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Generalized virial theorem in warped DGP brane-world
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We generalize the virial theorem to the warped Dvali, Gabadadze, and Porrati brane-world scenario and
consider its implications on the virail mass. In this theory the four-dimensional scalar curvature term is
included in the bulk action and the resulting four-dimensional effective Einstein equation is augmented
with extra terms which can be interpreted as geometrical mass, contributing to the gravitational energy.
Estimating the geometrical mass M(r) using the observational data, we show that these geometric terms
may account for the virial mass discrepancy in clusters of galaxies. Finally, we obtain the radial velocity
dispersion of galaxy clusters o ,(r) and show that it is compatible with the radial velocity dispersion profile

of such clusters.
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L. INTRODUCTION

In recent times, theories with higher dimensions have
become popular in high energy physics, especially in the
context of the hierarchy problem and cosmology [1]. In this
scenario it is purported that our four-dimensional Universe
is a subspace called the brane, embedded in a higher-
dimensional space-time called the bulk. One of the most
successful of such higher-dimensional models is that pro-
posed by Randall and Sundrum whose bulk has the geome-
try of an anti—de Sitter space admitting Z, symmetry [2].
They were successful in explaining what is known as the
hierarchy problem: the enormous disparity between the
strength of the fundamental forces. The Randall-Sundrum
(RS) scenario has greatly increased our understanding of
the Universe and has brought higher-dimensional gravita-
tional theories to the fore. In certain RS-type models, all
matter and gauge interactions reside on the brane while
gravity can propagate into the bulk. Using the Israel junc-
tion conditions [3] and the Gauss-Codazzi equations, one
can obtain the field equations on the brane, as employed by
Shiromizu, Maeda, and Sasaki [4]. There are two very
important results that arise from the effective four-
dimensional Einstein equations on the brane. The first
one is the quadratic energy-momentum tensor, 7 ,,,,, which
is relevant in high energy and the second one is the pro-
jected Weyl tensor, £,,,,, on the brane which is responsible
for carrying on the brane the contribution of the bulk gra-
vitational field. The cosmological evolution of such a brane
universe has been extensively investigated and effects such
as a quadratic density term in the Friedmann equations
have been found [5-7].

An alternative scenario was subsequently proposed by
Dvali, Gabadadze, and Porrati (DGP) [8]. The DGP pro-
posal rests on the key assumption of the presence of a
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four-dimensional Ricci scalar in the bulk action. There are
two main reasons that make this model phenomenologi-
cally appealing. First, it predicts that four-dimensional
Newtonian gravity on a brane-world is regained at dis-
tances shorter than a given crossover scale r, (high energy
limit), whereas five-dimensional effects become manifest
above that scale (low energy limit) [9]. Second, the model
can explain late-time acceleration without having to invoke
a cosmological constant or quintessential matter [10]. An
extension of the DGP brane-world scenario have been
constructed by Maeda, Mizuno, and Torii, which is the
combination of the RS II model and DGP model [11]. In
this combination, an induced curvature term appears on
the brane in the RS II model. This model has been called
the warped DGP brane-world in the literature [12]. In this
paper, we consider the effective gravitational field equa-
tions within the context of the warped DGP brane-world
model and obtain the spherically symmetric equations in
this scenario. So much for the success of the DGP model,
a word of caution is in order; the theory predicts the
existence of ghostlike excitations. Many scenarios have
been undertaken to explain away such ghosts, but as yet
no satisfactory solution exists. The interested reader should
consult [13] for further insight. We do not discuss such
excitations since our aim lies in studying the virial mass
discrepancy in warped DGP models.

Modern astrophysical and cosmological models are
faced with two severe theoretical difficulties which can
be summarized as dark energy and dark matter problems.
The problem of dark matter is a longstanding problem in
modern astrophysics. Two important observational issues,
the behavior of the galactic rotation curves and the mass
discrepancy in clusters of galaxies led to the necessity of
considering the existence of dark matter at the galactic and
extra-galactic scales [14]. The total mass of a cluster can be
estimated in two ways. One can apply the virial theorem to
estimate the total dynamic mass My of a rich galaxy cluster
from measurements of the velocities of the member gal-
axies and the cluster radius from the volume they occupy.
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The second is obtained by separately estimating the mass
of each individual members and summing them up to give
a total baryonic mass M. It is always found that My is
greater than M. This is known as the missing mass problem.
Nevertheless, the existence of dark matter was not firmly
established until the time when the measurement of the
rotational velocity of stars and gas orbiting at a distance r
from the galactic center was performed. Observations show
that the rotational velocity increases near the center of
galaxy and remain nearly constant. This discrepancy be-
tween the observed rotation velocity curves and the theo-
retical prediction from Newtonian mechanics is known
as the galactic rotation curves problem (Fig. 1). These
discrepancies are explained by postulating that every gal-
axy and cluster of galaxy is embedded in a halo made up of
some dark matter [14]. To deal with the question of dark
matter, a great number of efforts has been concentrated on
various modifications to the Einstein and the Newtonian
gravity [15-19]. Several theoretical models, based on a
modification of Newton’s law or of general relativity, have
been proposed to explain the behavior of the galactic
rotation curves. In the modified Newtonian dynamics the-
ory which has been proposed by Milgrom [20], the Poisson
equation for the gravitational potential, V2¢ = 47Gp, is
replaced by an equation of the form V[ u(x)(IVpl/ag)] =
47Gp, where ay is a fixed constant and u(x) a function
satisfying the conditions w(x) = x for x < 1 and u(x) =
1 for x > 1. The force law, giving the acceleration a
of a test particle, becomes a = ay for ay > ay and a =
Jayag for ay < ay, where ay is the usual Newtonian
acceleration. The rotation curves of the galaxies are pre-
dicted to be flat, and they can be calculated once the
distribution of the baryonic matter is known. A relativistic
modified Newtonian dynamics inspired theory was devel-
oped by Bekenstein [21]. In this theory gravitation is
mediated by a metric, a scalar field, and a four-vector field,
all three dynamical. For alternative theoretical models to
explain the galactic rotation curves, see [22]. One other
such modification is that of the RS brane-world scenario
[23]. It has been argued that a modified theory of gravity
based on the RS brane-world scenario can explain the
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FIG. 1. Observed rotation velocity curve of the NGC3198
(dotted line) and the prediction from Newtonian theory (solid
line).
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observations of the galactic rotation curve of spiral
galaxies and the virial theorem mass discrepancy in
clusters of galaxies without introducing any additional
hypothesis [23].

