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In this paper we extend the hydrodynamic results of {A. Fabbri and C. Mayoral, Phys. Rev. D 83,

124016 (2011).} and study, analytically, the propagation of Bogoliubov phonons on top of Bose-Einstein

condensates with steplike discontinuities in the speed of sound by taking into account dispersion effects.

We focus on the Hawking signal in the density-density correlations in the formation of acoustic black-

hole-like configurations.
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I. INTRODUCTION

The study of analog models of gravity in condensed
matter systems [1,2] has motivated the investigation of
quantum effects in gravity, in particular, Hawking radiation
from black holes [3], in the presence of modified dispersion
relations (see [4–6]). Modified dispersion relations at high
frequency have also been considered in many papers in
cosmology (see e.g. [7]), but also in the context of the
Unruh effect [8], which is closely related to the Hawking
emission from a black hole. On a more formal level, issues
related to quantum field renormalization in the presence of
dispersion were investigated in [9]. Among the many sys-
tems proposed to create black-hole-like configurations, e.g.
superfluid liquid helium [10], atomic Bose-Einstein con-
densates (BECs) [11], surface waves in water tanks [12],
degenerate Fermi gases [13], slow light in moving media
[14], traveling refractive index interfaces in nonlinear op-
tical media [15], BECs, characterized by superluminal
dispersion relations, appear to be quite attractive from
the experimental point of view [16]. In this context, re-
cently an alternative measure of the Hawking effect was
proposed in terms of nonlocal density correlations [17] for
the Hawking quanta and their partners situated on opposite
sides with respect to the acoustic horizon. The calculations
were performed using the gravitational analogy, which
corresponds to the hydrodynamic approximation of the
theory. This proposal was validated with numerical simu-
lations within the microscopic theory [18], indicating that
the Hawking signal in the correlations is indeed robust.
Subsequent investigations were performed in [19] (where

analytical approximations based on steplike discontinuities
were considered) and [20] using stationary configurations.
In this paper we extend the hydrodynamical analysis in

[21] and consider, in particular, the effects of the temporal
formation of acoustic black-hole-like configurations, as in
[17,18], including dispersion effects. Our analytical analy-
sis is based on steplike discontinuities in the speed of sound
and thus extends the stationary results in [19]. We mention
that steplike configurations in BECs were also considered
in [22–26].
The plan of the paper is the following: in Sec. II we

briefly describe the model used and the basic equations,
while in Secs. III and IV we analyze thoroughly the sta-
tionary case (spatial steplike discontinuities) and the ho-
mogeneous one (temporal steplike discontinuities). By
combining the results of these two sections, in Sec. V we
discuss the main Hawking signal in correlations for the
formation of acoustic black-hole-like configurations and in
Sec. VI we end with comparisons with the hydrodynamical
results in [17].

II. THE MODEL AND ITS BASIC EQUATIONS

We start with the basic equations for a Bose gas in the

dilute gas approximation described by a field operator �̂
[27–29]. The equal-time commutator is

½�̂ðt; ~xÞ; �̂yðt; ~x0Þ� ¼ �3ð ~x� ~x0Þ (1)

and the time-dependent Schrödinger equation is given by

iℏ@t�̂ ¼
�
� ℏ2

2m
~r2 þ Vext þ g�̂y�̂

�
�̂; (2)

where m is the mass of the atoms, Vext the external poten-
tial and g the nonlinear atom-atom interaction constant. By
considering the mean-field expansion
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�̂��0ð1þ �̂Þ; (3)

with �̂ a small perturbation. The macroscopic condensate
is described by the classical wavefunction �0 which
satisfies the Gross-Pitaevski equation

iℏ@t�0 ¼
�
� ℏ2

2m
~r2 þ Vext þ gn

�
�0; (4)

where n ¼ j�0j2 is the number density, and the linear

perturbation �̂ satisfies the Bogoliubov-de Gennes equa-
tion

iℏ@t�̂ ¼ �
�
ℏ2

2m
~r2 þ ℏ2

m

~r�0

�0

~r
�
�̂þmc2ð�̂þ �̂yÞ; (5)

where c ¼
ffiffiffiffi
gn
m

q
is the speed of sound.

To study analytically the solutions to (5), along the lines
of [18], we shall consider condensates of constant density n
and velocity (for simplicity along one dimension, say x).
Nontrivial configurations are still possible, provided one
varies the coupling constant g (and therefore the speed of
sound c) and the external potential but keeps the sum gnþ
Vext constant. In this way, the plane-wave function �0 ¼ffiffiffi
n

p
eik0x�iw0t, where v ¼ ℏk0

m is the condensate velocity, is a

solution of (4) everywhere.

The non-Hermitean operator �̂ is expanded as

�̂ðt; xÞ ¼ X
j

½âj�jðt; xÞ þ âyj ’�
j ðt; xÞ�; (6)

where âj and â
y
j are the phonon’s annihilation and creation

operators. From (5) and its Hermitean conjugate, we see
that the modes �jðt; xÞ and ’jðt; xÞ satisfy the coupled

differential equations�
ið@t þ v@xÞ þ �c

2
@2x � c

�

�
�j ¼ c

�
’j;�

�ið@t þ v@xÞ þ �c

2
@2x � c

�

�
’j ¼ c

�
�j; (7)

where � ¼ ℏ=ðmcÞ is the so-called healing length of the
condensate. The normalizations are fixed, via integration
of the equal-time commutator obtained from (1), namely

½�̂ðt; xÞ; �̂yðt; x0Þ� ¼ 1

n
�ðx� x0Þ; (8)

by Z
dx½�j�

�
j0 � ’�

j’j0 � ¼
�jj0

ℏn
: (9)

We shall consider steplike discontinuities in the speed of
sound c, which is the only nontrivial parameter in this
formalism, and impose the appropriate boundary condi-
tions for the modes that are solutions to Eqs. (7). A similar
analysis was carried out in the hydrodynamic limit � ! 0
in the work [21], by using the more appropriate density
phase representation

�̂ ¼ n̂1

2n
þ i

�̂1

ℏ
: (10)

III. STEPLIKE SPATIAL DISCONTINUITIES
(STATIONARY CASE)

In this section we study dispersion effects for the case of
spatial steplike discontinuities. We treat subsonic configu-
rations in Sec. III A, thus extending the hydrodynamic
analysis of [21], and subsonic-supersonic ones in
Sec. III B. This case is particularly interesting in view of
our application to study the main Hawking signal in corre-
lations from acoustic black holes, along the lines of [18].

