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Three-particle correlations in QCD parton showers
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Three-particle correlations in quark and gluon jets are computed for the first time in perturbative QCD.
We give results in the double logarithmic approximation and the modified leading logarithmic approxi-
mation. In both resummation schemes, we use the formalism of the generating functional and solve the
evolution equations analytically from the steepest descent evaluation of the one-particle distribution. We
thus provide a further test of the local parton hadron duality and make predictions for the LHC.

DOI: 10.1103/PhysRevD.84.034015

I. INTRODUCTION

The observation of quark and gluon jets has played
a crucial role in establishing QCD as the theory of strong
interaction within the standard model of particle physics.
The jets, narrowly collimated bundles of hadrons,
reflect configurations of quarks and gluons at short dis-
tances. Powerful schemes, like the double logarithmic
approximation (DLA) and the modified leading logarith-
mic approximation (MLLA), which allow for the pertur-
bative resummation of soft-collinear and hard-collinear
gluons before hadronization occurs, have been developed
over the past 30 years (for a review see [1]). One of the
most striking predictions of perturbative QCD, which fol-
lows as a consequence of angular ordering (AO) within the
MLLA and the local parton hadron duality (LPHD)
hypothesis [2], is the existence of the hump-backed shape
[1] of the inclusive energy distribution of hadrons, later
confirmed by experiments at colliders. Indeed, the shape
and normalization of single inclusive distributions are
compared with an experiment; a constant K", which
normalizes the number of soft gluons to the number of
charged detected hadrons (mostly pions and kaons), turns
out to be close to unity (K" ~ 1), giving support to the
similarity between parton and hadron spectra [1]. Thus, the
study of inclusive observables like the inclusive energy
distribution and the transverse momentum k; spectra of
hadrons [3] has shown that the perturbative stage of the
process, which evolves from the hard scale or leading
parton virtuality Q ~ E to the hadronization scale Q,, is
dominant. In particular, these issues suggest that the ha-
dronization stage of the QCD cascade plays a subleading
role and, therefore, that the LPHD hypothesis is successful
while treating one-particle inclusive observables.

The study of particle correlations in intrajet cascades,
which are less inclusive observables, focuses on providing
tests of the partonic dynamics and the LPHD. In [4], this
observable was computed for the first time at small x
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(energy fraction of the jet virtuality taken away by one
parton) in MLLA for particles staying close to the maxi-
mum of the one-particle distribution. In [5], the previous
solutions were extended, at MLLA, to all possible values of
x by exactly solving the QCD evolution equations. This
observable was measured by the OPAL Collaboration
in ete” annihilation at the Z° peak, that is, for /s =
91.2 GeV at LEP [6]. Though the agreement with predic-
tions presented in [5] was improved, a discrepancy still
subsists pointing out a possible failure of the LPHD for less
inclusive observables. However, these measurements were
redone by the CDF Collaboration in pp collisions at the
Tevatron for mixed samples of quark and gluon jets [7].
The agreement with predictions presented in [4] turned out
to be rather good, especially for particles having very close
energy fractions (x; = x,). A discrepancy between the
OPAL and CDF analysis showed up and still stays unclear.
Therefore, the measurement of the two-particle correla-
tions at higher energies at the LHC becomes crucial.
Furthermore, going one step beyond, in this article we
give predictions for the three-particle correlations inside
quark and gluon jets. This observable and the two-particle
correlations can be measured on equal footing at the LHC
so as to provide further verifications of the LPHD for less
inclusive observables.

II. KINEMATICS AND EVOLUTION EQUATIONS

A generating functional Z(E, ®;{u}) can be constructed
[1] that describes the azimuth averaged parton content of a
jetof energy E with a given opening half-angle ®; by virtue
of the exact AO (MLLA), which satisfies an integro-
differential system of evolution equations. In order to obtain
exclusive n-particle distributions Dg") (k;, E) one takes n
variational derivatives of Z, over u(k;) with appropriate
particle momenta, i = 1...n, and sets u = 0 afterwards;
inclusive distributions are generated by taking variational
derivatives around u = 1. Let us introduce the n-particle
differential correlations for A = G, Q, O jets as

