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We formulate quantum mechanics on the group SO(3) using a noncommutative dual space representa-
tion for the quantum states, inspired by recent work in quantum gravity. The new noncommutative
variables have a clear connection to the corresponding classical variables, and our analysis confirms them
as the natural phase space variables, both mathematically and physically. In particular, we derive the first
order (Hamiltonian) path integral in terms of the noncommutative variables, as a formulation of the
transition amplitudes alternative to that based on harmonic analysis. We find that the nontrivial phase
space structure gives naturally rise to quantum corrections to the action for which we find a closed
expression. We then study both the semiclassical approximation of the first order path integral and the
example of a free particle on SO(3). On the basis of these results, we comment on the relevance of similar
structures and methods for more complicated theories with group-based configuration spaces, such as loop

quantum gravity and spin foam models.
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L. INTRODUCTION

Quantum mechanics on a Lie group has been consid-
ered, following the seminal work of DeWitt [1] on
quantum mechanics on general curved manifolds, first
by Schulman [2] for SU(2) and later by Dowker [3] for
semisimple Lie groups. This work has been later ex-
panded upon, e.g., by Marinov and Terentyev [4]. In
the case of group manifolds, the group structure, and
thus ensuing homogeneity and representation theory, ad-
mit a considerable simplification compared to the general
case considered by DeWitt. These formulations are con-
sidered largely satisfactory, apart from some disagree-
ment about quantum correction terms in the path integral
formulation [1,5,6]. We will show that our approach
produces quantum corrections consistent with those ob-
tained originally by DeWitt [1], and find that this form is
required for the propagator to satisfy the Schrodinger
equation.

Moreover, complications in considering quantum sys-
tems on Lie groups are bound to arise also from the rather
involved representation theory of Lie groups, which is used
in the spectral decomposition of quantum states via Peter-
Weyl theorem. Recently, a new way of decomposing fields
on SO(3) into unitary representations of the group, the so-
called group Fourier transform, was introduced in the
context of 3d quantum gravity models in [7,8], further
developed in [9], and generalized to SU(2) by Joung,
Mourad and Noui [10]. The group Fourier transform, an
isometry from the L?-space of functions on SO(3) to an
L?-space of functions on R? equipped with a noncommu-
tative x-product structure (reviewed in Sec II1 C), is solidly
based on the theory of quantum groups (Hopf algebras) and
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the corresponding definition of noncommutative geometry
[11]. It has the convenient property of circumventing the
representation theory by encoding the non-Abelian group
structure in the noncommutative structure of the dual
space. The transform is yet to be formulated for a general
Lie group, but this appears as merely a question of further
research, not a fundamental difficulty. Therefore, it is
particularly interesting to apply the group Fourier trans-
form technique to well-known systems, such as quantum
mechanics on SO(3), to be able to compare the results, and
to gain more insight into the interpretation of the new
noncommutative variables. This is the main purpose of
this work.

Our more general motivation comes, however, from
quantum gravity. A special case of quantum mechanics
on a Lie group, even though it is made rather unusual by
background independence, is loop quantum gravity (LQG),
which is the theory obtained via canonical quantization
of the general theory of relativity [12,13]. In LQG the
kinematical Hilbert space of quantum states is given, in
fact, in terms of cylindrical functions associated to
graphs (embedded in 3-space) on a configuration space
SO(3)L/SO(3)", where L is the number of links of the
graph, and V the number of vertices. By harmonic analysis,
the same states can be recast in the form of spin networks,
i.e., graphs labeled by irreducible representations of SO(3).
Analogously, an approach to the dynamics of LQG uses
2-complexes (as a spacetime counterpart of the graphs on
which states are defined) to represent a discrete substitute
for continuum spacetime, decorated either by group ele-
ments (as in lattice gauge theory) or by representations.
These labeled 2-complexes are called spin foams. One then
defines quantum amplitudes for these spin foams to give a
purely algebraic version of a gravitational path integral
[14]. The group Fourier transform has recently been ap-
plied both to LQG states [15], to define a representation
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of the states in terms of noncommutative fluxes of the
gravitational triad field [12], and to the spin foam dynamics
[16,17] or, more specifically, to the more general context of
group field theory [18,19], where the transform has been
shown to encode an exact duality between spin foam
models and lattice gravity path integrals, thus making the
geometry of the spin foam dynamics manifest. We will
give some more details on these quantum gravity construc-
tions, and comment on the relation and implications of
our considerations to LQG and spin foam models along
the way.

The layout of the paper is following: In Sec. II
we will review the canonical formulation of classical me-
chanics on SO(3), on which we build up our treatment
of quantum mechanics on SO(3) in Sec. III. We start
from the canonical quantization, first in terms of group
variables in Sec. III A, in terms of spin labels in
Sec. III B, and finally in the dual noncommutative space
in Sec. IIID obtained via the group Fourier transform
reviewed in Sec. IIIC. In Sec. IIIE we then derive
the first order phase space path integral in terms of the
group and dual noncommutative variables, and show in
Sec. III'F that it yields the correct semiclassical behavior.
In Sec. III G we further demonstrate that in the well-known
case of a free quantum particle on SO(3) the amplitudes
coincide with the previous results in the literature with
the correct form for the quantum corrections to the
action. Section IV wraps up with the conclusions from
our results, as well as some insights they provide on
quantum gravity.

II. CLASSICAL MECHANICS ON SO(3)

Classical mechanics of a nonrelativistic physical system,
evolving in a global time ¢, and whose configuration space
is SO(3), can be rigorously formulated by starting from the
cotangent bundle of SO(3) (the phase space) and its ca-
nonical symplectic structure. We will shortly review this
construction in this section. More details can be found,
e.g., in [20-22].

A. Structure of the phase space 7 *SO(3)

As a Lie group, SO(3) has the convenient property of
having a parallelizable cotangent bundle T *SO(3) =
SO(3) X 30(3) due to the existence of left-(or right-)
invariant 1-forms P, induced by the group action as

Py, = LyP, € T7,50(3), ¢))

where L* is the pullback of the left multiplication
L,h = gh on 1-forms. Thus, the cotangent bundle is par-
allelized by the left-invariant 1-forms labeled by covectors
P, =:P in the cotangent space at the unit element

PHYSICAL REVIEW D 84, 025003 (2011)

T:S0(3) = 50(3) = R?, which we accordingly interpret
as the momentum space of the system.'

A metric 2-form in the tangent bundle T SO(3) is
obtained as the pullback with respect to left multiplication
of the Killing form B(X,Y):= (I3/2)tr(XY), X, Y €
30(3), from 7 ,50(3) = 30(3) onto the whole tangent
bundle.” Here, tr(XY) is taken in the fundamental repre-
sentation so that the left-invariant vector fields given by
I5'T; g = I5'L.,T;,, where 1; :=T;, = o in the funda-
mental representation, o; being the Pauli matrices, con-
stitute an orthonormal set of vector fields in 7 SO(3).
Similarly, on the cotangent bundle 7 *SO(3) a metric
tensor is obtained as the push-forward with respect to
left multiplication of the form B(P, Q) := (I52/2)tr(PQ)
in 7:SO(3) = 30(3), and an orthonormal basis of left-
invariant 1-forms is given by [, T} = [,L;T%, where ' 1=
T: =0, I, ER, is a constant with dimensions of
length, which determines the length scale on the group
manifold, namely, [, is the radius of the 3-sphere $° =
SU(2) = SO(3) X Z, embedded into a 4-dimensional
Euclidean space, to which SO(3) corresponds when
antipodes g, —g € SU(2) are identified. Then, consis-
tency requires us to choose the integration measure
m13dg on SO(3), where dg is the left-invariant Haar
measure normalized to unity, so that the volume of the
group, 7213, is the volume of the upper hemisphere of S°
with radius /.

The Lie brackets of the left-invariant orthonormal basis
vector fields I, !'T; reflect the structure of the underlying
30(3) Lie algebra:

[Ll;ITi’ £10—1Tj] = _2lo_leijk£l§]Tk’ (2)

'In fact, choosing a specific polarization of the phase space,
namely, the physical interpretation of which part of it corre-
sponds to the configuration space and which part to the momen-
tum space, is not crucial at this point. Indeed, there is a
mathematical duality between the two parts, namely, one part
corresponds to the generators of translations of the other via the
canonical symplectic structure of the cotangent bundle (to be
introduced in the following). The physical meaning to the
cotangent bundle is ultimately attached by the dynamics, e.g.,
the Hamiltonian of the physical system in consideration and, in
particular, its symmetries. Typically, the physical configuration
space is considered to be the part of the phase space in which
the dynamics of a free system is translationally invariant.
Nevertheless, in what follows we will use, for the sake of
simplicity, the labels ‘“‘configuration space” and ‘“‘momentum
space” for the parts SO(3) and $0(3) of the phase space SO(3) X
30(3), respectively, bearing in mind that the labelling is always
invertible when no particular physical interpretation is given.
Indeed, notice that in the papers [8—10] from which our treat-
ment of the noncommutative dual variables stems, the opposite
polarization has been considered, due to the specific form of the
action of the field theory considered.

