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Black hole partition function using the hybrid formalism of superstrings
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The IIA superstring partition function Zj,, on a Euclidean AdS, X §? X CY; computes the modified
elliptic genus Zgy of the associated black hole. The hybrid formalism of superstrings on AdS, X S,
defined as a sigma model on the coset supermanifold PSU(1, 1|2)/U(1) X U(1) with a Wess-Zumino
term, together with Calabi-Yau and chiral boson conformal field theories, is used to calculate the partition
function of IIA superstrings on the Euclidean attractor geometry AdS, X S? X CYj. Instead of the kappa
symmetry analysis used by Beasely et al. in Ref. [33], we use world-sheet superconformal invariance to
construct a nilpotent Becchi, Rouet, Stora, Tyutin (BRST) operator. The sigma model action is explicitly
shown to be closed under this BRST operator. Localization arguments are then used to deform the
world-sheet path integral with the addition of a BRST exact term, where contributions arise only from the
center of AdS, and the north and south poles of S?. This leads to the Qoguri, Strominger, and Vafa result

Zgn = Zya = |Zopl?, where |Z,,,|? is the square of the topological string partition function.
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I. INTRODUCTION

In [1], Ooguri, Strominger, and Vafa (OSV) conjectured
a relationship of the form

Zpn = | Zpl*, (1)

where Zgy is the (indexed) entropy of four-dimensional
Bogomol’nyi-Prasad-Sommerfeld (BPS) black holes in
type II Calabi-Yau compactifications and Z,, is the square
of the topological string partition function evaluated at the
attractor point on the associated Calabi-Yau. One way to
view the relationship is to think of it as an asymptotic
expansion in the limit of large black hole charges. In this
limit, Zgy receives all order perturbative contributions
from the F-term corrections in the low energy effective
action of the N* = 2 supergravity. For the type IIA super-
strings on Calabi-Yau 3-folds, these are of the general form

f dxd O(W, s WB)SF,(X), )

where XA are the vector multiplet fields and the Weyl
superfield W# involves the graviphoton field strength
and the Weyl tensor. These F-term corrections are in turn
captured by the topological string amplitudes F, [2,3].
Taking into account the fact that the BPS black hole
entropy gets corrected in the presence of these terms via
attractor mechanism [4-9], and that the supergravity par-
tition function defines a mixed thermodynamic ensemble,
provides the link (1) [1]. Several refinements of the rela-
tionship (1) have been suggested in the literature [10-27].

In particular, in [28], an M-theory lift was used to
calculate the black hole partition function at low
temperatures as a dilute-gas sum over BPS wrapped
membranes in AdS; X S X CY;, via the Maldacena,
Strominger, Witten (MSW) conformal field theory (CFT)
[29] and agrees with the Gopakumar-Vafa partition
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function [30,31] (see related discussion in [32]). The rela-
tion (1) is then obtained after doing a modular transforma-
tion to go to high temperatures. Further, in [33] a com-
putation of the black hole partition function without the
need for a modular transformation was presented. In this
method, first an M-theory lift of the IIA attractor geometry
leads to a quotient of AdS; X §? X CY;, whose asymptotic
boundary is a torus. Then, using AdS;/CFT, duality, it is
shown that the partition function of IIA theory on the
attractor geometry AdS, X §% X CY3, denoted as Zy,, is
equivalent to the partition function of the black hole.
Starting from the Euclidean Calabi-Yau attractor geometry
for the black hole, carrying D0O-D2-D4 charges ¢q, g4
(electric), p# (magnetic), respectively, it was argued that [33]

Zua(9°, @2, p*) = Zpy
= TI'R(—)Fe(*(477'2/¢0))L0*4A(¢A/¢0)’ (3)

where ¢, ¢4 are potentials conjugate to the DO-D2 charges.
The trace on the right-hand side runs over the black hole
microstates computed in the CFT on the boundary torus dual
to the M-theory lift of the IIA attractor geometry. In essence,
the black hole partition function can be evaluated in terms of
the type ITA partition function on AdS, X $? X CY; geome-
try [34].

In [33], the Green-Schwarz formalism of superstrings
was used to set up such a calculation, based on the general
procedure for computing instanton generated superpoten-
tial and higher derivative F-terms in the low energy effec-
tive action of string theory [35]. The idea is to evaluate the
IIA partition function on Euclidean AdS, X §% X M, in a
perturbative string loop expansion, where M is the moduli
space of world-sheet instantons which wrap isolated hol-
omorphic curves inside the Calabi-Yau geometry. At genus
g, the AdS, X §? path integral receives contributions from
genus g (anti-)instantons which wrap (anti)holomorphic
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cycles in the Calabi-Yau geometry and sit at the center of
AdS, and (north) south poles of S?. The instantons typi-
cally break some supersymmetries and one has to integrate
over the resulting zero modes in the path integral. The
analysis of [33] involved regularizing the divergence com-
ing from such integrals using x-symmetry (see [36-38] for
a different approach and [39-41] for recent work).
Furthermore, the Calabi-Yau part of the instanton partition
function was assumed to produce the topological string
partition function and using some input from supergravity,
the relation (1) was obtained.

The purpose of this paper is to use the hybrid formalism
[42] to calculate the partition function of IIA superstrings
on AdS, X S? with Ramond-Ramond (RR) flux. There are
several advantages of this approach over the Green-
Schwarz formalism. First, the calculation of scattering
amplitudes in the hybrid formalism can be performed in
a super-Poincaré covariant manner and is relevant for
describing d =4, N =2 theories. The calculation of
superspace low energy effective actions in Calabi-Yau
compactifications and their connection to topological
string amplitudes can be derived nicely [43,44]. Another
important advantage is that studying string propagation in
Ramond-Ramond backgrounds is in general difficult in the
traditional Ramond-Neveu-Schwarz (RNS) formalism due
to the need to introduce spin fields. In the Green-Schwarz
formalism, covariant quantization is problematic, except in
light-cone gauge. To address these perennial issues, several
covariant quantization techniques have been developed
over the last few years by Berkovits and collaborators. In
ten dimensions, the pure spinor formalism [45] has led to a
remarkable simplification of the calculation of superstring
loop amplitudes in flat space and their equivalence to the
RNS formalism has been fully demonstrated (see e.g.
[46-50] and the nonminimal approach [51-54]). The for-
mulation of the pure spinor superstring in AdSs X S°
background [45,55,56], following earlier studies on hybrid
formalism in AdS; X §3 [57,58] and in AdS, X S$? [42]
backgrounds, is being actively used in a world-sheet ap-
proach to the Maldacena conjecture [59-61].

There have been innumerable applications of the hybrid
formalism of superstrings in the presence of RR back-
grounds; to list a few, scattering amplitudes in lower di-
mensions [44,62], in obtaining C-deformation [63] from
superstrings in graviphoton backgrounds [64], emergence
of non(anti)commutative superspace [65,66], for Calabi-
Yau compactifications to two dimensions [67], and more
recently in the study of flux vacua from the world-sheet
point of view [68,69].

We use the formulation of hybrid superstrings in the near
horizon geometry of extremal black holes in four dimen-

sions, presented in [42]. It was shown that two-dimensional
PSU(1,1]2)
U(1)xU(1)
with the Wess-Zumino term provide an elegant description

of superstrings propagating on AdS, X S? background

sigma models based on the coset supermanifold
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with Ramond-Ramond flux. It is also desirable to have a
world-sheet perspective on our understanding of the
derivation of OSV relation (1); as mentioned earlier, the
world-sheet approaches to large N topological string dual-
ities are playing a special role in our understanding of the
Maldacena conjecture [61]. For the present case, the con-
nection of low energy F-terms and the topological string
amplitudes can be understood nicely in the hybrid ap-
proach [44] (see [70,71] for a review). More importantly,
in the hybrid approach, the dilaton in type II theories
couples to the N = (2, 2) world-sheet supercurvature via
the Fradkin-Tseytlin term in the action [43]. This has the
advantage that the scattering amplitudes have a well-
defined dependence on the string coupling constant. This
will be important while trying to get the right factors of
topological string coupling in the ITA partition function.

