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Simple relation for B; mixing
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We reinvestigate a simple relation between the semileptonic CP asymmetry af

5> the decay rate

difference AL, the mass difference AM, and S, extracted from the angular analysis of the decay
B, — i ¢, which is regularly used in the literature. We find that this relation is not suited to eliminate the
theory prediction for I',, it can, however be used to determine the size of the penguin contributions to the
decay B, — i . Moreover we comment on the current precision of the theory prediction for I',.
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I. INTRODUCTION

Currently we have some hints for deviations of experi-
ments from standard model (SM) predictions at the three
sigma level both in the B, and the B, mixing system [1-6].
In the B, system some of the central values differ largely
from the corresponding standard model values—here
LHCDb will clearly tell us till the end of 2011 whether these
large deviations are realized in nature. In view of the
expected precision of the coming data, it is mandatory to
try to achieve the same precision in the theory predictions.
In this paper we revisit a simple relation between four
mixing observables and show that this relation can be badly
violated, due to neglecting some small quantities.

After reviewing the mixing formalism in Sec. II A, we
show how new physics (NP) affects different phases arising
in the mixing of neutral B mesons. In Sec. I C we derive
the relation and we test it in the following section. In
Sec. III we discuss the accuracy of the theory prediction
for I'\,. Finally we conclude in Sec. IV.

II. THE RELATION

A. Mixing formalism

Mixing of neutral B mesons is described by the off-
diagonal elements M7, and T'{ 2 of the mass and decay
rate matrix. The following mixing observables are deter-
mined in experiments: the mass difference

AM,, = MY, — M

AL
8 |M‘]2|2

=2|M1, ( sin¢p, + > .1

the decay width difference
Al :=T] - T},

1T,
= 2|I',| cos,, (1 +3 |M2|2

sin*¢, + ), (2.2)

and the flavour specific asymmetry (defined e.g. in [7])
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sin(g,) + @(L%)

(2.3)

T2l
Myl

al =1Im FC{Z + (9<I‘ﬁ’2>
s M?z MY,

where ¢, = arg(—M{,/I'l,). A typical example of a
flavor-specific decay is a semileptonic decay, therefore
this asymmetry is also called semileptonic CP asymmetry,
al, = at #5- In the standard model I, /M, is of the order of
5 X 1073, so one can safely neglect (FIZ/M’IIZ)Z. The stan-
dard model values of these quantities were recently up-
dated in [8] using the next-to-leading order (NLO)-QCD

calculations from [7,9].
AMM=(173+2.6)ps™!, AMSM=(0.54+0.09)ps~!,

2.4)

SM AFSM
AL _ 0.137 = 0.027 d

) : = (4.2 £0.8) X 1073,
T T, ( )

(2.5)

apM=(1.9%+03)x107, af™M=—(4.1+0.6)x107*

(2.6)

$M = 0.22° = 0.06°, M= —43° + 1.4°, (2.7)

AUM = 0.506a%M + 0.494a)M

=(-20=*03)x 1074 (2.8)

5,SM d,SM

as™M = g@M = (43 £ 0.7) X 1074 (2.9)

All these values were obtained with the input parameters
taken from [3].

B. New Physics contributions to mixing

In the general case of new physics being present in B
mixing we can write model-indepently

My =MEM A, = MEN (Al (2.10)
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Il =T{M-A, =THM 8 79, A, ~1. (211

