
Ldt

; (2)

where NALL is the total number of observed events, while
NBG is the number of simulated background events, � is the
signal selection efficiency, and

R
Ldt is the integrated

luminosity. Under the assumption that the signal efficiency
and the integrated luminosity can be determined with
negligible errors and that the background can be reliably
determined and subtracted, the statistical error on the cross
section is equal to

ffiffiffiffiffiffiffiffiffiffiffi
NALL

p
=ð�RLdtÞ. The cross section has

FIG. 3 (color online). Distribution of the flavor-tagging neural
network output for uds, c, and b quark jets.

FIG. 4 (color online). The sum of the b-tag neural network
outputs of all six jets for the signal and the background events
after the kinematic and topological event selection.

TABLE II. List of kinematic fitting constraints used for the
calculation of the top mass.

Mass (top 1) ¼ Mass (top 2)

Mass (W1) ¼ 80.4 GeV

Mass (W2) ¼ 80.4 GeV

Mass ðbJet 1Þ ¼ 5.8 GeV

Mass ðbJet 2Þ ¼ 5.8 GeV

ETotal ¼ 500 GeV

px; py; pz ¼ 0
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been calculated to be 287:4� 1:3 fb for the whole sample,
and 370:5� 1:6 fb and 204:3� 1:2 fb for the two differ-
ent polarization samples, the first cross section being for
the sample with negative electron polarization. It has to be
noticed that these are the cross sections for the eþe� !
t�t ! b �bq �qq �q process and not for t�t production.

VI. QUARK CHARGE RECONSTRUCTION

The next step in the analysis is the reconstruction of the
quark charge which is necessary to determine the forward-
backward asymmetry of the bottom and top quarks.
Hadronization and fragmentation processes obscure the
quark charge since the bottom quarks fragment into neutral
mesons in more than 50% of the cases. While charged B
mesons, when reconstructed correctly, allow for unambig-
uous interpretation of the quark charge, for the neutral B
hadrons the charge is not representative of the quark
charge. Moreover, the neutral B mesons oscillate, which
further dilutes the charge reconstruction.

Several variables sensitive to the charge have been
studied, and an efficient quark charge estimator has been
devised as a combination of two variables, the vertex
charge and jet charge, as described below. Note that this
technique considerably improves a simple vertex charge
algorithm used in the LCFI Vertex software [20].

A. Vertex charge and jet charge algorithms

The vertex charge algorithm uses all tracks associated
with a secondary vertex weighted by their momentum to
define the vertex charge QVTX as per the following for-
mula:

QVTX ¼
P

j p
k
jQjP

j p
k
j

; (3)

whereQj is the charge of the jth track, pj is the momentum

of the track, and k is a user defined parameter; the sums are
performed only on the tracks associated with the vertex.
The k parameter was chosen at 0.3 after optimization. The
performance of such a method for discriminating the par-
ton charge in the signal sample can be seen in Fig. 5(a).
Only genuine, identified at the MC level b quark jets, with
a neural net b tag higher than 0.4 were included; no further
requirements have been imposed to the b quark final state.

Another method of the quark charge determination im-
plemented in the analysis, the momentum weighted jet
charge [23], is similar to the one already described in
Eq. (3), with the only difference in the track selection
process which now includes all the tracks present in a jet
rather than in a vertex. The jet charge algorithm recovers
3.2% of identified b jets which do not have a secondary
vertex.

The performance of the algorithm can be seen in Fig. 5(b).
Also in this case, the optimal value for the k parameter has
been determined to be 0.3.

The two algorithms rely on different principles to iden-
tify the quark charge. The jet charge algorithm exploits the
kinematic consideration that the most energetic hadrons
have a higher probability of containing the charge of the
quark that initiated the jet [24]. The principle behind the
vertex charge algorithm is instead based on precisely de-
termining all the tracks that derive from the displaced
vertex due to the b quark considerable lifetime. In this
case the aim is to directly determine the charge of the
meson while the momentum weighting folds in informa-
tion on the reliability of the track.
It is expected that the vertex charge algorithm is sensi-

tive only to the charged B mesons, while the jet charge
algorithm is more universal for different B-hadron species.
The performance of the algorithms has therefore been
tested for only charged mesons Bþ and B� and for only
neutral mesons B0 and �B0. Figure 6(a) shows the purity of a
sample with a certain quark charge as a function of selec-
tion efficiency. This demonstrates that the momentum
weighted vertex charge is able to distinguish well between
Bþ and B�, while having almost no discriminatory power
when it comes to B0 and �B0.

