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We consider the finite temperature Casimir effect between two concentric spheres due to the vacuum

fluctuations of the electromagnetic field in the (Dþ 1)-dimensional Minkowski spacetime. Different

combinations of perfectly conducting and infinitely permeable boundary conditions are imposed on the

spheres. The asymptotic expansions of the Casimir free energies when the dimensionless parameter ", the

ratio of the distance between the spheres to the radius of the smaller sphere, is small are derived in both

the high temperature region and the low temperature region. It is shown that the leading terms agree with

those obtained using the proximity force approximation, which are of order T"1�D in the high temperature

region and of order "�D in the low temperature region. Some universal structures are observed in the next

two correction terms. The leading terms of the thermal corrections in the low temperature region are also

derived. They are found to be finite when " ! 0þ and are of order TDþ1.
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I. INTRODUCTION

The Casimir effect is one of the most interesting macro-
scopic phenomena in the quantum theory of fields. It has
been under active studies under various contexts [1]. The
success in its experimental verification [2–7] has intensi-
fied the interest in this effect. In recent years, the thermal
correction to the Casimir effect has attracted increasing
interest both theoretically and experimentally [1,7–10].

The interest in the Casimir effect of spherical objects can
be dated back to the work of Boyer [11], where he com-
puted the zero temperature Casimir force acting on a three-
dimensional perfectly conducting spherical shell and found
that it is repulsive. This result has later been confirmed in a
number of other works [12–19]. Since then, the Casimir
effect in spherical configuration has attracted considerable
interest. The cases of scalar fields, spinor fields, and vector
fields have been considered in various works [20–28]. In
fact, in [21–26,28], the authors considered spherical shells
in general (Dþ 1)-dimensional Minkowski spacetime
rather than restricted to four dimensions. One of the moti-
vations for this is that physics in higher-dimensional space-
times have become a trend since it was found that the
existence of extra dimensions might be used to resolve
some fundamental problems in physics, such as the hier-
archy problem. Another reason is that the dimension of
spacetime can be used as a perturbation parameter in
quantum field theory calculations [21,29,30].

For the last ten years, there has been an intense interest
in studying the Casimir interaction between two objects.
Several methods have been developed to compute the
Casimir interaction beyond the proximity force approxi-
mation, such as the functional determinant or the multiple
scattering method [31–36] and the worldline approach

[37–39]. The corrections to the proximity force approxi-
mations have been computed for several geometric con-
figurations, such as the sphere-plane [31,38,40–43],
cylinder-plane [31,38,44–46], cylinder-cylinder [46–48],
sphere-sphere [49,50], etc. Recently, there has been an
interest in considering the finite temperature correction to
the Casimir interactions [51–55].
As a matter of fact, the Casimir interaction between two

concentric spheres in D ¼ 3 dimensions has been consid-
ered in [56–58]. For scalar fields or spinor fields in general
D dimensions, the zero temperature Casimir effect on two
concentric spherical shells has been studied in [59–64]. In
[65], we have derived the zero temperature Casimir inter-
action between two concentric spheres due to the fluctua-
tions of the electromagnetic field in the D-dimensional
space. In this article, we consider the finite temperature
effect. Moreover, we would derive the asymptotic behav-
iors of the Casimir free energy when the separation be-
tween the spheres is small. The results are compared to the
proximity force approximations.
In this article, we use units where ℏ ¼ c ¼ kB ¼ 1.

II. CASIMIR FREE ENERGY
OF CONCENTRIC SPHERES

Consider two concentric spheres with radii a1 and a2
(a1 < a2) in (Dþ 1)-dimensional Minkowski spacetime,
with either the perfectly conducting or the infinitely per-
meable boundary conditions. The electromagnetic field
F�� ¼ @�A� � @�A� satisfies the field equation

1ffiffiffiffiffiffijgjp @�ð
ffiffiffiffiffiffi
jgj

q
g��g��ð@�A� � @�A�ÞÞ ¼ 0:

As usual, the Coulomb gauge*LeePeng.Teo@nottingham.edu.my
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1ffiffiffiffiffiffijgjp @�ð
ffiffiffiffiffiffi
jgj

q
A�Þ ¼ 0

is imposed to remove the gauge degree of freedom. The
eigenmodes of the field are divided into TE modes and TM
modes. In terms of D-dimensional spherical coordinates
ðr;�Þ, � ¼ ð�1; . . . ; �D�2; �Þ, the TMmodes have the form

Ar ¼ e�i!tr�ðD=2ÞðC1J�ðr!Þ þ C2N�ðr!ÞÞYl;mð�Þ;
A� ¼ e�i!tr3�D d

dr

� ðrðD�2Þ=2½C1J�ðr!Þ þ C2N�ðr!Þ�ÞYl;mð�Þ:
The TE modes can be divided into ðD� 2Þ sets; each of
them has the form

Ar ¼ 0;

A� ¼ e�i!trð4�DÞ=2ðC1J�ðr!Þ þ C2N�ðr!ÞÞYl;mð�Þ:
Here, � ¼ lþ D�2

2 ,m ¼ ðm2; . . . ; mD�1Þ, J�ðzÞ, and N�ðzÞ
are Bessel functions of the first kind and the second kind.
The sets ofm have been discussed in detail in [65]. For TM
modes, each fixed l has

blðDÞ ¼ ð2lþD� 2ÞðlþD� 3Þ!
ðD� 2Þ!l!

allowable m, whereas, for TE modes, each fixed l has

hlðDÞ ¼ lðlþD� 2Þð2lþD� 2ÞðlþD� 4Þ!
ðD� 3Þ!ðlþ 1Þ!

allowablem. The perfectly conducting boundary condition
is equivalent to�

@A�i

@�j
� @A�j

@�i

���������boundary
¼ 0; 1 � i < j � D� 1:

Therefore, for TE modes, the perfectly conducting bound-
ary condition on r ¼ ai implies

C1J�ðai!Þ þ C2N�ðai!Þ ¼ 0;

whereas, for TM modes, we have

d

dr
ðrðD�2Þ=2½C1J�ðr!Þ þ C2N�ðr!Þ�Þjr¼ai ¼ 0:

The infinitely permeable boundary condition is equivalent
to �

@A�i

@r
� @Ar

@�i

���������boundary
¼ 0; 1 � i � D� 1:

Therefore, for TE modes, the infinitely permeable bound-
ary condition on r ¼ ai implies

d

dr
ðrð4�DÞ=2½C1J�ðr!Þ þ C2N�ðr!Þ�Þjr¼ai ¼ 0;

whereas, for TM modes, we have

C1J�ðai!Þ þ C2N�ðai!Þ ¼ 0:

The interacting Casimir free energy ECas of the concen-
tric spheres can be written as a sum of the contribution
from the TE and the TM modes:

ECas ¼ ETE þ ETM: (1)

In the following, we will use E to represent either ETE or
ETM. Using the zeta regularization method, the Casimir
free energy is given by [see, e.g., [1], Eq. (5.17)]

ECas ¼ �T

2
ð� 0Tð0Þ þ log½�2��Tð0ÞÞ; (2)

where � is a regularization parameter with the dimension
of mass, �TðsÞ is the zeta function

�TðsÞ ¼
X
!