Then the mixing phase can be decomposed as
¢y = O3+ ¢y + by

The standard model part ¢5M is tiny in the case of B,
mesons (Eq. (2.7)), the new physics contribution to M7, is
denoted by d)ﬁ and the hypothetical new physics contribu-
tion to I'Y,, which is strongly constrained by different well-
measured observables is denoted by (;33 Because of these
constraints we will neglect new physics contributions to I'?,
in the following.! A related quantity arises in the angular
analysis of the decay B, — i ¢, which is sometimes con-
fused with ¢ [10]. 28, := —arg[(V;, Vi1)*/ (Ve Vi) ] s
the phase which appears in b — c¢¢s decays of neutral B
mesons taking possible mixing into account, so e.g. in the
case B, — . (V,Vi)? comes from the mixing (due
to My,) and (V,,VZ,)? comes from the ratio of b — cés
and b — &cs amplitudes. Sometimes /3, is approximated
(using the PDG convention for the Cabibbo-Kobayashi-
Maskawa quark-mixing matrix (CKM) elements!) as
2B, = —arg[(V,,Vi)?] = — arg[(V},)?]—the error due to
this approximation is on the per mille level. The standard
model value for this angle reads [3]

28, = (2.1 £0.1)°.

(2.12)

(2.13)

As mentioned above ¢, := arg[—M,,/I'|,] is the phase
that appears e.g. in aj. In M}, we have again the CKM
elements (V,,V;:)?, while we have a linear combination of
(Vo Vi), Ve VEV,, Vi and (V,, Vi)? in T',. Neglecting
the latter two contributions—which is not justified—would
yield the phase 28,. Numerically ¢$M is 1 order of magni-
tude smaller than 23,. New physics contributions to mix-
ing, i.e. to M7, alters B; as

—2B,— ¢¢ — 2B,

Taking into account possible penguin contributions both in
the standard model and beyond one gets

(2.14)

2B, + 8vreSM_, pA o sheneSM | gpeneNP 5 15

The penguin contributions are typically expected not to be
huge, but they might easily be of the same size as —2[;
[11]. An interesting exception of the decomposition in
Eq. (2.15) is given by the standard model with four gener-
ations. In this particular model a sizeable deviation of —2
from its standard model value is possible, see e.g. [12,13]
for some bounds on the CKM elements in this model.

Sometimes in the literature (e.g. [14—16]) the following
quantity is used

Sy = sin(—¢» + 28, — 87SM — 5PeneNPy - (2.16)

'Taking a non-negligible value of (f)ﬁ into account, will only
strengthen our arguments.
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A model independent fit [3] for new physics in B mixing,
gives the following currently allowed range [8]

Sy = 0781013, (2.17)
which has to be compared with the SM value
Sye = 0.036 = 0.002. (2.18)

Penguin contributions have been neglected in Eq. (2.17)
and (2.18). In the literature it is sometimes argued, that if
the new physics contribution is sizeable, then we can
approximate

M+ 8 + dL =~ ¢5, (2.19)

¢?A _ 23? + Slsoeng,SM + ageng,NP ~ ey (220)

since the standard model phases and the possible penguin
contributions are very small.

C. Deriving the relation

This approximation (Eq. (2.19) and (2.20)) was used e.g.
in [14-17] to derive a simple model independent relation
between observables in the mixing system.

T

My,

_2IT,[cos(@™ + 47)
20|

AT,  Su4

[ J—
ag =

sin(p$™ + 47)

tan($M + ¢7)

— _2vd s
AM;, [ — @ ’

2.21)

with the correction factor &

8(:8§M SM’ a]speng,SM + 8};eng,NP, 3A)

> N
_ tan(M + $7)
tan(—2B8M + @2 + sbeSM 4 gherey’

(2.22)

Since recent fits of the new physics contribution to the By
mixing phase give relatively large values
P8 = (=52732)°

at 95%C.L., (2.23)

in [3], and

¢ = (—40 = 16)° at 68%C.L. (2.24)

in [4], it seems to be justified to neglect all other contribu-
tions (¢pSM, —28M and §7"&SM 4 sPeneNPy ip Eq. (2.22)
and to use 6 = 1. This was done often in the literature and
one gets

JAY R Y

il B L (2.25)
AM, [
-5,

ag =

This relation corresponds to Eq. (23) in [14], to Eq. (A.1) in
[15], to Eq. (55) in [17] and to Eq. (3) in [16]. Several years