%In this paper we use the physics convention of Lie algebras,
where 30(3) consists of traceless Hermitean elements.
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where L7 f(g) := 4 f(ge™")|;_ is the Lie derivative of a
function f € C'(SO(3)) with respect to the left-invariant
vector field T;. We have here chosen the fields 7; to be
dimensionless while the dimensions are given by the con-
stant /,. By first absorbing the constant into the orthonor-
mal basis [, !T;— T; and into the definition of trace
Btr—tr in the Killing metric, we may take the
Euclidean limit [, — oo, where Lie derivatives become
commutative and the integration measure becomes the
Lebesgue measure on R3, while the basis fields remain
orthonormal. Thus, in this limit SO(3) becomes essentially
Euclidean R*® (even though the global topology of the
manifold does not change’).

On the phase space we have the canonical 1-form 6 €
TH(T*S0(3)) = T*SO(3) X TSO(3) given by 6Op =
(P,,0) € T;g(T*SOG)) for all P, € T*S0(3), where
0 is the null vector field on SO(3). The symplectic 2-
form w on the phase space is given via the exterior deriva-
tive of the canonical 1-form 6 as

w = —df =dg' NdP; — 21" €;*Pidg' Adgl, (3)

where we used the notation dg':= (I,T,0),
dP; = (0,1;'T)).* P, = P, -T;, are Euclidean coordi-
nates in the momentum space $0(3) =R3. The
Hamiltonian vector field X € T (7 *SO(3)) correspond-
ing to a function F € C'(SO(3)) is defined through the
relation iXFa) = dF, where iy denotes the interior product,
which ensures that £XFa) = 0, i.e., the symplectic struc-
ture is conserved under the flow generated by X.. Then, the
Poisson bracket {, -}pg on the phase space T *SO(3) is
given by

{F, Glpg = 0(Xp, X;)

_9F 3G _ oF G _
aP; 0g' gl aP;

oF 0
2l;l€i-kPk —G,
PR aP; 9P,
4)

for F, G € CY(T*S0O(3)), where we use the notation
Loir,0F =: ;’—é‘j and L, 71 F =: {f for the Lie deriva-
tion of a function F € C'(T*SO(3)) with respect to left-
invariant basis vector fields in 7 (7 *SO(3)). Here we
observe that the momentum space receives a nontrivial
Poisson structure, basically due to the noncommutativity
of the left-invariant derivations under the Lie bracket.

*We thank Frank Eckert for pointing this out.

“The Darboux theorem ensures the existence of a coordinate
system (x', p;) in a neighborhood of any point in a cotangent
bundle such that the symplectic 2-form acquires the canonical
form @ = dx' A dp; [22]. However, on a Lie group it is more
convenient and physically transparent to use the coordinates
generated by the left-invariant (or right-invariant) vector fields,
since they respect the division of the cotangent bundle to its
horizontal SO(3) and vertical 30(3) parts, i.e., to the configura-
tion and the momentum spaces.
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B. Parametrization of the phase space

Although the Poisson brackets can be expressed in a
global form in terms of Lie derivatives, and while the
coordinate functions P; = P, - T; , in the cotangent spaces
are globally well-defined due to the parallelizability of
T*SO(3) with the left-invariant 1-forms P, labeled by
P;, the choice of coordinates on SO(3) is not unique. In
fact, since SO(3) is compact, we cannot cover it with only
one coordinate patch. For example, the coordinate func-
tions X'(g), defined via g = exp[iX‘(g)t;/l, ], on the group
are well-defined and differentiable only in a limited neigh-
borhood of the unit element, namely, for |X'(g)| < [, /2
(in the Euclidean R? norm). For |Xi(g)| = #l,/2 there
is a two-to-one relation between a group element g and
+Xi(g), since in this case exp[iX(g)t;/l.]=g=
exp[—iX'(g)t;/1,]. However, we can choose a coordinate
system X!(g) in a neighborhood of any element h €
SO(3), such that g = hexp[iX}(g)t;/l.].

The Poisson brackets for the coordinate functions above,
induced by the left-invariant vector fields, read

{Xi, X]}ep = 0, {Xj, Pilegly = — 9%,

)
{P;, Pilpg = —215"€;/* Py

for all h € SO(3). Note that the exact form of the Poisson
bracket {X}, P;}pg holds only at the origin of the coordinate
system & € SO(3), but this is generally true for any choice
of coordinates Z,(g) such that {Z, P }pgl; = —6;. How-
ever, the above choice of coordinates is not the most
convenient one, since the inverse map from the group
elements to the coordinate functions includes a logarithm,
and makes it therefore difficult to make explicit calcula-
tions. Possibly a better choice are the coordinates

sin(|X,(¢)|/1,)

. I, .
Yi(g) = —i— ulh 'go’) = Xj(g) X, (o)l

, (6)

which are one-to-one for the range |Y,(g)| <,. These
coordinates will also later enter the definition of the non-
commutative plane waves in Sec. IIIC. For them the
Poisson brackets read

{Yi, Y]}ty =0,

{Y;l’ Pj}PB = _'\'1 - ZZQYI%(S; + l:]Yﬁekij’ (7)

{P;, Pilpg = —215"€;/*P,

for the whole range of validity of Y} . For them we also have
{Y}, Pjtpgl;, = — &' as a special case. The deformation of
the canonical commutation relations can be understood to
arise from the deformed addition of the coordinates on
SO(3), given by
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(Y(g1) ®, Y,(g2)) = Yi(gi1h™'gy)

= ¢,(g1, 82)[\/1 — Y2(g,)/2Yi(g1)
+yl - Yi(g1)/13Y}(g)

— (Yu(g1) X Yi(g2)) /1o ], 3

where €,(g, g2) := sgn(tr(h"'g,h~'g,)) in the funda-
mental SU(2) representation and X denotes the
Euclidean cross-product. This is because the momenta
correspond to the generators of translations on the configu-
ration space SO(3). Furthermore, we observe that the
Poisson algebra of the momentum space coordinate func-
tions P; reflects directly the noncommutative structure of
the $0(3) Lie algebra.

C. Classical dynamics on 7 *SO(3)

The dynamics of the system is given by the choice
of a Hamiltonian function H € C'(T*SO(3)). The
Hamiltonian vector field corresponding to H

d

= H, .
dt { }PB
oH 0 oH 9 JoH 0
S VPP IY.) e ()
BP,- ag’ Gg’ (‘)Pl J BPl an

is the generator of time-evolution of dynamical variables in
the phase space. This expression has an additional term
with respect to the Euclidean case, arising from the non-
commutative Lie algebra structure of derivations, which
vanishes in the commutative limit [, — oo. Thus the clas-
sical dynamics of the system coincides with the usual
Euclidean one in this limit. In particular, the equations of
motion for the canonical variables are

dx; : oH

G| = {H, Xi}pgl, = Y h € 50(3), (10

2|, = Xikels = 55 | (3), (10)
dp; oH

_ oH
= {H, Pi}PB = _a—gl + 2l°16ijkpkﬁ' (11)

dt ;

D. The phase space of Loop Quantum Gravity

Let us digress briefly to recall some elements of LQG
[12,13], showing the similarity with the much simpler case
we are dealing with here, as an additional motivation for
our forthcoming analysis. In the connection formulation
that defines the classical starting point of LQG, the con-
figuration space of general relativity is replaced, after a
canonical transformation, by the space of $0(3)-valued (or
31(2)-valued, depending on the formulation) connections
A on some spatial 3d hypersurface X in spacetime. The
conjugate variable is a (densitized) triad field e, also valued
in 30(3). One then changes variables in the classical
phase space, going from connections to SO(3)-valued
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holonomies h; = Pexp[ [, A] along paths [ in 3, where
P indicates path ordering. The canonically conjugate vari-
able to the holonomies along all such possible paths are
30(3)-valued fluxes Eg = fS, #(e A e) of the triad fields
through surfaces, also embedded in X. More generally, one
considers (spin network) graphs embedded in 2 and asso-
ciated dual surfaces [12]. Computing Poisson brackets of
these classical variables, one finds commutativity among
any two holonomies and noncommutativity among fluxes.
While the general Poisson brackets are complicated, as
they depend on the specific path and surface associated
to the variables considered, in the simplest case of a link /
and a surface S intersecting it at a single point, one finds the
algebraic structure of 7 *(SO(3)) = SO(3) X $0(3), the
cotangent bundle over SO(3) [23],

{h, h}y =0,  {Ey E[} = —285€" EL,

where —2€"/, are the structure constants of the Lie algebra
30(3). Thus, the phase space 7 *SO(3) we are considering
in this paper is the phase space associated, in LQG, to a
single link of a spin network graph, with associated dual
surface.

For a more general spin network I, the phase space Pr
will become the direct product of phase spaces of the
individual links / € I' modulo relations arising from the
requirement of SO(3) gauge invariance at the vertices
verl,

Pr=T*S0RB)/503)"). (12)

where L is the number of links in I" and V is the number of
vertices. In terms of the fluxes Eg the gauge invariance can
be understood as implying the closure of the surfaces dual
to the links attached to the vertex, or equivalently the
absence of flux outgoing from the region surrounded by
the same surfaces around the vertex.