X1
p¼�1

ð!2 þ �2
pÞ�s;

! are the TE or TM eigenfrequencies, and �p ¼ 2	pT are

the Matsubara frequencies. As in the zero temperature case
[65], one can show that

�TðsÞ ¼ 2 sin	s

	

X1
l¼1

dlðDÞX1
p¼0

0 Z 1

�p

ð�2 � �2
pÞ�s

� d

d�
flð�Þd�; (3)

where dlðDÞ ¼ hlðDÞ for TE modes, dlðDÞ ¼ blðDÞ for
TM modes, and

flð�Þ ¼ lnð1�Mlð�ÞÞ;

Mlð�Þ ¼ ð
1I�ða1�Þ þ �1a1�I
0
�ða1�ÞÞð
2K�ða2�Þ þ �2a2�K

0
�ða2�ÞÞ

ð
2I�ða2�Þ þ �2a2�I
0
�ða2�ÞÞð
1K�ða1�Þ þ �1a1�K

0
�ða1�ÞÞ ; l ¼ 1; 2; . . . :

(4)

I�ðzÞ and K�ðzÞ are modified Bessel functions of the first
kind and the second kind. The values of 
i and �i de-
pend on the type of modes and the boundary condi-
tions imposed on the sphere r ¼ ai. They are listed in
Table I.

As in [65], one can show that

X1
l¼1

dlðDÞX1
p¼0

0 Z 1

�p

ð�2 � �2
pÞ�s d

d�
flð�Þd�
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is an analytic function of s. Therefore, �Tð0Þ ¼ 0, and

� 0Tð0Þ ¼ 2
X1
l¼1

dlðDÞX1
p¼0

0 Z 1

�p

d

d�
flð�Þd�

¼ �2
X1
l¼1

dlðDÞX1
p¼0

0
flð�pÞ:

Since

I�ðzÞ ¼
�
z

2

�
� 1

�ð�þ 1Þ ½1þOðz2Þ�;

K�ðzÞ ¼
�
z

2

��� �ð�Þ
2

½1þOðz2Þ�;

as z ! 0, we find that

flð0Þ ¼ ln

�
1� ð
1 þ �1�Þð
2 � �2�Þ

ð
1 � �1�Þð
2 þ �2�Þ
�
a1
a2

�
2�
�
:

Therefore, from (2), we find that the TE or TM contribution
to the Casimir free energy is given by

E ¼ T
X1
l¼1

dlðDÞ
�
1

2
flð0Þ þ

X1
p¼1

flð�pÞ
�

¼ T

2

X1
l¼1

dlðDÞ ln
�
1� ð
1 þ �1�Þð
2 � �2�Þ

ð
1 � �1�Þð
2 þ �2�Þ
�
a1
a2

�
2�
�

þ T
X1
l¼1

X1
p¼1

dlðDÞflð�pÞ: (5)

Using the Poisson summation formula, the Casimir free
energy (5) can also be written as

E ¼ E0 þ 1

	

X1
l¼1

X1
p¼1

dlðDÞ
Z 1

0
flð�Þ cosp�T d�; (6)

where

E0 ¼ 1

2	

X1
l¼1

dlðDÞ
Z 1

0
flð�Þd� (7)

is the zero temperature Casimir energy (vacuum energy).
The expression (5) is suitable for the study of the high
temperature limits of the Casimir free energies, but, for the
low temperature limits, the expression (6) would be
preferred.

From the expression (5) for the Casimir free energy, one
can use the argument in [65] to show that the force acting
on the spheres is always attractive when the two spheres
have the same boundary conditions (homogeneous bound-
ary conditions) and is repulsive when one of the spheres is
perfectly conducting and the other is infinitely permeable
(mixed boundary conditions).

III. PROXIMITY FORCE APPROXIMATION

In this section, we discuss briefly the proximity force
approximation of the Casimir free energy when the sepa-
ration between the spheres is small compared to both radii
of the spheres. Define a dimensionless parameter

" ¼ a2 � a1
a1

¼ d

a1
;

where d ¼ a2 � a1 is the distance between the two
spheres. In the following, we are going to study the asymp-
totic behaviors of the Casimir free energy when " � 1. We
consider the following two regions:
(1) Low temperature: dT � a2T � 1;
(2) High temperature: a2T � dT � 1.
For a pair of infinite parallel plates in (Dþ 1)-

dimensional spacetime, the Casimir free energy density,
as a function of the separation between the plates d, is
given by [66,67]

E k
CasðdÞ ¼ ðD� 1Þ

�
� �ðDþ1

2 Þ
2Dþ1	ðDþ1Þ=2 �RðDþ 1Þ 1

dD
þ . . .

�
(8)

or

E k
CasðdÞ ¼ ðD� 1Þ

�
� �ðD2Þ

2D	D=2
�RðDÞ T

dD�1
þ . . .

�
; (9)

if both the two plates are perfectly conducting or infinitely
permeable. We refer to these as the homogeneous bound-
ary conditions. (8) is the low temperature asymptotics, the
leading term being the zero temperature term, and (9) is the
high temperature asymptotics, the leading term being
called the classical term. The factor ðD� 1Þ is due to the
ðD� 1Þ polarizations of photons in ðDþ 1Þ-dimensional
spacetime; ðD� 2Þ of them come from the TE modes, and
one of them comes from the TM modes.
In the case of mixed boundary conditions, i.e., one plate

is perfectly conducting and one plate is infinitely perme-
able, the corresponding Casimir free energy density is

Ek
CasðdÞ¼ ðD�1Þ

�
�

�ðDþ1
2 Þ

2Dþ1	ðDþ1Þ=2 ð1�2�DÞ�RðDþ1Þ 1
dD

þ . . .

�

or

TABLE I. The values of 
i and �i under different boundary
conditions.

Type of mode Sphere r ¼ ai 
i �i

TE Perfectly conducting 1 0

TM Perfectly conducting D�2
2 1

TE Infinitely permeable 4�D
2 1

TM Infinitely permeable 1 0

CASIMIR INTERACTION OF CONCENTRIC SPHERES AT . . . PHYSICAL REVIEW D 84, 025014 (2011)

025014-3



E k
CasðdÞ¼ ðD�1Þ

�
�ðD2Þ

2D	D=2
ð1�21�DÞ�RðDÞ T

dD�1
þ . . .

�
:

In the case of two concentric spheres, the proximity
force approximation of the Casimir free energy is particu-
larly simple. It is given by the product of the surface area of
the sphere (either one) with the Casimir free energy density
between two parallel plates. Since the surface area of a
ðD� 1Þ-dimensional sphere of radius a1 is

A SD�1 ¼ 2	D=2

�ðD2Þ
aD�1
1 ;

the proximity force theorem implies that, in the low tem-
perature region, the proximity force approximation to the
Casimir free energy between the spheres is

EPFA
Cas � EPFA

Cas;0 ¼ ðD� 1Þ
�
� �ðDþ1

2 Þ
2Dþ1	ðDþ1Þ=2 �RðDþ 1Þ

� 2	D=2

�ðD2Þ
aD�1
1

1

dD

�

¼ � 1ffiffiffiffi
	

p
a1

D� 1

2D"D
�RðDþ 1Þ�ð

Dþ1
2 Þ

�ðD2Þ
(10)

for homogeneous boundary conditions and is

EPFA
Cas � EPFA

Cas;0 ¼
1ffiffiffiffi
	

p
a1

D� 1

2D"D
ð1� 2�DÞ�RðDþ 1Þ

� �ðDþ1
2 Þ

�ðD2Þ
(11)

for mixed boundary conditions. Notice that these leading
terms are of order "�D, D being the space dimension.

In the high temperature region, the proximity force
approximation gives

EPFA
Cas � EPFA;cl

Cas ¼ � D� 1

2D�1"D�1
�RðDÞT (12)

for homogeneous boundary conditions and

EPFA
Cas � EPFA;cl

Cas ¼ D� 1

2D�1"D�1
ð1� 21�DÞ�RðDÞT (13)

for mixed boundary conditions. These are of order T"1�D.
In the following, we use the exact formulas (5) and (6)

to find the asymptotic expansions of the Casimir free
energy and compare to the proximity force approximations
(10)–(13). We start with the high temperature asymptotic
expansion because it is less technical.