031501-2

RAPID COMMUNICATIONS



SIMPLE RELATION FOR B; MIXING

earlier similar relations to Eq. (2.25) were derived e.g. in
[18-21]. In Eq. (7.10) of [18] and Eq. (10) of [19] also the
same approximations (Eq. (2.19) and (2.20)) were used, but
in the final formula there was still theory input on I';, /M.
Therefore one expects also a correction factor 8, which can
be obtained from & by replacing the tangent with the sine.
Therefore § deviates less from one than 8. For Eq. (26) of
[20] only the approximation in Eq. (2.19) is used, which is
expected to work well. For Eq. (3.53) of [21] none of the
above approximations was used.

Similar relations without the approximations in
Eq. (2.19) and (2.20) were presented e.g. in Eq. (10) of
[14], Eq. (3.5) in [22] and in [17]. Kagan and Sokoloff [17]
also discuss deviations from the relation Eq. (2.25) by
expanding to first order in the penguin contributions and
the small phases, see Eq. (110-113) of [17].

D. Testing the relation

In order to test the approximations made for
deriving Eq. (2.25) we plot the correction factor
S(BM, pSM, sbeneSM 1 gpeneNP - 4 Ay ip Fig. 1 as a func-
tion of ¢% for four different values of the unknown pen-
guin contributions &M 4 §PeNeNP — o _go g0
and —10°. Comparing with [11], the second and the third
values seem to be conservative and realizeable in nature.”
sbeneSMy speneNP — 10 corresponds to large penguin
contributions (see however [23], where such a possibility
is even not excluded within the standard model), while
sheneSM . gpene NP — (3o corresponds to the hypothetical
case that standard model penguins and new physics pen-
guins cancel exactly. BM and ¢SM are fixed to their
standard model values given Eq. (2.13) and (2.7). As
expected the relation in Eq. (2.25) does not work at all
for small new physics contributions ¢2, i.e. ¢ =0 or
¢5 = r, but one can see from the plot in Fig. 1 that the
relation in Eq. (2.25) does also not work for large new
physics contributions.

To investigate the accuracy of Eq. (2.25) further let us
first discuss the case of a very large value of the new
physics mixing phase ¢, where the approximations
from Eq. (2.19) and (2.20) are expected to work best.
Taking the large ¢2-value from Eq. (2.23) one gets the
following values for &:

Sgeng,SMJrNP 5geng,SM+NP 6§)eng,SM+NP Bgeng,SMJrNP
= 0° f— 72° J— 750 — 7100
1) 1.086 38 1.16571 1.294 63 1.54297

If there would be no penguin pollution at all, the relation
Eq. (2.25) would have a maximal accuracy of about 10%,

*More precise data might shrink the allowed range for penguin
contributions further.

PHYSICAL REVIEW D 84, 031501(R) (2011)
20 \_/
15 U

0.5 /// N
Y Y T SRS S T S S S B S S SR

05 1.0 1.5 g 20 25 30 !

-05 ‘

|

FIG. 1 (color online). Correction factor é in dependence of the
new physics phase ¢2 in M, for four values of the penguin
contributions. The line closest to & =1 corresponds to
oheneSM 4 speneNP _ o ho nextto —2° and then —5° and — 10°.

-10

even for moderate penguin pollutions Eq. (2.25) is violated
by 20%-30% (for smaller values of ¢, the situation is
much worse), while for large penguin contributions we
have a violation of Eq. (2.25) of more than 50%. So even
in the ideal case of a very large value of the new physics
mixing phase ¢2 a violation of up to O(50%) can easily
occur. If ¢% does not have the value from Eq. (2.23), then
the relation in Eq. (2.25) can of course be violated much
stronger than O(50%).