A™ (2 Ex—l...ﬁD(”)<ﬁ...x—”,lng), 1
1...n( ) z 7 A z z Q[) ( )
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together with A(l")n = A(l"’?ﬂ(l) for later use; x; corresponds
to the Feynman energy fraction of the jet taken away by one
particle ““i” and z is the energy fraction of the intermediate
parton. For instance, for three-particle correlations n =73,

AG
the observable to be measured reads 65131)3 =7 fﬁh The

production of three hadrons is displayed in Fig. 1 after a
quark or a gluon (A) jet of energy E with half opening angle
Oy and virtuality Q = E®, has been produced in a high
energy collision. The kinematical variable characterizing
the process is given by the transverse momentum k; =
zE@, = Q, [or (1 — 2)E®, = Q] of the first splitting
A — BC. The parton C fragments into three offspring
such that three hadrons of energy fractions x;, x,, and x3
can be triggered from the same cascade following the
condition @, = 0, = 0, = 0;, which arises from exact

AO in MLLA [1]. We make use of variables, { = lnx—zl ,y =

lnx3g?‘,€,-=lnxii,yj lnXEG)U,nU 1nj§—;,Y=€,»+yj+

n;; = In(Q/Qp), and A = In(Qy/ Aqcp). The two variables
entering the evolution equations are z and ®, such that
x;=z=1=0=¢={,. Accordingly, the anomalous
dimension related to the coupling constant can be parame-
trized as

2
2 a,(0 )’
T

1
Boll +y+m;+A)

Y§ +y) =

where 8 = %N(_ (4N, —3n,Tg), withTg = 1/2and n; the
number of light quark flavors. From AO and the initial
condition at threshold x;E@, = x3EQ; = x3EQ; = Q,,
one has the bounds Xg—% =0, =0,=0=y =y, forthe
integrated evolution equations. The evolution equations
satisfied by (1) are derived from the MLLA master equation
for the generating functional Z,(E, ®; u(k;)). For three-
particle correlations, one takes the first 65% second

k)’

87
5u(k1)6/2¢(k2) , and ﬁnally third W functional deriva-
tives of Z,(E, O®; u(k;)) over the probing functions u(k;) so

as to obtain the differential system of evolution equations:
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FIG. 1. Three-particle yield and angular ordering inside a high

energy jet.
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+ (a = D)Y[GGs + GFG, + GP2G),
= Bo(GGs + GG, + GP=G))]
+ (a = )Yil(G1GG3)e — Bov5G1G2Gs) (3

where A =AY —A4,A; and A® = A0 — 44,4, -
A%)A3 - A%)Az - A%)Al. The subscripts € and y in
Egs. (2) and (3) denote 9/9¢ and 9/dy, respectively. The
first terms of Egs. (2) and (3) are of classical origin and,
therefore, universal. Corrections o —%, a, (a — b), and
(a — ¢), which are O(,/a;) suppressed, better account for
energy conservation at each vertex of the splitting process,
as compared with the DLA O(1). The hard constants are
obtained after integration over the regular part of the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
splitting functions [1] as performed in [4,5]. In the equation
for the gluon initiated jet (3), the first and second constants
a(ny = 3) = 0.935 and b(n; = 3) = 0.915 were obtained
in the frame of the single inclusive distribution and two-
particle correlations respectively [4]. The third constant
c(ny) appearing for the first time in this frame reads

1111 4 Cr\37n,=3
— + -2-=) [ = 0917
i [3 N. 3nfTR(1 2 ) ] 0.917

A. MLLA and DLA solutions of the evolution equations

Equation (3) is self-contained and can be solved iteratively
by setting G® = C; (3) .G1G,G3and G(Z) =c? ‘GG, inthe
left- and right-hand s1des of (3). Accordmgly, the solution of
(2) is also obtained by setting 0¥ =¢C (3?21 0,0,05 and

Qg) CS?jQin in the left-hand side of (2) and G® =
C(G3])21G1G2G3 in the right-hand side of the same equation

c(ny) =

such that the iterative solutions can be written in the compact
form

3 _ (@ 2) ) 2) ) 2
Cary = (CAl — 1)FA12 + (CA,3 - I)FA13 + (CA23 — I)FA23
NZ )
+ FFAIB 4)

The MLLA two-particle correlators Cfl)z will be taken from
[5] for the computation of Cf])%. Moreover,