IV. SMALL SEPARATION ASYMPTOTIC
EXPANSIONS OF THE CASIMIR
FREE ENERGIES IN THE HIGH

TEMPERATURE REGION

From (5), it is easy to see that, in the high temperature
region, where a2T � dT � 1, the Casimir free energy is
dominated by the term (classical term)

Ecl¼T

2

X1
l¼1

dlðDÞ ln
�
1�ð
1þ�1�Þð
2��2�Þ

ð
1��1�Þð
2þ�2�Þ
�
a1
a2

�
2�
�
:

(14)

In the following, we derive the asymptotic expansion of
this term when " � 1. We consider the case of homoge-
neous boundary conditions and the case of mixed boundary
conditions separately.

A. Homogeneous boundary conditions

In the case in which both spheres have the same bound-
ary conditions, we find that the high temperature limit (the
classical term) of the Casimir free energy (14) is the same
and is given by

Ecl ¼ T

2

X1
l¼1

dlðDÞ ln
�
1�

�
a1
a2

�
2�
�

¼ T

2

X1
l¼1

dlðDÞ lnð1� e�2
�Þ;

where


 ¼ � log
a1
a2

¼ log

�
1þ d

a1

�
¼ X1

i¼1

ð�1Þi�1 "
i

i
: (15)

Since hlðDÞ and blðDÞ can be expanded as

hlðDÞ ¼ XD�2

j¼0

xD;j�
j; blðDÞ ¼ XD�2

j¼1

yD;j�
j;

we can write dlðDÞ as dlðDÞ ¼ P
D�2
j¼0 $D;j�

j. Then,

Ecl ¼ �T

2

XD�2

j¼0

$D;j

X1
l¼1

X1
k¼1

1

k
�je�2
k�

¼ �T

2

XD�1

j¼1

$D;j�1

Z cþi1

c�i1
�ðzÞð2
Þ�z�Rðzþ 1Þ�H

�
�
z� jþ 1;

D

2

�
dz

��T

2

XD�1

j¼1

$D;j�1

2j
�ðjÞ�Rðjþ 1Þ 1


j þOðln
Þ: (16)

We have used the inverse Mellin transform formula

e�u ¼ 1

2	i

Z cþi1

c�i1
�ðzÞu�zdz (17)

and the fact that the Hurwitz zeta function �Hðs; cÞ ¼P1
n¼0ðnþ cÞ�s has a single simple pole at s ¼ 1 with

residue 1. In fact, the use of the inverse Mellin transform
(17) and the residue theorem allows us to find the full
asymptotic series in 
 from the second line of (16). The
last line of (16) gives the asymptotic series up to the term in
ln
. Using (15), we can rewrite this asymptotic expansion
in terms of ". Since
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xD;D�2 ¼ 2

ðD� 3Þ! ; xD;D�3 ¼ 0; xD;D�4 ¼ �D2 � 6Dþ 32

12ðD� 4Þ! ;

yD;D�2 ¼ 2

ðD� 2Þ! ; yD;D�3 ¼ 0; yD;D�4 ¼ � 1

12ðD� 5Þ! ;
(18)

we find that, when D � 4, the first three leading terms of
the TE and TM contributions to the classical term are
given, respectively, by

Ecl
TE � EPFA;cl

TE

�
1þ "

D� 1

2
þ "2

ð3D� 8ÞðD� 1Þ
24

� "2
D2 � 6Dþ 32

6ðD� 2Þ
�RðD� 2Þ
�RðDÞ

�
;

Ecl
TM � EPFA;cl

TM

�
1þ "

D� 1

2
þ "2

ð3D� 8ÞðD� 1Þ
24

� "2
D� 4

6

�RðD� 2Þ
�RðDÞ

�
;

where EPFA;cl
TE and EPFA;cl

TM are, respectively, the proximity
force approximations for the TE and TM contributions,
which are ðD� 2Þ=ðD� 1Þ and 1=ðD� 1Þ times the total
proximity force approximation (12). The first three leading
terms of the Casimir free energy are then given by

Ecl
Cas � EPFA;cl

Cas

�
1þ "

D� 1

2
þ "2

ð3D� 8ÞðD� 1Þ
24

� "2
D2 � 5Dþ 28

6ðD� 1Þ
�RðD� 2Þ
�RðDÞ

�
: (19)

When D ¼ 3, a more precise computation shows that the
first three leading terms of the Casimir free energy are

Ecl
Cas � EPFA;cl

Cas

�
1þ "þ 11

6�Rð3Þ"
2 ln"

�

¼ � T

2"2
�Rð3Þ

�
1þ "þ 11

6�Rð3Þ"
2 ln"

�
:

This has equal contributions from the TE and the
TM modes. From (19), we see that the proximity force

approximation underestimates the Casimir free energy, and
the underestimation is worse when the space dimension
becomes larger.

B. Mixed boundary conditions

In the case in which r ¼ a1 is perfectly conducting and
r ¼ a2 is infinitely permeable, we find that the classical
terms of the TE and TM contributions to the Casimir free
energy are given, respectively, by

Ecl
TE ¼ T

2

X1
l¼1

hlðDÞ ln
�
1þ �� 4�D

2

�þ 4�D
2

�
a1
a2

�
2�
�
;

Ecl
TM ¼ T

2

X1
l¼1

blðDÞ ln
�
1þ �þ D�2

2

�� D�2
2

�
a1
a2

�
2�
�
:

In the case in which r ¼ a1 is infinitely permeable and r ¼
a2 is perfectly conducting, we have

Ecl
TE ¼ T

2

X1
l¼1

hlðDÞ ln
�
1þ �þ 4�D

2

�� 4�D
2

�
a1
a2

�
2�
�
;

Ecl
TM ¼ T

2

X1
l¼1

blðDÞ ln
�
1þ �� D�2

2

�þ D�2
2

�
a1
a2

�
2�
�
:

Consider a series of the form

I ¼ X1
l¼1

dlðDÞ ln
�
1þ �þ #

�� #

�
a1
a2

�
2�
�

¼ XD�2

j¼0

$D;j

X1
l¼1

�j ln

�
1þ �þ #

�� #
e�2
�

�
;

which can be rewritten as the sum of two terms:

I ¼ XD�2

j¼0

$D;j

X1
l¼1

�j

�
lnð1þ e�2
�Þ þ ln

�
1þ 2#

�� #

1

e2
� þ 1

��

¼ XD�1

j¼1

$D;j�1

X1
l¼1

�j�1
X1
k¼1

ð�1Þk�1

k
e�2
k� þ XD�1

j¼1

$D;j�1

X1
l¼1

�j�1
X1
k¼1

ð�1Þk�1

k

ð2#Þk
ð�� #Þk

1

ðe2
� þ 1Þk ¼ I1 þ I2: (20)

For the I1 term, we find, as before,

I1 �
XD�1

j¼1

$D;j�1

2j
�ðjÞð1� 2�jÞ�Rðjþ 1Þ 1


j þOðln
Þ;

where we have used

X1
k¼1

ð�1Þk�1

ks
¼ ð1� 21�sÞ�RðsÞ:

For the I2 term, since
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X1
l¼1