A. Subsonic configurations

We consider a surface (that we put for simplicity at x ¼
0) separating two semi-infinite homogeneous condensates
with different sound speeds: cðxÞ ¼ cl�ð�xÞ þ cr�ðxÞ.
The velocity of the condensate is taken to be negative
(v < 0), so that the flow is from right to left. We assume
that the condensate is everywhere subsonic, that is
jvj< crðlÞ, and that v, cl and cr are time-independent.

To explicitly write down the decomposition of the field

operator �̂, we first need to study the propagation of the
modes and construct the ‘‘in’’ and ‘‘out’’ basis. To under-
stand the details of modes propagation, we need to solve
the Eqs. (7) in the left and right homogeneous regions, and
then impose the appropriate boundary conditions. These
simply are the requirement that � and ’, along with their
first spatial derivatives, are continuous across the disconti-
nuity at x ¼ 0.
We denote the modes solutions in each homogeneous

region and corresponding to the fields � and ’ as
De�iwtþikx and Ee�iwtþikx respectively. The boundary
conditions at the discontinuity, as we will see explicitly
later, require us to work at fixed !. Therefore we write the
modes as

�!¼Dð!Þe�iwtþikð!Þx; ’!¼Eð!Þe�iwtþikð!Þx; (11)

so that the Eqs. (7) simplify to�
ðw� vkÞ � �ck2

2
� c

�

�
Dð!Þ ¼ c

�
Eð!Þ;

�
�ðw� vkÞ � �ck2

2
� c

�

�
Eð!Þ ¼ c

�
Dð!Þ; (12)

while the normalization condition (9) (j � !) gives

jDð!Þj2 � jEð!Þj2 ¼ 1

2�ℏn

��������dk

dw

��������: (13)

The combination of the two Eqs. (12) gives the nonlinear
dispersion relation

ðw� vkÞ2 ¼ c2
�
k2 þ �2k4

4

�
; (14)
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plotted in Fig. 1. At low momenta (k � 1
� ) we recover the

linear relativistic dispersion, while at large momenta
(k � 1

� ) the nonlinear superluminal term becomes

dominant.
Moreover, inserting the relation between D and E from

(12) into (13) we find the mode normalizations

Dð!Þ ¼ !� vkþ c�k2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�ℏnc�k2jð!� vkÞðdkd!Þ�1j

q ;

Eð!Þ ¼ � !� vk� c�k2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�ℏnc�k2jð!� vkÞðdkd!Þ�1j

q ;

(15)

where k ¼ kð!Þ are the roots of the quartic Eq. (14) at
fixed !. Equation (14) admits, in the subsonic case, two
real and two complex solutions. Regarding the real solu-
tions, we will call kv and ku the ones corresponding to
negative and positive group velocity vg ¼ d!

dk respectively.

They admit a perturbative expansion in the dimensionless

parameter z � �!
c , namely

kv ¼ !

v� c

�
1þ c3z2

8ðv� cÞ3 þOðz4Þ
�
;

ku ¼ !

vþ c

�
1� c3z2

8ðvþ cÞ3 þOðz4Þ
�
:

(16)

The other two solutions are complex conjugates. We call
kdðkgÞ the roots with positive(negative) imaginary part,

which represent a decaying(growing) mode on the positive
x > 0 axis and a growing(decaying) mode in the negative
(x < 0) one. Such roots are nonperturbative in � as they
diverge in the hydrodynamic limit � ¼ 0, when Eq. (14)
becomes quadratic. However, they admit the expansions

kdðgÞ ¼ !jvj
c2 � v2

�
1� ðc2 þ v2Þc4z2

4ðc2 � v2Þ3 þOðz4Þ
�

þ ð�Þ 2i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � v2

p

c�

�
1þ ðc2 þ 2v2Þc4z2

8ðc2 � v2Þ3 þOðz4Þ
�
:

(17)

In what follows we do not need to specify the normaliza-
tion coefficients for these modes, that we call generically
d�ð’Þffiffiffiffiffiffiffiffiffi
4�nℏ

p and
G�ð’Þffiffiffiffiffiffiffiffiffi
4�nℏ

p for the decaying and growing modes,

respectively, of the fields � and ’.
In summary, the most general decompositions of � and

’ in the left and right regions are given by

�lðrÞ
! ¼ e�i!t½DlðrÞ

v AlðrÞ
v eik

lðrÞ
v x þDlðrÞ

u AlðrÞ
u eik

lðrÞ
u x

þ dlðrÞ� AlðrÞ
d e

iklðrÞ
gðdÞx þGlðrÞ

� AlðrÞ
G e

iklðrÞ
dðgÞx�; (18)

’lðrÞ
! ¼ e�i!t½ElðrÞ

v AlðrÞ
v eik

lðrÞ
v x þ ElðrÞ

u AlðrÞ
u eik

lðrÞ
u x

þ dlðrÞ’ AlðrÞ
d e

iklðrÞ
gðdÞx þGlðrÞ

’ AlðrÞ
G e

iklðrÞ
dðgÞx�: (19)

The coefficients Al;r
u;v;d;G are the amplitudes of the modes,

not to be confused with the normalization coefficients.
Indeed, the latter are determined uniquely by the commu-
tation relations and the equations of motion, while the
amplitudes depend on the particular choice of basis, as
shown below. The matching conditions at x ¼ 0 to be
imposed on Eqs. (7) are