F(z) -1+ 1- b\I’{g + fllj — €] (5)

Gij 2+A12+A13+A23+61’
(3) 1 - C\Ifg + 512 + 5%3 + f%’% — €]

Fo = 6
Gis 2+A12+A13+A23+61 ( )
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and for the quark jet

zij

FO =1+ L @
Q” 3+A12+A13+A23—a‘1'€+§1 ()
3 oL P13, 3 2
3 _ 6271)23(1 —avy)+ 5%2 * 5%% - 5%3 _“ (8
Qus 3+ A]z + A13 + A23 - a‘l’e + él ’
where Wy = i+ ¢y + 30 =0(y)) and ¢ =

In[G(¥, y)]. Higher order corrections arising from the solu-
tion of the system of Egs. (2) and (3) have been neglected in
(5). In this case, G(¢, y) is the inclusive energy distribution,
which will be inserted from the steepest descent method
presented in [5]. The other functions appearing in (5) and

©)are A;; = o 2(iehjy + iy ¢) = O(1) and
o® .
{o = 5 = 005
G
ey
gy o 23,V __
Gin
C(Z)

= O(vp),

%)

Xi ==
CG

(2)

ij _C x])’

X
y C(G2)

ij

= O(vp),

t

f” = 2()(1/‘1’ + Xy JWy) = O(y,),
€1 =v,2(LY, + P, = O(y,),

with { = 1nC<G332% and y = lnC(Gz). The set of functions ap-
pearing in (7) and (8) is obtained from the preceding by
replacing { — £, x = ¥, £ — &, C(Gz)] - C(QZ’_)j, and C(g)’ -
CSZ where the dotted Cfi and sz are the DLA solutions of
the two- and three-particle correlators; that is why this solu-
tion is said to be iterative. Moreover, corrections €, € and
&7, &/ are very small and do not play a significant role in the

shape and normalization of the three-particle correlations.
The DLA two-particle correlators are taken from [8] and

the DLA expression for Cf;_ can be obtained from (4) by
setting all MLLA O(y,) corrections to zero:

. N 1
ey —1=2¢ ; 9)
Aij CA 1+ Al]
€= D= @ - -
N, € -+ -n+C -1
N? 1
5 (10)

C22+ A+ A5+ Ay
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The solutions have the following simple physical interpre-
tation: the first term ( = —1) in the left-hand side translates
the independent or decorrelated emission of three hadrons
in the shower. After inserting the two-particle correlator
with color factor o == (9) in the left-hand side of (10),

terms o e correspond to the case where two partons are

Cs
correlated inside the same subjet, while the other one is
emitted independently from the rest. Next, replacing (9) in

the right-hand side of (10), one obtains a contribution = lgz

describing the independent emission of two partons 1n81de
2’—52' involves three parti-

A
cles strongly correlated inside the same partonic shower as
depicted in Fig. 1. This term is indeed the cumulant of
genuine correlations, first obtained in this article for this
observable.

The evaluation of (4), which is expressed in terms of the
logarithmic derivatives of the single inclusive distribution
In[G(¢, y)], will be performed using the steepest descent
method to determine G(¢, y) [5,8]. Thus, the MLLA loga-

rithmic derivatives were written in [5] in the form

the same subject. The last term <«

¥ie(pi vi) = yoeti + 1617’ [e O(u;, v;) — tanhy;
— tanhw; cothu; (1 + e Q(u;, ;)]
~ 2B+ tanhy, (14 K (s, )
+Cpi, v) (1 + e* Oy, v) ] + O(}),
iy, v)=yoe M _%CW%[Z‘*‘ e i Q(uj, v;) + tanh;

— tanhw;cothu;(1 + ef"”Q~(,U#,~, vi)]

——Boyo[l +tanhv,(1+ K(u;, v;))

—C(p;, v)(1+ e_#[Q(Miy vi)]+ (9(70)
(11)

where the functions Q(u;, v;), C(u;, v;), and K(u;, v;) are
defined in [5] and (u;, v;) are expressed as functions of the
original variables (€;, y;) by inverting the nonlinear system
of equations [8]:

v — 6[ o (Sinh2,u,,~ - 2/'Ll) - (SinhZVi - 2Vl')
el' + Vi 2(Sinh2/,Li - Sinhzvi) ’
sinhv;  sinhy;