The rest of the paper is organized as follows. In Sec. I,
we review the hybrid formalism of superstrings in flat
PSU(1,1]2)
U(l)xu(1)
and write down the lowest order terms in the AdS, X §?
background in the U(1) X U(1) notation, using the expres-
sions for left-invariant currents. In Sec. IV, we present
various partition functions in AdS, X §? X CY; related
to the black hole partition function. In Sec. V, we present
the computation of type IIA partition function over
AdS, X §? X CY; by embedding the theory in N =4
topological strings. We provide localization arguments
using the Becchi, Rouet, Stora, Tyutin (BRST) method
and obtain the OSV relation.

space. In Sec. III, we discuss the sigma model

II. HYBRID FORMALISM OF SUPERSTRINGS

The fundamental definition of N = 2 superconformal
theory describing hybrid superstrings in four dimensions
is by a field redefinition of N = 1 RNS matter and ghost
variables [70,72-76]. The N = 2, ¢ = 6 system obtained
after field redefinition is twisted and splits in to a four-
dimensional ¢ = —3, N = 2 superconformal field theory,
coupled to an internal six-dimensional ¢ = 9, N = 2 super-
conformal theory. Now, one can proceed in two ways to
define physical states and calculate scattering amplitudes.
The ¢ = 6, N = 2 generators can be untwisted and coupled
toa c = —6, N = 2 ghost system to write down a BRST
operator. Another way is to embed this N = 2 system in
small N =4 algebra and use the N =4 topological
method, where there is no need to introduce ghost variables.
The general four-dimensional and six-dimensional actions
in arbitrary curved backgrounds with Ramond-Ramond
flux have been discussed in [43,57], respectively. Below,
we review the flat four-dimensional case and consider the
AdS, X S? case in the next section.

Flat space-time

For the case of type IIA superstrings compactified on
Calabi-Yau 3-folds, the hybrid variables are as follows
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[42]. The four-dimensional part consists of four bosonic
and 16 fermionic space-time variables given as X" for
m = 0to 3 and (ea’ pLa)’ (02’ pLd) (0?5’ pRa)’ (9?5’ pRo’z),
where «, & = 1,2. The six-dimensional part has six
bosonic variables Y/, ¥ ; for j = 1 to 3 and their associated
superpartners, left-moving fermions (i, ¢, ;) and right-
moving fermions (4%, g;) corresponding to the Calabi-
Yau CFT. Finally, one has a chiral boson p; and an
antichiral boson pp. The world-sheet action corresponding
to these fields in the superconformal gauge can be divided
into three parts as

Sg=4 t Scy + Sy, pi- 4)

The four-dimensional part of the action in flat superspace is
Sy—y = 5 / dzdz[% XX,y + Prad0F + Praofd
+ Pra90f + ﬁRaaég]' )
The Calabi-Yau part is
Scy = % [ dzdZ(dYI0Y ; + ¢ d,; + Ykddg), (6)

and S, ,. stands for the action of the chiral and antichiral
bosons. For the present case, all the world-sheet fields
satisfy periodic boundary conditions. The free field
operator-product expansions (OPEs) corresponding to the
above action are

X’"(y)X”(Z)—>—a’n’””lnly—zlz,
1B . 158
_ - a’'él
% Prafl () ——4,
y—z

a’Bg

PLaOF () =2

a'st =
= Pra()OR(2)—

Pra()0R(2)—

pL(pL(@)——In(y—2), pr(y)pr(z)——In(F—2). (7)

The world-sheet action (4) is manifestly conformally in-
variant from the conformal dimensions of the fields. The
action (4) further has an N = 2 superconformal invariance
realized nonlinearly, the left-moving generators of which
are'

!/

1 .«
T =§6Xm6Xm + prad0§ + pra06y +?apLapL + TéY

1 1 .
G+t :\/—a—,em (d)*+Goy G™h= \/—a—,f” (dp)* + G
JE=a'dp; +JEy (8)

where

"The superscripts L, R on various generators stand for left- and
right-moving parts of the algebra. When these superscripts are
not indicated explicitly, we always mean the left-moving part.
We also adopt the notation |A|> = A; Ay
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_. 1 - 1 -
dig = Pra T i004070X,, — E(QL)Q(WLa + ZaLaa(eL)2:

1 _ 1-
- 5(9L)239La + ZaLaa(eL)2,
&)

drg = Pre +io",000X,,

and (d,)* means 1€*Pd;,d; 5. The right-moving N = 2
generators are given as

1. _ T T
TR = J3X70X,, + pradbf + bradff + 5 prdpe-+ Thy
_ 1
GH= e ) + Gt
1 _ -
G+R=\/_le*PR(dR)2+GE§, JR=a'dpp—JE,  (10)
a
with

_ 1 - - 1 _
dra = Pra T 105,030X,, — 5(913)2391%0( + ZaRaa(eR)zr

- _ 1 _ 1- _
dra = Pra T 10704030X,, — 5(913)23013@ + ZeRda(eR)z-
(11)

The + signs on the fermionic generators G-R represent
their U(1) charges with respect to JER.  Also,
[TEF, Ge™, GES™, J&F] are the left- and right-moving
N =2 ¢=9 generators describing the Calabi-Yau
3-fold. We have written the left- and right-moving algebras
explicitly for the type IIA superstring. The type IIB
generators can be obtained by noting that under mirror
symmetry, J& — —J&,, resulting in interchange G}¥ —
Gc¥. The space-time part remains unaffected by this
change.

The set of operators d, ,, d; 4, as shown in [77], satisfy
the algebra

3 . H aw
dyo(¥)d;(z) — 2wz’ﬁ, dpo(y)dyp(z) = reg,

C_lLa()’)C_lL[;(Z) — 1eg, (12)

with similar expressions for the right-moving part. Here

i o
I = aX" = S ol (6708) + G7067),
i

R = 0X" = S 054 (0R90% + 6307). (13)

The operators d, ,, d; ;, also commute with the space-time
supersymmetry generators of the action
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9ra = [dZQLa
where Q1 = pr = 10y 80X, — 4 0,001,
dra = deQLd
where Q4 = pro — i0740,0X,, — %(6&)289&[, (14)

Further, g, and g, are obtained by replacing L with R
and 9 with 4. Thus, Egs. (9) and (14) contain the world-
sheet versions of the space-time superspace covariant
derivatives and supersymmetry generators, respectively.

III. HYBRID FORMALISM IN AdS, x §?

The four-dimensional part of the action S,;,—, in Eq. (4)
can be replaced with the world-sheet action for the sigma
model on AdS, X §2. Below, we discuss the AdS, X S°
model in detail. In [42] it was shown that the two-
dimensional sigma models based on the coset supermani-
fold PSU(1,1|2)/U(1) X U(1) can be used to quantize
superstrings on AdS, X $? in RR backgrounds. One of
the main advantages of the hybrid approach is that four-
dimensional super-Poincaré invariance and the N = 2 tar-
get space-time supersymmetry can be made manifest even
in the presence of RR fields. For instance, like in Green-
Schwarz formalism, the model has fermions which are
spinors in target space and scalars on the world sheet
allowing a simple treatment of RR fields. Second, like in
RNS formalism, the action is quadratic in flat space allow-
ing for quantization. As mentioned earlier, a first principle
definition of the world-sheet variables in hybrid formalism
is through a redefinition of RNS world-sheet variables.
This follows from the fact that any critical N = 1 string
can be embedded in an N = 2 string [73].