½��¼0; ½�0�¼0; ½’�¼0; ½’0�¼0; (20)

where [ ] indicates the variation across the jump. It is clear
that these conditions require! to be the same in the l and r
regions. Equations (20) can be written in matrix form

Wl

Al
v

Al
u

Al
G

Al
d

0
BBBBB@

1
CCCCCA ¼ Wr

Ar
v

Ar
u

Ar
d

Ar
G

0
BBBBB@

1
CCCCCA; (21)

where

Wl ¼

Dl
v Dl

u Gl
� dl�

iklvD
l
v ikluD

l
u iklgG

l
� ikldd

l
�

El
v El

u Gl
’ dl’

iklvE
l
v ikluE

l
u iklgG

l
’ ikldd

l
’

0
BBBBBB@

1
CCCCCCA (22)

and

Wr ¼

Dr
v Dr

u dr� Gr
�

ikrvD
r
v ikruD

r
u ikrdd

r
� ikrgG

r
�

Er
v Er

u dr’ Gr
’

ikrvE
r
v ikruE

r
u ikrdd

r
’ ikrgG

r
’

0
BBBBB@

1
CCCCCA: (23)

Multiplying both sides by W�1
l we have

2 1 0 1 2
1.0

0.5

0.0

0.5

1.0

k

FIG. 1 (color online). Dispersion relation for subsonic con-
figurations. The solid (dashed) line corresponds to the positive

(negative) norm branch: !� vk ¼ þð�Þc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ �2k4

4

q
.
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Al
v

Al
u

Al
G

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

Ar
u

Ar
d

Ar
G

0
BBBBB@

1
CCCCCA: (24)

The 4� 4 matrix Mscatt � W�1
l Wr encodes all nontrivial

scattering effects due to the matching conditions (20). The
form ofMscatt is much more involved than that found in the
hydrodynamic limit in [21].

To construct Mscatt we have used the general decompo-
sitions (18) and (19). Not all modes, however, are physi-
cally meaningful. The validity of the mean-field
approximation (3) implies that only spatially bounded
modes have to be taken into account. This means that the
amplitudes of the growing modes (that diverge exponen-
tially in the l or r regions) must be set to zero. There are no
constraints, instead, for the amplitudes of the decaying
modes. Indeed, as we will see explicitly in the construction
of the in and out modes basis that follows, by taking into
account the (l and r) decaying modes we have each time
four amplitudes which are uniquely determined by our four
matching equations. The physical meaning of the decaying
modes is to ‘‘dress’’ the in and out modes basis, and this
affects the calculation of local observables (this discussion
follows that of [30]).

We now proceed to construct the in and out modes basis
for the case v ¼ 0 in a perturbative expansion up to Oðz2Þ.
This case can also be treated exactly, as shown in the

Appendix A. The perturbative construction of the in modes
for the more complicated case v � 0 is given in
Appendix B. To appreciate similarities and differences
with respect to the hydrodynamical case treated in [21],
let us construct perturbatively the in and out modes basis,
displayed schematically in Fig. 2. We consider the modes
of the field�. An identical analysis is valid for ’, up to the
replacement of the D ! E.

Mode uv;in!;�

The in v-mode uv;in!;� is defined by an initial unit-

amplitude left-moving v-mode coming from the right
(� uv;r!;� ¼ Dr

ve
�i!tþikrvx), which is partially transmitted

into a v-mode in the left region (uv;l!;� ¼ Dl
ve

�i!tþiklvx)

with amplitude Al
v and partially reflected into a right-

moving u-mode (uu;r!;� ¼ Dr
ue

�i!tþikrux) with amplitude

Ar
u. The construction is not finished yet, as we need to

include as well the decaying modes in the left and right

regions (ud;rðlÞ!;� ¼ DrðlÞ
� e

�i!tþikrðlÞ
dðgÞx) along with their ampli-

tudes Ar
d and Al

d. In this way we have a total of four

amplitudes which are uniquely determined by solving the
following system of four equations

Al
v

0

0

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

1

Ar
u

Ar
d

0

0
BBBBB@

1
CCCCCA: (25)

By treating Mscatt perturbatively in the parameter zl � !�l
cl

we find, up to Oðz2Þ, the following solutions

Al
v ¼ 2

ffiffiffiffiffiffiffiffiffi
clcr

p
cl þ cr

� i
ffiffiffiffi
cl

p ðcl � crÞ2zl
c3=2r ðcl þ crÞ

þ clðcl � crÞ2ðc2l þ c2rÞz2l
2c3rðcl þ crÞ2

� T; (26)

Ar
u¼cl�cr

clþcr
� iclðcl�crÞ2zl

c2rðclþcrÞ
�clðcl�crÞð2c3l �3c2l crþ2clc

2
rþc3rÞz2l

4c4rðclþcrÞ
�R; (27)

Al
d ¼

ðcl � crÞ ffiffiffiffi
zl

p
dl�

ffiffiffiffiffi
cr

p ðcl þ crÞ
� ðcl � crÞz2l

2dl�c
5=2
r ðcl þ crÞ

� ½c2r þ iðc2l þ c2r � crclÞ� � DL0 ; (28)

Ar
d ¼

clð�cl þ crÞ ffiffiffiffi
zl

p
dr�c

3=2
r ðcl þ crÞ

þ c2l ðcl � crÞz2l
2dr�c

7=2
r ðcl þ crÞ

� ½cl þ iðcl � 2crÞ� � DR0 : (29)

In the limit zl ! 0, we recover the results of [21]. As we
can see, the amplitudes of the asymptotic modes Al

v and A
r
u

T T R
’’

R

1 1

11

u u

u u

ω ω

ωω

u

u

vin in

out v out

D

D

D

L

L

R

R

’

D’

T

R

*

**

*
T’

R’
D DDDL LR R

* **’ *’

FIG. 2. in and out modes for spatial steplike discontinuities
between homogeneous subsonic regions. We display the prop-
agating modes (straight lines) and the decaying modes (curved
lines), along with their amplitudes.
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develop an imaginary OðzlÞ contribution plus a real Oðz2l Þ
one. These combine in such a way that the unitarity relation
jAl

vj2 þ jAr
uj2 � jRj2 þ jTj2 ¼ 1 is satisfied nontrivially at

Oðz2l Þ, as

jAl
vj2 ¼ 4clcr

ðcl þ crÞ2
þ!2ðcl � crÞ2ðc2l þ c2rÞ�2

l

2clc
3
rðcl þ crÞ2

; (30)

jAr
uj2 ¼

�
cl � cr
cl þ cr

�
2 �!2ðcl � crÞ2ðc2l þ c2rÞ�2

l

2clc
3
rðcl þ crÞ2

: (31)

Finally, note that, although the amplitudes of the decaying
modes do not enter in the unitarity relation, they are part of
the full mode and give contributions, for instance, in the
computation of density-density correlations.