N SN Y

In particular, this method allows for the estimation
of the observable for particles with energies near the
maximum or hump (£, = Y/2) of the one-particle dis-
tribution | € — Y/2 |< o = Y32, which applied to the
three-particle correlations will appear in a forthcoming
paper. For instance, at DLA one has A;; =2cosh(u; — 1)
with such a parametrization of the logarithmic derivatives

034015-3



PEREZ-RAMOS, MATHIEU, AND SANCHIS-LOZANO

of the inclusive spectrum. Close to the hump one has A;; =
(€; — €;)*; thus the correlations are expected to be qua-
dratic as a function of (€; — €;) and to have a maximum for
particles with the same energy x; = x;. In this frame, the
role of MLLA corrections should be expected to be larger
than for the two-particle correlations. Indeed, higher order
corrections increase with the rank of the correlator, which
is known from the Koba-Nielsen-Olesen problem for intra-
jet multiplicity fluctuations [9]. For the two-particle corre-
lations, for instance, one has & —b(¢ ¢ + ) and for
the three-particle correlator one has the larger correction

x —c(Pr o+ Yoo+ P

B. Phenomenology and comparison with
existing ete™ and pp data

The study of n-particle correlations is very important
because, being defined as the n-particle cross section nor-
malized by the product of the single inclusive distribution
of each parton

w _ AP,
An T ALLLLA

the resulting observable becomes independent of the con-
stant <", thus providing a refined test of QCD dynamics
at the parton level. Since our study of three-particle corre-
lations depends on previous results for two-particle corre-
lations, we briefly review recent results about this
observable. The MLLA evolution equations for two-
particle correlations, quite similar to those leading to the
hump-backed plateau, were solved iteratively in terms of
the logarithmic derivatives of G(¢, y) [5]. That is how the
result previously obtained by Fong and Webber in [4],
only valid in the vicinity of the maximum €, of the
distribution, was extended to all possible values of x.

09<li-lpb<1.1
1.5 ‘ ‘ ;
—— Fong & Webber
1.4} — Exact Solution

—— OPAL data

li+1y
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Consequently, as displayed in Fig. 2, the normalization
of the more accurate solution of the evolution equations
is lower and reproduces some features of the OPAL data at
the Z° peak Q = 91.2 GeV of the e* e~ annihilation, like
the flattening of the slopes towards smaller values of x [5].
Qualitatively, our MLLA expectations agree better with
available OPAL data than the Fong-Webber predictions
[5]. There remains however a significant discrepancy,
markedly at very small x. In this region nonperturbative
effects are likely to be more pronounced. They may under-
mine the applicability to particle correlations of the LPHD
considerations that were successful in translating parton
level predictions to hadronic observations in the case of
more inclusive single particle energy spectra [1].

These measurements were redone by the CDF
Collaboration for pp collisions at center of mass energy
/5 = 1.96 TeV for mixed samples of quark and gluon jets
[7]. For comparison with CDF data, the two-particle cor-
relator was normalized by the corresponding multiplicity
correlator of the second rank, which defines the dispersion
of the mean average multiplicity inside the jet. In this case,
the MLLA solution by Fong and Webber [4], the more
accurate MLLA solution [5], and the next-to-MLLA
(NMLLA) solution [3] were compared with the CDF
data. The Fong-Webber predictions turned out to be in
good agreement with CDF data in a range from large to
small x, also covering the region of the phase space where
MLLA predictions should normally not be reliable, that is,
for x > 0.1 (see Fig. 3). As these figures were taken from
[7], different notations have been used in this case, for
instance, €= g = 11’1(1/)(7), A§ = ‘5 - gmax (gmax =
Conax = % In(Q/Qy)) such that A&, + A& =€, + €, —
In(Q/Qp) and A¢; — A&, =€) — 4.