Our main purpose in this paper is to obtain the general-
ized form of the virial theorem in the warped DGP
brane-world model by using the collisionless Boltzmann
equation. In what follows, we first give a brief review of the
warped DGP brane-world model and the gravitational
field equations that are derived in this model. Next, we
use the relativistic Boltzmann equation to derive the virial
theorem, which is modified by an extra term that may be
used to explain the virial mass discrepancy in clusters of
galaxies. Finally, we identify the geometrical mass of
cluster in terms of the observable quantities and obtain
the radial velocity dispersion of galaxy clusters.

II. EFFECTIVE FIELD EQUATIONS ON
WARPED DGP BRANE

Let us start by presenting the model used in our calcu-
lation [11]. Consider a five-dimensional space-time with a
four-dimensional brane that is located at Y(X4) = 0, where
X4, (A=0, 1, 2, 3, 4) are five-dimensional coordinates.
The effective action is given by

S = Sbulk + Sbraner (1)

where

1
= | &xy- [—R + S,?], 2
S bulk f G 22 L (2)
and
|
Sbrane = d4~x\/ _g[_2K7 + Lbrane(gaﬂr l;b)il’ (3)
Y=0 K5

where K% = 87Gs is the five-dimensional gravitational

constant, and R and ££3> are the five-dimensional scalar
curvature and the matter Lagrangian in the bulk, respec-
tively. Also, x*, (u =0, 1, 2, 3) are the induced four-
dimensional coordinates on the brane, K~ is the trace
of extrinsic curvature on either side of the brane [24,25]
and  Lye(gap ) is the effective four-dimensional
Lagrangian, which is given by a generic functional of the
brane metric g,z and matter fields.

The five-dimensional Einstein field equations are given
by

R a5 —YRGap = kTS5 + 8 7as]l (@)
where
5Ly
To =2 T Gan LY, )
and

024040-2



GENERALIZED VIRIAL THEOREM IN WARPED DGP ...

_ 8£brane
nr = -2 5g’U“V

T + g,uv £brane' (6)

We study the case with an induced gravity on the brane due
to quantum corrections [8]. The interaction between bulk
gravity and the matter on the brane induces gravity on the
brane through its quantum effects. If we take into account
quantum effects of matter fields confined on the brane, the
gravitational action on the brane is modified as

p
£brane(ga/3r l//) = 7R - )tb + -Lmr @)

where u is a mass scale which may correspond to the four-
dimensional Planck mass, A, is the tension of the brane and
L,, presents the Lagrangian of the matter fields on the
brane. We note that for A, = 0 and A®) =0 action (1)
gives the DGP model and gives the RS II model if u© = 0.

We obtain the gravitational field equations on the brane-
world as [4]

2K2 5 5 1
G = 252 Tt + gun(T0ntn® =579
+ K%’iTl“, =€ ®)
V.70 = _2T(5) A B 9
VT/.L ABn g,u,! ( )

where V,, is the covariant derivative with respect to g,
and the quadratic correction has the form

-1 @4 1 lg -aB. 1, 2
Ty $TuaTv T 57Ty T 58urT " Tap = 24810

(10)

and the projection of the bulk Weyl tensor to the surface
orthogonal to n? is given by

&y = Cohepn®nPgC g, (11)
The symmetry properties of &£,, imply that in general

we can decompose it irreducibly with respect to a chosen
4-velocity field v* as [6]

o Ks 4 1
Eup = —(K—4) [U(vaV + ghw) +20(,v,) + PW,],
(12)

where h,, = g,, + v,v, projects orthogonal to v, and
the factor (ks/k,) is introduced for dimension reasons.
Here

Ki\4

U= —<—4> ng“v”,

Ks
is an effective nonlocal energy density or ‘“dark radiation™
term on the brane, arising from the free gravitational field
in the bulk, 0, = (k4/xs)*h%E,zvP is an effective non-
local energy flux, and
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K4\* 1
Puy = _<K_i) [hmahmﬁ - ghuvhaﬁ]gaﬁ’
is a spatial, symmetric, and trace-free tensor. In what
follows for the static spherically symmetric brane we
have Q, =0, and we may choose P,, = P(r) X
(ryr, — %hw), where the “dark pressure” P(r) is a scalar
function of the radial distance r, r, is a unit radial vector,
and at any point on the brane in inertial frame v* = 8},
h,, = diag(0, 1, 1, 1) [26].

In order to find the basic field equations on the brane
with induced gravity, we have to obtain the energy-
momentum tensor of the brane 7,,, given by definition
(6) from the Lagrangian (7), yielding

Ty = —A,60 + T — uGy. (13)
Assuming that the five-dimensional bulk space includes
only a cosmological constant A® and inserting Eq. (13)

into Eq. (8), we find the effective field equations for four-
dimensional metric g, as

A 1
(1 + FbKé}LZ)GMV = gAbKéTMV - A4gl“’
— KgMZKuvaBGaB

+ k7D + ptr O] — £, (14)

v
where
Kp,vpa' = %(g,u,VTpo - g,u.pTVLT - thTT,up)

+ ﬁ[T,qupzr + T(g,upgmr - g,u,l/gpo-)]r (15)

() _ _ 1 a4 1 1 af _ 1 2
Tuo =3 aTE+5TT 0 + 3850 TapT B—g,.T%
(16)

m) = —3G,,G8 + 5GG,, + 18,,GupGP — ig,,G?,
A7)
and the effective cosmological constant on the brane is
given by
1
[A<5> +6K§/\§]. (18)

We note that for u = 0 these equations are exactly the
same effective equations as in Ref. [4].

III. FIELD EQUATIONS FOR A CLUSTER
INCLUDING IDENTICAL AND COLLISION-LESS
POINT PARTICLES

Now we consider an isolated and spherically symmetric
cluster being described by a static and spherically sym-
metric metric

ds? = —e*d? + eV dr? + r2(d6* +sin?0dg?).  (19)
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Suppose that the clusters are constructed from identical
and collisionless point particles (galaxies). This multipar-
ticle system can be described by a continuous non-negative
function fz(x*, p*), distribution function, which is defined
over the phase space. In terms of the distribution function
the energy-momentum tensor can be written as [27,28]
= [meva,,dv, (20)
where m is the mass of each galaxy, v, is the four-velocity
of the galaxy, and dv = Uidv,dvgdv(p is the invariant

volume element of the velocity space. We also assume
that the matter content of the bulk is just a cosmological
constant A®) and the energy-momentum tensor of the
matter in a cluster of galaxies can be represented in terms
of spherically symmetric perfect fluid as