Mode uu;in!;�

The in u-mode uu;in!;� is composed by an initial unit-

amplitude right-moving u-mode (uu;l!;� � Dl
ue

�i!tþiklux)

coming from the left, along with the transmitted u-mode

(uu;r! ) with amplitude Ar
u and the reflected v-mode (uv;l!;�)

with amplitude Al
v. Here toowe have decaying modes, with

amplitudes Ar
d, A

l
d. All these amplitudes are obtained by

solving

Al
v

1

0

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

0

Ar
u

Ar
d

0

0
BBBBB@

1
CCCCCA (32)

and, up to Oðz2l Þ, we have

Al
v¼cr�cl

clþcr
� iðcl�crÞ2zl

crðclþcrÞ
þðcl�crÞðc3l þ2c2l cr�3clc

2
rþ2c3rÞz2l

4c3rðclþcrÞ
�R0; (33)

Ar
u ¼ 2

ffiffiffiffiffiffiffiffiffi
clcr

p
cl þ cr

� i

ffiffiffiffi
cl

p ðcl � crÞ2zl
c3=2r ðcl þ crÞ

�
ffiffiffiffi
cl

p ðcl � crÞ2ðc2l � 4clcr þ c2rÞz2l
8c7=2r ðcl þ crÞ

� T0; (34)

Al
d ¼

ðcl � crÞ ffiffiffiffi
zl

p
dl�

ffiffiffiffi
cl

p ðcl þ crÞ
þ ðcl � crÞ

2dl�
ffiffiffiffi
cl

p
crðcl þ crÞ

� ½�cr þ ið2cl � crÞ�z2l � DL; (35)

Ar
d ¼

ffiffiffiffi
cl

p ð�cl þ crÞ ffiffiffiffi
zl

p
dr�crðcl þ crÞ þ

ffiffiffiffi
cl

p ðcl � crÞ
2dr�c

3
rðcl þ crÞ

� ½c2l þ iðc2l þ c2r � clcrÞ�z2l � DR: (36)

The unitarity condition for the asymptotic modes jAl
vj2 þ

jAr
uj2 � jR0j2 þ jT0j2 ¼ 1 is again nontrivially satisfied, as

jAl
vj2 ¼

�
cr � cl
cl þ cr

�
2 � clðcl � crÞ2ðc2l þ c2rÞz2l

2c3rðcl þ crÞ2
; (37)

jAr
uj2 ¼ 4clcr

ðcl þ crÞ2
þ clðcl � crÞ2ðc2l þ c2rÞz2l

2c3rðcl þ crÞ2
: (38)

Mode uv;out!;�

The out v-mode uv;out!;� is made of a linear combination of

initial right-moving (uu;l!;�) and left-moving (uv;r!;�) compo-

nents, with amplitudes Al
u and Ar

v, producing a final left-

moving v-component (uv;l!;�) of unit-amplitude. The

amplitudes, together with those of the associated decaying
modes, are given by solving

1

Al
u

0

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

0

Ar
d

0

0
BBBBB@

1
CCCCCA (39)

and, at Oðz2Þ, one has

Al
u¼cr�cl

clþcr
þ iðcl�crÞ2zl

crðclþcrÞ
þðcl�crÞðc3l þ2c2l cr�3clc

2
rþ2c3rÞz2l

4c3rðclþcrÞ
�R0�; (40)

Ar
v ¼ 2

ffiffiffiffiffiffiffiffiffi
clcr

p
cl þ cr

þ i
ffiffiffiffi
cl

p ðcl � crÞ2zl
c3=2r ðcl þ crÞ

� ðcl � crÞ2ðc2l � 4clcr þ c2rÞz2l
8c7=2r ðcl þ crÞ

� T0�; (41)

Al
d ¼

ðcl � crÞ ffiffiffiffi
zl

p
dl�

ffiffiffiffi
cl

p ðcl þ crÞ
� ðcl � crÞz2l

2dl�crðcl þ crÞ
� ½cr þ ið2cl � crÞ� � D�

L; (42)

Ar
d ¼

ffiffiffiffi
cl

p ð�cl þ crÞ ffiffiffiffi
zl

p
dr�crðcl þ crÞ þ

ffiffiffiffi
cl

p ðcl � crÞz2l
2dr�c

3
rðcl þ crÞ

� ½c2l � iðc2l þ c2r � crclÞ� � D�
R: (43)

One can easily check that the unitarity relation is satisfied,
as jAl

uj2 þ jAr
vj2 � jRj2 þ jTj2 ¼ 1.