Next we show a numerical example, to illustrate that
a measurement of a deviation of 6 from one has to com-
bined with theoretical input in order to obtain information
about the phases. Let us assume that all the quantities in
Eq. (2.25) are measured and e.g. 6 = 1.6 will be found
experimentally. Such a value can correspond to very differ-
ent values of new physics phases ¢%

5peng,SM+NP 5peng,SM+NP 8peng,SM+NP 8peng,SM+NP
=0° = -2° = -5° = —10°
o 0.104 57 0.200114 0.352 488 0.693 67

Without including further input (like the theoretical
determination of I'},) the new physics phase can lie some-
where between 0.1 and 0.7 and we cannot distinguish new
physics effects in mixing from QCD effects like penguin
contributions.
Including however theoretical input like '} or 3™ we
can determine all phases, e.g.
(i) @, from experiment and I'})! and ¢$$™ from theory
allows us to extract ¢2. This can then be combined
with the experimental value of S, 4 or 6 to obtain

—2B, + obereSM 1 gPene NP njost NP models (ex-
cept e.g. the SM4) do not change the value of —28;
and therefore we can use the SM prediction for
—2, to get a precise determination of the penguin
contributions
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(ii) The experimental values of S, and 6 can be used
to extract ¢pSM + 2. With the theoretical value
of ¢SM the new physics phase ¢4 can be extracted.
As above one can now extract the penguin
contributions.

To summarize the results of this section: The relation
Eq. (2.25) can be strongly violated due to the small differ-
ence between ¢SM, —28, and nonvanishing penguin con-
tributions. Therefore a violation of Eq. (2.25), i.e. § # 1,
does not provide a test of our theoretical framework for
deriving I'}, and M,. Equation (2.25) can not be used to
eliminate the theory prediction for I'j,. The exact relation
Eq. (2.21) (with the correction factor &) can however be
used to extract the desired information: Using the theory
prediction for I';, one can extract ¢> and the size of the

peng, NP
+ 05

. . SM L. .
penguin contributions 85" , which is an im-

portant result.

I1I. COMMENT ON THE THEORETICAL
ACCURACY OF I'y,

The DO collaboration measured [24,25], a very large
value for the Dimuon asymmetry

APSM = —0.00957 = 0.00251(stat) = 0.00146(syst), (3.1)

which differs 3.20" from the standard model prediction
[7,8], or Eq. (2.8). This result triggered a lot of theoretical
interest, see e.g. [12,26] (due to a lack of space we
quoted only papers from the first two months after the
DO result appeared). Allowing only for new physics in M7,
(Eq. (2.10)) one gets the following relation for flavor-
specific/semileptonic CP asymmetries

o _ TGl sin(g3™ + #2)

al =
f ,SM
MY 1A,

3.2)

From this relation one can derive a bound on the maximal
value of the dimuon asymmetry

APMAX < (=5 1) X 1073, (3.3)
which is about 1.50 below the experimental value in
Eq. 3.1).

Because of this discrepancy (although the statistical
significance is only 1.50), it was suggested [27] that new
physics might also act in I'Y,, c.f. Eq. (2.11) or that the
theory prediction for I'Y, might be affected by nonpertur-
bative effects. One possibility to circumvent hypothetical
problems with 'Y, would be the elimination of the corre-
sponding theory prediction with the help of Eq. (2.25), as
suggested e.g. in [16]. But as explained above Eq. (2.25)
can not be used without theory information on I',.

In order to shed some light on the necessity of the
elimination of the theory prediction for I'j, we review
here its theory status. I'{, has three contributions
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FiZ = /\(2FLL + ZAL'AMFMC + )\thruu' (3’4)

Iy, corresponds to a box diagram with internal x and y
quarks and A; = V[ V;,. We investigate now the expected
expansion parameter in the heavy quark expansion (HQE)
for the individual I',,.