Ty = (pp + Pp)VV, + Ppgum (21)

where v, v* = —1. Use of Egs. (20) and (21) leads to the
following relation for p; and p,:

py=pvi),  pp = plvd) = pvd) = p(vl) (22)

here (v?) represents the usual macroscopic averaging
which is defined as (v?) =1 fva, mdv, where p is the

mass density and in terms of fpis givenby p = [ fzmdv
[29,30].
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Using Eq. (14), the gravitational field equations on the
brane become

Ap
1+ 28
(1+%

1
g)‘stpb + Ay + KS/L25<0

e_V
Kg‘,u,z)—2 (—1+rv+¢")
r
4

12

Pb

oG , 6

2o

— Kt ,u ™ (23)

/\b e’ v
(1 +€K§M2)7(1 + 7")\/ — e )

1
= 6 )‘ngpb

4

K
— Ay - Kgﬁ/«zf]q + —S(P% + 2p,pp)

16 L 2
K4

+ K5/.L T [U(r) + 2P(r)], (24)

/\b e’

1
= g)tbk‘s‘pb —2A, — 2Kg—‘,u,2_’]<% +

=2V = Mv'r+ 22X + A?r)

4
K
gs(pi +2py0p)

20 4

+ 2K4,LL T [U(r) P(r)], (25)

where U(r) and P(r) are the dark radiation and dark
pressure and the K, BGO‘B = X,, term is given by

2v A2 2
Xy=— 3 [*(Pb + pp) — 4Ph ﬁ(ﬂb + pp) T ppX '_2Ph)l"_PbN2+7(Pb+Pb)€"]
e "(pp —3pp) [26 200 2 4N ] pbe [41/ 4\ 4 4e”
—_ b TEAA T T ) /—Z)l”—)l/z S Y T, Y /\/2 i
24 r? r 2 r g 24 r r r? g 2
(26)
e’ 20 2 2 e "(p, —3p,) T4V 2e”
K=~ I:P/VV/ —2pX = pA” — —(Pb =)+ (py + pple” + = (pp + Pb)] SR L [— T
8 r r 24 r r
2 / 4y de’ 4 4N
__2__A+/\//_2/\// )\/2] p’7264 I:V+i__2__)‘+)‘//_2)\//_/\/2:|’ 27)
r r r r r
Q=33 = 4 [ h/\' PhV'+(,0h_21717)6”_(,0}1_21717)]_6V(Pzg_3ph)|:6_7/'+82”_%_6_N+/\/V/_2/\//_/\/2]
r r r r r r r r
_ppe T4V de” 4 AN ]
oS A =20 = A 28
24 [ r oo 28)
and the use of Eq. (17) leads to the components of 77"’(6)
— / 2 / 14,/ 2 i n —2v 4 1 / BV 1 !4,/ IBY
778(6) 24( 631/ __/:_)t_; L2+A_2)+ 192< 8/ 63)\ _8VA N 6)\21/ —4)\’)1”1/’—8/\/\
r r r r r r r r
40" 1202 403 16X 42"
+ 7;’ + A2V = 2080 + 40N — r’; - ot 402+ A — - ) (29)
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16) _ 200 6N AV 20 A\ e

n =Gt E )

8/\’/\” 4NV
+ _
r r

—v 2

2(G) _ 3(G) _ _ e 4 )\/V/ . 2/\// . )\/
e T

AN\ )\/V/z 21//2 )l/3 4\
+ + - + — + —2),
r r r r r

where a prime represents differentiation with respect to r.
In the next section, we will investigate the influence of the
bulk effects on the dynamics of the galaxies in warped
DGP brane-world model.

IV. THE VIRIAL THEOREM IN WARPED
DGP BRANE

In order to derive the virial theorem for galaxy clusters,
we have to first write down the general relativistic
Boltzmann equation governing the evolution of the distri-
bution function fj. The galaxies, which are treated as
identical and collisionless point particles, are described
by this distribution function. For the static spherically
symmetric metric given by Eq. (19) we introduce the
following frame of orthonormal vectors [27-29]:

6(0) _ e/\/250’ e;)l) _ el//25}”

ey =r82, ey = rsings), (32)
where g“”egf)e(,,b) = n@®)_ The four-velocity v* of a
typical galaxy with v#v, = —1, in tetrad components is

"
written as

V(@ = yreld a=0,1,23. (33)

The relativistic Boltzmann equation in tetrad components
is given by

2@ P f 54 (a)

af
B)yle) JB
€waer T YoV V" P 0 (34)

where f = fp(x*, v@) and 7’52;(@
distribution function and the Ricci rotation coefficients,
respectively. Assuming that the distribution function is
only a function of r, the relativistic Boltzmann equation

becomes

= eﬁf;),,efb)eg) are the

fs [v%aA <v5+vi)]af3 vr[ fs afB]
v— == ——|vpT— v,
ar 2 dr r v, r vy v,
V/2
e d
— cot0|:v9 ok -, / B] 0, (35)
r v, Jdvg

2”( 160 48X  8v/' A" 16A'Y
192 P r r 2

+ M/2 2 _ 2)\’37// _|_4)‘/I)‘/2 + 5 4+

4/\/ V/)\//
r

4)\'3 161"
r r r

4y

O/\IZ
+ANE + A - 2 ) (30)

B 2e”> B e (_ 202y B 20" 4 10X/
r 48 r r r r?

(3D
where we have defined
v = v, v = v,, v@ = Vg, v = v,
(36)

Since we have assumed the system to be spherically
symmetric, the term proportional to cotf must be
zero. Multiplying Eq. (35) by muv,dv where dv =
Uirdvrdvgdvga,
and assuming that the distribution function vanishes rap-
idly as the velocities tend to oo, we obtain

and integrating over the velocity space

r L LpwR)) + 3 LD + @RI

— pl{vp) + (v) — 20w =0, (37

where p is the mass density and (v2) represents the average
value of vZ. Multiplying Eq. (37) by 47r#* and integrating
over the cluster leads to

[Famolad + @)+ wp1ar
—5 [Famrpton + w1Srar—o. a9

This equation is reduced to

1

R
2K — 1 f amr ol + w0 2ar =0, (39)
2 Jo or

where the total kinetic energy of the galaxies is defined as
R

K= f 2mpl(v2) + (W3) + (w2)]Pdr.
0

(40)

Now, using these relations and adding the gravitational
field equations (23)—(25) and Eq. (22) we find
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()i
6 KM F 4 2 s

= %‘z‘p[<v%> + (v + (V) + (Wi + 2"—):2‘17
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PAWH? + W2 + (Vi) + (W] - Ay