Obviously, there is one crucial difference between our
simple case of nonrelativistic quantum mechanics on
SO(3) and LQG. In LQG, being the quantization of general
relativity, we must require diffeomorphism invariance to
hold, and so due to the reparametrization invariance of the
time coordinate, the Hamiltonian function H becomes a
constraint [12], and no time coordinate will play a distin-
guished role. Therefore, with regard to LQG, we restrict
our arguments mainly on the level of phase space structure,
and comment on the possible advantages and perspectives
for LQG of the noncommutative structure we study, based
on the intuition gained from the simpler cases.

III. QUANTUM MECHANICS ON SO(3)
A. Group basis

Building on the results reviewed in the previous section,
it is now straightforward to give a canonical formulation of
quantum mechanics on SO(3). The natural choice for
canonical variables in the phase space SO(3) X $0(3) are
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the group elements g € SO(3) and the Lie algebra
elements P € 30(3) = R?, which we then “‘upgrade” to
canonical operators formally via the quantization map
% gw> g and P, — P, for the components of P € 30(3).
We first consider the complete set of orthonormal basis
states {|g)lg € SO(3)}, labeled by group elements, which
we will call the group basis, satisfying

(glgh= 5(g7 g,

w83

] wBdglgigl =1, and £(2)lg)=r(g)lg)
SO(3)

(13)

for any function f € F(SO(3)), where 1 denotes the unit
operator, dg the normalized Haar measure. In the above
sense, |g) are the eigenstates of the operator g. Note that
here one must necessarily consider the group elements
themselves as operators instead of some coordinate func-
tions on SO(3), since there does not exist any global differ-
entiable coordinate system on SO(3). On the other hand,
since g € SO(3) are not real numbers but group elements,
we can neither act directly with the operator ¢ on states.
The property f(£)lg) = f(g)lg), however, guarantees that
for any coordinate system on SO(3), |g) are the eigenstates
of the coordinates. As usual, we then define the Hilbert
space of states JH to consist of those states |i), whose
decomposion in the |g) basis can be expressed in the form

) = js o PEARVE1S) (14)

where € L2(SO(3), w*13dg), and (¢|¢) = 1. Notice
that, with this choice of normalization, the measure coin-
cides with the Lebesgue measure on R? in the commutative
limit [, — oo.

In the group basis {|g)|lg € SO(3)} it is natural to choose

the momentum operators to be of the form
po=—i"
i lz
where L is the Lie derivative on SO(3) with respect
to the left-invariant basis vector field T; € T SO(3), and
f is the Planck constant, since these are the generators of
translations on SO(3). Also, they are self-adjoint in
L?*(SO(3), m*I3dg), and the quadratic Casimir operator is
P?:=Y.P? = —(n/l,)*Arp, where Ay is the Laplace-
Beltrami operator on SO(3) [24].

The commutators of the operators P; and the coordinate
operators )2;1 = X (8) corresponding to the coordinate
functions X!: SO(3) — R, induced by the left-invariant
vector fields, g = hexp[iX}(g)t;/1.], where t; = T;(e) €
T ,50(3) = 30(3) is a Lie algebra basis, and |X,(g)| <
ml, /2, read

[X;. X]]1=0,

Ly, (15)

Xt P, = ihsi,
[ j:“h l J (16)

. R
[Pi! Pj] = le_eijkpk’
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for all & € SO(3), due to the properties of Lie derivatives.
As for the Poisson brackets, we find that, in general, we
must have different canonical coordinate operators X! for
each h € SO(3) to satisfy the canonical commutation
relations with the momentum operators. With the choices
above, the commutators then correctly reflect the classical
Poisson structure (5) of the canonical variables in the usual
sense:

[N 7—0

%[0, 0'1=40, 0'}pg. (17)

The canonical dynamics of a quantum system corre-
sponding to a given classical system is then obtained by
applying the quantization map to the Hamiltonian function,
H(P, g) — H = H(P, 8). As is well known, this prescrip-
tion is not unique due to the ambiguity in ordering opera-
tors. Namely, there are several inequivalent ways to order
the canonical operators in H , which all coincide in the
limit 72— 0. For the purposes of this paper, however,
we will not have to fix any specific operator ordering.
(Later in considering the first order phase space path
integral we will restrict to consider Hamiltonians of the
form H(P,g) = Hp(P) + H,(g) to avoid unnecessary
complications arising from operator ordering ambiguities.)
Nevertheless, the ordering should be such that the
Hamiltonian operator H is self-adjoint, (¢'|Hy) =
(Hy'|p). Then, the time-evolution generated by H is
unitary, and we obtain a unitary time-evolution operator
U(t' — 1) == exp[— i (¢ — D H].

In LQG, one proceeds to quantization in the same
way as we have done above (apart from the normalization
chosen for the measure of integration, which is taken to be
simply the Haar measure on each link). Functions
associated to graphs I' define the Hilbert space H =~
L*(SO(3)/S0O(3)V). By taking the direct sum over all
such Hilbert spaces corresponding to all possible graphs
in 3, one defines the kinematical Hilbert space of the
theory. Similarly to what we have done above, one defines
the algebra of kinematical observables of the theory by
turning the canonical variables into operators.

B. Spin basis and coherent states

In this subsection we will briefly review the well-known
decomposition of functions on SO(3) in terms of spin
representations, as well as in terms of coherent states on
SO(3). This will allow us to compare our results in later
parts of the paper to the ones obtained by more conven-
tional methods.

A decomposition of functions on SO(3) in terms of spin
representations follows from Peter-Weyl theorem [25],
which shows the orthogonality of the elements of repre-
sentation matrices (also called Wigner D-functions)
Dhn(g), jENy, m,n=0,*1,..., %
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f (3) ng:ylz/nI(g)D{nn(g) = (2] + ])_ ! 5jjl Smm’ 5nn" (] 8)
SO

Accordingly, the states |j; m, n) defined via {g|j; m, n) :=
V2j + 1D},.(g) constitute a complete and orthonormal
basis of states in the Hilbert space JH = L?(SO(3)), the
spin basis, for they satisfy

<j/; m, nllj; m, l’l> = 77'2[% 6j/j8m’m Ouy and

1 . . A
WTF z |-]’m’ Vl><‘];m, I’ll = ]1, (19)

° jmn

where in the spin basis we introduce the measure
(Wzl%)_lzj’m,n, jENy, m,n=0,=*1,..., +j. The spin
label j of the state |j; m, n) refers to the eigenvalues of the
quadratic Casimir operator P?> = (=in/1)*Y, Ly Ly,

P2jim n) = 2n/1)%j(j + Dljsm, ), (20)

which label the irreducible unitary representations of
SO(3), while the indices m, n refer to eigenvalues of the
Lie derivative operators Pé" =i lﬁ L. with respect to

left- and right-invariant vector fields 7%" eTs 0(3), such
that Tl(e) = T!(e) = t, € 30(3),

- h

Plljsm, ny = 2l—m|j; m,ny and

5l - no .

Plljsm, n) = 21—n|];m, n), (21)

respectively.” These operators form a maximal commuting
set of operators on the Hilbert space JH. The commuta-
tivity of left- and right-invariant derivatives follows
from the associativity of the group product. Also note
that the Casimir operators corresponding to left- and
right-invariant Lie derivatives coincide. Then, any state
|y € HH can be expanded in the spin basis as

1
1) = —3 2. Ljsm s m, nl ), (22)

J.m,n

where

(Gom, nlgp) = fs o LG nl)el )

- jso(a) T Bdg2j + D) ()¢ (g). (23)

We should emphasize that the states |j; m, n) are not the
usual spherical harmonics states |j, m) familiar from con-
siderations of quantum spin systems [26], even though they

>The factors of 2 in these expressions follow from our choice
of normalization of the basis vector fields, namely, we chose
Ti(e) =T!(e) =t; = o; in the fundamental representation,
where o; are the Pauli matrices, for later convenience. With
the choice t; = o,;/2 we would find expressions without extra
factors of 2.
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are related through the definition of representation matrix
elements D},,(g) = (j, m|D/(g)|j, n). The spherical har-
monics given by

(glj.m) = Yh(g) = /(2j + D/anDlo() (24

are invariant under the right multiplication R} f(g) =
f(gh) by elements of the form "= € U(1) C SU(2), and
therefore are functions on SU(2)/U(1) = S?, the 2-sphere.
In other words, the spherical harmonics | j, m) are elements
of the vector space corresponding to the (2j + 1)-
dimensional representation, whereas we have states on
the group itself. Thus, the spherical harmonics do not
give a complete basis for H = L*(SO(3)), and we need
to use the states |j; m, n) instead, which give a full repre-
sentation of both left and right multiplication.