Mode uu;out!;�

We finally consider the mode uu;out!;� . This is defined by

initial right-moving and left-moving components, with
amplitudes Al

u and Ar
v, resulting now in a final right-

moving u component (uu;r!;�) of unit-amplitude. The system

of equations to be solved (taking into account the decaying
modes) is
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0

Al
u

0

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

1

Ar
d

0

0
BBBBB@

1
CCCCCA: (44)

and its solutions, up to Oðz2Þ, are

Al
u ¼

2
ffiffiffiffiffiffiffiffiffi
clcr

p
cl þ cr

þ i
ffiffiffiffi
cl

p ðcl � crÞ2zl
c3=2r ðcl þ crÞ

�
ffiffiffiffi
cl

p ðcl � crÞ2ðc2l � 4clcr þ c2rÞz2l
8c7=2r ðcl þ crÞ

� T�; (45)

Ar
v¼cl�cr

clþcr
þ iclðcl�crÞ2zl

c2rðclþcrÞ
�clðcl�crÞð2c3l �3c2l crþ2clc

2
rþc3rÞz2l

4c4rðclþcrÞ
�R�; (46)

Al
d ¼ clðcl � crÞzl

dl�
ffiffiffiffiffi
cr

p ðcl þ crÞ
þ ðcl � crÞz2l

2dl�c
5=2
r ðcl þ crÞ

� ½�c2r þ iðc2l þ c2r � clcrÞ� � DL0� ; (47)

Ar
d ¼

clð�cl þ crÞzl
dr�c

3=2
r ðcl þ crÞ

þ c2l ðcl � crÞz2l
2dr�c

7=2
r ðcl þ crÞ

� ½cl þ ið2cr � clÞ� � DR0� ; (48)

with unitarity condition jAl
uj2 þ jAr

vj2 ¼ jRj2 þ jTj2 ¼ 1
satisfied up to Oðz2l Þ.

Having constructed explicitly the complete in and out
modes basis, we can now write the two alternative decom-

positions for the field operator �̂

�̂ ¼
Z 1

0
d!½âv;inðoutÞ! uv;inðoutÞ!;� ðt; xÞ þ âu;inðoutÞ! uu;inðoutÞ!;� ðt; xÞ

þ âv;inðoutÞy! uv;inðoutÞ�!;’ ðt; xÞ þ âu;inðoutÞy! uu;inðoutÞ�!;’ ðt; xÞ�:
(49)

The relations between the in and out modes are

uv;in!;�¼Tuv;out!;� þRuu;out!;� ; uu;in!;�¼R0uv;out!;� þT0uu;out!;� ; (50)

and are valid for all components of the modes basis, decay-
ing modes included. This allows us to find

âv;out! ¼Tâv;in! þR0âu;in! ; âu;out! ¼Râv;in! þT0âu;in! : (51)

Density-density correlations
The basic quantity that we want to study in detail later is

the one-time, normalized, symmetric, two-point function
of the density fluctuation

Gð2Þðt; x; x0Þ � 1

2n2
lim
t!t0

hinjfn̂1ðt; xÞ; n̂1ðt0; x0Þgjini; (52)

where f; g denotes the anticommutator, and the the operator

n̂1 � nð�̂þ �̂yÞ (see Eq. (10)) can be expanded in the two
equivalent in and out representations,

n̂ 1 ¼ n
Z 1

0
d!½âv;inðoutÞ! ðuv;inðoutÞ!;� þ uv;inðoutÞ!;’ Þ

þ âu;inðoutÞ! ðuu;inðoutÞ!;� þ uu;inðoutÞ!;’ Þ þ H:c:�: (53)

Thus, the general two-point function in (52) explicitly
reads

hinjfn̂1ðt; xÞ; n̂1ðt0; x0Þgjinij
¼ n2

Z 1

0
d!½ðuv;inðoutÞ!;� þ uv;inðoutÞ!;’ Þðt; xÞðuv;inðoutÞ�!;�

þ uv;inðoutÞ�!;’ Þðt0; x0Þ þ ðuu;inðoutÞ!;� þ uu;inðoutÞ!;’ Þðt; xÞ
� ðuu;inðoutÞ�!;� þ uu;inðoutÞ�!;’ Þðt0; x0Þ þ c:c:�; (54)

where

uv;in!;� þ uv;in!;’

¼ e�i!t½ðDr
v þ Er

vÞeikrvð!Þx þ RðDr
u þ Er

uÞeikruð!Þx

þ TðDl
v þ El

vÞeiklvð!Þx þ ðD�
L0dl� þD’

L0dl’Þeiklgð!Þx

þ ðD�
R0dr� þD’

R0dr’Þeikrdð!Þx�; uu;in!;� þ uu;in!;’

¼ e�i!t½ðDl
u þ El

uÞeikluð!Þx þ R0ðDl
v þ El

vÞeiklvð!Þx

þ T0ðDr
u þ Er

uÞeikruð!Þx þ ðD�
Ld

l
� þD’

Ld
l
’Þeiklgð!Þx

þ ðD�
Rd

r
� þD’

Rd
r
’Þeikrdð!Þx�: (55)

Let us consider, for instance, one point located in the left
(x < 0) region and one in the right (x0 > 0) one.
Substituting the expressions above into (54), we see that
there are u� u and v� v contributions, while the u� v
term, being proportional to R�T þ R0T0�, vanishes. Finally,
the contribution coming from the decaying modes is sub-
dominant. Therefore, the integral (54) is well approxi-
mated by the hydrodynamic approximation, obtained for
small !, namely

Gð2Þðt; x; x0Þ
’ � ℏ

2�mnðcr þ clÞ
�

1

ðv� clÞðv� crÞð x
cl�v þ x0

v�cr
Þ2

þ 1

ðvþ clÞðvþ crÞð� x
vþcl

þ x0
vþcr

Þ2
�
: (56)

B. Subsonic-supersonic configuration

Unlike the spatial steplike discontinuities studied in [21]
in the hydrodynamical limit, dispersion effects allow us to
study also configurations with supersonic regions. Since
we are interested in modeling black-hole-like systems, we
shall consider the case where there are one subsonic and
one supersonic region separated by a sharp jump in the
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speed of sound. Therefore we write cðxÞ ¼ cl�ð�xÞ þ
cr�ðxÞ, where now cl < jvj and cr > jvj. The modes in
the subsonic region (x > 0) are the same as in the previous
subsection. In the supersonic (x < 0) part the dispersion
relation (14) changes and it is represented in Fig. 3.