4,2 404
+ S35 - 29G) = SO — 1@ = 220 4 Dy, b

4\

where 1/\bK5 = k3. In order to obtain the generalized virial theorem we have to use some approximations. First,
since the dispersion of the velocity of galaxies in the clusters is of the order 600-1000 km/s, i.e., (“)2 ~4X107°—

1.11 X 1073 < 1, we can neglect the relativistic effects in the relativistic Boltzmann equation and use the small velocity
limit approximation. In other words, (v2) = (v3) = (v2) < (v?) = 1. Second, the 1nten51ty of the gravitational effects
can be estimated from the ratio GM /R, which for typlcal clusters is of the order of 107 < 1. Therefore, inside the galactic
clusters the gravitational field is weak and we can use the weak gravitational field approximation. Then the term

proportional to A’2’ and A’? in Eq. (41) may be ignored. Thus, assuming that e =~

can write Egs. (41) as

Ap
(1 + —K‘sl,u,2

/ " K2 2
)5+ 5) = 5ol + b+ ) + w2+ 5L

= 1 inside the cluster [23], we

P + Wi + (vg)* + (g )]

6 2 /\
— Ag- K56“ pL3V/(7) + 2AWR) + N'r(v?) + 30/ + — = U1, (42)
KyAp
On the other hand, for clusters of galaxies the ratio of the » 48w (r N
matter density and of the brane tension is much smaller KyMes(r) = K2, /;) urredr, (46)

than 1, p/A, < 1, so that one can neglect the quadratic
term in the matter density in above equation. These con-
ditions certainly apply to test particles in stable circular
motion around galaxies, and to the galactic clusters. Thus,
we can rewrite Eq. (42) as

A 2) 1 a(za/\)
+ P R
(1 6 SH )22 9 " ar
K3 6
=5 P~ Ay + &2p?[P(r) + 3UM)] + —— <, U(r),
b
(43)
where
__rv _ _Li< 2%)
U 6r’ P o ar\" ar)

Multiplying Eq. (43) by 7> and integrating from 0 to r
yields

A 1/, 00 «2 1
1+ =2kt 2)—<2—)——4M + Ay
( 6 51 )\ 5r) T M) T3 A

K2

87MDGP(V)

The total baryonic mass and the geometrical masses of the
system are given by

7MRs(r) = 0. (44)

M(r) = 4 /rp(r’)r’zdr’, (45)
0

and

K2 Mipgp(r) = 8t u? [O TP() + 3UC)]2dr, (47)

where
M (r)

Multiplying Eq. (44) by %(’) and integrating from O to R,
we finally obtain the generalized virial theorem in warped
DGP scenario as

= Mgs(r) + Mpgp(r). (48)

A 1
(1 + Fbxg,u,z)ﬂ( + W+ gA41 +W=0 (49

where
2
W= _X j M) o, (50)
87w Jo r
2 (R
W = —%[0 M prdr, (51)
and
R
I = 2dM 2
[0 redM(r), (52)

where W is the gravitational potential energy of the system.
At this point it is worth nothing that for © = 0, we have
Mpgp = 0 and the virial theorem in the warped DGP
brane-world is reduced to the virial theorem in the RS
brane scenario [23]
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2K + W+ A4 + Wpg =0, (53)

where

K2 (R
Wgs = —74 fo Mgs(r)prdr. (54)

As one can see the gravitational energy modified by Wgg
which has its origin in the global bulk effect due to the £,
term. We can also recover the virial theorm in the standard
general relativity from Eq. (53) in the limit A, ' — 0. A
alternative possibility in recovering the four-dimensional
virial theorem is to take the limit x5 — 0, while keeping
the Newtonian gravitational constant Kﬁ finite [11].

In the case A, = A® =0, the virial theorem in the
warped DGP brane-world is reduced to the virial theorem
in the DGP brane scenario [19]

2K + W + WDGP = O, (55)

where

K3 (R
Woar = =5 [“Mocr(prar. 56)

Note for a Minkowski DGP bulk space we have £ wr = 0,
thus, in the above equation Wiy = 0. There is difference
between our model and Refs. [19,23]. The virial theorem in
the warped DGP brane-world is modified by both Wyg and
Wpgp, Which the first is due to the global bulk effect
whereas the second term has its origins in the induced
gravity on the brane due to quantum correction.

Now, we introduce the radii Ry, R;, and R as

M3(r)
el L — 57
Vo IRMO () oD
2 _ B r2dM(r)
! M) (58)
G M)
R 8w W’ (59

where Ry is the virial radius and R is defined as the
geometrical radius of the clusters of galaxies. Defining
the virial mass as [29]

K3 M3
2K = — é R—V, (60)
14
and using the following relations:
2 M2
- g—“R—, [ = MR}, 61)
m Ky

the generalized virial theorem (49) is simplified as

PHYSICAL REVIEW D 84, 024040 (2011)

A My\2
(15 )(5)

. 87TA4 RvR%
3K‘21 M

+ (M) (R). (62)
We have three types of mass in Eq. (62), namely, the total
baryonic mass of the system represented by M (including
the baryonic mass of the intracluster gas and of the stars,
other particles like massive neutrinos), the virial mass
represented by My, and finally, the geometrical mass rep-
resented by M.

On large distance scales associated with galaxies, we
can ignore the contribution of the effective cosmological
constant to the mass energy of the galaxy. Also, it is found
that My is considerably greater than M for most of the
clusters and we can neglect the term unitary in Eq. (62).
Therefore, the virial mass is given by

My (r) = mm(%)l/ g 63)

This equation shows that the virial mass is proportional to
the geometrical mass.

V. ASTROPHYSICAL APPLICATIONS

In this section, we emphasize that the astrophysical
observations together with the cosmological simulations
have shown that the virilized part of the cluster is a measure
of a fixed density such as a critical density, p.(z) at a
special red-shift, so that py = 3My/47R;, = 8p.(2),
where My and Ry are the virial mass and radius, respec-
tively. As is well known, p.(z) = h*(z)3H3/87G, where
the Hubble parameter is normalized to its local value, i.e.,
h*(z) = Q,,(1 +z)° + Q,, where Q,, and Q, are the
mass density and dark energy-density parameters, respec-
tively, [31]. By knowing the integrated mass of the galaxy
cluster as a function of the radius, one can estimate the
appropriate physical radius for the mass measurement.
The radii commonly used are rygg or r5yy. These radii lie
within the radii corresponding to the mean gravitational
mass density of the matter p,,, = 200p, or 500p,.. A
useful radius is r,qq to find the virial mass. The numerical
values of the radius r, for the cluster NGC 4636 are in the
ranges o9 = 0.85 Mpc and rpy = 4.49 Mpc for the clus-
ter A2163, so one can deduce that a typical value for rq is
2 Mpc. The masses corresponding to 7,y and rsy, are
denoted by M,y and M5, respectively, and it is usually
assumed that My = M,y and Ry = rygg [32].