A set of coherent states® ljsm, i), j € Ny, m, 1 € S?
(the unit 2-sphere in R?), can be defined on SO(3) in terms
of the representation matrices as

. Ritt ;. -
(gljsm, i) = ]2 D) (g5 " 8g), (25)
Tly

where g; € SO(3) is the unique element, which rotates the
unit vector in z-direction in R3 to m with the axis of
rotation in the x-y-plane (similarly for 7). These states
satisfy P2|jm, i) = 4(r/1,)j(j + Dl jum, i),

A h
m - Pllj;m, i) = 2l—j|j;n*1, iy and

(26)
Y AN o o oL
n-P’lj;m,n>=21—J|J;m,n>,
but also
e S A o = ho.
(s m, Pl j; m, ity = 2Z—Jmi and
P s Y I h .
(s m, &P j; m, ity = ZI—Jn,». (27)
The coherent states |j; 71, i) =: |j; 71) are particularly inter-

esting, because they turn out to coincide in the semiclas-
sical limit 7 — 0, j — oo, Aj = const, with the states |P)
defined below in terms of the noncommutative momentum
variables P & Ri in the sense that, at this limit, we
can identify the variables P = 2(/l,)ji. This suggests
that the variable 2(7/1,)jin € $0(3) labelling the states
|j;7) can be understood in some sense as ‘‘quantum
momentum variables” for a particle on SO(3), between
the continuous variables P and the discrete quantum num-

bers (j, m, n) in character, while the functions {g|j; i) =
V2j+ 1)/7721§,D§j(g;7'gg,;,) may be understood as a sort

®These states are directly related to Perelomov coherent
states |j,7i)p [27] on a 2-sphere S? via {gl|j;m, i) =p
(j, m|D’(g)|}j, ii)p, the use of which has proven very useful in
recent developments in spin foam models [28-30].
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of plane waves giving rise to an alternative Fourier
transform (given a suitable noncommutative product
for the variable 7 € $?) to the one we will use in the
following [31].

The above decompositions correspond, in LQG, to the
expansion of cylindrical functions of the connection in spin
network basis [12,13], which are labeled by quantum
numbers of geometric operators, functions of the triad
operator (areas, volumes, etc.), in the same sense in which
the states (19) are eigenstates of the quantum operators
corresponding to the momentum variables P.

C. Group Fourier transform

Next we will review the formulation of group Fourier
transform on SO(3) considered first in [8,9] (and extended
to SU(2) in [10]) in connection with 3d quantum gravity
models, and has also been utilized in formulating a non-
commutative flux representation of LQG [15] and a metric
representation of group field theory[16,17]. On the most
foundational level, the transform is based on the theory of
quantum groups [11], but we will restrict our review only
on the most pragmatic aspects. For more details, see [9,10].

The group Fourier transform on SO(3) is an isometry
[15] in L?norm from L2-functions on SO(3) to
L?-functions on a noncommutative space R} equipped
with a *x-product. To describe the transform and the non-
commutative space R3, we first define the noncommutative
plane waves,

eo(P) := expltr(gP)l. /2n] = expliY'(g)P;/h] ~ (28)

on SO(3), where the trace tr(gP) is taken in the funda-
mental 2-dimensional representation of SO(3), which is
obtained from g’ € SU(2) via the 2-to-1 map g'+—
sgn(tr(g’))g’ = g € SO(3). e,(P) will act in the construc-
tion as the kernel of the group Fourier transform. The
coordinates Y/(g) in the exponential are given by

sin(|X(g)l/1,)
X/l

where g = expliX'(g)t;/l,]. The noncommutative
*-product is then defined through the relation

. I, . .
Yi(g) = > tr(go’) = X'(g) (29)

e,(P) % ey(P) = ¢, (P) Y g, h € S0(3), P E 30(3).

(30)

Obviously, the *-product so defined is associative but
noncommutative due to the corresponding properties of
the group multiplication. It also induces a corresponding
deformed noncommutative addition [7] for the coordinates
Yi(g) on SO(3) such that expliY, - P/h]* expliY, -
P/h] = expli(Y; @ Y,) - P/h], where ® = @, from (8).

Now, we may define the group Fourier transform f €
L?*(R3) of a function f € L*(SO(3)) as
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() = [S o PR P (0) 31)

where e,(P) denotes the complex conjugate of e,(P). The
inverse transform is then given by

3
16 = [ Gomepx i), G2

where d3P is the usual Lebesgue measure on R>. In par-
ticular, we have the important identities

d’p 1
'/.Rimeg([)) = #lea(g) and

f P Bdge,(P) = Qah) 8, (P),
5003)

(33)

where &, is the delta function with respect to the *-product
in the sense

f P8 (P) x f(P) = f(0) =[ d*Pf(P) % 54(P).
R} R}
(34)

We should note that 8, (P) is a regular function on R? for
Al;' >0, and in particular 8,(0) < oo. It is also easy to
show that the group Fourier transform is an isometry [15]
with respect to the L?-norms:

(o) £ _ d3P ~ =
/So(3) mLdgf(9)f (g)—fRin(P)*f (P). (35)

Another useful property of the x-product, of which we will
take advantage later on, is that it can be expressed as a
differential operator under integration [7,32] via

j FPPF(P)* g(P) = j PP+ (112D pg(P).

(36)

In fact, the map e: SO(3) — {e,lg € SOB)}, g—>e, is
an isomorphism: ghliegh = ¢, * ¢, the inverse e I
{e,lg € SO(3)} — SO(3) to the fundamental representa-

tion being

e! n\2 17} d
B T MR
where Ap =3 aip/- 2;is the Laplacian in R* with respect

to the momentum variable P, 1, is the 2 X 2 identity
matrix, and o; are the Pauli matrices. Then, the non-
commutative plane waves e, give an “isomorphic’ repre-
sentation of SO(3) on functions f € L*(R}) via
*-multiplication as

(ey % f)(P) = fs o T e Pif(eh) € L), (38)
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which is dual to left translations Ljf(h) = f(gh) €
L?*(S0O(3)). Right translations will instead be dual to
(f * e,)(P).

Moreover, a definition of *-polynomials of the coordi-
nates P; in the noncommutative space (which do not
belong to L*(R3)) and their *-products with the noncom-
mutative plane waves can be obtained through the relation

()i

= e,(P) * <—i£)£ﬂ1 e,(P)*x -+ % (_i%)LT;n e.(P)

=e,(P)*P; k- %P, (39)

Ly, ey(P)

from which we obtain

Pil*"'*Pl‘nZeg(P)*Pil*"'

=(_lZ) (Ly, -

With this definition, we find that the lowest order term in
aly! s, for all powers, the pointwise product,

P, k%P, =P, P, +O/L,).

*P; o=,

‘£Ti,, eg(P))|g=e' (40)

(41)

Thus, the (noncommutative) x-product coincides with the
(commutative) pointwise product both in the classical limit
A — 0 as well as in the Euclidean (commutative) limit
[, — o0. We also find, by an explicit calculation,
- Ny

Pi*Pj—Pin+lZeij Py, (42)
so the coordinates P; satisfy Lie algebra type of commu-
tation relations, which follow directly from the properties
of the Lie derivative. Moreover, we have for the noncom-
mutative plane waves an expression in terms of the
*-product as

eg(P) = X' Lr/l e,(P)
1 . .
= Z X Xin(Ly -+ Lp e, (P))
“ynlly gl in
Z W Xil - Xi”Pi] * % Pi,, _ eig((g)f/h’
(43)
where g = exp[iX'(g)t;/l.], t; = T;.. 1X(g)| = 7l,/2,
and we introduced the notation
e . A
=3 T JP)x -+ % f(P). (44)
n=0""" "\

n times

D. The noncommutative momentum basis

Through the group Fourier transform reviewed in the
previous section, we may now formulate the dual

PHYSICAL REVIEW D 84, 025003 (2011)

momentum space representation of quantum mechanics
on SO(3) in terms of the noncommutative momentum
space R}. (See, e.g., [33,34] for earlier treatments of
quantum mechanics on Lie algebraic noncommutative
spaces.) Let us define a set of states {|P)|P € R3}} via their
inner product with the group basis

(glP) = e,(P),

which satisfy, due to the properties (33) of the group
Fourier transform, the following formal identities

(P|P"y = 27h)*6,(P — P') and

d’p ~
—— |P)*x(P| = 1.
,[[Rzi (27Th)3| ) * (Pl

Accordingly, they form a complete and orthonormal basis
with respect to the *-product structure in the noncommu-
tative momentum space.

The momentum operators P; do not commute among
themselves but obey the Lie algebra commutation relations
in (16), and therefore it is impossible to diagonalize them
simultaneously. However, the states |P) are eigenstates of
the momentum operators P; in the *-product sense
P.|P) = |P) x P;: Because of (39), by definition,

(45)

(40)

A n
(glP;|P)y = _ll_LTieg(P) = ¢,(P) % P; = (g|P) x P,.

47)

where [, 'T; are the left-invariant basis vector fields, and
the ordering of P; to the right of (g|P) follows from the
left-invariance of I3 !7T;. For the operators P/ = —i zﬁ ET;
corresponding to right-invariant basis vector fields 77 we
have (g|P!|P) = P; % (g|P). Since the *-product is non-
commutative, and thus nonlocal in the sense that it is not
possible to resolve points, the states |P) are, from the point
of view of commutative R3, coherent states peaked on the
momentum value P: (P|P,|P) = P{P|P) = P;8,(0).”