We see that, for ! less than a certain value that we call
!max, there are now four real solutions, corresponding to
four propagating modes. Two of them are present also in
the hydrodynamical approximation, and, when expressed

through the variable zl � �l!
cl

, they read (we omit the

subscript l)

kv ¼ !

v� c

�
1þ c3z2

8ðv� cÞ3 þOðz2l Þ
�
;

ku ¼ !

vþ c

�
1� c3z2

8ðvþ cÞ3 þOðz2l Þ
�
; (57)

and, unlike in the subsonic case, they both move to the left,
as d!

dk jkuðvÞ < 0. The value kv belongs to the positive norm

branch while ku belongs to the negative norm one, as shown
in Fig. 3. The other two values of k, called k3 and k4, exist
because of dispersion, and are not perturbative in �. In fact

k3ð4Þ ¼ !jvj
c2 � v2

�
1� ðc2 þ v2Þc4z2

4ðc2 � v2Þ3 þOðz4Þ
�

þ ð�Þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2

p

c�

�
1þ ðc2 þ 2v2Þc4z2

8ðc2 � v2Þ3 þOðz4Þ
�
:

Comparing with the expressions (17), we see that k3 and k4
are the analytic continuation for supersonic flows of the
decaying and growing modes seen in the subsonic regime.
These two modes (which belong, respectively, to the posi-
tive and negative norm branches of Fig. 3) both move to the
right as d!dk jk3ð4Þ > 0. Thismeans that they are supersonic and

able to propagate upstream, against the direction of the flow.
The value of !max ¼ !ðkmaxÞ can be calculated explicitly
by imposing d!

dk jk¼kmax
¼ 0, where

kmax ¼ � 1

�

�
v2

2c2
� 2þ v

2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8þ v2

c2

s �
1=2

: (58)

One can easily check that!max and kmax are well inside the
nonperturbative region (� 1=�). When!>!max, instead,
we find again two real propagating modes (k real) and two
complex conjugate ones, corresponding to decaying and
growingmodes, just like in the subsonic case. Thus, for!>
!max the analysis is the same as in the subsonic case, and so
we omit it.
Let us now write the general solutions for� and ’ in the

left (l) and in the right (r) regions for !<!max. In the
l-region we have

�l
!¼e�i!t½Dl

vA
l
ve

iklvxþDl
uA

l
ue

ikluxþDl
3A

l
3e

ikl3xþDl
4A

l
4e

ikl4x�;
’l

!¼e�i!t½El
vA

l
ve

iklvxþEl
uA

l
ue

ikluxþEl
3A

l
3e

ikl
3
xþEl

4A
l
4e

ikl
4
x�;

while in the r-region we find

�r
!¼e�i!t½Dr

vA
r
ve

ikrvxþDr
uA

r
ue

ikruxþd�A
r
de

ik3
d
xþG�A

r
ge

ikrgx�;
’r

!¼e�i!t½Er
vA

r
ve

ikrvxþEr
uA

r
ue

ikruxþd’A
r
de

ikr
d
xþG’A

r
ge

ikrgx�:
The D and E normalization coefficients of the propagating
modes (four in the supersonic region and two in the sub-
sonic region) are given by Eqs. (15). As before, the match-
ing conditions (20) can be written in the matrix form

Wl

Al
v

Al
u

Al
3

Al
4

0
BBBBB@

1
CCCCCA ¼ Wr

Ar
v

Ar
u

Ar
d

Ar
g

0
BBBBB@

1
CCCCCA; (59)

where Wr is the same as Eq. (23), while Wl is given by

Wl ¼

Dl
v Dl

u Dl
3 Dl

4

iklvD
l
v ikluD

l
u ikl3D

l
3 ikl4D

l
4

El
v El

u El
3 El

4

iklvE
l
v ikluE

l
u ikl3E

l
3 ikl4E

l
4

0
BBBBB@

1
CCCCCA: (60)

Multiplying both sides by W�1
l we find

Al
v

Al
u

Al
3

Al
4

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

Ar
u

Ar
d

Ar
g

0
BBBBB@

1
CCCCCA; (61)

where Mscatt � W�1
l Wr encodes the scattering effects due

to the matching conditions (20). As in the previous sub-
section, we shall proceed to the construction of the in and
out mode basis for this configuration. With these, we will

construct the decompositions of the field �̂ along with the
the density-density correlations.
Construction of the in and out basis
We shall now construct the in and out basis, which are

now composed of three modes each, as shown in Fig. 4.

2 1 0 1 2
0.2

0.1

0.0

0.1

0.2

k

k4 k3kv
ku

max

kmax

FIG. 3 (color online). Dispersion relation in the supersonic
case. Positive (negative) norm modes belong to the solid
(dashed) line.
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Below, we find the leading-order amplitudes of the various
amplitudes. In Appendix C, we display the next-to-

leading-order terms for u3;in!;� and u4;in�!;� in order to show

that unitarity relations are nontrivially recovered.

Mode uv;in!;�

The mode uv;in!;� is defined by an initial left-moving unit-

amplitude component (uv;r!;�) coming from the subsonic

region on the right, which generates a reflected right-
moving mode (uu;r!;�) with amplitude Ar

u, together with

the associated decaying mode with amplitude Ar
d. In addi-

tion, now there are two transmitted modes, one with posi-

tive norm (uv;l!;�) and the other with negative norm (uu;l�!;�),

with amplitudes Al
v and Al

u respectively. These can be
computed by solving the system of equations

Al
v

Al
u

0
0

0
BBB@

1
CCCA ¼ Mscatt

1
Ar
u

Ar
d

0

0
BBB@

1
CCCA: (62)

The leading-order Oð1Þ solution in a zl expansion is

Al
v¼

ffiffiffiffiffi
cr
cl

s
v�cl
v�cr

; Ar
u¼vþcr

v�cr
; Al

u¼
ffiffiffiffiffi
cr
cl

s
vþcl
cr�v

;

Ar
d¼

cl
ffiffiffiffi
zl

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
crðv2�c2l Þ

q
ffiffiffi
2

p
d�ðv�clÞðc2r�v2Þ3=2ðcrþclÞ

�½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
ðvþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þþ iðv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
þv2�c2rÞ�:

(63)

The amplitudes of the propagating modes satisfy the uni-
tarity condition jAl

vj2 þ jAr
uj2 � jAl

uj2 ¼ 1.