A. Geometrical mass estimated using
the Jean’s relation

Now, we are going to obtain M(r) as a function of r by
comparing the virial theorem results with the observational
data for galaxy cluster which can be obtained from the
X-ray observation of the gas in the cluster. The most of the

024040-7



MALIHE HEYDARI-FARD AND MOHADDESE HEYDARI-FARD

baryonic mass in clusters is in the gas form, therefore we
assume that the energy density and pressure in T, is that
of a gas as

p = pg(r). (64)

In a majority of clusters most of the baryonic mass is in the
form of the intracluster gas. The gas mass density p,(r)
distribution can be fitted with the observational data by
using the following expression for the radial baryonic mass
distribution [32]:

p = py(r),

r2\—3B/2
pe(r) = Po(1 + p) , (65)

c

where r. is the core radius, and p, and B are cluster
independent constants. A static spherically symmetric sys-
tem of collisionless particles that is in equilibrium can be
described by the Jean’s equation [14]

dd(r)
dr ’
(66)

2p,(r
L 1p o+ 220

. (03 = 03,) = —py (1

where ®(r) is the gravitational potential, and o, and o, v
are the mass-weighted velocity dispersions in the radial
and tangential directions. We assume that the gas is iso-
tropically distributed inside the cluster, so o, = oy . The
gas pressure is related to the velocity dispersion and gas
profile density by p, = pga%. By assuming that the gravi-
tational field is weak so that it satisfies the usual Poisson
equation 2V2® = «3p,,,, where p,,, is the energy density
including p, and other forms of matter, like luminous
matter and the geometrical matter, etc., the Jean’s equation
becomes

dp,(r) _ dd(r)
# = —p:() dr  8mr

KIM,,
— AT, (), (67)

where M, (r) is the total mass inside the radius r. The
observed X-ray emission from the hot ionized intracluster
gas is usually interpreted by assuming that the gas is in
isothermal equilibrium. Therefore, we assume that the gas
is in equilibrium state having the equation of state p,(r) =
ksT,
oy P
temperature, w = 0.61 is the mean atomic weight of the
particles in the gas cluster, and m, is the proton mass.
Equation (67) then gives

(r), where kg is a Boltzmann constant, T, is the gas

S8wknT, d
Maw=——i%ﬂ;m%m. (68)
PLY r

Now, use of the density profile of the gas given by Eq. (65)
leads to the mass profile inside the cluster as

247ksT,B 1

r
2 2 2°
pumyKy o torg

Mtot(r) = (69)
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On the other hand, using Egs. (45) and (48) we can obtain
another expression for the total mass

dM,o(r) ) 48 )
P dar pg(r) + Ki)lb U(r)r
8t u?
+—3=[P(r) +3UM]2  (70)
Ky

substituting Egs. (69) and (65) into Eq. (70) we obtain the
following expression:

2 v+ 2"%{‘2[730) +3UM]

Kﬁ)\b K4

_ 6kgT,B r* +3r2 (1 r2)3B/2
— 0 )

- ] (71
wm,k; (r* + r2)? r’

Finally, substituting above equation into Eq. (48), in the
limit » > r, considered here, we obtain the following

geometrical mass:

247TkBT B 3 r2_33
M(r) = [—g — 4arpyrf 7]}3 (72)
i T )

which includes both the local and nonlocal bulk effects.
Observations show that the intracluster gas has a small
contribution to the total mass [31-34], thus we can neglect
the contribution of the gas to the geometrical mass and
rewrite Eq. (72) as

247k, T, ,B)r' 73

.’M(r)=< g

mwmp,Ky

Now, let us estimate the value of M(r). First, we note
that kgT, = 5 KeV for most clusters. The virial radius
of the clusters of galaxies is wusually assumed to
be ry9, indicating the radius for which the energy density
of the cluster becomes p,o = 200p.,, where p.. =
4.6975 X 1073%h2 gr/cm? [32]. Using Eq. (72) we find

ks T,

Fee = 91.33/31/2(5 KoV

1/2
) hy! Mpe.  (74)

The total geometrical mass corresponding to this value is

ks T,

= 4.83 X 10'° 3/2(
M (r) = 4.83 X 10162 L

2
) hsiMo,  (75)

which is consistent with the observational values for the
virial mass of clusters [32].

B. Radial velocity dispersion in galactic clusters

Radial velocity dispersion in galactic clusters plays an
important role in estimating the virial mass of the clusters.
It can be expressed in terms of the virial mass as [34]

024040-8
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3
Assuming that the velocity distribution in the cluster is
isotropic, we have (v?) = (v?) + (v}) + (v2) = 3(v}) =
302, the radial velocity dispersion o2 for clusters in the
warped DGP model can be obtained from Eq. (37) as

1
SpA =0, (77)

d 2
£ +
dr (pory) 2

where o and o, are related by 302 = ¢2. On the other

hand, by neglecting the cosmological constant the Einstein
field equation (43) becomes

A 1 9 A
p+ 2 0) L9 2—)
( M)2r2 6r(r ar

6
gp + kEp[P(r) + 3U(r)] +

6
2N, U(r). (78)

Integrating, we obtain

Ap 1 dA K3 K2
14+ 2kt 2)—(2—)=—4M + M) +Cy,
( 6 'SH )3\ 5r) T g M) g M G
(79)

where C; is an integration constant. By eliminating A’ from
Egs. (77) and (79), we obtain

Ay d
(1 g KK )E(Pff%)

2 2
Kk3M(r) K3 M(r) o
= - ——p(r). (80
- p(r) " p(r) 2 p(r).  (80)
Integration now gives the following solution:
Ay
(1 +— 6 KS,LL )
2
_ 1 KIM(r) p(dr — K4M(r) p()dr
p 8rr? 8
1
1 [C_;p(r)d,_ﬁ, 81)
pJr p

Where C, is an integration constant. For most clusters
B=2 5 and therefore, in the limit r > r,, the gas density
proﬁle (65) can be written as [23]

P;,(") = Po( C) 33,

Now, substituting Egs. (45), (73), and (82) into Eq. (81), for
B # 1 we obtain

Ap
<1+6K5,LL) 2=

2
B=3. (82)

por 2( ) Y
12(1 — B)(1 = 3B)
kB g C1 1_ Cz r\38
Tam, TA+3B) %(7)
(83)
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and for 8 = 1 we find

)lb p0K2 1 Inr r\3 kBT
1+ 2kt 2)2= 43.(—+—)(—) + =¢£
( 6 K ) g \afd A r, wm,

3
ol ﬁ(1) . (84)
4 r po\r.