By the properties of the group Fourier transform, any
state |4y € FH has then a representation in terms of the
momentum basis as

P

w2 2mh)’ %)

ly) = |P)* 4 (P),

where (P) = (P|) € L*(R}) is the group Fourier trans-
form of the wave function (g) = (g|) € L*(SO(3)) in
the group basis. The group element operator ¢ in the

fundamental representation can be written in the momen-
tum basis as

"Manipulating formal expressions in the Dirac bra-ket notation
requires some extra care now that we have two different products
in use. In particular, when evaluating expressions of the form
(P|O|P), where O is some operator, one should always first
evaluate (P| 0|P9 and only afterwards set P = P/, i.e., we define
(PIOIP) = (PIOIP)] p—p.
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h? o9
8 nzw/1+l%AP+lc)aj()IJj, (49)
where 1, is the 2 X 2 unit matrix and o; are the Pauli
matrices.

Since the transformations between different bases are
isometries, we may always freely move from one basis to
another. In particular, the transformation between the spin
basis and the noncommutative momentum basis is medi-
ated by the transformation kernel [32,35]

(jym, n|P)y = f T dgyJ2j + 1D)u(g)e,(P)
SO(3)

—— 25,41l |Pl/h)
=mB2j 11—
Tteve) 21,|P|/h

X Dy (ei(mle/20(P/IPDY (50)

In the semiclassical limit 2 — 0, j — o0, Aj = const the
function 2J5;,1(l,|P|/A)/i* A7 '1,|P| approximates a
delta function &(|P| — 2%j) [32].

Moreover, for the coherent states |j;7i), it can be
shown [15] that in the semiclassical limit 7 — 0, j — oo,
hj = const, their group Fourier transform

Pl =y rei+ [ A PIDye5 880) 6D

peaks sharply at P = 2(#/1,) 7, and therefore we find an
identification of the noncommutative dual variables and
the coherent state variables in this limit, in which, we
remark again, the momentum variables P become commu-
tative. This can be further understood by first noting that
for the states |P) we have P?|P) = P2 % |P),

PPy =|Pyx P; and P/|P)=P;x|P), (52

while for the coherent states |j;ii) we have P2|j;i) =
(21/1,)?j(j + 1)|j; i) and

(i il P ity = 2573 = G5 alPilj; ). (53)

Accordingly, in the limit #/l, — 0, j— oo, (A/l,)j =
const, where the *-product coincides with the pointwise
product and the coherent states become infinitely sharply
peaked, both | P) and |; 7i) are simultaneous eigenstates (in
the commutative sense) of the maximal set of commuting
operators 132, ﬁﬁ" with the above identification of the
eigenvalues.

At this point, before moving onto the path integral
formulation, we would like to further highlight the con-
nection between the nontrivial classical Poisson structure
(5) of the momentum variables, the canonical commutation
relations (16) of the canonical quantum operators, and the
noncommutative structure of the momentum space induced
by the *-product (30). These all arise from a common
source, namely, the noncommutative Lie algebra structure
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of derivations on SO(3), which again follows from, or
rather is equal to, the curvature of the group manifold.
There are certain choices we have made in deriving these
structures. The first choice is the specific coordinate system
for the phase space, which is reflected in the canonical
Poisson structure (5) of the classical theory. We chose to
use the coordinates induced by the left-invariant vector
fields on SO(3), which allow for unique global coordinates
for the covector spaces, and accordingly for a single
Euclidean momentum space. In this respect, it is the
most natural choice of coordinates even though, according
to the Darboux theorem, one could always choose a local
coordinate system such that one recovers the usual Poisson
brackets, but these coordinates mix the coordinates of
configuration and momentum spaces, and cannot be glob-
ally extended. The second choice is the choice of quantum
mechanical momentum operators in the group basis such
that they correctly reflect the classical Poisson structure.
We chose to use the Lie derivatives with respect to the left-
invariant vector fields on SO(3). These are a natural gen-
eralization of the directional coordinate derivatives ﬁ
in the Euclidean case as the generators of translations in
SO(3), and indeed coincide with them at the Euclidean
limit [, — 0. Also, this choice is consistent with the fact
that we chose to use the coordinates generated by the
left-invariant vector fields for the configuration space.
Furthermore, these operators are self-adjoint with respect
to the measure we use on SO(3), and the quadratic operator
P> =Y ,P,P; is a multiple of the Laplace-Beltrami
operator on SO(3). The third choice has to do with the
noncommutative plane waves, and thus the *-product
structure, which is not completely unique. In particular, it
seems that one can choose any infinitely differentiable real-
valued coordinates X/(g) on SO(3) for the plane waves
e (P) = exp[iP;X/(g)/h], which satisfy X/(g7') =
—X/(g) and L1 X/(e) = &]. In general, this will affect
the explicit form of the *-product but, however, not the
Lie algebraic commutation relations of the momentum
variables, since these derive directly from the commutation
relations of the Lie derivatives via the relation (39).

In LQG, an analogous noncommutative basis was
introduced in [15], and interpreted as providing a flux
representation for the theory, taking into account the non-
commutativity of fluxes even in the classical theory [23].
We close by noting that the same quantization map we use
here, and related to the Duflo map [9], has been used, and
justified further, in the context of Chern-Simons path in-
tegrals in [36].

E. Path integral in terms of noncommutative variables

Next we will give the first order path integral formula-
tion of quantum mechanics on SO(3) using the noncom-
mutative momentum space defined above, and, in
particular, the *-product orthonormal momentum basis
{|IP)|P € 30(3)}. The derivation follows similar lines to
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the commutative case, but some extra subtleties arise due
to the noncommutative structure.
The quantum mechanical evolution operator is given by

O — 1) = e /M08, (54)

where H is the Hamiltonian operator, as usual.
Accordingly, we have for the propagation amplitude from
the group element g at time 7 to g’ at time ¢/

(¢, 1g, 1y = (N0 = 1)lg). (55)
Now, we introduce the time-slicing via the decomposition

A N_l A

U@ =0 =T] Ultys1 — 10, (56)

k=0

where 1., >t V kand 1y =1, ty = 1. We set ;4 —
=€V k=0,...,N—1, so we have ¥ — t = Ne. By
inserting the resolution of identity 1 = [, 7°13dglg) ¥

(gl N —1 times in between the evolution operators we
obtain

N—1
"'tg, ¢ =lim[ [
(¢ 11g, 1) = lim I!:[l ]

N—1 .
<[ Meeloe@n ] 67
k=0

7Tzl3°dgki|
0(3)

Furthermore, for each of the factors we use the resolution
of identity 1 = [ R? (ZWW |P) % (P| to express them as

BP,

<gk+1|0(€)|gk> = w (27h)

—— = (g1 |P) * (PlU(e)gy).

(58)

At this point, we have to restrict to systems with
Hamiltonian operators of the form H = Hp(P) + H,(8)
to avoid additional operator ordering issues, on top of those
stemming from the noncommutativity of momentum var-
iables and encoded by the *-product structure defined
above.® Then we get (P|H|g) = H,(P, g) * (P|g), where
the function H,(P,g) is now obtained from the
Hamiltonian operator H by replacing the momentum op-
erators P; in H by the noncommutative momentum varia-
bles P; and the operator product of the momentum
operators is replaced by the *-product, whereas the group
element operators ¢ are replaced by the group elements g

8To handle more general Hamiltonians with mixed terms in g
and P variables, one should introduce an additional *-product,
encoding in the definition of the path integral the operator
ordering between group and momentum operators [37]. This
would then lead to more complicated forms for the discrete and
continuum phase space path integrals. However, for the argu-
ments we wish to present in this paper, the generalization is not
important, as we focus on how the *-product between momen-
tum variables encodes their noncommutativity in the same path
integral representation of the dynamics, so we restrict to the
simpler case.
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and the operator product between them by the group multi-
plication. We may take the linear approximation in € as

(Plemefgy ~ (1 = L et (P, 0)) % (Plo)

=~ ¢ ML 5 (Plg), (59)

since, as shown in [1], the linear order in € for the time-
slice propagators is sufficient in order to obtain the correct
finite time propagator satisfying the Schrodinger equation.
Accordingly, we obtain

<gk+1|ﬁ(5)|gk>

3
z/ —dee (Py) *
R

(l/fl)fH*(P gx)
1(27Tfl)3 8k+1 o * e, I(Pk)

4Py /et (g7 Pigus)
where we used the properties e,(P) = e,-1(P),
ék+l(P) *e 71(P) gk+1g I(Pk) and ©1)
eo(P)* f(P) = f(g~'Pg) * e,(P)
of the “-product. Furthermore, we have e, ol

(giPrg) = e, tg,,,(Pr), so by making the change of

variables P, — g;Pg; ' the full propagator reads in the
first order form

N—1 s N—1 d3Pk
"'0g,t =1im[ j 7 ld ][ f ]
(g 71g,0)= lim l:[ s ™ s ;!:!) w2 )