FIG. 5 (color online). Distributions of reconstructed charge for
the template signal sample for b quark and �b quark jets (a) using
the momentum weighted vertex charge and (b) using the mo-
mentum weighted jet charge.
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Differently, the performance of the momentum weighted
jet charge, Fig. 6(b), is more similar between the two cases,
and the algorithm can separate reasonably well also B0 and
�B0, which include both B0

d and B0
s mesons. Most of the

difference between the charged and neutral mesons in this
case can be attributed to the flavor oscillations of neutral
mesons. While in this process the charge of the meson does
not change, the charge of the b quark does. This introduces
a further dilution in the charge discrimination. The effect is
rather small in the B0

d mesons, which have a period of

oscillation larger than their mean lifetime. In the case of B0
s

mesons the effect is dominant, as oscillations are much
faster than the meson lifetime.

B. Combined charge

As the two differentmethods rely on different information
and are rather independent, they have been combined into a
single discriminant, based on the probability ratios [25]. If
fbi ðxiÞ is the probability density function for the b quark for

variable xi and f
�b
i ðxiÞ is the equivalent distribution for the �b

quark, then for each discriminating variable xi, their ratio ri
is defined as

riðxiÞ ¼ f
�b
i ðxiÞ

fbi ðxiÞ
; (4)

where the index i denotes the discriminating variable.

Distributions of fb and f
�b were determined using indepen-

dent samples.
For each data event a combined tagging variable can

then be defined:

r ¼ Y
i

ri: (5)

The range of possible values for r is between 0 and1. Given
the definition of r, if r < 1 then the reconstructed jet is more
likely to be from a b quark, and if r > 1 the jet ismore likely
to originate from a �b quark. For convenience, a variable C
changing between�1 andþ1 has been defined as

C ¼ 1� r

1þ r
: (6)

A jet withC> 0 is more likely to derive from a b quark, and
a jet with C< 0 is more likely to derive from a �b quark.

FIG. 6 (color online). Performance of (a) momentum weighted
vertex charge and (b) momentum weighted jet charge in distin-
guishing Bþ from B�, �B0 from B0, and b from �b.

FIG. 7 (color online). Combined charge (a) distributions for b
quark and �b quark jets, and (b) purity versus efficiency curves for
b quark and �b quark jets for combined charge, momentum
weighted vertex charge, and momentum weighted jet charge,
shown for the 174.0 GeV sample after all event selections have
been applied.
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Figure 7(a) shows the combined quark charge performance
for the 174.0GeV top quark sample after all event selections
have been applied. Figure 7(b) instead shows the purity
versus efficiency curves for the combined charge algorithm
in the same sample when compared to standalone momen-
tum weighted vertex charge and momentum weighted jet
charge algorithms, as can be seen in Fig. 7(b). The algo-
rithm efficiency is improved by 4% to 10% for a purity
range from 60% to 80%.

The method described above allows a straightforward
inclusion of other quark charge discriminants such as the
lepton charge [25] and dipole charge [26].

VII. QUARK FORWARD-BACKWARD
ASYMMETRIES

A. Bottom quark forward-backward asymmetry

Before calculating the forward-backward asymmetries
for the b and the t quark, the possibility of performing an
event selection based on the reconstructed charge of the
quarks has been investigated. For this purpose one would
like to use the information derived from both jets. Assuming
that the event is actually ab �bq �qq �q, rather than an event from
the SM background, and that the quark identification has
been correctly performed, the charge calculations performed
on the two b jets are really two uncorrelated measurements
of the same quantity. The two b jets must, in fact, have
opposite absolute values for their charge.