As is well known, the simple form o2(r) = B/(r + b) for
the radial velocity dispersion and the relation p(r) =
A/r(r + a)*> for the density of the galaxies in cluster,
with B, b, a and A constants, can be used to fit the
observational data [34]. For r > a, p(r) = A/r, while for
r> a, p(r) behaves like p(r) = A/r®. Here, our expres-
sion for o2 can be also used to fit the observational data.
Therefore, the comparison of the observed velocity disper-
sion profiles of the galaxy clusters and the velocity disper-
sion profiles predicted by the warped DGP brane-world
model may give a powerful method to discriminate be-
tween the different theoretical scenarios.

Finally, we compare the radial velocity dispersion in the
warped DGP brane-world model with the radial velocity
dispersion in the other theoretical models. As we noted
before for A® = \, = 0, the warped DGP model reduces
to the DGP model and Eq. (84) for 8 = 1 reduces to

Y AT
8 4r rrJ\r. pm,

3
+QE_Q<L), (85)
4 r  po\r.

which is the radial velocity dispersion in the DGP model,
Eq. (65) in [19]. The radial velocity dispersion of galaxy
clusters in Palatini f(R) gravity for y = 3, which is corre-
sponding to B8 = 1, is also presented as [18]

! kgT,
ol = —r3[F r3dr + —2 + Gpo(l +ln—r)
2F pm,

4 r
1 /
+E2-5p (86)
4r  po
where F(R) = %ﬁf). For f(R) = R this relation reduces to
o2 = K%p()(i_i_ln_r) chely el s (87)
8 \4r r pwm, 4r  pg

which is Eq. (84) with 877G = «3 and A® = A, = 0. The
same relation has been also obtained in the Randall-
Sundrum II model with this difference that the origin of
the geometrical mass in f(R) gravity is the extra terms in
the Einstein-Hilbert action whereas in the latter it is the
global bulk effect. In Fig. 2 we have plotted the radial
velocity dispersion for the cluster NGC 5813. The numeri-
cal values of it are in the ranges 8 = 0.766, r. = 25 Kpc,
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FIG. 2. Left panel: The radial velocity dispersion in warped DGP brane-world model. Right panel: The same parameter in the DGP
brane-world scenario for the NGC 5813 cluster with 5 = 0.766, ryo, = 0.87 Mpc, r, = 25 Kpc, kgT, = 0.52 KeV and C; = 0.503,
1.005 X 108, 2.011 X 108M, C, = 0.02, 0.03, 0.04M2 /Kpc* for solid, dashed, and dot-dashed curves, respectively.

kgT, = 0.52 Kev, ry = 0.087 Mpc [32] and the radial
velocity is about 240 km/s [35]. As one can see the radial
velocity dispersion in the warped DGP brane-world is
compatible with the observed profiles and for the same
value of constants C; and C, is slower than the DGP brane-
world model.

VI. CONCLUSIONS

The virial theorem plays an important role in astrophys-
ics because of its generality and wide range of applications.
One of the important results that can be obtained with the
use of the virial theorem is to derive the mean density of
astrophysical objects such as galaxy clusters and it can be
used to predict the total mass of the clusters of galaxies.
In the present paper, using the collisionless Boltzmann
equation, we have obtained the generalized virial theorem
within the context of the warped DGP brane-world model.

The additional geometric terms due to the induced curva-
ture term on the brane and nonlocal bulk effect in the
modified gravitational field equations provide an effective
contribution to the gravitational energy, Eq. (44), which
may be used to explain the well-known virial theorem mass
discrepancy in clusters of galaxies. Finally, we have com-
pared the virial theorem results with the observational data
for galaxy cluster which can be obtained from the X-ray
observation of the gas in the cluster and expressed the
geometrical mass in term of observational quantities, like
the temperature and the gas profile density.

ACKNOWLEDGMENTS

We would like to thank the research office of Qom
University for financial supports. We are also indebted to
two anonymous referees of the Physical Review D for
valuable comments.

[1] P. Horava and E. Witten, Nucl. Phys. B460, 506 (1996);
B475, 94 (1996); P. Brax and C. van de Bruck, Classical
Quantum Gravity 20, R201 (2003).

[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370
(1999); 83, 4690 (1999).

[3] W. Israel, Nuovo Cimento B 44, 1 (1966).

[4] T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D 62,
024012 (2000).

[5] P. Brax and C. van de Bruck, Classical Quantum Gravity
20, R201 (2003); P. Brax, C. van de Bruck, and A.C.
Davis, Rep. Prog. Phys. 67, 2183 (2004); P. Binetruy, C.
Deffayet, and D. Langlois, Nucl. Phys. B565, 269 (2000);
P. Binetruy, C. Deffayet, U. Ellwanger, and D. Langlois,
Phys. Lett. B 477, 285 (2000).

[6] R. Maartens, Living Rev. Relativity 7, 7 (2004).

[7]1 D. Langlois, Prog. Theor. Phys. Suppl. 148, 181 (2002);
M. Heydari-Fard and H.R. Sepangi, Phys. Rev. D 76,
104009 (2007); M. Heydari-Fard, M. Shirazi, S.
Jalalzadeh, and H.R. Sepangi, Phys. Lett. B 640, 1

(2006); M.D. Maia, E.M. Monte, and J.M.F. Maia,
Phys. Lett. B 585, 11 (2004); M. D. Maia, E. M. Monte,
J.M.F. Maia and J. S. Alcaniz, Classical Quantum Gravity
22, 1623 (2005).

[8] G. Dvali and G. Gabadadze, Phys. Rev. D 63, 065007
(2001); G. Dvali, G. Gabadadze, and M. Shifman, Phys.
Rev. D 67, 044020 (2003); G. Dvali, G. Gabadadze, and
M. Porrati, Phys. Lett. B 485, 208 (2000); 484, 112 (2000).

[9] A. Lue, Phys. Rep. 423, 1 (2006); S. del Campo and R.
Herrera, Phys. Lett. B 485, 208 (2000); R. Gregory, N.
Kaloper, R. C. Myers, and A. Padilla, J. High Energy Phys.
10 (2007) 069.

[10] C. Deffayet, Phys. Lett. B 502, 199 (2001); C. Deffayet, G.
Dvali, and G. Gabadadze, Phys. Rev. D 65, 044023
(2002).