I',.: This contribution dominates by far |I'j,| and
Re(I'},) and therefore describes AT,. Since we have now
two charm quarks in the intermediate state, the expansion
parameter of the heavy quark expansion is not the inverse
bottom mass but a reduced mass:

A A A 1

(3.5)

Using pole masses for the quarks one gets an expansion
parameter of about 1.3A/m,. It is however well-known
that the use of the pole mass suffers from considerable
uncertainties related to renormalons. Using instead the
method and parameters (minimal subtraction (MS) val-
ues at the same scale for the quark masses in z, which
corresponds to summing up logarithms of the form zInz
to all orders) which were used in [8] we get as an
expansion parameter of the HQE

A 1 A

— ———=(1.11 2 0.01)—,

my, V1= 42 my,
that is almost identical to A/m;. So this simple dimen-
sional estimate does not indicate any problems concern-
ing the convergence of the HQE.

Moreover the validity of the HQE for I',. can be tested
directly by comparing theory and experiment for AI'; and
indirectly by the lifetime ratio 75 / Tp,, because a very
similar contribution arises in the theoretical determination
of the lifetime of the B meson, see e.g. [28]. Currently no
deviation from the standard model predictions are seen [8],
but more precise experimental numbers for AI'y and 75
are very desireable.

Iyt These two contributions give the dominant con-
tribution to Im(I"},) and are therefore important for ag;.
Since we now have at most one charm quark and elsewhere
only light up-quarks as internal quarks, naive power count-
ing shows that the HQE is given as an expansion in the
inverse heavy b-quark mass, which is expected to be well-
behaved. A very similar contribution arises in the theoreti-
cal determination of the lifetime of the B, and B" mesons.
Theory and experiment agree for the ratio 75+ /75, [8],
although the theoretical precision is strongly limited by
a lack of knowledge of the arising nonperturbative
parameters.

As we have shown, dimensional estimates do not indi-
cate a breakdown of the convergence of the HQE, but
instead of dimensional estimates it is much more instruc-
tive to determine explicitly the size of all the corrections to
I'},. We can write

(3.6)
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AT, = ATO(1 + §latice 4 5QCD 1 §HQE) (3.7

ATY is the theory prediction in LO-QCD, LO-HQE (i.e.
only contributions of dimension 6) and with all bag
parameters set to one. 8“2 corresponds to the deviation
of the lattice results for the bag parameters from one, 5P
corresponds to the NLO-QCD corrections and §1<F to the
higher orders in the HQE. With the numerical values used
in [8] we get the following results’

AT? =0.142 ps™!, (3.8)
platice — (.14, (3.9)
6D = —0.06, (3.10)
SHQE = —(,19. (3.11)

All corrections are negative and smaller than 20% = 1/5.
So the direct calculation of the first order corrections
suggests that the HQE is well-behaved. This can be com-
pared with the status of 2004 [29], where considerably
larger uncertainties were still present in the theory predic-
tion for I'5,.

*A detailed analysis of the error budget is given in the
appendix of [8], we give here only the central values for the
individual corrections.
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IV. CONCLUSION

We have investigated the relation

E AT A\
as = — ——
L AM T Sha

, 4.1)

and shown that it receives very large corrections in depen-
dence of the value of the new physics phase ¢% in mixing.
Even in the ideal case of very large values of ¢2 the
relation can be violated up to 50%. Therefore, it cannot
be used to eliminate the theory prediction for I'{,, but
including the correction factor § from Eq. (2.22), it can
be used to determine the size of the penguin contribution to
the decay B, — ¢, which is a very important task. A
sizeable penguin contribution can also be a signal for new
physics.

We also have reinvestigated the accuracy of the theory
determination of I'}, and found no sign for unexpectedly
large corrections within the framework of the HQE.
Comparision between experiment and theory predictions
within the framework of the HQE shows a agreement, with
one exception: the central value of the dimuon asymmetry
measured by DO is 1.50 above the theory bound. Although
this discrepancy is statistically not significant, more pre-
cise data for the dimuon asymmetry from TeVatron would
be very helpful. Moreover with the expected new data on
AT’y and 75 —in particular from LHCb—soon much more
profound conclusions about the value of ', can be drawn.
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