As observed in Fig. 3 (left), the data are well described
by the three cases in the interval A&, + A&, > —0.5, that

59<ly+1,<6.1
1.4 ‘ ‘
—— Fong & Webber
135 .
—— Exact Solution
1.3 +——— OPAL data

1.25

ly-1p

FIG. 2 (color online). Two-particle correlations in two quark jets (R = % + %C(z)) [5] in the process eTe” — ¢g as a function of
fl + 62 = |1n(x1x2)| for €1 - €2 = ln(xz/xl) = 1.0 (left) and €1 - €2 = |1n(X2/X1)| for €1 + €2 = ]n(xl)Cz) = 6.0 (rlght)
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FIG. 3 (color online).
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Two-particle correlations in a mixed sample of gluon and quark jets in pp collisions as a function of A&, +

A& = |In(xx)| — In(Q/ Qo) for Aé; = A&, (left) and Aé; — A&, = |In(xy/x))| for Aé = —A¢, (right).

is, at very small x. However, the Fong and Webber’s
solution also describes the data for A&, + A&, < —0.5,
that is, for larger values of x where the MLLA is no longer
valid. QCD color coherence for Fig. 3 (left, the peak at
Aé + A& = —1.5 is due to numerical uncertainties)
should be observed if the analysis is extended to A&, +
A&, > 2.5. Moreover, the NMLLA solution [3] extends,
like for the k| spectra, the region of applicability of such
predictions for larger values of x. In [7], it was concluded
that despite the disagreement with the OPAL data in Fig. 2,
the LPHD stays successful for the description of less
inclusive energy-momentum correlations. Therefore, in
this paper we encourage the analysis of these observables
by other collaborations like ALICE, ATLAS, and CMS in
order to clarify this mismatch.

III. PREDICTIONS FOR THREE-PARTICLE
CORRELATIONS AND PHENOMENOLOGY

Finally, in order to extend the applicability of the LPHD
to a larger domain of observables, we perform theoretical
predictions for three-particle correlations in the limiting
spectrum approximation (Qy = Aqcp). This observable
and two-particle correlations can be measured on equal
footing at the LHC. We display the MLLA solutions (4) of
the evolution equations (2) and (3). The correlators are
functions of the variables €;, y; and the virtuality of the jet
Q = EO,. After setting y, =Y — €; with fixed Y =
In(Q/Q,) in the arguments of the solutions (4), the depen-
dence can be reduced to the following: CSI)23 (€1, €5, €5, Y)

and C(Q3?23 (fl, 62, 63, Y)

In Fig. 4, the DLA (10) and MLLA (4) three-particle
correlators for A = G and A = Q, O,

(©) ©)
() A— G ) — O3
010,03

Gins G,G,G; ’ O3

are displayed, respectively, as a function of the
difference (€, — €,) = In(x,/x;) for two fixed values of
€y =1In(1/x3) = 4.5, 55, fixed sum (£; +4¢,) =
| In(x;x,)| = 10, and, finally, fixed ¥ = 7.5 (virtuality Q =
450 GeV and Agep = 250 MeV), which is realistic for
LHC phenomenology [5]. The representative values €3 =
In(1/x3) =4.5, 55 (x3=0.011, x3=0.004) have
been chosen according to the range of the energy fraction
x; < 0.1, where the MLLA scheme can only be applied.

In Fig. 5, the DLA (10) and MLLA (4) three-particle
correlators for A = G and A = Q, Q are depicted, in this
case as a function of the sum (¢; + €,) = | In(x,x,)| for the
same values of €5 = In(1/x;) = 4.5, 5.5, for x; = x, and
Y =7.5. As expected in both cases, the DLA and MLLA
three-particle correlators are larger inside a quark than in a
gluon jet. Of course, these plots will be the same and the
interpretation will apply to all possible permutations of
three particles (123). As remarked above, the difference
between the DLA and MLLA results is quite important in
pointing out that overall corrections in O(,/ay;) are large.
Indeed, the last behavior is not surprising as it was already
observed in the treatment of multiplicity fluctuations of the
third kind given by R; = 4.52[1 — (2.280 — 0.018n,) X
Jas] [10].

For instance, for one quark jet produced at the Z° peak
of the e'e™ annihilation (Q = 45.6 GeV), one has

034015-5
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Y=7.5;1=0.1; |Ln(x1x2)|:10
25 T T T T T T T T T

225

- - — DLALN(1/x,)=55

: MLLA Ln(1/X3)=4.5
(@] = = = MLLA Ln(1/x3)=5.5

Ln(x2/x 1)
FIG. 4 (color online).
In(x,/x,) for fixed |In(x;x,)| and In(1/x3) (right).