Mode u3;in!;�

The mode u3;in!;� corresponds to a unit amplitude, super-

sonic positive norm right-moving plane wave from the left

(u3;l!;� � Dl
3e

�i!tþikl3ð!Þx), which is reflected into a positive
norm (uv;l!;�) and a negative norm (uu;l�!;�) component with

amplitudes AL
v and AL

u moving to the left. In addition, there
is a transmitted right-moving mode in the subsonic region
(uu;r!;�) with amplitude AR

u and the decaying mode with

amplitude Ar
d. By solving the system

u ω
din

u ω
uin

u
ω
u in

2

u ω
u

u ω
d u

ω
u 2out out
out

Au
1
out Au1

out

A u
1
out

Au1
out

Au
2
out

Au
2
out

Au
2

out

Au
2
out

A d

A
d

A
d

A
d

A
dA

d

A d

out
Ad

out

Ad
out

A d
out

=1

=1

=1

A
d

in
=1

A
d

in
A d

in

A
d

inAu2
in

Au
2
in Au

2
in

Au 2
in =1Au1

in =1

A
1u
inAu1

in Au
1
in

1

1

FIG. 4. ‘‘in’’ and ‘‘out’’ basis in the subsonic-supersonic configuration.
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AL
v

AL
u

1

0

0
BBBBB@

1
CCCCCA ¼ Mscatt

0

AR
u

AR
d

0

0
BBBBB@

1
CCCCCA: (64)

we find, at leading order in zl,

AL
v ¼ ðv2 � c2l Þ3=4ðvþ crÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðcl þ crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ;

AR
u ¼

ffiffiffiffiffiffiffi
2cr

p ðv2 � c2l Þ3=4ðvþ crÞ
cl

ffiffiffiffi
zl

p ðc2r � c2l Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ;

AL
u ¼ ðv2 � c2l Þ3=4ðvþ crÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðcl � crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ;

AR
d ¼ ðv2 � c2l Þ1=4

2d�ðv2 � c2rÞ
ðv� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
Þ: (65)

Note that the amplitudes of the propagating modes diverge
in the zl ! 0 limit, and that, at leading order in zl, one has
jAL

vj2 þ jAR
u j2 � jAL

u j2 ¼ 0. In order to check the unitarity
condition jAl

vj2 þ jAr
uj2 � jAl

uj2 ¼ 1, we need the next-to-
leading-order expansion,which is displayed inAppendixC.

Mode u4;in�!;�

The mode u4;in�!;� (where � means that this is a negative

norm mode) consists of an initial unit-amplitude super-

sonic right-moving component from the left (u4;l�!;� �
Dl

4e
�i!tþikl4ð!Þx), generating a reflected positive left-

moving norm mode (uv;l!;�) and negative norm left-moving

mode (uu;l!;�) with amplitudes Al0
v and Al0

u respectively.

Moreover, in the subsonic region one has a transmitted

right-moving wave (uu;r!;�) with amplitude Ar0
u , and a decay-

ing mode with amplitude Ar0
d . By solving

Al0
v

Al0
u

0

1

0
BBBBB@

1
CCCCCA ¼ Mscatt

0

Ar0
u

Ar0
d

0

0
BBBBB@

1
CCCCCA (66)

we find, at leading order,

Al0
v¼ ðv2�c2l Þ3=4ðvþcrÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðclþcrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ;

Ar0
u ¼

ffiffiffiffiffiffiffi
2cr

p ðv2�c2l Þ3=4ðvþcrÞ
cl

ffiffiffiffi
zl

p ðc2r�c2l Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ;

Al0
u ¼ ðv2�c2l Þ3=4ðvþcrÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðcl�crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ;

Ar0
d ¼

ðv2�c2l Þ1=4ðv2�c2l þv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ

2d�ðc2r�v2Þðc2l �v2þv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ
ðv� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
Þ:

(67)

As for u3;in!;�, the amplitudes of the propagating modes

diverge when zl ! 0 and at this level of approximation
they satisfy jAl

vj2 þ jAr
uj2 � jAl

uj2 ¼ 0. The unitarity con-
dition jAl

vj2 þ jAr
uj2 � jAl

uj2 ¼ �1 is checked in the
Appendix C by considering the next-to-leading-order
terms.
The construction of the out modes proceeds similarly.

These are uv;out!;� , uur;out!;� (of positive norm) and uul;out�!;� (of

negative norm), which are composed by appropriate com-
binations of initial right-moving and left-moving compo-
nents (plus the associated decaying mode). These

generate,, respectively, unit amplitudes uv;l!;�, u
u;r
!;�, and

uu;l�!;�. More in detail, we have the following cases.

Mode uv;out!;�

In this case, one needs to solve the system

1

0

Al
3

Al
4

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

0

Ar
d

0

0
BBBBB@

1
CCCCCA; (68)

which yields, at leading order,

Al
3¼

ðv2�c2l Þ3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p
ffiffiffiffiffiffiffi
2zl

p
c3=2l ðcr�vÞðcrþclÞ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ¼Al0

v;

Al
4¼

ðv2�c2l Þ3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p
ffiffiffiffiffiffiffi
2zl

p
c3=2l ðcr�vÞðcrþclÞ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
Þ¼iAL

v;

Ar
v¼

ffiffiffiffiffi
cr
cl

s
cl�v

cr�v
¼Al

v;

Ar
d¼

ðv2�c2l Þðc2r�v2þv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2r

p Þffiffiffi
2

p
d�ðcr�vÞðclþcrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
clðv2�c2rÞ

p
cl

ffiffiffiffi
zl

p : (69)