For type II superstrings, the four x-symmetries of the
Green-Schwarz action are replaced by a critical world-
sheet N = (2, 2) superconformal invariance. These local
N =2 superconformal generators are nothing but the
twisted RNS world-sheet generators. The important differ-
ence with the RNS approach is that the vertex operators for
RR fields do not have square-root cuts with supersymmetry
generators and there is no need to sum over spin structures
on the world sheet [70].

A. AdS, X S? sigma model

The AdS, X S? sigma model action is constructed as a
gauged principle chiral field [42,78]. Let g(x) € G denote
a map from the world sheet into the supergroup G, with the
current J = g~ 'dg valued in the Lie algebra G. The sigma
model action on the coset space is constructed by gauging a
subgroup H, whose Lie algebra is #H . To construct a
string theory on AdS, X S, one has to quotient the group
G = PSU(1,1]2) by (the right action of) bosonic

*We use the notation J = J_, J = J
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subgroups H = U(1) X U(1). This subgroup is in fact the
invariant locus of a Z, automorphism, the existence of
which plays a crucial role in the construction. In effect, a
7., decomposition of the PSU(1, 1]2) Lie algebra G can be
written as [42]

g:g{0®g{l®g{2@}[3,

where the subspace FH , is the eigenspace of the Z, gen-
erator () with eigenvalue (i)¥. The subspaces H | and JH 5
contain all the fermionic generators of the algebra G and
H , H , contain the bosonic generators of G.

The AdS, X $? sigma model action is a sum of the
action on the coset supermanifold PSU(1, 1|2)/U(1) X
U(1) and a Wess-Zumino term and is given as” [42]

1 - 3 - 1
SAdSZXSZ Zﬁfdsztr(Elez +Z]]J3 +Z]]J3>’ (15)

where the left-invariant currents are given as

J = (g7108)"T,,

Ji=(g7'0Q)RTE + (g7 9g)RTE, (16)
J3 = (g7'09)iTe + (871 08)L T,
where T, Tff,’g denote the PSU(1, 1]2) generators corre-

sponding to translations and supersymmetry. J's can be
obtained by replacing 9 with d and Str stands for supertrace
over the PSU(1, 1|2) matrices, the algebra of which is
given in Eq. (28). The action in Eq. (15) has invariance
under global PSU(1, 1|2) transformations, which are real-
ized by left-multiplication as g = (24T,)g. There is also
an invariance under local U(1) X U(1) gauge transforma-
tions, which is realized on g(x, #) by a right-multiplication
as g = g2(x). The supersymmetry transformations (up to
a local Lorentz rotation) of the superspace coordinates are
achieved by a global left action of the superalgebra on the
coset superspace, whereas the x-supersymmetry corre-
sponds to a local right action on the same coset superspace.
The x-supersymmetry is explicitly broken in the present
case and is replaced by world-sheet superconformal invari-
ance [79].

It is useful to write the action by introducing auxiliary
fields as

1 1 -
SAds, x 52 zyfdzz[imdfcfd

1 - -
— 8 _]aLJBR —JaLJBR
4Ngs aLBR( )
.
4Ng

+dy, J +d, J* +dg T+ Ngd, dg, 8 Pr

BdLBR (JdLjBR — jdLJBR) + daLjaL

+Ngody, dg, 5%Pr ] (17)

026005-4



BLACK HOLE PARTITION FUNCTION USING THE ...

This form of the action can be obtained by writing the flat
space-time action in (5) in terms of manifestly supersym-
metric variables of Eqgs. (13) and (21), and then covarian-
tizing in a curved background [42]. Using the following
constraint equations

1

d, =—25

1 -
ar Ng CYL,BR‘]BR’ da = __SBLCVRJBL’ (18)
s

! Ng,

and performing the scaling

ES, — (Ngs)ilchvp E](T/IL,R’E;V/[L,R _)(Ngs)*(l/z)E;V/[L,R’E;V/[L,R’
(19)

one arrives at the action
S S d’ : Jegd — 1 ) Jaw JBr
AdS, X852 = m < Encd 4 aLﬁR(

3T IP) = 1 B, g (T TP 3JaLJﬁR)].
(20)

The above PSU(1, 1|2) invariant action can be written in
a more familiar form for type IIA superstrings on
AdS, X §? with Ramond-Ramond fluxes in a manifestly
space-time supersymmetric manner using the following
identifications [42]:

J¢ = 11¢, JoLr = []OLr, Jor = 1%k (21)

and similarly for J’s as well. Here, H? = Ey0,ZM, 7M™ =

(X™, 6%, 6%, 6% §%), supervierbein E,* and A takes the
tangent-superspace values [c, a;, &), ag, &cg]. The full
action is now

S = SAdSQXSZ + SCY + S (22)

PLPR®
We now collect the N = 2 generators in this notation
T =T4—4+Tcy, G =Gy + Geys

G' =Gyt Goy,  J=Jp=s+ oy, (23)

where
_ S R
Td:4 = H;HCE + dal_[? + ddH? +§ap6p,

Go,=e’(d)? Gl,=e?d)? Jiy=0dp (24

represent the generators of ¢ = —3, N =2 algebra
describing AdS, X 2, and

R R - -
TCY=aYJan+E(¢/a¢j+ W ;0P),
Joy=w/¢;, (25

represent the ¢ =9, N =2 generators describing the
Calabi-Yau 3-fold. The generators of AdS, X §? algebra,
given in Eq. (24), are similar to the ones of flat space-time
given in Egs. (8) and (10), except for the constraints

PHYSICAL REVIEW D 84, 026005 (2011)

satisfied by d in Eq. (18). One can use the equations of
motion in (18) to write the four-dimensional generators
explicitly in terms of the left-invariant currents. We also
note that the fermionic generators in (24) remain holomor-
phic even at the quantum level [42]. The generators in
Eq. (23) correspond to a ¢ =6, N =2 algebra. In
Sec. IV, we topologically twist this algebra and embed it
in an N = 4 algebra.

B. AdS, X $? action in U(1) X U(1) notation

For the localization arguments to be presented in
Sec. VC, it will further be useful to write the action (20)
in amanner in which the U(1) X U(1) charges are manifest.
This notation is quite useful, as most of the algebraic
relations can be easily obtained just from constructing
U(1) X U(1) invariant expressions. The sigma model on
the coset space G/H with the Wess-Zumino term is one-
loop conformally invariant provided that the group G is
Ricci flat and H is the fixed locus of a Z, automorphism of
G.g For instance, J; decomposes under H = U(1) X U(1)
as”

VARSI N i e (26)

Now, in terms of the decomposition given in (26), the
fermionic generators of the N = 2 superconformal algebra
in AdS, X S? can be constructed as [42]

G;f4=fdz(e”RJ;+J§_), G;f4=jdz(e_pRJ;{_J,§+)

(27)

and also the left-moving part involving J3. The transforma-
tions of various fields under these generators are obtained
by a global right-multiplication of g. Note that unlike in flat
space, the currents have dependence on both holomorphic
and antiholomorphic coordinates.