�j�1

ð�� #Þk
1

ðe2
� þ 1Þk �
Z 1

1

ðxþ D�2
2 Þj�1

ðxþ D�2
2 � #Þk

1

ðe
ð2xþD�2Þ þ 1Þk dx

� 1

ð2
Þj�k

Xj�k�1

r¼0

kþ r� 1

r

 !
ð2
#Þr�j�k�r�1;k þOðln
Þ;

where

��;� ¼
Z 1

0

u�

ðeu þ 1Þ� du;

we find that

I2 ¼
XD�1

j¼1

$D;j�1

Xj�1

k¼1

ð�1Þk�1

k

ð2#Þk
ð2
Þj�k

Xj�k�1

r¼0

kþ r� 1
r

� �

�ð2
#Þr�j�k�r�1;k þOðln
Þ:

From these, we can derive the leading terms of the Casimir
free energy.
If the sphere r ¼ a1 is perfectly conducting and the

sphere r ¼ a2 is infinitely permeable, then # ¼ D�4
2 and

# ¼ D�2
2 , respectively, for the TE and TM modes. When

D � 4, we find that the first three leading terms of the TE
and TM contributions to the classical term are given,
respectively, by

Ecl
TE � EPFA;cl

TE

�
1þ "

D� 1

2
þ "

2ðD� 4Þ
D� 2

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

ð3D� 8ÞðD� 1Þ
24

þ "2
5D2 � 30Dþ 16

6ðD� 2Þ
2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

2ðD� 4Þ2
ðD� 2ÞðD� 3Þ

2D � 32

2D � 2

�RðD� 4Þ
�RðDÞ

�
;

Ecl
TM � EPFA;cl

TM

�
1þ "

D� 1

2
þ 2"

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

ð3D� 8ÞðD� 1Þ
24

þ "2
5D� 8

6

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ

þ "2
2ðD� 2Þ
ðD� 3Þ

2D � 32

2D � 2

�RðD� 4Þ
�RðDÞ

�
; (21)

where EPFA;cl
TE and EPFA;cl

TM are, respectively, the proximity force approximations for the TE and TM contributions, which are
ðD� 2Þ=ðD� 1Þ and 1=ðD� 1Þ times the total proximity force approximation (13). The first three leading terms of the
total Casimir free energy are thus

Ecl
Cas � EPFA;cl

Cas

�
1þ "

D� 1

2
þ "

2ðD� 3Þ
D� 1

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

ð3D� 8ÞðD� 1Þ
24

þ "2
5D2 � 25Dþ 8

6ðD� 1Þ
2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

2ðD2 � 7Dþ 14Þ
ðD� 1ÞðD� 3Þ

2D � 32

2D � 2

�RðD� 4Þ
�RðDÞ

�
: (22)

When D ¼ 5, the term ð2D � 32Þ�RðD� 4Þ in (21) and (22) is understood as

lim
D!5

ð2D � 32Þ�RðD� 4Þ ¼ 32 ln2:

When D ¼ 3, a more detailed computation gives

Ecl
TE � EPFA;cl

TE

�
1þ "� 8

3
" ln2� 2

3�Rð3Þ ln"
�
¼ 3T

16"2
�Rð3Þ

�
1þ "� 8

3
" ln2� 2

3�Rð3Þ ln"
�
; (23)

Ecl
TM � EPFA;cl

TM

�
1þ "þ 8

3
" ln2� 2

3�Rð3Þ ln"
�
¼ 3T

16"2
�Rð3Þ

�
1þ "þ 8

3
" ln2� 2

3�Rð3Þ ln"
�
;

Ecl
Cas � EPFA;cl

Cas

�
1þ "� 2

3�Rð3Þ ln"
�
¼ 3T

8"2
�Rð3Þ

�
1þ "� 2

3�Rð3Þ ln"
�
:

(24)

If the sphere r ¼ a1 is infinitely permeable and the sphere r ¼ a2 is perfectly conducting, then # ¼ 4�D
2 and # ¼ 2�D

2 ,

respectively, for the TE and TM modes. When D � 4, the first three leading terms of the TE and TM contributions to the
classical term are given, respectively, by
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Ecl
TE � EPFA;cl

TE

�
1þ "

D� 1

2
� "

2ðD� 4Þ
D� 2

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

ð3D� 8ÞðD� 1Þ
24

� "2
7D2 � 42Dþ 80

6ðD� 2Þ
2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

2ðD� 4Þ2
ðD� 2ÞðD� 3Þ

2D � 32

2D � 2

�RðD� 4Þ
�RðDÞ

�
;

Ecl
TM � EPFA;cl

TM

�
1þ "

D� 1

2
� 2"

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

ð3D� 8ÞðD� 1Þ
24

� "2
7D� 16

6

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

2ðD� 2Þ
ðD� 3Þ

2D � 32

2D � 2

�RðD� 4Þ
�RðDÞ

�
:

The first three leading terms of the total Casimir free energy are thus

Ecl
Cas � EPFA;cl

Cas

�
1þ "

D� 1

2
� "

2ðD� 3Þ
D� 1

2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

ð3D� 8ÞðD� 1Þ
24

þ "2
7D2 � 35Dþ 64

6ðD� 1Þ
2D � 8

2D � 2

�RðD� 2Þ
�RðDÞ þ "2

2ðD2 � 7Dþ 14Þ
ðD� 1ÞðD� 3Þ

2D � 32

2D � 2

�RðD� 4Þ
�RðDÞ

�
:

When D ¼ 3, by duality, the TE contribution is given by
(24), and the TM contribution is given by (23).

Observe that the corrections to the proximity force
approximation in the case of mixed boundary condi-
tions are more complicated than the case of homogeneous
boundary conditions. We also find that the proximity
force approximations underestimate the Casimir free
energies.

In comparing the first correction to the proximity force
approximation for the two scenarios of mixed boundary
conditions, we find that, in the high temperature region, the
force is stronger when the sphere with the smaller radius is
perfectly conducting and the sphere with the larger radius
is infinitely permeable.

V. SMALL SEPARATION ASYMPTOTIC
EXPANSIONS OF THE CASIMIR FREE ENERGIES

IN THE LOW TEMPERATURE REGION

In the low temperature region, the Casimir free energy is
dominated by the zero temperature term. Making a change
of variables � � !=a1 in (7), we find that the zero tem-
perature Casimir free energy can be written as

E0 ¼ 1

2	a1

X1
l¼1

dlðDÞ
Z 1

0
lnð1� A�ð!ÞÞd!

¼ � 1

2	a1

X1
s¼1

1

s

X1
l¼1

dlðDÞ�
Z 1

0
A�ð�!Þsd!;

where

A�ð!Þ ¼ ð
1I�ð!Þ þ �1!I0�ð!ÞÞð
2K�ð!ð1þ "ÞÞ þ �2!ð1þ "ÞK0
�ð!ð1þ "ÞÞÞ

ð
1K�ð!Þ þ �1!K0
�ð!ÞÞð
2I�ð!ð1þ "ÞÞ þ �2!ð1þ "ÞI0�ð!ð1þ "ÞÞÞ :

From Debye asymptotic expansions of Bessel functions [68,69], we have


iI�ð�!Þ þ �i�!I0�ð�!Þ

iK�ð�!Þ þ �i�!K0

�ð�!Þ ¼
8<
:

1
	 exp

�
2��ð!Þ þ 2

P1
k¼1

D2k�1ðtð!ÞÞ
�2k�1

�
; if 
i ¼ 1; �i ¼ 0

� 1
	 exp

�
2��ð!Þ þ 2

P1
k¼1

M2k�1;
i
ðtð!ÞÞ

�2k�1

�
; if �i ¼ 1;

where

�ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p
þ log

z

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ; tðzÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ z2

p ;

X1
k¼1

DkðtÞ
�k

¼ ln

�
1þ X1

k¼1

ukðtÞ
�k

�
;

X1
k¼1

Mk;
ðtÞ
�k

¼ ln

�
1þ X1

k¼1

vkðtÞ þ 
tuk�1ðtÞ
�k

�
;
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and ukðtÞ and vkðtÞ are polynomials in t defined recursively
by

u0ðtÞ ¼ 1;

ukðtÞ ¼ t2ð1� t2Þ
2

u0k�1ðtÞ þ
1

8

Z t

0
ð1� 5
2Þuk�1ð
Þd
;

v0ðtÞ ¼ 1;

vkðtÞ ¼ ukðtÞ � t2ð1� t2Þu0k�1ðtÞ �
tð1� t2Þ

2
uk�1ðtÞ:

In the following, we discuss the asymptotic expansions of
the zero temperature Casimir free energy for the case of
homogeneous boundary conditions and the case of mixed
boundary conditions separately.