[11] K. Maeda, S. Mizuno, and T. Torii, Phys. Rev. D 68,
024033 (2003).

[12] R.G. Cai and H. Zhang, J. Cosmol. Astropart. Phys. 08
(2004) 017.

024040-10


http://dx.doi.org/10.1016/0550-3213(95)00621-4
http://dx.doi.org/10.1016/0550-3213(96)00308-2
http://dx.doi.org/10.1088/0264-9381/20/9/202
http://dx.doi.org/10.1088/0264-9381/20/9/202
http://dx.doi.org/10.1103/PhysRevLett.83.3370
http://dx.doi.org/10.1103/PhysRevLett.83.3370
http://dx.doi.org/10.1103/PhysRevLett.83.4690
http://dx.doi.org/10.1007/BF02710419
http://dx.doi.org/10.1103/PhysRevD.62.024012
http://dx.doi.org/10.1103/PhysRevD.62.024012
http://dx.doi.org/10.1088/0264-9381/20/9/202
http://dx.doi.org/10.1088/0264-9381/20/9/202
http://dx.doi.org/10.1088/0034-4885/67/12/R02
http://dx.doi.org/10.1016/S0550-3213(99)00696-3
http://dx.doi.org/10.1016/S0370-2693(00)00204-5
http://dx.doi.org/10.1143/PTPS.148.181
http://dx.doi.org/10.1103/PhysRevD.76.104009
http://dx.doi.org/10.1103/PhysRevD.76.104009
http://dx.doi.org/10.1016/j.physletb.2006.07.020
http://dx.doi.org/10.1016/j.physletb.2006.07.020
http://dx.doi.org/10.1016/j.physletb.2003.12.079
http://dx.doi.org/10.1088/0264-9381/22/9/010
http://dx.doi.org/10.1088/0264-9381/22/9/010
http://dx.doi.org/10.1103/PhysRevD.63.065007
http://dx.doi.org/10.1103/PhysRevD.63.065007
http://dx.doi.org/10.1103/PhysRevD.67.044020
http://dx.doi.org/10.1103/PhysRevD.67.044020
http://dx.doi.org/10.1016/S0370-2693(00)00669-9
http://dx.doi.org/10.1016/S0370-2693(00)00631-6
http://dx.doi.org/10.1016/j.physrep.2005.10.007
http://dx.doi.org/10.1016/S0370-2693(00)00669-9
http://dx.doi.org/10.1088/1126-6708/2007/10/069
http://dx.doi.org/10.1088/1126-6708/2007/10/069
http://dx.doi.org/10.1016/S0370-2693(01)00160-5
http://dx.doi.org/10.1103/PhysRevD.65.044023
http://dx.doi.org/10.1103/PhysRevD.65.044023
http://dx.doi.org/10.1103/PhysRevD.68.024033
http://dx.doi.org/10.1103/PhysRevD.68.024033
http://dx.doi.org/10.1088/1475-7516/2004/08/017
http://dx.doi.org/10.1088/1475-7516/2004/08/017

GENERALIZED VIRIAL THEOREM IN WARPED DGP ...

[13]

[14]

[15]

[16]

C. de Rham et al., Phys. Rev. Lett. 100, 251603 (2008); D.
Gorbunov, K. Koyama, and S. Sidiryakov, Phys. Rev. D
73, 044016 (2006).

J. Binney and S. Tremaine, Galactic Dynamics (Princeton
University Press, Princeton, 1987).

T. Harko and K.S. Cheng, Astrophys. J. 636, 8 (20006);
M. K. Mak and T. Harko, Phys. Rev. D 70, 024010 (2004);
C.G. Boehmer and T. Harko, Classical Quantum Gravity
24, 3191 (2007); S. Pal, Phys. Teach. 47, 144 (2005); S.
Pal, S. Bharadwaj, and S. Kar, Phys. Lett. B 609, 194
(2005); C.S.J. Pun, S. Kovacs, and T. Harko, Phys. Rev. D
78, 084015 (2008).

M. Heydari-Fard, H. Razmi, and H. R. Sepangi, Phys. Rev.
D 75, 064010 (2007); A. Viznyuk and Y. Shtanov, Phys.
Rev. D 76, 064009 (2007); C. G. Boehmer and T. Harko,
Mon. Not. R. Astron. Soc. 379, 393 (2007); C.F. Martins
and P. Salucci, Mon. Not. R. Astron. Soc. 381, 1103
(2007); S. Mendoza and Y.M. Rosas-Guevara, Astron.
Astrophys. 472, 367 (2007); O. Bertolami, C.G.
Boehmer, T. Harko, and F.S.N. Lobo, Phys. Rev. D 75,
104016 (2007); C.G. Boechmer and T. Harko, J. Cosmol.
Astropart. Phys. 06 (2007) 025.

A. Borowiec, W. Godlowski, and M. Szydlowski, Int. J.
Geom. Methods Mod. Phys. 4, 183 (2007); S. Capozziello,
V.F. Cardone, and A. Troisi, J. Cosmol. Astropart. Phys.
08 (2006) 001; Mon. Not. R. Astron. Soc. 375, 1423
(2007); C.G. Boehmer, T. Harko, and F.S.N. Lobo, J.
Cosmol. Astropart. Phys. 03 (2008) 024.

A.S. Sefiedgar, K. Atazadeh, and H.R. Sepangi, Phys.
Rev. D 80, 064010 (2009).

H.R. Sepangi and S. Shahidi, Classical Quantum Gravity
26, 185010 (2009).

M. Milgrom, Astrophys. J. 270, 365 (1983); 270, 371
(1983); 270, 384 (1983); M. Milgrom, New Astron. Rev.
46, 741 (2002); Astrophys. J. 599, L25 (2003).

(21]

[22]

(23]
(24]

[25]
[26]
(27]
(28]
[29]

(30]
(31]

024040-11

PHYSICAL REVIEW D 84, 024040 (2011)

J. Bekenstein and M. Milgrom, Astrophys. J. 286, 7
(1984); J. Bekenstein, Phys. Rev. D 70, 083509 (2004);
Phys. Rev. D 71, 069901 (2005).

P.D. Mannheim, Astrophys. J. 419, 150 (1993); 479, 659
(1997); J. W. Moftat and 1. Y. Sokolov, Phys. Lett. B 378,
59 (1996); arXiv:gr-qc/0404076; M.D. Roberts, Gen.
Relativ. Gravit. 36, 2423 (2004); R.H. Sanders, Astron.
Astrophys. 136, L21 (1984); 154, 135 (1986); J.R.
Brownstein and J. W. Moffat, Astrophys. J. 636, 721
(2006); Mon. Not. R. Astron. Soc. 367, 527 (2006).