Let us start by writing down the PSU(1, 1|2) algebra
relations. The generators of the bosonic subgroup
SO(2,1) X SO(3) are M, T:o, T-o, N, TOX’ Ty-, where the
subscripts denotes charges under U(1) X U(1). The fermi-
onic generators are 7'y, T-_ and T _, T, where i,
j = L, R. Thus, the relevant relations of the PSU(1, 1]2)
algebra are

[Tw0.Tol=M, [To:.To-1=N,
{Ti"f" T{L,} = 31']'7&0’ {Ti'+’ T£+} = 5ijT01:

(T T, _}y=28Ty, {T" T/ ,}=380T,,
{T{Fﬁ»’ Tj**}: eij(N_M)) {Ti+’ Ti,}: Elj(N+M)r
(28)

*The fermionic generators have appropriate flat-space limits;
for instance, J., __ —d,, J._ _4 — d,. We take the + +,
— — subscripts to follow from undotted indices of fermions and
+ —, —+ indices from dotted ones.
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where /R = 1 = — R, Using the above generators, the
action in (20) can be written as

SAdSZ><S2
1 1 +0 35— + =n— -0 3+ - =0+
— d2 _ JJFO‘]70_JO+JO?_|_J?0.]+O_JOfJOJr
a'N?g? .[ ZI:Z( )
1 - - _ -
- Z(JL——J;+ +3J Jp I Ty 3T )
1 - - - _
- Z(J[‘J,T +3J IRt I TR+ 3J;+J;—)].
(29)

This action and its equations of motion are important

PHYSICAL REVIEW D 84, 026005 (2011)

8J = d&X + [J, 6X], we obtain the equations of motion of
fermionic currents, following from (29) as

VIi;” =0, VIt =0, VI, T =0,
VIj==0, Vi =0, VJit=0, (30
Vigt =0,  VJi= =0,

where we have only written the equations for covariantly
holomorphic and antiholomorphic currents. In Eq. (30),
VJ = aJ + [Jy, J] with J, denoting the generators in the
subspace H 0, stands for the covariant derivative, and
similarly for V. Using the parameterization of the group

to the localization arguments to be presented in  element as g = exp(XT + 0,T; + 0zTg), the left-
Sec. VC. Using the variation of a general current J as  invariant currents are
|
+ + 1
JO=0X 0420760 + 06, 0T + Lo R+,
_ o1
JO=0X0 420,76, + 06,70, + Lo R+,
+ + 1
JO = 9x% + E(aeﬁef +00, 0t + LR+,
_ -1
JO- =6X0—+5(895’9L* +00, 6, +L—oR)+ -, (31
and the barred ones can be obtained similarly. The left-handed currents for instance are
1 + + + +
JEt =007 + 5(—aX+°¢9,;+ + 00 X0 + 0X005 — 005 X0) + - -,
1 - - - -
JpT =90, + 5(—8X—001§* + 005 X0+ 0X0-05 T — 00T X0) + - -,
1 + + - -
JiT =00 + E(ax#’e,;- =90 X0 — 0X%-05" + 905 X) + .-,
1 - - + +
Jpt =007 + 5(axi’e;+ —0057X0 = 0X%0, " + 0605 X)) + -1, (32)

and the right-handed currents and barred ones can be obtained similarly. Thus, the first few terms relevant for us in the

action (29) are

S = fdzz(axioéxio — 9X" X0 — 90t a0, — 00, " a05t + 00 "0 + 90 Ta05 + 1) (33)

The OPEs corresponding to the action (33) are
X)X () ~ —Inly — zl,
0, (00 " (z) ~ Inly — 2,

Notice that the auxiliary fields have been integrated out in
the action in (33). There are new OPEs among the fermi-
onic coordinates in the AdS, X S? background, as in the
AdS; X $3 case [58].

IV. BLACK HOLE AND TOPOLOGICAL STRING
PARTITION FUNCTIONS

In this section, we give details of the black hole and
topological string partition functions to be used in the

X% (y)X-(z) ~ + Inly — 2],
0~ (00" (2) ~ —Inly — 2|,

07" (»)0g (z) ~ Inly — zl,
0, ()05 (z) ~ —Inly — zl. (34)

next section. We start with the topological string am-
plitudes of N =2 and N =4 topological strings. The
partition function of N = 2 topological strings leads to
the right-hand side of the relation in Eq. (1) and that of
N =4 topological strings will lead to a method of
calculating the partition function of the physical
type IIA superstrings, appearing in Eq. (3). In the
final subsection, we present the black hole partition
function.
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A. N = 2 topological string partition function

To define the N = 2 topological strings, we use the
generators of two copies of the ¢ =9, N =2 algebra of
Calabi-Yau, given in Eq. (25): Ty, God, GEE, JEy and
T&,, G:&, GL&, ch, where all the fermionic generators
G&s™ have spin 3. Now, we perform a twist which shifts
the U(1) charges of the fields, leading to a topological
theory. An A-twist corresponds to the choice of shifts,
TrlfeW,CY = TéY o %aJIéY and Tnew cy © TgY +3 a‘ng
This results in the shift of spins A%, h¥ of the generators
of left- and right-moving algebras as hk., = ht — —q and
hR. = h® + 1%, where g%, g® are the U(1) charges,
respectively. Note that Ty cy(¥)Thew.cy(z) OPEs have
no central charge in the twisted N = 2 system, and all
bosonic and fermionic world-sheet fields have integer
spin. However, Gy (y)Gcy(z) OPEs have a central charge
given as & = 3 [2]. As a result of this twisting, G, GEE
acquire spin 2 and G{E, Go& acquire spin 1. The N = 2
topological string amplitude is then given as [2]

F, = fm < l—[ Gey(py) > (35)

8

where (|Gay()|?) corresponds to (G (w)GEE(w)). The
spin 2 generators Go& and GA& appear in the amplitude
and behave similar to the b-ghost in the bosonic string. The
spin 1 generators can be used to form a fermionic nilpotent
operator, to study the cohomology of the theory. The
formula (35) should also be understood as coming from
coupling the N = 2 theory to topological gravity. One can
define the full topological string free energy to be

3g—3

282
Fop= Z oy Fo (36)
where g, is the coupling constant weighing the contribu-
tions at different genera. Finally, the topological string
partition function is defined as

Zigp = expftop' 37
One can repeat the above discussion for an A-twisz, corre-
sponding to the choice of shifts, Tk, = T* + $9J* and
TR, = TR — %BJR_ , leading up to the antitopological string
partition function Z,. |Zo|* in Eq. (1) then stands for the
product of the N =2 topological and its conjugate, the
antitopological string partition functions, Z, and Z,
respectively.

B. N = 4 topological strings

The N = 2 topological strings discussed in the previous
subsection were modeled after the N = 0 bosonic strings.
In a similar vein, N = 4 topological strings consisting of a
twisted small N =4 algebra are modeled after N =2
strings. The twisted N° = 4 generators are

{1,G*,6*,G~,G,J %, J,J 7} (38)
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and correspond to an algebra with central charge ¢ = 2
[44]. The OPEs of the algebra are given in [44] and one
sees that there are two doublets (G*, G™) and (G, G™).
There is also an SU(2), flavor which rotates these doublets
and leaves the N = 4 unchanged. Explicitly, the flavor
rotation is

G () = u,

G+(M):MIG++M2G+, G__M2(§7

G w=uw;G"—u;G~, G (w)=u;G"+u;G*, (39)

where |u,]?> + |u,|> = 1 and the complex conjugate of u,,
is €uj [80]. The generators G~, appearing in Eq. (39),

are defined as
= [f]++, G_], (40)

G = UJ",(#], G*

where
J = exp(— fZJ). (41)

J++ = exp<[z J)’

The flavor rotated N = 4 topological string amplitude is
given by [44]

2gz—2 (4g 4)' Fry 2g— 2+nu2g 2—n
n_72g+2(2g 2+n)!2g—2—n)! ¢ “ 2

-/ (|G-<M1>...G-<mh_3>|2[ / |é+|2]g‘1 / JJ),

(42)

7=

where u’s denote the Beltrami differentials and the [J
type of insertions are needed to ensure that the path integral

does not vanish trivially. Also, the [ G insertions in the
path integral allow the use of N = 2 topological strings in
the calculation of amplitudes.