A. Homogeneous boundary conditions

In this case, 
1 ¼ 
2, �1 ¼ �2. We find that

A�ð�!Þ�exp

�
�2�ð�ð½1þ"�!Þ��ð!ÞÞ

�2
X1
k¼1

P2k�1ðtð½1þ"�!ÞÞ�P2k�1ðtð!ÞÞ
�2k�1

�
: (25)

The polynomials PkðtÞ are equal to DkðtÞ or Mk;
ðtÞ, de-
pending on the type of modes and the boundary conditions,
as shown in Table II.
In the following, we only find the first three terms in the

asymptotic expansion when " ! 0þ. For this, it is suffi-
cient to take the k ¼ 1 term in (25). The polynomialsD1ðtÞ
and M1;
ðtÞ are given explicitly by

D1ðtÞ ¼ t

8
� 5t3

24
; M1;
ðtÞ ¼

�

� 3

8

�
tþ 7t3

24
:

Therefore, we can write P1ðtÞ as P1ðtÞ ¼ �tþ �t3. Using
(17), we have

E0 �� 1

2	a1

X1
s¼1

1

s

XD�2

j¼0

$D;j�
jþ1

Z 1

0
exp

�
�2s

�
�ð�ðð1þ "Þ!Þ � �ð!ÞÞ þ P1ðtð!ð1þ "ÞÞÞ � P1ðtð!ÞÞ

�

��
d!

�� 1

2	a1

X1
l¼1

XD�2

j¼0

$D;j�
jþ1

Z 1

0

1

2	i

Z cþi1

c�i1
�ðzÞ2�z�Rðzþ 1Þ��zð�ðð1þ "Þ!Þ � �ð!ÞÞ�z

�
�
1þ 1

�2

P1ðtð!ð1þ "ÞÞÞ � P1ðtð!ÞÞ
�ðð1þ "Þ!Þ � �ð!Þ

��z
dzd!:

Since

ð�ðð1þ "Þ!Þ � �ð!ÞÞ�z ¼ "�z!�z�0ð!Þ�z

�
1� z

"!

2

�00ð!Þ
�0ð!Þ þ "2

�
� z!2

6

�000ð!Þ
�0ð!Þ þ zðzþ 1Þ!2

8

�00ð!Þ2
�0ð!Þ2

�
þ . . .

�
;

�
1þ 1

�2

P1ðtð!ð1þ "ÞÞÞ � P1ðtð!ÞÞ
�ðð1þ "Þ!Þ � �ð!Þ

��z ¼ 1� z

�2

P0
1ðtð!ÞÞ
�0ð!Þ t0ð!Þ þ . . . ;

we find that

E0 �� 1

2	a1

XD�2

j¼0

$D;j

1

2	i

Z cþi1

c�i1
�ðzÞ2�z�Rðzþ 1Þ"�z

�
�H

�
z� j� 1;

D

2

�
AðzÞ � zBðzÞ�H

�
z� jþ 1;

D

2

��
þ . . . ;

where

AðzÞ ¼
Z 1

0
ð!�0ð!ÞÞ�z

�
1� z

"!

2

�00ð!Þ
�0ð!Þ þ "2

�
� z!2

6

�000ð!Þ
�0ð!Þ þ zðzþ 1Þ!2

8

�00ð!Þ2
�0ð!Þ2

��
d!;

BðzÞ ¼
Z 1

0
ð!�0ð!ÞÞ�z P

0
1ðtð!ÞÞt0ð!Þ
�0ð!Þ d!:

It is straightforward to find that

TABLE II. The polynomial PkðtÞ under different boundary
conditions.

Type of modeBoundary conditions on both spheres PkðtÞ
TE Perfectly conducting DkðtÞ
TM Perfectly conducting Mk;ðD�2Þ=2ðtÞ
TE Infinitely permeable Mk;ð4�DÞ=2ðtÞ
TM Infinitely permeable DkðtÞ
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AðzÞ ¼
ffiffiffiffi
	

p
2

�ðz�1
2 Þ

�ðz2Þ
�
1þ "

z� 1

2
þ "2

24

ðz� 1Þð3z2 � 2z� 17Þ
zþ 2

�
;

BðzÞ ¼
ffiffiffiffi
	

p
2

�ðzþ1
2 Þ

�ðzþ2
2 Þ

�
��þ ð�� 3�Þ zþ 1

zþ 2
þ 3�

ðzþ 1Þðzþ 3Þ
ðzþ 2Þðzþ 4Þ

�
:

From this, the residue theorem gives

E0 �� 1

2	a1

XD�2

j¼0

$D;j

2jþ2"jþ2
�ðjþ 2Þ�Rðjþ 3ÞAðjþ 2Þ þ 1

2	a1

XD�2

j¼1

$D;j

2j"j
�ðjþ 1Þ�Rðjþ 1ÞBðjÞ þ . . .

�� 1

2	a1

$D;D�2

ð2"ÞD �ðDÞ�RðDþ 1ÞAðDÞ � 1

2	a1

$D;D�4

ð2"ÞD�2
�ðD� 2Þ�RðD� 1ÞAðD� 2Þ

þ 1

2	a1

$D;D�2

ð2"ÞD�2
�ðD� 1Þ�RðD� 1ÞBðD� 2Þ:

For perfectly conducting boundary conditions on both spheres, we have � ¼ 1
8 , � ¼ � 5

24 for TE modes and � ¼
D�2
2 � 3

8 , � ¼ 7
24 for TM modes. Using (18), we find that, if D � 4, the first three leading terms of the TE and TM

contributions to the zero temperature Casimir free energy are given, respectively, by

ETE;0 � EPFA
TE;0

�
1þ "

D� 1

2
þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ � "2

D4 � 4D3 þ 20D2 þ 76D� 21

6DðD� 1ÞðDþ 2Þ
�RðD� 1Þ
�RðDþ 1Þ

�
;

ETM;0 � EPFA
TM;0

�
1þ "

D� 1

2
þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ � "2

D4 � 4D3 � 16D2 þ 4Dþ 87

6DðDþ 2ÞðD� 1Þ
�RðD� 1Þ
�RðDþ 1Þ

�
;

where EPFA
TE;0 and EPFA

TM;0 are, respectively, the proximity
force approximations for the TE and TM contributions,
which are ðD� 2Þ=ðD� 1Þ and 1=ðD� 1Þ times the total
proximity force approximation (10). When D ¼ 3, the
term $D;D�4 has to be set to zero. One obtains

ETE;0 �� 	3

360a1"
3

�
1þ "þ "2

15
� "2

5

4	2

�
; (26)

ETM;0 �� 	3

360a1"
3

�
1þ "þ "2

15
þ "2

19

4	2

�
: (27)

Summing the TE and TM contributions, we find that, if
D � 4, the asymptotic expansion of the zero temperature
Casimir free energy is given by

ECas;0�EPFA
Cas;0

�
1þ"

D�1

2
þ"2

ðD�1Þð3D2�2D�17Þ
24ðDþ2Þ

�"2
D4�4D3þ20D2þ40D�129

6DðDþ2ÞðD�1Þ
�RðD�1Þ
�RðDþ1Þ

�
;

and, if D ¼ 3,

ECas;0 �� 	3

180a1"
3

�
1þ "þ "2

15
þ "2

7

4	2
þ . . .