T. Harko and K. S. Cheng, Phys. Rev. D 76, 044013 (2007).
G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2752
(1977).

H. A. Chamblin and H.S. Reall, Nucl. Phys. B562, 133
(1999).

N. Dadhich, R. Maartens, P. Papadopoulos, and V.
Rezania, Phys. Lett. B 487, 1 (2000).

S. Bildhauer, Classical Quantum Gravity 6, 1171 (1989);
R. W. Lindquist, Ann. Phys. (N.Y.) 37, 487 (1966).

Z. Banach and S. Piekarski, J. Math. Phys. (N.Y.) 35, 4809
(1994); R. Maartens and S.D. Maharaj, J. Math. Phys.
(N.Y.) 26, 2869 (1985).

J. C. Jackson, Mon. Not. R. Astron. Soc. 148, 249 (1970).
D. Juncher, B.A. thesis, University of Copenhagen, 20009.
M. Arnaud, Proc. Int. School of Physics ‘Enrico Fermi’,
edited by F. Melchiorri and Y. Rephaeli (IOS Press,
Bologna, 2005), p. 77.

T.H. Reiprich and H. Boringer, Astrophys. J. 567, 716
(2002).

P. Schuecker, H. Bohringer, K. Arzner, and T. H. Reiprich,
Astron. Astrophys. 370, 715 (2001).

R. G. Carlberg, H. K. C. Yee, and E. Ellingson, Astrophys.
J. 478, 462 (1997).

F. Annibali, A. Bressan, R. Rampazzo, and W.W.
Zeilinger, Astron. Astrophys. 445, 79 (20006).


http://dx.doi.org/10.1103/PhysRevLett.100.251603
http://dx.doi.org/10.1103/PhysRevD.73.044016
http://dx.doi.org/10.1103/PhysRevD.73.044016
http://dx.doi.org/10.1086/498141
http://dx.doi.org/10.1103/PhysRevD.70.024010
http://dx.doi.org/10.1088/0264-9381/24/13/004
http://dx.doi.org/10.1088/0264-9381/24/13/004
http://dx.doi.org/10.1016/j.physletb.2005.01.043
http://dx.doi.org/10.1016/j.physletb.2005.01.043
http://dx.doi.org/10.1103/PhysRevD.78.084015
http://dx.doi.org/10.1103/PhysRevD.78.084015
http://dx.doi.org/10.1103/PhysRevD.75.064010
http://dx.doi.org/10.1103/PhysRevD.75.064010
http://dx.doi.org/10.1103/PhysRevD.76.064009
http://dx.doi.org/10.1103/PhysRevD.76.064009
http://dx.doi.org/10.1111/j.1365-2966.2007.11977.x
http://dx.doi.org/10.1111/j.1365-2966.2007.12273.x
http://dx.doi.org/10.1111/j.1365-2966.2007.12273.x
http://dx.doi.org/10.1051/0004-6361:20066787
http://dx.doi.org/10.1051/0004-6361:20066787
http://dx.doi.org/10.1103/PhysRevD.75.104016
http://dx.doi.org/10.1103/PhysRevD.75.104016
http://dx.doi.org/10.1088/1475-7516/2007/06/025
http://dx.doi.org/10.1088/1475-7516/2007/06/025
http://dx.doi.org/10.1142/S0219887807001898
http://dx.doi.org/10.1142/S0219887807001898
http://dx.doi.org/10.1088/1475-7516/2006/08/001
http://dx.doi.org/10.1088/1475-7516/2006/08/001
http://dx.doi.org/10.1111/j.1365-2966.2007.11401.x
http://dx.doi.org/10.1111/j.1365-2966.2007.11401.x
http://dx.doi.org/10.1088/1475-7516/2008/03/024
http://dx.doi.org/10.1088/1475-7516/2008/03/024
http://dx.doi.org/10.1103/PhysRevD.80.064010
http://dx.doi.org/10.1103/PhysRevD.80.064010
http://dx.doi.org/10.1088/0264-9381/26/18/185010
http://dx.doi.org/10.1088/0264-9381/26/18/185010
http://dx.doi.org/10.1086/161130
http://dx.doi.org/10.1086/161131
http://dx.doi.org/10.1086/161131
http://dx.doi.org/10.1086/161132
http://dx.doi.org/10.1016/S1387-6473(02)00243-9
http://dx.doi.org/10.1016/S1387-6473(02)00243-9
http://dx.doi.org/10.1086/381138
http://dx.doi.org/10.1086/162570
http://dx.doi.org/10.1086/162570
http://dx.doi.org/10.1103/PhysRevD.70.083509
http://dx.doi.org/10.1103/PhysRevD.71.069901
http://dx.doi.org/10.1086/173468
http://dx.doi.org/10.1086/303933
http://dx.doi.org/10.1086/303933
http://dx.doi.org/10.1016/0370-2693(96)00366-8
http://dx.doi.org/10.1016/0370-2693(96)00366-8
http://arXiv.org/abs/gr-qc/0404076
http://dx.doi.org/10.1023/B:GERG.0000046830.85831.4a
http://dx.doi.org/10.1023/B:GERG.0000046830.85831.4a
http://dx.doi.org/10.1086/498208
http://dx.doi.org/10.1086/498208
http://dx.doi.org/10.1111/j.1365-2966.2006.09996.x
http://dx.doi.org/10.1103/PhysRevD.76.044013
http://dx.doi.org/10.1103/PhysRevD.15.2752
http://dx.doi.org/10.1103/PhysRevD.15.2752
http://dx.doi.org/10.1016/S0550-3213(99)00520-9
http://dx.doi.org/10.1016/S0550-3213(99)00520-9
http://dx.doi.org/10.1016/S0370-2693(00)00798-X
http://dx.doi.org/10.1088/0264-9381/6/8/017
http://dx.doi.org/10.1016/0003-4916(66)90207-7
http://dx.doi.org/10.1063/1.530879
http://dx.doi.org/10.1063/1.530879
http://dx.doi.org/10.1063/1.526713
http://dx.doi.org/10.1063/1.526713
http://dx.doi.org/10.1086/338753
http://dx.doi.org/10.1086/338753
http://dx.doi.org/10.1051/0004-6361:20010282
http://dx.doi.org/10.1086/303805
http://dx.doi.org/10.1086/303805
http://dx.doi.org/10.1051/0004-6361:20053754