Now, one constructs unintegrated and integrated vertex
operators and calculates scattering amplitudes for any
critical N =2 strings. A case relevant for the present
situation is the scattering of 2g — 2 chiral graviphotons
and two gravitons in flat four-dimensional space-time. This
calculation was performed in [44] and contributes terms of
the kind in Eq. (2) for the low energy effective action of
type II strings [2,3]. In [35] (see also [81-83]), a physical
gauge formalism was used to study, in a general situation,
what kind of terms in the low energy effective action of
superstrings can be generated by world-sheet instantons
which wrap holomorphic curves C in the Calabi-Yau ge-
ometry. The A-model computation consists of counting the
bosonic and fermionic zero modes contributing to the
instanton partition function. In this case, the instanton
that contributes is isolated and of genus g = 1. One also
needs to bring down an appropriate number of insertions of
interaction terms involving Weyl supermultiplets from the
world volume of the instanton. The final result is [35]
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A(C
S = fd4xd40(W2)g exp(— ( )/ + if B),
2o C

where the sum over holomorphic curves C, accompanied
by the exponential factor denoting the area of the world
sheet, defines the A-model amplitude F, at genus g, given
in Eq. (35). This is equivalent to the computation in [44],
since in flat space-time, one needs graviton-graviphoton
insertions in the path integral to generate low energy
F-terms.

C- ZBH

Zgy stands for the partition function of extremal black
holes in four dimensions, which are solutions of N = 2
supergravity coupled to ny, vector multiplets with magnetic
and electric charges p*, g,. The asymptotic values of the
moduli fields X*, A =0,1,---, ny of the vector multip-
lets are arbitrary in the black hole solution. Near the
horizon of the black hole, the values of the moduli fields
are constant and fixed by the attractor equations [4]

p) = Re[CXN], gn = Re[CF,] (43)

where Fy =L and C is a complex constant. In the

presence of higher derivative F-terms in the action, en-
coded in the prepotential

F(XMW2) = 3 F (XM W2, (44)
g=0

where F, are computed by Eq. (35) and W? contains the
square of the anti-self-dual graviphoton field strength, the
attractor equations are modified due to [7-9]

C?W? = 256, (45)

in the gauge K = 0, C = 2Q. Here, K denotes the Kéhler
potential and Q is a complex combination of electric and
magnetic graviphoton charges. Thus, the black hole parti-
tion function takes the form [1]

G D
8

A

where one uses X* = (p* + i%)/2Q. Here, ¢” are con-
tinuous electric potentials, which are conjugate to integer
electric charges ¢*. As argued in [33,34], the partition
function in Eq. (46) is related to Zj, as in Eq. (3). The
computation of Zj, involves taking in to account the
contributions of world-sheet instantons which wrap non-
trivial curves in the Calabi-Yau 3-fold [33-35].

V. TYPE IIA PARTITION FUNCTION ON
AdS, X $? x CY;

In this section, we calculate the partition function of
type IIA superstrings on AdS, X §? X CY; and show its
connection to the N = 2 topological string partition

PHYSICAL REVIEW D 84, 026005 (2011)

function. There are at least two methods to compute the
partition function of type IIA superstrings on AdS, X §? X
CY;. In the first method, using the fact that ¢ = 6 is the
critical central charge for an N = 2 matter system given in
Eq. (23), one introduces a set of ¢ = —6, N = 2 ghosts,
constructs an N = 2 BRST operator, and calculates the
partition function using standard N = 2 techniques [84].
The second method is to twist the original ¢ = 6, N =2
algebra of Eq. (23), embed it in a small N = 4 algebra and
compute the partition function using the N = 4 topological
techniques. This is the N =4 topological method we
follow and is based on the N = 4 topological strings dis-
cussed in Sec. IV B. The N = 4 topological method can be
used to calculate the partition function of any N =2
system which has a critical central charge of ¢ = 6 [44].

A. Embedding AdS, X §? x CY;3
in NV = 4 topological strings

As mentioned above, to use the N =4 topological
method in the present case, one has to embed the AdS, X
§2 X CY5 generators in the twisted N = 4 algebra.

We start by explicitly denoting the ¢ = 6, N = 2 algebra
generators given in Eq. (23) as T, G™F, G*E, JL and TR,
G R, G™R, JR, where all the fermionic generators G&R=
have spin % . Now, there are two possible embeddings of the
AdS, X §? X CYj; algebra in the N = 4 topological alge-
bra. In one case, we end up with an A-model in the Calabi-
Yau geometry discussed in Sec. IVA, and in the other case,
the conjugate A-model. We now discuss the A-model em-
bedding. This can be achieved by the shifts Tk, = T —
$0J5 and TR, = TR —19JR._ This results in the shift of
spins hl, h® of the generators of left- and right-moving
algebras as hl,,, = h — 1 ¢" and h%,,, = R — 1 4R, where
g", g® are the U(1) charges, respectively. As a result, the
generators which acquire spin 1 and spin 2 in the full
AdS, X §? X CY; geometry are G™L, G™R and G771,
G R, respectively. Using Egs. (8), (10), and (23), this
translates to G&, Go& acquiring spin 1 and Gg¥, GE§
acquiring spin 2 in the Calabi-Yau theory. This matches
exactly with the A-twist discussed in Sec. [IVA. Thus, we
have an A-model topological string in the Calabi-Yau
geometry. On the other hand, in the AdS, X S? geometry,
itis G/, G/ X, thatacquire spin 1 and G £, G ®, acquire
spin 2. We will have more to say on this when we discuss
the construction of BRST operator in Sec. V C. To sum-
marize, the twisting of the algebra in the AdS, X S? is
opposite to that in the Calabi-Yau geometry.

Now again the Tpey(y)Thew(z) OPEs have no central
charge in the twisted N = 2 system, and all bosonic and
fermionic world-sheet fields have integer spin. However,
G*(y)G™ (z) OPEs have a central charge given as ¢ = 2.
Since, ¢ = 2 is the critical central charge of an N =4
topological algebra discussed in Sec. IV B, one can enlarge
this twisted N = 2 algebra, with two additional currents of
charge =2 denoted by J** and J~ ~, which together with J
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satisfy an SU(2), algebra, where the subscript ¢ stands for
color. Under this SU(2)., G~ and G* generate two new
supercurrents G and G~ . Using the definitions in Eq. (23)
and the formulas in Eq. (40), we can explicitly write

G = e 2 Jov(d)? + e"’GE{,

Gt =¥ (d)? + PG, (47)

where Goy and Gy are residues of the pole in the OPE of
e’ with Goy and e /o with G(y, respectively. Their
explicit form will not be needed here, but can be con-
structed using the methods in [68]. The full set of gener-
ators for this N = 4 system is already given in Eq. (38).

In the last subsection, we showed how the hybrid formal-
ism in AdS, X §? X CYj is a critical N = 2 string theory
and can be embedded in the N = 4 topological algebra.
This embedding, in particular, implies that the partition
function of IIA superstrings on AdS, X S? X CY; can be
calculated using Eq. (42).