[ ﬂ €yrigy., (PO x e MO g”] (62)

We observe that each of the factors in the product over P;’s
is exactly the group Fourier transform of the function
expi[— 4 €H (P, g;)] from the momentum variable Py
to the group variable gk_lgkﬂ. It is easy to verify that the
time-slice propagator

(ger110()gr)
$P,

— —(i/h)eH (P}, gi)
_[R3 (@) s s @

(Py) * ey

satisfies the Schrodinger equation exactly. However, we
would like to express this as an integral over a single
exponential. Using the expression (36) for the *-product
under integration, and taking again the linear approxima-
tion in €, we obtain

<gk+1|U(6)|gk>
_ Py ex {ie[Y(gklng)
w2 Qan) - Pl p

Py~ H (P, gk)]},

(64)
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where

Hq(P: g) = v] + (h/ZO)zAPH*(P» g)

is an effective Hamiltonian containing additional terms,
which arise from the nontrivial phase space structure
and ensure that the time-slice propagator satisfies the
Schrodinger equation up to first order in €. Accordingly,
we may write

(¢'.7lg. )= lim [h] Wzlidgk][h] LP,(S:I
Vb1 Js06) i—o J R (277)

CN—1 —1

i Y( )

Xexp{£2 6[ 8k egk+l 'Pk_Hq(Pk,gk)]},
k=0

(65)

(66)

This is clearly analogous to the usual first order form of
path integral in the usual Euclidean case. The second order
path integral can, in principle, be obtained from this first
order form by integrating out the momentum or group
variables, but since these integrations can only be per-
formed explicitly for certain special cases (quadratic
Hamiltonians, in particular), for greater generality we
will stay at the first order level. (See Sec. III G for the
free particle on SO(3) case.)
We may write (66) in the continuum limit as

A L
(g Vg 1) = _[()— DgDPexp{%[ dsI:E tr(g(s)P(s))
gfr;);g’ !

- 1P, g0 |} (67)
where g(7) 1= —ig_l(t)%(t) € 30(3), since we have
—1
lim Y(gk gk+1)/lo — _li g_l(tk)g(tk + 6)
e—0 € de e=0

= &(1). (68)

In the expression (67) of the propagator, the action

<HﬂRﬁ=f
SO0(3)

— [ 77.21?; dg/ 77.21% dge—tr(g’P’)l.,/2h+tr(gP)l.,/2h
50(3) 5003)
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Sile.P1= [ as] 5 u(P) = 1,P(). 660 |
(69)

appearing in the exponent is the classical action, i.e., the
time integral over the classical Lagrangian function ob-
tained through Legendre transformation, except for the
effective Hamiltonian H,. The Hamiltonian H, can be
interpreted as introducing quantum corrections to the ac-
tion, as it contains, in addition to the classical Hamiltonian
function H in the zeroth order, higher order terms in 7.
The presence of such quantum corrections to the classical
action in the path integral formulation of the dynamics
is necessary in order for the propagator to satisfy the
Schrodinger equation, and a generic feature of path inte-
grals on curved manifolds [1,37]. Also, note that at the
Euclidean (no curvature in configuration space, commuta-
tive in momentum space) limit /, — oo we have H, g H
and, as should be expected, at this limit the path integral
(67) coincides with the path integral for a point particle in
Euclidean space.

The expression (67) represents our first main result,
confirming the usefulness and interpretation of the non-
commutative momentum basis, in this simple context.

We should also mention that the homotopy group of
SO(3) is Z, and, therefore, in the path integral the paths
are divided into two separate homotopy classes, which may
receive different phase factors [38]. The phases must, how-
ever, constitute a unitary representation of Z,, and there are
altogether two choices, the multiplicative groups {1} and
{1, =1}, which give two different propagators. It can be
shown [2] that the first one corresponds to the integer spin
representations j € N, while the latter corresponds to the
half-integer spin representations j € Ny + 1 of SO(3).

The propagator (P/, | P, t) in the noncommutative mo-
mentum basis is obtained by applying the group Fourier
transform to both sides of the propagator (g/, #'|g, ) in the
group basis. This results in adding a boundary term into the
action:

PBdg [ PBdg(P'|g')g" lg, 1XglP)
SO(3)

DgDP

g(=¢
8(h)=¢'

xexpl [ dsl1uue)Ps) — H, (P, 6]

-/ DeDrexply [ a3 uwe6)P6) - (P ¢0) ]

- %[tr(g(t’)P(t’) ~ tr(g(l)P(f))]} = [ vy DgDPEl/MLP) (70)

P()=P

where the action S[g, P] consists of bulk and boundary terms S[g, P] = S,[g, P] + S.plg, P, respectively,
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ool
Sile P1= [ as| 5 wle0Ps) ~ H,(Po), ¢(6) |
t

Suls. Pl = iz [P0 P ] m

Here, the appearance of a boundary term in the action is
analogous to what happens in path integral quantization of
BF theory, in which the B field represents the analogue of
our momentum variable P, and in general for gravity
theories when one chooses metric boundary conditions,
i.e., fixes (some components of) the intrinsic metric on
the boundary. This boundary term is similarly crucial for
obtaining the correct semiclassical limit in our case, as we
will observe in Subsection III F.

Let us summarize the results of this section. We have
shown that one can derive a first order path integral
for a quantum mechanical system with configuration
space SO(3) in terms of the noncommutative momentum
space variables defined in Sec. IIID. For the propagator
in the group basis we obtained the continuum limit ex-
pression (67),

i

s DgDP exp{h

s(th)=

~ H,(Po), ¢ |} (72)

(g, 1lg 1) = ﬁ ' ds[% (2(5)P(s))

gl

where the measure reads

DeDP = tim | T] »de. | 1255
. P=Ngrgc[]!:[lw ; gk][g(%hp]. 73)

The *-product structure gives naturally rise to quantum
corrections into the action

Sile.P1= [ as| ZutePe) ~H,(P).6) | 74

via the form of the quantum corrected Hamiltonian

H,(P,g) =1+ (n/1,)?ApH.(P,g). Crucially, these
corrections ensure that the propagator obtained via path
integral satisfies the Schrodinger equation. In the momen-
tum basis we found that the action receives an additional
boundary term

§ ule, Pl = i 2 [irg()P(W) — (PO 79)

and thus the path integral acquires the form (70),

w.eie = |
P(1)=P
P(i)=P!

DgDP exp{% f:/ dsl:% tr(g(s)P(s))

— H,(P(5). 805) | = 55x(g()P()

- tr(g(z)P(t))]}. (76)
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The second order path integral, either in terms of the group
or the momentum variables, can be obtained from the first
order formalism by integrating out the momentum or the
group variables, respectively.

The first order path integral we have derived above has a
counterpart in the quantum gravity case, in the context of
spin foam models and LQG, where it corresponds to the
simplicial gravity path integral in terms of flux (triad) and
connection variables [16,17]. If we were to expand (70) in
representation basis (19), or in the associated coherent
states (25), we would obtain the particle analogue of the
spin foam formulation of the dynamics of LQG [14], i.e., a
definition of the transition amplitude in terms of quantum
numbers of geometric operators. To be concrete, in the
case of 3d gravity, in Euclidean signature and no cosmo-
logical constant (thus gauge group SO(3)), the spin foam
formulation of the dynamics for a given 2-complex (history
of spin networks) made of vertices v, links / and faces f
gives

_ . b i
A0 (U%)U@’f +1>l_l[,-4 Js 16]’ an

v

while the noncommutative metric formulation yields the
expression

iy TrxpHp(hy)

Z() = j [Tan[dxse™ (78)
! f

with Lie algebra variables x; playing the role of discretized
triad, group elements /; for each link / of the 2-complex
interpreted as a discrete connection, with discrete curva-
ture Hy = [Liesphy- (78) is the usual expression for the
simplicial path integral of 3d gravity in first order form,
ie., with the continuum action S(e, w) = [, Tr(e A
F(w)) with triad 1-form e’(x) and a connection 1-form
w/(x), both valued in $0(3), and the associated curvature
2-form F(w). Looking at the derivation of this simplicial
path integral in [16], one may notice that the amplitude
corresponds to a simple composition of noncommutative
plane waves, so that the BF dynamics resembles the trivial
dynamics H = 0 in the particle case. See [14,16] for more
details. We are going to give another simple explicit ex-
ample of this duality between path integral and state sum
formulations of dynamics in the following.

F. Semiclassical analysis

We are now interested in the semiclassical approxima-
tion of the transition amplitudes we have derived in general
form. The way we tackle this issue is to first show that the
path integral expression we have derived has the correct
semiclassical approximation, which confirms further the
analysis we have performed and the role of the noncom-
mutative momentum variables, and then use this result for
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obtaining a semiclassical approximation for the same tran-
sition amplitude written in representation space.