�
:

For infinitely permeable boundary conditions on both
spheres, � ¼ 4�D

2 � 3
8 , � ¼ 7

24 for TE modes and � ¼ 1
8 ,

� ¼ � 5
24 for TM modes. Therefore, we find that, if

D � 4, the first three leading terms of the TE and TM
contributions to the zero temperature Casimir free energy
are given, respectively, by

ETE;0�EPFA
TE;0

�
1þ"

D�1

2
þ"2

ðD�1Þð3D2�2D�17Þ
24ðDþ2Þ

�"2
D3�3D2þ29Dþ57

6DðDþ2Þ
�RðD�1Þ
�RðDþ1Þ

�
;

ETM;0�EPFA
TM;0

�
1þ"

D�1

2
þ"2

ðD�1Þð3D2�2D�17Þ
24ðDþ2Þ

�"2
ðD2�7ÞðD�3Þ

6DðDþ2Þ
�RðD�1Þ
�RðDþ1Þ

�
:

WhenD ¼ 3, the TE contribution is given by (27), and the
TM contribution is given by (26), due to duality. Summing
the TE and TM contributions, we find that, if D � 4, the
asymptotic expansion of the zero temperature Casimir free
energy is given by

ECas;0�EPFA
Cas;0

�
1þ"

D�1

2
þ"2

ðD�1Þð3D2�2D�17Þ
24ðDþ2Þ

�"2
D4�4D3þ32D2�8D�93

6DðDþ2ÞðD�1Þ
�RðD�1Þ
�RðDþ1Þ

�
:
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It is interesting to note that, in the case of homogeneous
boundary conditions, the first analytic correction to the
Casimir free energy has the form

E ¼ EPFA

�
1þ "

D� 1

2
þ . . .

�
both in the high temperature region and the low tempera-
ture region. This is already true for the TE and TM con-
tributions separately. It also follows that the proximity
force approximation always underestimates the strength
of the force.

B. Mixed boundary conditions

In this case, 
1 � 
2, �1 � �2. The expression for
A�ð�ð!ÞÞ is more complicated:

A�ð�!Þ � exp

�
�2�ð�ð½1þ "�!Þ � �ð!ÞÞ

� 2
X1
k¼1

Q2k�1ðtð½1þ "�!ÞÞ � P2k�1ðtð!ÞÞ
�2k�1

�
:

The polynomials PkðtÞ and QkðtÞ are equal to DkðtÞ or
Mk;
ðtÞ, depending on the type of modes and the boundary

conditions, as shown in Table III.
In the present case, the computation is more involved

because PkðtÞ � QkðtÞ. Proceeding as in the previous sec-
tion, we find that

E0 � 1

2	a1

XD�2

j¼0

$D;j

1

2	i

Z cþi1

c�i1
�ðzÞ2�zð1� 2�zÞ�Rðzþ 1Þ"�z

�
�H

�
z� j� 1;

D

2

�
AðzÞ � zCðzÞ�H

�
z� jþ 1;

D

2

�

þ 1

"2
zðzþ 1Þ

2
GðzÞ�H

�
z� jþ 3;

D

2

��
þ . . . ; (28)

where AðzÞ is the same as before, and

CðzÞ ¼
Z 1

0
ð!�0ð!ÞÞ�z

�
Q0

1ðtð!ÞÞt0ð!Þ
�0ð!Þ � ðzþ 1ÞT ðtð!ÞÞ

2

�00ð!Þ
�0ð!Þ2 þ

1

"

T ðtð!ÞÞ
!�0ð!Þ

�
d!;

GðzÞ ¼
Z 1

0
ð!�0ð!ÞÞ�z�2T ðtð!ÞÞ2d!:

Here,T ðtÞ ¼ Q1ðtÞ � P1ðtÞ can be written asT ðtÞ ¼ �tþ �t3. On the other hand, writingQ1ðtÞ asQ1ðtÞ ¼ �tþ �t3, we
find that

CðzÞ ¼
ffiffiffiffi
	

p
2

�ðzþ1
2 Þ

�ðzþ2
2 Þ

�
��þ

�
�� 3�þ zþ 1

2
�

�
zþ 1

zþ 2
þ
�
3�þ zþ 1

2
�

� ðzþ 1Þðzþ 3Þ
ðzþ 2Þðzþ 4Þ þ

1

"

�
�þ �

zþ 1

zþ 2

��
;

GðzÞ ¼
ffiffiffiffi
	

p
2

�ðzþ3
2 Þ

�ðzþ4
2 Þ

�
�2 þ 2��

zþ 3

zþ 4
þ �2 ðzþ 3Þðzþ 5Þ

ðzþ 4Þðzþ 6Þ
�
:

Then,

TABLE III. The polynomial PkðtÞ and Qk under different boundary conditions.

Type of mode Sphere 1 Sphere 2 PkðtÞ QkðtÞ
TE Perfectly conducting Infinitely permeable DkðtÞ Mk;ð4�DÞ=2ðtÞ
TM Perfectly conducting Infinitely permeable Mk;ðD�2Þ=2ðtÞ DkðtÞ
TE Infinitely permeable Perfectly conducting Mk;ð4�DÞ=2ðtÞ DkðtÞ
TM Infinitely permeable Perfectly conducting DkðtÞ Mk;ðD�2Þ=2ðtÞ
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E0 � 1

2	a1

XD�2

j¼0

$D;j

2jþ2"jþ2
�ðjþ 2Þð1� 2�j�2Þ�Rðjþ 3ÞAðjþ 2Þ � 1

2	a1

XD�2

j¼1

$D;j

2j"j
�ðjþ 1Þð1� 2�jÞ�Rðjþ 1ÞCðjÞ

þ 1

2	a1

XD�2

j¼3

$D;j

2j�1"j
�ðjÞð1� 22�jÞ�Rðj� 1ÞGðj� 2Þ þ . . .

� 1

2	a1

$D;D�2

2D"D
�ðDÞð1� 2�DÞ�RðDþ 1ÞAðDÞ þ 1

2	a1

$D;D�4

2D�2"D�2
�ðD� 2Þð1� 22�DÞ�RðD� 1ÞAðD� 2Þ

� 1

2	a1

$D;D�2

2D�2"D�2
�ðD� 1Þð1� 22�DÞ�RðD� 1ÞCðD� 2Þ

þ 1

2	a1

$D;D�2

2D�3"D�2
�ðD� 2Þð1� 24�DÞ�RðD� 3ÞGðD� 4Þ þ . . . :

If the sphere r ¼ a1 is perfectly conducting and the sphere r ¼ a2 is infinitely permeable, we find that the first three
leading terms of the TE and TM contributions to the Casimir free energy are given, respectively, by

ETE;0 � EPFA
TE;0

�
1þ "

D� 1

2
þ "

2ðD2 � 4Dþ 1Þ
DðD� 1Þ

2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ

þ "2
5D3 � 15D2 � 59D� 15

6DðDþ 2Þ
2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

2ðD4 � 6D3 þ 2D2 þ 28D� 13Þ
DðD� 1ÞðD� 2ÞðDþ 2Þ

2D � 16

2D � 1

�RðD� 3Þ
�RðDþ 1Þ

�
;