One of the consequences of topological twisting is the
existence of a nilpotent generator Q. In terms of the twist-
ing procedure discussed in last subsection, this generator
can be constructed from G™% and G™®. The explicit form
of this generator will not be needed here. However, the
AdS, X S? part of this generator is important for localiza-
tion arguments and will be discussed in Sec. V C. Because
of the twisting, the type IIA path integral Z;;, reduces to a
sum of local contributions from the fixed points of the
nilpotent generator Q [85]. In the Calabi-Yau geometry,
these contributions come from configurations which are
world-sheet instantons in the A-model and anti-instantons
in the conjugate A-model. It is well known that the world-
sheet instantons wrap nontrivial curves in the Calabi-Yau
geometry and lead to holomorphic maps [86], given as

aYi = 0. (48)

The anti-instantons come from antiholomorphic maps in
the Calabi-Yau geometry. In AdS, X $? geometry, such
world-sheet instanton configurations break translational
symmetries and associated supersymmetries. After a
Euclidean rotation in the world-sheet action in Eq. (17),
the instantonic configuration can be obtained by setting the
world-sheet variables X™, 0%, ¢, and their right-moving
counterparts to zero.* The only nontrivial terms remaining
in the AdS, X S? action (17) are

[ (d, dg, WP + d,, dy WePr) (49)

“*For the four-dimensional part, we sometimes use the flat-
space notation of Sec. , as the left-invariant currents of
AdS, X §? can always be written in terms of them, using the
expansions in Eqgs. (31) and (32).

PHYSICAL REVIEW D 84, 026005 (2011)

To summarize, Zjj, reduces to a sum of two contributions,
coming from world-sheet instantons and anti-intantons,’
which wrap holomorphic and antiholomorphic curves in
the Calabi-Yau geometry, respectively, and have legs in
AdS, X S2. The action in Eq. (49) will be useful in the
evaluation of these contributions to the partition function.

We now discuss the instanton contribution to Zj, and
denote it as Z};,. Toward the end, we briefly discuss the
anti-instanton contribution to the type IIA partition func-
tion, denoted as Z4\ . This corresponds to an opposite twist
to the one in Sec. VA. The final answer for Zj, will be
obtained by joining Z};, and Zj}.

1. World-sheet instantons

With the choice of twisting in Sec. VA, Eq. (50) below
corresponds to the instanton contribution to the type IIA
partition function, ZkL,. One way to see this is that in the
Calabi- Yau geometry, we have an A-model topological string.
The spin 2 generators G, G~ are like the b-ghost of the
bosonic strings and appear in the partition function in
Eq. (50), integrated against the 3g — 3 Beltrami differentials.
Thus using Eq. (42), the instanton contribution to the partition
function of type IIA superstrings on AdS, X S? X CYj is

2g—2
Z%IA: |fdu Z (u;)Zg—2+n,(uT)2g—2—n,
n;=2—2g

3¢g—3

X ]lzll [d2mjilj'[d2v,~< i_l_[lle:(vi)J(vg)

(fu))

where the G* and é\’ are defined in Eq. (39). Just as in flat
space [44], the integration over u can be done using

fdu(u%g72+mu§g727”)(u;)zg*ﬂn(u’f)zg*z*"
=08,,2¢ —2+m)!Q2g —2—n)l (1)

To calculate Z!;, in hybrid formalism, the world-sheet fields
which we need to integrate over in the path integral are
(@) AdS, X §? fields: X™, (6%, d,), (6% d,) and their
right-moving counterparts, for m =0,---,3 and «, & =
1, 2; (b) Calabi-Yau variables; and (c) the chiral boson p
and its right-moving counterpart.

Let us start by choosing n; = g — 1 in Eq. (50), which
was argued in [44], to be the piece relevant for computing

SLet us note that, to reproduce the F-terms in Eq. (2), one has
to insert 2g — 2 chiral graviphoton and two graviton vertex
operators in the amplitude in flat space. In AdS, X S?, the
relevant insertions are provided by the action of the world-sheet
instantons in Eq. (49). Also, the Calabi-Yau part of the type IIA
partition function, will come out similar to the one in flat space
[44].
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the low energy F-terms in Eq. (2). Next, it is needed to
write the partition function (50) transformlng variables

from the hatted generators, G+ and G~ , using the defini-
tions in Eq. (39). This can be done as follows. There are

3g—3 G s and 8- 1 G*’s in the partition function (50).
Thus, using (39), G

+1G s, whereas G+’s can contribute g — 1 — I G™’s and
+1G* ’s, in the partition function. These contributions are
further subject to the constraints coming from the back-
ground charges of the U(1) current J. For the partition
function to not vanish trivially, one has to ensure that G*
and G~ contributions contain 1 — g units of p charge and
3g — 3 units of Joy charge [44]. This is only possible if
each G~ contributes Ggy, each G~ contributes

| Jev(d)2, each G* contributes (d)’e”, and each
G* contributes G 7 e”. Making these choices, we have®

’s can contribute 3g —3 — [ G™’s and

3g 3
Zha= dem det(Im7)|detw*(v,)|?

><<
! 3g—3

e o) T (o )

j=1 k=1+1

g—1
e @@,

i=[+1

(52)

Here, 7 is the period matrix and w* are g holomorphic one-
forms on 3,. We have also inserted 1 = [(G™, 6%¢*) in
Eq. (52). This makes the functional integral well defined
and can be used to remove the factor of J (vg), as follows.
Using the definitions in Eq. (23), notice that G™ has OPEs
only with J(v,) in Eq. (52). Thus, one can pull the [G*
counter off the term 6¢, till it hits J(v,), giving
3g 3
Zha = fdzm det(Im7)| detw*(v,)|?

(i

3g-3

x T1 ([,LkGCY) (6%eP)

k=1+1

D) l'[(e /@2 [ nGe)

) (53)

In Eq. (53), apart from functional integral over various
world-sheet coordinates, one also has to perform integra-

i=l+1

SWe omit the details of the regularization over the negative
energy of the chiral boson, which is same as in flat space and
discussed in detail in [44]. The regularization fixes the poles of
ePGly . coming from G to be sewn in with those of

_2" ) JCY(d)z comlng from G-, giving the term

(e P(d)? [ u,G ; ) in Eq. (52). It also contributes a factor
of/ det(ImT)l detwk(v )T from the Jacobian of change of varia-
bles, allowing the v;’s to be any g points on Eg.
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tions over the zero modes of these variables. The counting
of zero modes is as follows. There are four bosonic zero
modes of X”* and eight fermionic zero modes correspond-
ing to 6, #’s. Further, on a genus g Riemann surface, each
variable d contributes g-zero modes, giving in total
8g-zero modes. These zero modes are saturated as follows.
In Eq. (53), four zero modes of 6’s are explicitly present
together with 4g-zero of d’s. Another 4g-zero modes of d’s
can also be pulled out from 2g powers of the first term in
the instanton action in Eq. (49) as

f (d,, dg 87PrNg )%, (54)

where in an extremal black hole background, the expecta-
tion value of the graviphoton field strength is WAz =
5.PrNg . These exactly saturate the required zero modes
of d’s, in the partition function in Eq. (53). Thus we have

35 3
Zha= jdzm det(Im7)|detw*(v,)|?

g

ﬁ e_p(3)2(vi)li[(€ p(d)2[ CY)

i=I+1 j=1

xkﬁ( [ i )@en 2<gmp>2g(r12j [#=))
(55
T [ P m; det(im)| deta (v,
><< U (@) m}]‘[e P@P)Ee) | (g
<(0 [ (KT frca) ) o

where g, = Ng, and in the last line of Eq. (56) the
Calabi-Yau part is separated.