So, let us first of all study the variations to the action
(71). We choose an arbitrary path (g(s), P(s)) in the phase
space, and introduce a perturbation of the path as
(3(s)e'm?) | P(s) + £Q(s)), where Z(s), Q(s) € 30(3) for
s €[t 1], and we assume that the momentum variation
vanishes at the boundary: Q(r) = Q(#') = 0. We find for
the first order variation of the tangent vector ¢ := —ig~! ‘fi—f
the form

¢(s) = n(Sp0) + ile. 2J0)) + OGr) € 5003 (79)

Now, even though we seem to be dealing with a classical
action in calculating the variations, we cannot forget its
quantum origin. In fact, what we are really dealing with are
the underlying quantum amplitudes in which the action
appears. Thus, we must take into account the noncommu-
tative *-product structure in calculating the variations by
defining the variation of the action through the variation of
the amplitude, symbolically as

l
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i 65 _ - 6S . _ -
expl:(n5 L8 Plog + £ 5,1z Plor)

+ (9(772; 62’ Uf)}
= exp{— %S[g, Ple %S[ge”’z, P+ §Q]}

= exp{— %S[g, P]} * exp{% S[ge%, P + §Q]}, (80)

where the *-product applies for momentum variables in
the same time-slice. & is the induced deformed addition
from (8). Here, the ordering of the factors follows from the
left-invariance of vector fields.

Because of the linear approximation in € for the single
time-slice actions in the bulk, we can however neglect the
deformation of the addition in the calculation of the varia-
tion of the bulk part of the action. Substituting the varia-
tions into the bulk action, we find for the first order
variation in 7 and &

ssile 1= [ as{n ol (S0 + 18200 )P6) |+ €2 @600 = nZ6) L1, H, (). )

2

T P.26))

—£0,(s)

— Lz Pl + [ asfnzo)] -

. H
60,0180 =5

Let us, at first, neglect the first term in (81) associated with
the boundary. By requiring the variation given by the
integral to vanish for arbitrary perturbations Zi(s), Q'(s),
we obtain the equations

a (P(9)2(5)

1,8'(s) =
aPp,
ds

Substituting the first equation into the second, using the
ggtation ISV Ly = % from Sec. II, and noting that [, ¢ =
we arrive at the equations

(82)

(5) = 26,8 (5) P, — I Ly H,(P(s), &(s)).

o
dr '8°
dXs
dt

_0H,

dP.  0H 0H, 5
, f=—— 1420l 1P (83)
;. di dg’ IP;

In the semiclassical limit # — 0 the dominating contribu-
tion to the path integral arises then from the paths satisfy-
ing the equations of motion (83). Given that at this limit
H, — H, the equations coincide with the classical equa-
tions of motion (10) we obtained from the canonical analy-
sis in Sec. II.

L

‘f(P<s>,g<s)>]}.

i)+ 2 P~ L H,P(0 209 ]

(81)

We still need to show that the boundary term in the first
order variation of the action (81) is cancelled by the
variation of the boundary term. Now, for the boundaries
no approximation is available, such as the one in € for the
bulk, and therefore the deformation structure must be taken
into account. On the other hand, we observe that it is
exactly the deformation of addition of coordinates on
SO(3), which enables us to cancel the boundary term and
arrive at the right classical equations of motion: With the
deformed addition & of coordinates on SO(3), we obtain
for the first order variation in 1 of the boundary action

D . lo - = 4l

68 ula. Pl1= ~iZ t(@() PO
I, o
® i t(@)e P

ls : = —
= i tr(eMOP(s)li]

U

L B(s))[s="
— 5 tr('r’Z(S)P(S))ls:t

= —1,mZ(s) - P(s)I3=F, (84)
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which exactly cancels the boundary term arising from the
bulk action (81). This further confirms the correctness of
the noncommutative Fourier transform in encoding the
relation between g and P variables, needed to produce
the boundary term in the action.

Accordingly, we obtain the correct semiclassical behav-
ior from the path integral (70), but only by taking into
account the noncommutative structure of the phase space.
In particular, this means that in the semiclassical limit
h — 0 we may approximate the full path integral by a
sum over the amplitudes of solutions to the classical equa-
tions of motion,

(PP, 1) ~ z e i/MSgerPerl (85)
(8 Per)

such that P,(t) = P, P, (t') = P'.

Finally, the expression of the path integral in terms of the
noncommutative momentum variables may be particularly
useful since it provides, a simpler way to compute the
semiclassical expansion of the transition amplitudes,
even when they are written in the spin basis |j; m, n), or
with the coherent states |j; 7). This is indeed the type of
calculation that is more commonly used in spin foam
models [30,39]. Let us show how the above results can
be used to this end in our simpler context.

In the semiclassical limit j — oo, A — 0, while Aj =
const, the coherent states and the noncommutative momen-
tum states coincide, P = 2(%/1,)jii [15,32]. Therefore, we
may easily calculate the semiclassical limit of the propa-
gator {j/, ii’, '|j, 71, t) by transforming to the problem into
the noncommutative momentum basis,

G, i, Py, n, ey

_ d*P' [ d*P
R 27h) Jrs (27h)?
X (j, #W'|Pyx (P!, /|P, {) % (P|j, i), -~ (86)

taking the limit j, j/ — oo, — 0, while #Aj, Aj' = const,
of this expression, and evaluating the path integral at the
solutions to the classical equations of motion (10), thus
obtaining

(il ), i, ey = Z ei/MSlger,Per] (87)
(ge1-Per)

for phase space paths (g, P,;) such that P.(t) =
2(h/l,)jn, P.(i") = 2(h/l,)j'n', ie., simply taking the
path integral result and substituting the coherent state
parameters associated (in this approximation) to the cor-
responding momentum variables. In particular, if the action
appearing in the path integral, when evaluated on saddle
points, depends on the norm of P only (as in the free
particle case, for example), then one obtains an expression
depending only on the spin label j.

Let us again use the results obtained above to get
some insight into the quantum gravity context. The above
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semiclassical analysis sheds some light on the a priori
surprising asymptotic expressions for spin foam models
for gravity [14,30,39]. These take the form of a simplicial
path integral weighted by the Regge action for discrete
gravity, even though the appearance of the spin foam
amplitudes themselves is far from resembling a discrete
gravity path integral. By reflecting on the above result, and
keeping in mind the dual expression of the same spin foam
amplitudes as simplicial path integrals in noncommutative
metric variables [16], one realizes that this is not surprising
at all: the spin foam amplitudes acquire the same func-
tional dependence on the noncommutative metric variables
in the limit in which the variables appearing in the spin
foam expression j, 7ii coincide with the noncommutative
metric variables themselves.” As an explicit example, con-
sider the famous asymptotic expression of the 6;-symbol
that is the basic building block of the amplitudes (77) in the
semiclassical limit:

{j 1 J2 j3}
Ja Js Je
i (2 +1)0 )2+ (m/4)) =iy (2j;+1)0/2+(7/4))
¢ ! +e / (88)
37V '
where the function 3 (2, + 1)®(;)/2 is nothing but the
Regge calculus action for a simplicial complex made of a
single tetrahedron with six edge lengths j and six dihedral
angles ©,(j), functions of the same edge lengths, and
volume V(j). This is simply the saddle point evaluation
with respect to the discrete connection h; of the path
integral (78), for the same simplicial complex, dual to a
single vertex of the 2-complex I, in which therefore all the
discrete triad variables x are on the boundary (and thus not
subject to variations), which in the semiclassical limit have
length j;.

G. Free particle on SO(3)

Finally, in order to show explicitly the compatibility of
our analysis and results with those obtained by more
conventional methods (in particular, harmonic analysis
on the group manifold), we first compare our path integral
expression for the finite time propagator with the standard
expression, in the special case of a free particle on SO(3),
i.e., with Hamiltonian H = P? /2m, a multiple of the
Casimir operator. Let us stress that this is indeed a very
special case, as we will notice by the fact that the transition
amplitude written in coherent state basis basically coincide
in form, apart from the discreteness of j labels as opposed
to the continuous norm of the P variables, with the first
order path integral. As we remarked above, this is not at all
the case in general (as it is not in spin foam models).
Nevertheless, the free particle is an important test case

This had been anticipated in [15].
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for the formalism we have developed in this paper, since it
is well-known from previous literature [1-3,37].

In the canonical picture, the evolution operator for a
free particle reads U(rf' — 1) = exp[— (' — 1)P?/2m],
and using the spin basis |j;m, n) we obtain a simple
expression for the finite time propagator (g’,|g, 1) :=
(U — 1)lg)

(g, t’lg, 1

213 > (g/ljsm, n)jim, n|e= @R =00/2mP | g

° jmn

__1 3 /DALY G (2 + 1)

w3

j
X ZDmm(g’g_l)

—(i/n)(f'— l)(th/’”lz)](J+l)(2J+ I)Xf(gg ])

77'l

(89)

in terms of the character function y/(g) := trD/(g).
Since the Hamiltonian is just the Casimir operator, the
propagator is invariant under left and right translations
of the elements g, g/, and depends only on the norm
|X(g’g™ )| of the coordinates on SO(3) (defined via g =
X' @)1 as [40]

sin((2j + 1)|X(g'g " H/1,)

I(geg™) = . . 90)
es sin(1X(g'g~DI/1.)
and we may write
1 ! 2y (i
(g 7'g. 1) = 5 —/m@=n@R/mE)jG+1)(2 + 1)
5 Sin(2)j + DIX(g"sDI/1o) 1)

sin(|1X(g’¢ " HI/1,)

This is, of course, the well-known evolution kernel [41].
In the limit (7 — ) — O the propagator correctly satisfies
(N0 = lg) — Az 8(g'g ™.