The combined charges of the two jets with the highest
neural net b tags are therefore multiplied and used as an
event selection parameter. Figure 8 shows such a distribu-
tion for the signal events with explicit contributions from
misidentified events where the misidentification occurred
either in the b tagging (mistagged) or in the quark charge
determination (wrong charge). The main aim of this proce-
dure would be not to reject the SM background but rather to

suppress the events inwhich theb quark has beenmistagged
or the charge of such a quark has beenmisreconstructed. An
event charge is labeled as misreconstructed when the re-
constructed combined charge of the �b quark jet is higher
than the combined charge of the b quark jet.
An optimization has been attempted and the value of

S=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Sþ B

p
has been maximized, where S is the number of

signal events and B is the number of background events
including both the SM background and mistagged events.
Interestingly enough, the optimization suggested that all
events should be included. Under these conditions the total
signal efficiency is 22.7%, while the signal purity is 58.1%.
The impurities derive 45.9% from the SM background,
45.0% from the charge misreconstruction, and 9.1% from
the b quark misidentification.
The calculation of the forward-backward asymmetry as

defined in Eq. (1) can now be performed using two jets
with the highest values of neural net b tags. The jet with a
higher combined charge has been declared as originating
from a b quark, while the other b jet has been declared as
originating from a �b quark. The angle � of the recon-
structed b jet has been used as an approximation of the
original b quark angle. Figure 9 shows the event distribu-
tion with respect to cosð�Þ of the signal and background
events after all selections. The mistagged and SM back-
grounds peak in the forward regions where the asymmetry
is maximal. This emphasizes the importance of the forward
region in the detector design considerations. Note that the
mistagged events in the distribution include a contribution
from �b quarks which peaks at � ¼ �1. This explains a
relatively high mistagging rate at � ¼ �1 when compared
to the number of b quarks from the signal. It is because of
this reason that in the � ¼ 1 region the purity exceeds 60%,
while in the � ¼ �1 region it is only 15%.

FIG. 8 (color online). ðCombinedchargeb-jet1Þ�ðCombined
chargeb-jet2Þ distribution for reconstructed events, mistagged
events, and events with misidentified charge. Only b �bq �qq �q
signal events are used.

FIG. 9 (color online). Number of events used for the calcula-
tion of the b quark Afb as a function of the b quark � angle. In

order to qualify as a b rather than �b quark, the combined charge
of the jet must be higher than the one of the other b jet present in
the event. The mistagging refers to both quark charge and flavor.
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The Afb calculation proceeds as follows. The number of

correctly reconstructed b �bq �qq �q events is evaluated for the
forward and backward hemispheres independently. For this
the SM background is subtracted from the total number of
reconstructed events. The number of events left is then
multiplied by the purity of the reconstruction, accounting
for all the events where the charge has been misidentified
or where the b jet has been mistagged. The number of
correctly identified b jets is Nb ¼ ðNtot � NSMÞ � p, where
Ntot is the total number of reconstructed events, NSM is the
SM background, and p is the purity of the reconstruction.
This equation is applied to each hemisphere, and corre-
spondingly, separate purities have been calculated for the
forward and the backward hemispheres. In principle, the
number of events should also be corrected for the signal
efficiency because Eq. (1) uses the cross sections.
However, the efficiencies in the forward and backward
regions, to a good approximation, cancel each other out
and produce a negligible effect on the final result. This also
leads to robustness of the measurement to variations of
fragmentation and hadronization models, which results in a
negligible systematic uncertainty. Table III shows the Afb

results for different event selections. The first row corre-
sponds to the case of no selection, which maximizes the
sensitivity as discussed above [27–30].

For each event selection the uncertainty has been calcu-
lated with three different assumptions. The lowest uncer-
tainty, �1, assumes that the efficiency of tagging and the
standard model background have been perfectly simulated
at the MC level and therefore do not contribute to the
uncertainty of the forward-backward asymmetry. The

only uncertainty contribution therefore is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ntot;�<ð>Þ90�

p
,

where Ntot;�<ð>Þ90� is the total number of events with b
quarks reconstructed in the forward (backward) region of
the detector. For the second evaluation, �2, the statistical
uncertainty from the b-tagging efficiency is added in quad-
rature to the value of �1. The added statistical uncertainty
is calculated from the previously mentioned ad hoc gen-
erated calibration sample. Finally, the third evaluation, �3,
also considers an additional contribution from the statistics
of background samples [21], which is added in quadrature
to �2. In each of the three cases the uncertainty has been
calculated separately for the forward and backward
regions, and subsequently, the standard error propagation
has been used to evaluate the Afb uncertainty.