In Eq. (56), the integrations over various world-sheet
coordinates can now be done exactly as in flat space-time
[44]. The functional integrals over the p and (d;, #"') fields
contribute |Z,| 2[det(Im7)]~!, (p,, #%) fields contributes
1Z, detw ;(vp)I%, (d,, 6%) contribute |Z]*(det[Im7])?, and
x™’s give a factor of |Z,|~*(det[Im7])~2, where (Z,)~(/?)
is the partition function for a chiral boson [87]. Thus, we
have

3¢g—3
Z%IA = glop[d4Xd20Ld20R l_[

Jeul (] fu)

>, (57)
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where, explicitly, the A-model topological string amplitude
as given in Eq. (35) is

T fon () ) o

Let us emphasize that, out of the eight fermionic zero
modes required for a nonzero result, the |A|> term in
Eq. (56) has been used to absorb the (6, 4, z,) integrals.
One is left with the integrations over four bosonic and
fermionic variables in (57) as there is no action for these
variables. In the following subsection, localization argu-
ments are used to do the integrations over these variables.

2. Anti-instantons

A similar analysis as above can be repeated for the
contribution of anti-instantons, which results in an
A-topological model in the Calabi-Yau geometry. In this
case, the anti-instanton contribution to the IIA partition
function with A-twist is

2
Zﬁ}% — |/du (u;)2g2+n,(u41<)2g2n,|
ny=

<11 f dm / P,
( & ([ 05

where the G~ and G™ are defined in Eq. (39) In this case,
to do the integration over the (6;,, Oz,) zero modes, 1 =
J(G~, 0% ") is inserted in the path integral and the
counter-pulling argument over J(v,) is repeated. The ab-
sorption of 4g-zero modes of d’s requires pulling 2g
powers of the second term in the instanton action in
Eq. (49). Finally, one is left with the integration over
four X, and (6, 4, Or,) zero modes as

EENCY

3g—3
= g, / d*Xd*6, d*0x ]'[ / d*m

s

where the A-model topological string amplitude is

o= 1 fn{ {1 furcat))

For this case, the opposite twisting leads to G:& and G &
acquiring spin 2. A nilpotent operator in this case in the
Calabi-Yau geometry is

>, (60)

Ocy = Gey + G&. (62)
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The full partition function of type IIA superstrings on
AdS, X §? X CYj is obtained from Egs. (57) and (60).

C. BRST localization

In this section, our aim is perform the integration over
X,n» (0100 Ore) and (0,4, Og,), appearing in Eqs. (57) and
(60). In the present situation, the world-sheet instanton in
AdS, X S? contributes four bosonic zero modes coming
from the breaking of translation isometries and their super-
symmetric partners. From the PSU(1, 1|2) sigma model
point of view, the left-multiplication symmetry correspond-
ing to the generators 7T, and T, , is broken by the instanton
expectation value. Since there is no action for X,, in
Egs. (57) and (60), the integration gives rise to an infinite
space-time volume of AdS,. Also, since there is no action
for (64, Oro) and (0, 4, Og,), the result is zero. Below, we
use a localization procedure similar to [33] to solve this
problem.

Let us note that, in the Green-Schwarz treatment [33],
due to the presence of k-symmetry, a world-sheet instanton
preserves four out of eight space-time supersymmetries. In
particular, instantons and anti-instantons at the opposite
poles of S? preserve same amount of supersymmetry, but a
different set, namely, chiral and antichiral, respectively.
This reflects in our analysis in Egs. (57) and (60). In
Eq. (57), one is left with integration over the chiral set of
variables (6 ,, O, ) of the instantons and in Eq. (60), over
the antichiral variables corresponding to anti-instantons. In
the hybrid description of the superstring such (anti-)
instantons break all space-time supersymmetries, since
one cannot perform a compensating -transformation to
be in the gauge. Instead, one has superconformal invari-
ance, which can be used to write down a operator which
renders the partition function finite. The advantage of the
hybrid description is that a unified BRST treatment can be
given for AdS, X §? and the Calabi-Yau parts, using the
nilpotent operator Q discussed at the beginning of Sec. V.
Since the AdS, X S? and the Calabi-Yau CFTs decouple,
Q contains four- and six-dimensional parts. Below, we
explicitly give the AdS, X S§? part of this operator denoted
as Q,—4 for localizing world-sheet instantons and Q ;4 for
anti-instantons. These operators turn out to be BRST op-
erators of the AdS, X $? sigma model.

In the present case, the essence of the localization proce-
dure is to use these BRST operators to make a semiclassical
expansion of the path integral around the saddle points. This
is possible because the PSU(1, 1|2) sigma model action can
be shown to be exact under these BRST operators, con-
structed from the left-invariant currents. Thus, if the action
Sads,xs? 18 Qu—s-closed and Q3_, = 0, then one can de-
form the action by adding another BRST exact term as

Sads,xs? = Saas,xs? T tI, (63)

where I = Q -4V is an arbitrary parameter for some choice
of V. Adding such a term does not change the cohomology
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and the parameter ¢ can be varied freely [88,89]. In particu-
lar, as t — oo, the theory localizes to the critical points of
0,—4V. Thus, one can integrate over these critical points to
render the path integral in Eq. (60) finite, by localizing the
genus g anti-instantons at the north pole of S2. The analysis
can be repeated using Q ,—, for integration over variables in
Eq. (60).

We now write Q,—, and then show that the sigma model
action is Q,—4-closed. For this purpose, it is useful to use
the U(1) X U(1) form of the AdS, X §? action derived in
Sec. I B and write’

Qd=4 = GJ:L4 + GJ£4 (64)

In terms of left-invariant currents, we have
G,L,= fePLI,f+J';‘, Gk = [ePRJ;W};‘. (65)

The operator Q4 in Eq. (64) is nilpotent, i.e., 0>_, = 0
as it is constructed from a sum of G %, and G*,, which
have regular OPEs of the N = 2 algebra. Also, using the
equations of motion in (30), one can check that G;:L4 is
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antiholomorphic and G %, is holomorphic. The BRST
operator is constructed from covariantly holomorphic and
antiholomorphic H-invariant combination of currents [42].
The action of Q,_4 on the group element g is to transform
it by a right-multiplication as

AQy=4(g) = g(A(ePT5) + AleP ), (66)

where A is a constant anticommuting parameter. The left-
invariant currents transform under (66) as

Qu=a(J)) = 84100(AerT3) + [Jj41, Aer T3]

+ 5j+3]08(A€pJ1) + [Jj+3, Aepjl],
Qu—4(J}) = 8,1100(AePTs) + [T 11, Ae? T3]

+ 5j+3,05(AepJ|) + [jj+3, AEPJI], (67)
where j is defined modulo 4, i.e. Ji=Jja Now, one can
show that the PSU(1, 1|2) sigma model action in (29) is
closed under the BRST operator (64). To check this, we

follow the procedure used in [56], and start by rewriting the
sigma model action in Eq. (29) as

1 +0 - + =0— -0 5+ - =0+ 1 = = = =
SAdSZXSZ = deZ[E(JJrOJ*O - J0+J0* + J*OJJrO - JO*J()*) + E(_Jgijlé+ - J27J;+ - JZ+J§7 - JZ+JI;7)

1 - - - - 1 - - - -
+ E(J{*J,;+ +Jy IR T I T I IR+ Z(JL"J;+ —J I I Iy =TT IR)

1 - - _ _
+ Z(—J{*J,;* SRS R P PO S S o ] (68)

Now, under the BRST operator (64), the variations of the terms in first and the third brackets in (68) can be shown to cancel
each other. The variation of the terms in second bracket is

<— %[V(Aemi;*)i;+ +J; " V(AerrJ i) + V(AePr [ ) IET + T, V(AePrJ ™)