Now, for comparison, we perform the same calculation
in the momentum basis |P), and we obtain

d3P : / p
(' 0lg, i) = / L (g|PY % (PleW/MUE=0(1/2mP | o
R, (2771h)

BP 7(i/h)(t’71)(1/2m)ZP,-*P,~
- ﬁQ Qmh)p *
92)

Here only the plane wave depends on the direction & R
it € S? of P, since ¥ ;P; x P; = P?, so we may write

* eg/g—l(P).
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(g 7g. 1)
(2 h)3[ d|P|ey /MU=00/2mP? f P d*iie
2
X (|P|)
(2 h)3j d|Ple; @M= 00/2mP 4 gl

sin(|P[|Y(g'g~")I/n)
Y(g'e Dl/n

93)

Note that P? x-commutes with everything, so there is no
ambiguity in placing it in the above expression, where
it arises from the integration measure. Given that
[Y(g'g™ Y| =1, sin(|X(g’g " ")|/l,), we can further write

_ ' lo
il ) = dI Pl im@=oamp Lo
(g, = [ S diPle; *1P)

« sm(i |P|sin(|X(g’g"Hl/1,))
sin(|X(g'g~HI/1,)

(94)

This expression clearly parallels that of (91) coming from
the spin representation, as we have anticipated to be the
case in this simple example. In general, we remark again,
we could expect such similarity only in the semiclassical
limit, where we have the identification |P| = 2(#/1,);.

On the other hand, we may plug the finite time propa-
gator (91) in terms of the spin label j into the path integral
to give the infinitesimal propagators. In this case, we obtain
a first order path integral of the form

oo (L, = [ [1E5]

k=0 ji

M sin((2j, + DIX(grr18 DI/ 1o)
x| M@+ sin(X (g8 DI/1.)

X g~ (i/me@n? /mP2)ji iy +1) ] 95)

Here we may approximate |X(gp+18; DI/l =
sin(|X(gx+18; "1/1,), and thus further write for the factors
in the integrand

sin((2j, + 1) sin(IX(gg+18: DI/ 15))
sin(1X(gx+18¢ I/ 1o)
C2j+1
 4x s?

dzﬁkei(zj'k+l)ﬁk'Y(nggl:l)/l". (96)

Substituting back to the path integral, we obtain
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(g 7'1g. 1)

= hml:Nl_[l[ 7Tzl3dg ][l—[ZZfl/l
N=eol gt Jsom T Q2mh)?

k=0 j

hz : 2 2>
S? ls

-1
[ i+ v T )

97)

Xexp{% Z

k=0

where H(j,) = (2h?/mi2)j.(ji + 1). Again, this expres-
sion is analogous to the discrete first order path integral
(66) we derived previously, with the identification |P| =
2(h/1,)j (which would hold also in the general case, in the
semiclassical limit).

However, we notice that taking the continuum limit
N — o0, € — 0 and applying the calculus of variations to
this (pseudo) path integral expression, in order to study the
semiclassical limit is more difficult than in the true first
order (noncommutative) path integral in terms of the var-
iables P, since the spin labels j; take only integer values. It
is also interesting to note that we obtain the standard
Euclidean path integral from the previous expression by
taking the Euclidean limit [, — oo, j, — 00, j, /I, = const
with the identification P, = 2(#/1,)j;. This limit is both

N—1
’,t’l,t=lim[ f
(.1, )= lim 1!:[1 .

o) i
N—oo \27ihe) 5% so(z)(2mhe/m)g/2

The product of integrals including the factors of (;2-)3/
becomes the second order path integral measure at the
continuum limit, as in the usual case of R3, and the
function in the exponent becomes i/# times the classical
action [2,3], since by defining V.(ke) by giyq =
explieV (ke) - 3/1,]gy, where |€V (ke)| < F1,, we have

m Y(gklgkﬂ))Z M, N—coll
oKk orT 7 =_—Va(k — —V2 t
2( > <(ke) 2 o()

€
Lo -
— - w0 B0 %S )
= £classy (100)

which is the classical Lagrangian of a free point particle
on SO(3). Finally, we can write for the continuum path
integral
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conceptually and mathematically different with respect to
the semiclassical limit.

Next we will calculate the second order form of the path
integral for the free particle in terms of the group (configu-
ration) variables. For the Hamiltonian H = P?>/2m the
corresponding quantum corrected Hamiltonian is found
to be H,(P) = (P2 + ’;’—22) /2m, which agrees with the ex-
pression in [37] (when we set [, = 2 to use the same length
scale for the group as in [37]) originally found by DeWitt
[1] in the case of a general curved space. Then, each of the
N integrals over P} in (62)

N-1
(¢, 7lg, 1) = lim [ I1 / 7T2l§,dgki||: [ d3Pk{|
N=eol )7 J500) ko J R 2R
FNZT ry(eel
% exp{% Z EI: (gk gk+1) . p

k=0 €
1 h?
)] o

becomes the usual Fourier transform of the function
exp[— 55 (Pf + )] to the coordinate variables

Y(g; 'grs1)- Thus, by performing the Gaussian integrals
we obtain

N 3/2 ie m(Y(g; 'gri1)\2 .
2Bd ][ ( " ) { _<k7k+1) }] (=) /mE)
o | ol ,Dl 2mine) P\ 2 p ¢

n
] { i ﬁ(y(gk gk+1)) } —((i(/' —0)h) /2mI2)) (99)
a2 '

(g Flg, 1) — ] Dg(r)exp[ 2(1))
l(t’ —h
s

where Dg(r) is the continuum limit of the path integral
measure given above, and g := —ig~! % € 30(3) is the
velocity of the particle. This coincides with the path inte-
gral for free particle on SO(3) obtained by other methods
[4,37].

IV. CONCLUSIONS

We have shown, starting from the canonical formulation
of quantum mechanics on SO(3), that a first order path
integral can be derived for a quantum system with configu-
ration space SO(3), using the noncommutative dual space
variables via the group Fourier transform, which produces
the correct semiclassical behavior, and is consistent with
earlier results in the literature.
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The advantages of the approach we have studied here are
the following: On one hand, it provides an alternative to the
use of representation theory, and a more intuitive picture
of the classical dynamics behind the quantum one with
continuous noncommutative momentum variables, which
resemble more closely the classical momentum variables.
On the other hand, this approach makes the semiclassical
analysis much more straightforward.

Our main interest in this formulation of the quantum
dynamics of this simple system is in the fact that it exem-
plifies, as we have discussed, the respective role and use of
the standard spin network/spin foam representation of
canonical LQG and spin foam models, and the recent
flux/noncommutative simplicial path integral representa-
tion of these theories.

More precisely, what we think we can learn from the
above analysis for quantum gravity models, LQG and spin
foams, in particular, is the following:

(i) Given the classical phase space of the theory, the use
of the noncommutative Fourier transform and of the
*-product described above is very natural, and seems
to provide a correct conjugate representation for
quantum states.

(i) Similarly, it is not surprising, although certainly
welcome, that the dynamics of the theory in terms
of the dual noncommutative variables takes the form
of the expected first order path integral. In the spin
foam case, this is to be expected every time the
quantum spin foam dynamics is supposed to encode
the classical geometry of simplicial gravity at the
covariant level (as it is the case for all current spin
foam models).

(iii) In the case considered, the nontrivial phase space
structure gives naturally rise to quantum correc-
tions into the classical action in the path integral
formulation of a quantum theory. Similar correc-
tions are to be expected in the LQG/spin foam
context. Moreover, our results support the choice
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of the specific x-product structure we use, and thus
of the associated (Duflo) quantization map (opera-
tor ordering) [9,36], also in LQG. This may lead in
general to different spectra for observables with
respect to the commonly used ones. This point is
also discussed, for example, in [42].

(iv) The use of noncommutative dual variables is going
to be advantageous in the study of the semiclassical
approximation of the theory, exactly because it
brings the quantum dynamics in the form of a
path integral. As we have seen, this also clarifies
the reason behind the expression which spin foam
amplitudes take in this approximation.

(v) Finally, our results indicate that an additional pa-
rameter encoding the scale (volume) of the group
manifold, here called /,, which can be made explicit
also in the LQG/spin foam context, could play an
important role in studying further the commutative
or continuum approximations of the theory, inde-
pendent from the semiclassical one.

All the above points deserve to be further explored
in the quantum gravity context, on the basis of the intuition
provided by our results. Further possible developments
include extending the group Fourier transform to general
Lie groups, in which case the avoidance of representation
theory can become even more advantageous. Altogether,
our results further indicate that the new noncommutative
variables make sense, both mathematically and physically,
and that the noncommutative methods can be applied
successfully, in general, where found advantageous.
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