The calculated asymmetry agrees well with the initial
asymmetry at the MC level, 0.291, which suggests that the
performed analysis has not introduced any systematic bias.
In order to check for any significant detector smearing
leading to systematic effects in Afb, the angular resolution

of the b jet � angle with respect to the original b quark has
been determined. The resolution has been found to be
0.08 rad, and therefore its effect on the reconstructed
asymmetry is negligible.
Finally, the result can also be decomposed with respect

to the different polarizations used. In the case of �80%
electron polarization and þ30% positron polarization, the
asymmetry has been calculated to be 0.356 with an uncer-
tainty of 0.010. In the caseþ80% electron polarization and
�30% positron polarization, the asymmetry has been cal-
culated to be 0.155 with an uncertainty of 0.012. In both
cases the �3 definition of error is being used.

B. Top quark forward-backward asymmetry

The analysis of the top quark asymmetry is similar to the
one already presented for the b quark. The only added
complication is that, differently from the b quark, where
the angle � of the b jet can be used as a very good
approximation to the angle � of the original b quark, the
direction of the top quark must be reconstructed from its
decay products, using the kinematic fitter to determine
correct pairing of two b quarks and two W bosons. More
specifically, the direction of the top quark is calculated
from the combination of jets that minimizes the �2 of the
fit given the constraints stated in Table II.
The charge of the top quark is determined through the

charge of the daughter b quark. If a reconstructed b quark
jet is part of the three jets used to reconstruct the top quark,

TABLE III. Reconstructed Afb for the b quark and the respec-
tive uncertainties. The different uncertainties ð�1; �2; �3Þ have
been calculated with different assumptions as explained in the
text.

Event selection Afb �1 �2 �3

Charge b1 � Charge b2 < 1:0 0.293 0.006 0.007 0.008

Charge b1 � Charge b2 < 0:5 0.293 0.006 0.007 0.008

Charge b1 � Charge b2 < 0:0 0.289 0.007 0.008 0.009

FIG. 10 (color online). Number of events used for the calcu-
lation of the top quark Afb as a function of the top quark � angle.

In order to qualify as a t rather than �t quark, the combined charge
of the b jet used to reconstruct the top quark must be higher than
the charge of the other b jet present in the event.
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then the top quark is declared as a t. If instead a �b jet is
present, the quark is declared as a �t. Given the constraints
set to the kinematic fitter only one such quark will be
present in each jet. Figure 10 shows the distribution of
top quark events with respect to their cosð�Þ. The distribu-
tion includes the SM and mistagging backgrounds.

Subsequently, the same Afb calculations have been per-

formed as the ones described in the previous section for theb
quark case with results shown in Table IV. The calculated
asymmetry agrees well with the initial one at the MC level,
0.351.

Finally, in the same fashion as for the b quark, the �
angle resolution has been found to be equal to 0.19 rad.
This will have a negligible contribution to the total calcu-
lated Afb because only the very central events of the Fig. 10

distribution will ever be smeared enough to change the
hemisphere when reconstructed. The asymmetry in this
region is, however, small and does not affect the total Afb.

Similarly to the asymmetry of the bottom quark, the
achievable statistical precision has been calculated also
for the two cases of polarized beams. Unsurprisingly,
values identical to the ones presented for the bottom quark
(0.010 and 0.012) have been found.

VIII. DISCUSSION

To put these results into context, we will interpret them
in terms of constraints on the couplings of the top quark to
the vector bosons, t�tZ and Wtb.

As we have pointed out already in the Introduction,
many models of new physics predict large corrections to
the left- and right-handed vector t�tZ couplings. The mea-
surement of forward-backward asymmetries in eþe� ! t�t
will allow these couplings to be determined experimentally
in a very direct way.

As a starting point for the analysis, we define the � and Z
vertex form factors of the top quark by

L Z
t�t ¼ eA� �t

�
��ðPLFL� þ PRFR�Þ þ i

���q�
2mt

F2�

�
t

þ eZ� �t

�
��ðPLFLZ þ PRFRZÞ þ i

���q�
2mt

F2Z

�
t;

(7)

where PL and PR are the left- and right-handed chiral
projection operators, q� is the four-momentum of the

virtual photon or Z0, and ��� ¼ i=2ð���� � ����Þ.
The tree-level standard model values of the form factors
are

FL� ¼ FR� ¼ 2

3
; F2� ¼ F2Z ¼ 0;

FLZ ¼ ð12 � 2
3 s

2
wÞ

swcw
; FRZ ¼ ð� 2

3 s
2
wÞ

swcw
;