ETM;0 � EPFA
TM;0

�
1þ "

D� 1

2
þ "

2ðD2 � 2D� 1Þ
DðD� 1Þ

2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ

þ "2
5D3 � 3D2 � 23Dþ 9

6DðDþ 2Þ
2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

2ðDþ 1ÞðD3 � 3D2 � 3Dþ 11Þ
ðD� 1ÞðD� 2ÞDðDþ 2Þ

2D � 16

2D � 1

�RðD� 3Þ
�RðDþ 1Þ

�
;

where EPFA
TE;0 and EPFA

TM;0 are, respectively, the proximity force approximations to the TE and TM contributions, which are
ðD� 2Þ=ðD� 1Þ and 1=ðD� 1Þ times the total proximity force approximation (11). It follows that the total zero
temperature Casimir free energy is

ECas;0 � EPFA
Cas;0

�
1þ "

D� 1

2
þ "

2ðD� 3Þ
D

2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ

þ "2
5D4 � 20D3 � 32D2 þ 80Dþ 39

6DðD� 1ÞðDþ 2Þ
2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ

þ "2
2ðD4 � 6D3 þ 6D2 þ 24D� 37Þ

DðD� 1ÞðD� 2ÞðDþ 2Þ
2D � 16

2D � 1

�RðD� 3Þ
�RðDþ 1Þ

�
:

When D ¼ 3, we have

ETE;0� 7	3

2880"3

�
1þ"

�
1� 40

7	2

�
þ"2

15
�"2

13

7	2
þ"2

192

7	4

�
;

ETM;0� 7	3

2880"3

�
1þ"

�
1þ 40

7	2

�
þ"2

15
þ"2

27

7	2
þ"2

192

7	4

�
;

ECas;0� 7	3

1440"3

�
1þ"þ"2

�
1

15
þ 1

	2
þ 192

7	4

��
:

(29)

If the sphere r ¼ a1 is infinitely permeable and the sphere r ¼ a2 is perfectly conducting, we find that the first three
leading terms of the TE and TM contributions to the Casimir free energy are given, respectively, by
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ETE;0 � EPFA
TE;0

�
1þ "

D� 1

2
� "

2ðD2 � 4Dþ 1Þ
DðD� 1Þ

2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ

� "2
7D4 � 28D3 þ 8D2 þ 148D� 63

6DðD� 1ÞðDþ 2Þ
2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ

þ "2
2ðD4 � 6D3 þ 2D2 þ 28D� 13Þ

DðD� 1ÞðD� 2ÞðDþ 2Þ
2D � 16

2D � 1

�RðD� 3Þ
�RðDþ 1Þ

�
;

ETM;0 � EPFA
TM;0

�
1þ "

D� 1

2
� "

2ðD2 � 2D� 1Þ
DðD� 1Þ

2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ

� "2
7D4 � 16D3 � 40D2 þ 64Dþ 57

6DðD� 1ÞðDþ 2Þ
2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ

þ "2
2ðDþ 1ÞðD3 � 3D2 � 3Dþ 11Þ

ðD� 1ÞðD� 2ÞDðDþ 2Þ
2D � 16

2D � 1

�RðD� 3Þ
�RðDþ 1Þ

�
:

It follows that, for the total zero temperature Casimir free energy,

ECas;0 � EPFA
Cas;0

�
1þ "

D� 1

2
� "

2ðD� 3Þ
D

2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ þ "2

ðD� 1Þð3D2 � 2D� 17Þ
24ðDþ 2Þ

� "2
7D4 � 28D3 þ 20D2 þ 112D� 183

6DðD� 1ÞðDþ 2Þ
2D � 4

2D � 1

�RðD� 1Þ
�RðDþ 1Þ

þ "2
2ðD4 � 6D3 þ 6D2 þ 24D� 37Þ

DðD� 1ÞðD� 2ÞðDþ 2Þ
2D � 16

2D � 1

�RðD� 3Þ
�RðDþ 1Þ

�
:

The D ¼ 3 case can be obtained by duality from (29), as
before.

As in the high temperature region, the corrections to the
proximity force approximations in the case ofmixed bound-
ary conditions are more complicated than the case of ho-
mogeneous boundary conditions. We find that the first
correction terms are already different for different combi-
nations of boundary conditions. Again, between the two
scenarios of mixed boundary conditions, we find that the

force is stronger when the smaller sphere is perfectly con-
ducting and the larger one is infinitely permeable.

VI. THE LOW TEMPERATURE ASYMPTOTIC
EXPANSION OF THE THERMAL CORRECTION

To find the low temperature asymptotics of the thermal
correction, we use the Abel-Plana summation formula
[70–72], which states that, for awell-behaved functiongðzÞ,

1

2
gð0Þ þ X1

p¼1

gðpÞ ¼
Z 1

0
gðxÞdxþ i

Z 1

0

gðiyÞ � gð�iyÞ
e2	y � 1

dyþ 2	i
X

Rez�0;Imz>0

wðzÞResz
�

gðzÞ
e�2	iz � 1

�

� 2	i
X

Rez�0;Imz<0

wðzÞResz
�

gðzÞ
e2	iz � 1

�
;

where wðzÞ ¼ 1=2 if Rez ¼ 0, and wðzÞ ¼ 1 if Rez > 0. Applying this to the Casimir free energy (5) gives

E ¼ E0 þ i

2	

X1
l¼1

dlðDÞ
Z 1

0

flði�Þ � flð�i�Þ
e�=T � 1

d�þ exponentially decaying terms; (30)

where flð�Þ is given by (4). This formula can also be obtained by deforming the contour of integration in (6) from the
positive real axis to the imaginary axis. The middle term in (30) is the term that would give the leading terms to the thermal
correction in the low temperature region. These can be obtained by expanding flði�Þ � flð�i�Þ in ascending powers of �
and applying the formula

Z 1

0

��

e�=T � 1
d� ¼ �ð�þ 1Þ�Rð�þ 1ÞT�þ1:
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Observe that the even powers of � in fð�Þ would vanish in the expression flði�Þ � flð�i�Þ. Therefore, we only need to
concentrate on the terms in fð�Þ that are not even in �. As in [51], we use the following small z expansion for I�ðzÞ and
K�ðzÞ:

I�ðzÞ ¼
�
z

2

�
� 1

�ð1þ �Þ ð1þ I�ðzÞÞ; (31)

K�ðzÞ ¼

8>><
>>:

	
2 ð�1ÞlþððD�3Þ=2Þ

�
z
2

���
1

�ð1��Þ

�
1þ I��ðzÞ �

�
z
2

�
2lþD�2

�ð1��Þ
�ð1þ�Þ ½1þ I�ðzÞ�

�
; D odd

1
2

�
z
2

���
�ð�Þ

�
1þ J �ðzÞ þ 2ð�1Þ�þ1

�
z
2

�
2lþD�2

1
�ð�Þ�ð�þ1Þ ½1þ I�ðzÞ� lnz

�
; D even:

(32)

Here, I�ðzÞ and J �ðzÞ are functions that only contain
positive even powers of z. From (31) and (32), it follows
that

iðflði�Þ � flð�i�ÞÞ � 2	Al�
2�;

where

Al ¼
�

1

��ð�Þ2
1

22�

�

1 þ �1�


1 � �1�
a2�1 � 
2 þ �2�


2 � �2�
a2�2

��	
�

1 � �1�


1 þ �1�


2 þ �2�


2 � �2�

�
a2
a1

�
2� � 1

�

¼ � 1

��ð�Þ2
1

22�

1 þ �1�


1 � �1�
a2�1 :

From these, we can see that the leading order term of
flði�Þ � flði�Þ is of order �2lþD�2. Therefore, when dT �
a2T � 1, the leading thermal correction comes from the
term with l ¼ 1. This implies that

�TE�� d1ðDÞ
D�ðD2Þ2

1

2D�1

2
1 þ �1D

2
1 � �1D
aD1 �ðDþ 1Þ

� �RðDþ 1ÞTDþ1 þ . . .