Y=7.5;A=0.1; Ln(x2/x1)=0
25 T T T T T

225 -

e --— -
_ie=-T"T .\
2r DLA Ln(1/x;)=4.5

- - — DLALn(1/x))=5.5
MLLA Ln(1/x;)=4.5 <

123

- — = MLLALN(1/x,)<55 fm=mTT = = -

ILn(xyx)|

FIG. 5 (color online).
In(x,/x,) for fixed |In(x;x,)| and In(1/x3) (right).

a; = 0.134. Replacing this value into the previous formula
for the quark jet multiplicity correlator, one obtains a
variation from 4.52 (DLA) to 0.83 (MLLA). Because of
this, DLA has been known to provide unreliable predic-
tions which should not be compared with experiments.
From Fig. 4, the correlation is observed to be the strongest
when particles have the same energy and to decrease when
one parton is harder than the others. Indeed, in this region
of the phase space two competing constraints should be
satisfied: as a consequence of gluon coherence and AO,
gluon emission angles should decrease, and on the other
hand, the convergence of the perturbative series k; =
x;E®; = Q, should be guaranteed. That is why, as the

PHYSICAL REVIEW D 84, 034015 (2011)
Y=7.5;1=0.1; |Ln(x1x2)|:10

45t . _ -
4r -
DLA Ln(1/x;)=4.5
=1 : - - = DLALn(/x)=55 | ]|
) og 3F : MLLA Ln(1/x)=45 | |
© - = = MLLALn(1/x,)=5.5

Ln(x2/x1)

Gluon jet 3-particle correlator as a function of | In(x;x,)| for x; = x, and In(1/x;) (left) and as a function of

Y=7.5;A=0.1; Ln(x2/x1)=0

4.5 e L S T T T L b
L e==="" R
4te=" 1
DLA Ln(1/x,)=4.5
3.5 : T
— — = DLALN(1/x;)=5.5
3r MLLA Ln(1/x,)=4.5 - - |
&’ - - =~ -~
8o 25| = = = MLLALN(1/x))=5.5 PP e : 3
O -

ILn(xx,)l

Quark jet 3-particle correlator as a function of | In(x;x,)| for x; = x, and In(1/x;) (left) and as a function of

collinear cutoff parameter Q is reached, gluons are emit-
ted at larger angles and destructive interferences with
previous emissions occur. This effect is clearly observed
in Fig. 4; the steep fall of the distribution is more pro-
nounced in the quark jet than in the gluon jet. Moreover,
the observable increases for softer partons with x; decreas-
ing, which is for partons less sensitive to the energy bal-
ance. In Fig. 5 the MLLA correlations increase for softer
partons, then flatten and decrease as a consequence of soft
gluon coherence, reproducing for three-particle correla-
tions the hump-backed shape of the one-particle distribu-
tion. Because of the limitation of phase space, one has
C® =1 for harder partons.
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IV. SUMMARY

In this paper we provide the first full perturbative QCD
treatment of three-particle correlations in parton showers,
provide a further test of the LPHD within the limiting
spectrum approximation, and briefly revise the compari-
son of two-particle correlations with OPAL and CDF
data. The correlations have been shown to be strongest
for the softest hadrons having the same energy x; =
X, = x3 in both quark and gluon jets, increasing as a
function of In(x;/x;) and |In(x;x;)| when x, softens,
that is, for partons less sensitive to the energy balance.
This result becomes therefore universal for n-particle
correlations.

Coherence effects appear when one or two of the partons
involved in the process are harder than the others, thus
reproducing for this observable the hump-backed shape of
the one-particle distribution. Also, the two- and three-
particle correlations vanish (C® — 1) when one of the
partons becomes very soft, thus describing the hump-
backed shape of the one-particle distribution. The reason
for that is dynamical rather than kinematical: radiation
of a soft gluon occurs at large angles, which makes the
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radiation coherent and thus insensitive to the internal par-
ton structure of the jet ensemble.

We give the first analytical predictions of this observable
in view of forthcoming measurements by ATLAS, CMS,
and ALICE at the LHC. Further information from the
comparison with forthcoming data may also help to im-
prove Monte Carlo event generators in the soft region of
the phase space in intrajet cascades, where PYTHIA,
ARIADNE, and HERWIG face difficulties while reproducing
the data [11].
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