(8)

where sw and cw are the sine and cosine of the Weinberg
angle. For later reference, the numerical values of the
standard model Z boson form factors, using s2w ¼ 0:231,
are

FLZ ¼ 0:821; FRZ ¼ �0:365:

In principle, we could also introduce in each line a fourth,
CP-violating, form factor proportional to ����5. One
might also include contact interactions between the eþe�
and t�t states [31].
In principle, a complete helicity analysis of the full set of

production and decay angles has the power to constrain
many of these parameters independently. However, in this
paper, we have concentrated on the experimental measure-
ment of the forward-backward asymmetries. Since our
main concern here is to illustrate the power of that mea-
surement, we will choose a parametrization with two free
parameters that can be determined in terms of the two top
quark forward-backward asymmetries corresponding to
two cases of beam polarizations.
In the following, then, we will assume that the �t�t form

factors take their standard model values given in (8), that
the magnetic moment Z form factor F2Z is zero, and that
the decay form factors take their standard model values.
We will allow only values of the Zt�t form factors FLZ and
FRZ to be varied, and we will determine these parameters
from two measurements of the t�t forward-backward asym-
metry with different beam conditions. The choice of�80%
electron polarization and þ30% positron polarization
leads to t�t production dominantly from the initial state
e�L eþR . In the standard model, for this polarization choice,
the � and Z s-channel amplitudes interfere constructively
for the production of tL �tR and destructively for the produc-
tion of tR �tL, leading to a large positive forward-backward
asymmetry. The main effect of changing the Z form factors
is to relax the destructive interference in the production of
tR �tL. Thus, the asymmetry in this polarization state is
mainly sensitive to FRZ, which gives the larger effect on
the tR �tL state. Similarly, the choice of þ80% electron
polarization and �30% positron polarization leads to t�t
production dominantly from the initial state e�R eþL . In the
standard model, for this polarization choice, the � and Z
s-channel amplitudes interfere constructively for the pro-
duction of tR �tL and destructively for the production of tL �tR.
This also leads to a large positive forward-backward asym-
metry, but one that is mainly sensitive to FLZ. Thus, the
measurement of the t�t forward-backward asymmetry with

TABLE IV. Reconstructed Afb for the t quark and the respec-
tive uncertainties. The different uncertainties ð�1; �2; �3Þ have
been calculated with different assumptions as explained in the
text.

Event selection Afb �1 �2 �3

Charge b1 � Charge b2 < 1:0 0.356 0.006 0.007 0.008

Charge b1 � Charge b2 < 0:5 0.348 0.006 0.007 0.008

Charge b1 � Charge b2 < 0:0 0.353 0.007 0.008 0.009
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these two beam settings sensitively picks out nonstandard
contributions to the two separate Zt�t vector form factors
[32].

For 100% polarized beams, the sensitivity of the t�t
forward-backward asymmetries to deviations of the Z
form factors from their standard model values can be
computed to be

�AFBðLRÞ
�AFBðRLÞ

� �
0:138 �0:392
0:461 �0:106

� �
�FLZ

�FRZ

� �
(9)

using
ffiffiffi
s

p ¼ 500 GeV and sin2�w ¼ 0:231. The large off-
diagonal terms in this matrix show clearly the effect
discussed in the previous paragraph. For an electron polar-
ization of�80% and a positron polarization of þ30%, the
fraction of events in the two relevant initial polarization
states is

fðe�L eþR Þ ¼
ð1þ Pðe�ÞÞð1þ PðeþÞÞ

4
¼ 0:585;

fðe�R eþL Þ ¼
ð1� Pðe�ÞÞð1� PðeþÞÞ

4
¼ 0:035:

(10)

By taking this into account, it is possible to transform the
matrix presented in Eq. (9) in order to account for the beam
polarizations actually used. Recomputing the numerator
and denominator for AFB, we find that the relation between
the form factor deviations becomes

�AFBðLRÞ
�AFBðRLÞ

� �
0:164 �0:374
0:367 �0:238

� �
�FLZ

�FRZ

� �
: (11)

Then the standard uncertainties reported in Sec. VII,

�ðAFBðLRÞÞ ¼ 0:010; �ðAFBðRLÞÞ ¼ 0:012; (12)

give the uncertainties on �FLZ and �FRZ,

�ð�FLZÞ ¼ 0:051; �ð�FRZÞ ¼ 0:042; (13)

with some correlation between the values. Normalizing to
the standard model values of these parameters,

�ð�FLZÞ=FLZ¼0:062; �ð�FRZÞ=FRZ¼0:116: (14)

These uncertainties are comparable to the values suggested
in [32] on the basis of parametric simulations. One can see,
for example, by comparing the models discussed in [10],
that such measurements would cut deeply into the space of
deviations predicted in models of new physics.