¼ � d1ðDÞffiffiffiffi
	

p
a1

�ðDþ1
2 Þ

�ðD2Þ
2
1 þ �1D

2
1 � �1D

� �RðDþ 1ÞðaTÞDþ1 þ . . . :

Notice that the leading term in the thermal correction does
not depend on the boundary conditions and the radius of
the larger sphere. Using the fact that

b1ðDÞ ¼ D; h1ðDÞ ¼ DðD� 1Þ
2

;

we find that, if the smaller sphere is perfectly conducting,
then the leading terms of the thermal corrections of the TE
contribution, the TM contribution, and the total Casimir
free energy are given, respectively, by

�TETE ��DðD� 1Þ
2

ffiffiffiffi
	

p
a1

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ 1Þða1TÞDþ1 þ . . . ;

�TETM �DðD� 1Þffiffiffiffi
	

p
a1

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ 1Þða1TÞDþ1 þ . . . ;

�TECas �DðD� 1Þ
2
ffiffiffiffi
	

p
a1

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ 1Þða1TÞDþ1 þ . . . :

(33)

Note that the leading term of the TM contribution is always
negative, twice the leading term of the TE contribution. If
the smaller sphere is infinitely permeable, then

�TETE� DðD�1Þ
ðD�2Þ ffiffiffiffi

	
p

a1

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ1Þða1TÞDþ1þ . . . ;

�TETM�� Dffiffiffiffi
	

p
a1

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ1Þða1TÞDþ1þ . . . ;

�TECas� D

ðD�2Þ ffiffiffiffi
	

p
a1

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ1Þða1TÞDþ1þ . . . :

(34)

When D � 4, we notice that the thermal correction is
larger when the smaller sphere is perfectly conducting.
When D ¼ 3, we have specifically

�TECas � 	3

15
a31T

4 þ . . . (35)

for any boundary conditions. Notice that this is the nega-
tive of the low temperature leading term of the thermal
correction to the Casimir free energy of a single perfectly
conducting sphere of radius a1 [1,13]. In fact, one can show
that (33) and (34) give, respectively, the negative of the
leading thermal correction for a single perfectly conduct-
ing sphere and a single infinitely permeable sphere in
D-dimensional space.
In the case of two infinite parallel plates, the low tem-

perature leading term of the thermal correction to the force
density is given by [67]

�TF
k
Cas ¼ �ðD� 1Þ �ðDþ1

2 Þ
	ðDþ1Þ=2 �RðDþ 1ÞTDþ1;
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regardless of the boundary conditions on the plates.
Multiplying by the area of the sphere of radius a1, the
proximity force approximation of the low temperature
leading term of the thermal correction is

�TF ¼ � 2ðD� 1Þffiffiffiffi
	

p
a21

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ 1Þða1TÞDþ1: (36)

However, the leading terms (33) and (34) derived from the
exact formulas of the Casimir free energies showed that,
when the smaller sphere is perfectly conducting, then the
low temperature leading term of the thermal correction to
the force is

�TFCas��D2ðD�1Þ
2

ffiffiffiffi
	

p
a21

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ1Þða1TÞDþ1þ . . . ;

(37)

whereas, if the smaller sphere is infinitely permeable, then
the low temperature leading term of the thermal correction
to the force is

�TFCas�� D2

ðD�2Þ ffiffiffiffi
	

p
a21

�ðDþ1
2 Þ

�ðD2Þ
�RðDþ1Þða1TÞDþ1þ . . . :

(38)

As expected, these do not agree with the temperature
correction in the proximity force approximation (36).
The point is that, under the low temperature condition
dT � a2T � 1, the thermal correction is much smaller
than the zero temperature Casimir energy by an order "D,
and thus the proximity force approximation is not appli-
cable. However, the proximity force approximation re-
mains applicable for the calculation of the total free
energy, as we have seen in Sec. V. A similar situation has
been observed in D ¼ 3 dimensions for the case of a
sphere in front of a plate [51].

VII. CONCLUSION

In this article, we studied the Casimir interaction be-
tween two concentric spheres in (Dþ 1)-dimensional
spacetime due to the confinement of the electromagnetic
field between the spheres. We consider the cases of per-
fectly conducting–perfectly conducting; infinitely perme-
able–infinitely permeable; perfectly conducting–infinitely
permeable; and infinitely permeable–perfectly conducting
boundary conditions on the spheres. The first two are
referred to as homogeneous boundary conditions, and the
last two are called mixed boundary conditions. For homo-
geneous boundary conditions, the Casimir interaction be-
tween the spheres is always attractive. For mixed boundary
conditions, it is always repulsive.

We are particularly interested in studying the asymptotic
behaviors of the Casimir free energy when ", the ratio of
the separation between the spheres to the radius of the
smaller sphere, is small. Both the high temperature region

and the low temperature region are considered. In the high
temperature region, the Casimir free energy is dominated
by the classical term, which is the term corresponding to
the zeroth Matsubara frequency. In the case of two con-
centric spheres, this term is quite simple. It can be written
as a series in elementary functions. In the low temperature
region, the Casimir free energy is dominated by the zero
temperature term, which has to be expressed in terms of
Bessel functions. The first three leading terms are com-
puted explicitly. In the high temperature region, the leading
terms are of order T"1�D and they coincide with that
obtained using the proximity force approximation. For
the zero temperature terms, the leading terms are of order
"�D and they also agree with the proximity force approx-
imations. It is interesting to observe that the asymptotic
expansions of the Casimir free energies have the following
universal structure:

ECas ¼ EPFA
Cas

�
1þ "

D� 1

2
þ "B0ðDÞ �ðDþ i� 2Þ

�ðDþ iÞ
þ "2

�
C2ðDÞ þ C1ðDÞ �ðDþ i� 2Þ

�ðDþ iÞ
þ C0ðDÞ �ðDþ i� 4Þ

�ðDþ iÞ
�
þ . . .

�
;

where i ¼ 1 in the low temperature region and i ¼ 0 in the
high temperature region. B0ðDÞ, C0ðDÞ, C1ðDÞ, and C2ðDÞ
are rational functions of D that are OðD0Þ, OðD0Þ, OðDÞ,
and OðD2Þ when D is large. In the case of homogeneous
boundary conditions, the terms B0ðDÞ and C0ðDÞ are
absent.
In general, the corrections to the proximity force ap-

proximations are more complicated in the case of mixed
boundary conditions, compared to the case of homogene-
ous boundary conditions. In fact, for homogeneous bound-
ary conditions, the first correction is the samewhen the two
spheres are both perfectly conducting or both infinitely
permeable. For the two scenarios of mixed boundary con-
ditions, the first corrections are different. It is observed that
the Casimir interaction is stronger when the smaller sphere
is perfectly conducting and the larger sphere is infinitely
permeable.
Finally, the low temperature leading terms of the thermal

corrections to the Casimir free energies are computed.
They are finite when " ! 0þ and are of order TDþ1. It is
interesting to find that these leading terms are independent
of the larger sphere. They do not depend on the radius or
the boundary conditions on the larger sphere. As has been
observed by a few researchers for other geometric configu-
rations [51,55], this case is outside the application region
of the proximity force approximation.
For future works, it would be interesting to consider

eccentric spheres and compare the results with those ob-
tained here.
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