+ V(AerrJ )™ + I TV (Aelrdy ™) + V(AelrJf D)~ + JL++V(AePRJ,;‘)]>, (69)
and the variations of the terms in the fourth and fifth brackets are respectively
G[V(AePLJ'g‘)J';+ + 7. V(Aerrdi ) = V(Aerrd ) IET — T V(AePrJET) + V(AePr [ F)T g~
TNy ) — V(AePt T ) — jg+V(AepRJ,;—)]>, (70)
and
G[—(ﬂoz\eﬂug— — JO-AerrJE )Rt = JF (I Aerrd; T — JONePr T F) — (—J% AePrdg ™ + J-ONePr I )T~
— J IO AePr Tt — JONerrJ; ) + (JO0Aerrd g~ — J-AePrd s ) gt + T~ (J% Aelr;~ — JONerrJi™)

+ (=T AePrJg ™ + T ONePrJEF)IE™ + T (IO AePrf* — JiOAePLJ;*)]>. (71)

"The choice of this operator coincides with the fact that the instanton and the anti-instanton require integration over fermionic
variables with a different set of indices, namely, undotted and dotted. This is also related to the fact that in Euclidean AdS, X S?, the
symplectic Majorana condition on fermions, does not take dotted into undotted indices. For instance, (0[”‘)Jr = B € 6’% and (0?‘)7L =

e‘j‘Beij%, where «, @, B, B=1,2and i, j = L, R (see [33] for related discussion).
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Now one makes use of the Maurer-Cartan equations com-
ing from J — dJ + [J, J] = 0. For instance, we have

VI - =VI + [0 T 1+ U, T

+ [0 T+ [ T ] =0. (72)

Using these relations in (71), one can show that the
Egs. (70) and (71) are exactly equal. Thus, adding
Egs. (69)—(71) and doing some partial integrations, we
get the full variation of (68) to be
(—(AerrJ; 7 )VIET + VI~ (AerrJit)
+ (Aerr i HVIR ™ + VI T (AePrdz 7). (73)

This is identically zero, using the equations of motion in
(30). Thus we have shown that the AdS, X S? sigma model
action in (29) is closed under the BRST operator (64).
Now, to do the X,, and (0, 4, Og,,) integrations in (60), a
BRST exact operator is constructed as follows. We require
an operator /, such that Q,—,J = 0 and I = Q,_,V, which
facilitates a simple Gaussian integration over the variables.
Below, it is shown that the general form of such an operator
is given by
V = (a(X,,)? + be, z050%) (e P10% + e Px63), (74)

where m = 0, 1, 2, 3, and the constants a and b, are fixed
by the BRST procedure. Let us start by noting that the
relations

[epLjZ+j1j_(e_pL6%?) =1,
(75)
f PRI T (e re}) = 1
render the following choice of the operator,
- | SRR .
V= =IO = XX+ 010" — 0,70;7)
X (e Py + e Pn07)] (76)

a trivial deformation of the theory. To see this, one first
notes that

= - 1= + - + - o _ _
Qd:4V= _E[Q(X‘*'OX—O _XO"'XO— + 02— 0R+ - HL +0; )]
1 + - + —
X (e7PL0} +e7Pr07) = S (XHOX0 = X0 X
+0 0T — 0,707 )[0(e Pr0% + e PrO2)].
(77)
Now, it can be shown that,
Qg (XOX0 — XOIXO" 4+ 905+ — 0,7657) = 0.
(78)

To check this explicitly, one can calculate how the left-
invariant currents rotate various coordinates appearing in
(76). Thus, under J; ~ and J; ¥, we have
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80, =€, 807~ = e, "X,

80,7 = —€e, X%, 85X 0= —¢ 05", (79
and
867" =€/, 80, = —ef X,
80, =€ TX-° 8X10 = —¢ft01,
5XO = & 05+, (80)
and the transformations with respect to €5 ", €z~ can be

obtained similarly. So, the first term in (77) drops out.
Using the relations in (75), one gets

I=—(X0X0— X%X0" +0/~60+ —6,1057). (81

This is the required operator, as it also satisfies O = 0, as
already shown above.

The BRST exact term for the case of instantons can be
written down in a similar manner. In this case, we need to do
integrations over four X,, and (0, ,, O, ) zero modes in (57)

Ques = GiLy + GIE, (82)

In terms of left-invariant currents, we have
Git, = f eI, Gk = f e PRIETTS. (83)

The operator Q,—, in Eq. (82) is also nilpotent, as it is
constructed from a sum of Gj%, and G;%,, which have
regular OPEs of the N = 2 algebra. The action can again
be shown to be closed under Q,—, as shown for the case of
anti-instantons. Thus, one now adds a term coming from

I=—(XOX0—X0X- + 0,0, — 0,7 057), (84
to the path integral in (57) as
fd4Xd20Ld20Re’”. (85)

Note that [ satisfies Qy—4/ = 0 and I = Q,_,V for a suit-
able V. To proceed, one makes a Euclidean rotation to write
the bosonic part of I as X*°X-° + X% X~ The Euclidean
AdS, X §? can be taken as in [33] to be

4dwdw 4dzdz
ds? = M ZOREE (86)
(1 —ww) (1+z2)
and using the embedding
0= |w|2 + 0= |Z|2
XO0x=0=_—— X0x0==__—"" (87
(i~ PP CEAEC
the integral in (85) is
'/dzwdzzdﬁz+d05_d0,§_d0;§+
% e~ MU P+P(1+PlP) /(= loPP(1+2P2) =0, "0, +60, 70
(88)
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Now, since Q,—4I = 0, the expectation value of any
0 —4-invariant operator is zero, as can be seen by differ-
entiating with respect to ¢. Thus, the parameter ¢ can be
varied freely. Consider the t — oo limit; the leading contri-
butions to (88) come from the center of AdS, and the south
pole of §%,i.e., |w| = 0, |z] = 0. Thus, the bosonic integral
becomes [ d?wd?ze " 1oF+IP)  giving the regularized
value ~7%/1>. This then also localizes the fermionic path
integral to these locations as well, giving the regularized
value

~ fd@{*dﬁ;*d@;dﬁ,ﬁ*zz(eﬁ0,;*0;*0;*) =r.
(89)

Thus, the -dependent regularized pieces of the bosonic and
fermionic integrations cancel, resulting in a constant. This
constant is determined from the supergravity matching of
Zgy and Z,,, as in [33] and comes out as gtgf,. Using this in
Eq. (57) and summing over genus g, the final result is

> g *F,, (90)
8

which is the full topological string free energy F,, and F,
are given in Eq. (58). Z,,, corresponds to the A-model
topological string partition function, obtained from F,,
in Eq. (37).

For the case of anti-instanton, one uses u = 1/z and
localizes the integration region to |w| = 0, |u| = 0, i.e., the
center of AdS, and the north pole of S?. The final result
using Eq. (60), and summing over genus g comes out as
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S g °F,, 91)
8

which is the antitopological string free energy }’mp and F o
are given in Eq. (61). Its exponentiation gives the partition
function Z,.

Therefore, the full type IIA partition function and hence
the black hole partition function are obtained from F,, in
(90) and ?top in (91), coming from instantons and anti-
instantons, respectively, to be IZmpI2 and one recovers the
relation (1) as Zpy = Zya = |Zp|*. We note that space-
time supersymmetry was not used explicitly in the calcu-
lation of the type IIA partition function and the subsequent
emergence of the topological string partition function. The
localization procedure relied completely on world-sheet
superconformal invariance and the BRST method. It is
desirable to extend the computations of this work toward
N =4 and N =18 superstring theories as well.
Applications toward other extensions of the OSV conjec-
ture [90] are also important to explore.
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