The ILC study of the reaction eþe� ! t�t will also
include events in which either the t or the �t decays leptoni-
cally. These events add a data set of approximately equal
size to the one considered here in which the t=�t charge
discrimination is unambiguous. Thus, the full analysis of
the ILC data will be even better at determining the Zt�t
couplings.

In a similar manner the results can also be interpreted
with respect to the Wtb anomalous couplings. As a matter
of fact, the decay form factors of the top quark are already

constrained at the 20% level by the measurement of the W
helicity at hadron colliders [33], and these measurements
will be improved at the LHC. Thus, it is likely that, by the
time the ILC operates, the decay form factors could be
fixed to experimentally determined values. Nevertheless,
for completeness, we consider the effects of these anoma-
lous couplings, following the notation in [4].
In this case the appropriate vertex under consideration is

LW
tb ¼ � gffiffiffi

2
p

�
W�

�
�bð��ALPL þ ��ARPRÞt

� 1

2MW

W��
�b���ðBLPR þ BRPLÞt

�
; (15)

where W�� ¼ D�W� �D�W�, D� ¼ @� � ieA�. AL;R

and BL;R are the coupling form factors. In the standard

model AL is equal to 1, while all the other form factors are
equal to zero.
Table V presents predictions of the b quark asymmetry

for different values of the Wtb anomalous couplings [4].
It can be inferred from Table V that the measurement of

the b quark forward-backward asymmetry is sensitive to
the presence of a BL anomalous form factor whose abso-
lute value is greater than approximately 0.05. Measurement
of other observables, not considered in this paper, that
specifically target the top quark decay properties will put
much stronger constraints on both BL and BR.
Note that there is a difference between the asymmetry

predicted by the WHIZARD generator which was used for
these studies, 0.291, and the asymmetry by the COMPHEP

MC generator [34,35] used when calculating the theoreti-
cal predictions [4], 0.279. Part of the discrepancy can also
be explained by the fact that the generated signal sample is
an all inclusive eþe� ! �bq �qq �q rather than eþe� ! t�t !
b �bq �qq �q as assumed in the theoretical paper. In any event,
this difference is not significant for the purpose of sensi-
tivity estimation.

IX. CONCLUSION

We therefore conclude that the achievable resolution
for the forward-backward asymmetry of the top quark

TABLE V. Afb asymmetry of the b quark from the top decay
for the standard model and anomalous Wtb vertices, calculated
at a center of mass energy of 500 GeV and in the center of mass
rest frame.

BR BL Afb

0.0 0.0 0.279

0.0 �0:2 0.243

0.0 �0:4 0.218

0.0 �0:6 0.197

0.0 �1:0 0.169

�0:6 0.0 0.301

�1:0 0.0 0.315
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at the ILC in the eþe� ! t�t ! b �bq �qq �q channel is ap-
proximately 0.008 for a total luminosity of 500 fb�1.
Similarly, the achievable resolution for the b quark result-
ing from the top decay is also 0.008. In the case of polar-
ized beams the achievable resolution for both the top and
bottom quark asymmetries is 0.010 and 0.012 for the
�80% electron polarization, þ30% positron polarization
and the þ80% electron polarization, �30% positron po-
larization, respectively. This result allows us to constrain
the theoretically predicted deviations from the standard
model in the presence of an anomalous coupling of the
Zt�t and Wtb vertices. In the case of the Zt�t coupling the
resolution on the predicted standard model form factor is of
the order of 0.05 and 0.04 for the FLZ and the FRZ cou-
plings, respectively. In the case of the Wtb the performed
analysis is sensitive to the presence of a BL anomalous

form factor greater than approximately 0.05. The analysis
employed realistic detector simulations and advanced re-
construction algorithms in the framework of the Silicon
Detector concept. A new quark charge reconstruction al-
gorithm used to discriminate between bottom quarks and
their antiquarks allowed us to achieve a selection purity of
up to 80% for an efficiency of about 60%.
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