Mode uur;out!;�

In this case the system to solve is

0

Al
u

0

Al
4

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

1

Ar
d

0

0
BBBBB@

1
CCCCCA; (70)

and the solutions are

Al
3¼

ffiffiffiffiffiffiffi
2cr

p ðv2�c2l Þ3=4ðvþcrÞffiffiffiffi
zl

p
clðc2r�c2l Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ¼Ar0

u ;

Al
4¼

ffiffiffiffiffiffiffi
2cr

p ðv2�c2l Þ3=4ðvþcrÞffiffiffiffi
zl

p
clðc2r�c2l Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ¼�AR

u ;

Ar
v¼vþcr

v�cr
¼Ar

u;

Ar
d¼�i

ffiffiffi
2

p
crðv2�c2l Þðc2r�v2þv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2r

p Þ
d�ðcr�vÞ3=2ðc2r�c2l Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
crðvþcrÞ

p
cl

ffiffiffiffi
zl

p : (71)
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Mode uul;out�!;�

In this final case, the system is

0

1

Al
3

Al
4

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

0

Ar
d

0

0
BBBBB@

1
CCCCCA; (72)

and the solutions read

Al
3¼

ðv2�c2l Þ3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p
ffiffiffiffiffiffiffi
2zl

p
c3=2l ðv�crÞðcr�clÞ

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ¼�Al0

u;

Al
4¼

ðv2�c2l Þ3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

p
ffiffiffiffiffiffiffi
2zl

p
c3=2l ðv�crÞðcr�clÞ

ð�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r�v2

q
�i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2l

q
Þ¼AL

u ;

Ar
v¼

ffiffiffiffiffi
cr
cl

s
clþv

v�cr
¼�Al

u;

Ar
d¼

ðc2l �v2Þðv2�c2r�v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2�c2r

p Þffiffiffi
2

p
d�ðv�crÞðcl�crÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
clðv2�c2rÞ

p
cl

ffiffiffiffi
zl

p : (73)

With these results, we are able to write down the relations
between the in and out modes

uv;in!;� ¼ Al
vu

v;out
!;� þ Ar

uu
ur;out
!;� þ Al

uu
ul;out�
!;� ;

u3;in!;� ¼ AL
vu

v;out
!;� þ AR

uu
ur;out
!;� þ AL

uu
ul;out�
!;� ;

u4;in�!;� ¼ Al0
vu

v;out
!;� þ Ar0

u u
ur;out
!;� þ Al0

uu
ul;out�
!;� ; (74)

We note that, unlike the subsonic case (50), we now have
combinations of both positive and negative norm modes.

Because of this, the two decompositions (we restrict our
analysis to the case!<!max because it is the relevant one
for our subsequent discussion) are given by

�̂ ¼
Z !max

0
d!½âv;in! uv;in!;� þ â3;in! u3;in!;� þ â4;in! u4;in!;�

þ âv;iny! uv;in�!;’ þ â3;iny! u3;in�!;’ þ â4;iny! u4;in�!;’ �; (75)

�̂ ¼
Z !max

0
d!½âv;out! uv;out!;� þ âur;out! uur;out!;� þ âul;out! uul;out!;�

þ âv;outy! uv;out�!;’ þ âur;outy! uur;out�!;’ þ âul;outy! uul;out�!;’ �;
(76)

and they are inequivalent. This can be easily seen by using
(74) to find the relation between the two families of â and
ây operators

âv;out! ¼ Al
vâ

v;in
! þ AL

vâ
3in
! þ Al0

vâ
4iny
! ;

âur;out! ¼ Ar
uâ

v;in
! þ AR

u â
3in
! þ Ar0

u â
4iny
! ;

âul;outy! ¼ Al
uâ

v;in
! þ AL

u â
3in
! þ Al0

uâ
4iny
! : (77)

The fact that the right-hand sideof these relations contain
both creation and annihilation operators makes it clear that
the two decompositions do not share the same vacuum state
(jini � jouti).
Density-density correlations
To compute the normalized density-density correlation

analogous to Eq. (52), we first expand the operator n̂1 in the
out decomposition

n̂1ðt; xÞ ¼ n
Z !max

0
½âv;out! ðuv;out!;� þ uv;out!;’ Þ þ âur;out! ðuur;out!;� þ uur;out!;’ Þ þ âul;out! ðuul;out!;� þ uul;out!;’ Þ þ H:c:�; (78)

and we use the relation between the in and out operators (77). This gives the following two-point function in the jini state

hinjfn̂1ðt; xÞ; n̂1ðt0; x0Þgjini ¼ n2
Z !max

0
d!f½Al

vðuv;out!;� þ uv;out!;’ Þ þ Ar
uðuur;out!;� þ uur;out!;’ Þ

þ Al
uðuul;out�!;� þ uul;out�!;’ Þ�ðt; xÞ � ½Al�

v ðuv;out�!;� þ uv;out�!;’ Þ þ Ar�
u ðuur;out�!;� þ uur;out�!;’ Þ

þ Al�
u ðuul;out!;� þ uul;out!;’ Þ�ðt0; x0Þ þ ½AL

vðuv;out!;� þ uv;out!;’ Þ þ AR
u ðuur;out!;� þ uur;out!;’ Þ

þ AL
u ðuul;out�!;� þ uul;out�!;’ Þ�ðt; xÞ � ½AL�

v ðuv;out�!;� þ uv;out�!;’ Þ þ AR�
u ðuur;out�!;� þ uur;out�!;’ Þ

þ AL�
u ðuul;out!;� þ uul;out!;� Þ�ðt0; x0Þ þ ½Al0�

v ðuv;out�!;� þ uv;out�!;’ Þ þ Ar0�
u ðuur;out�!;� þ uur;out�!;’ Þ

þ Al0�
u ðuul;out!;� þ uul;out!;’ Þ�ðt; xÞ � ½Al0

vðuv;out!;� þ uv;out!;’ Þ þ Ar0
u ðuur;out!;� þ uur;out!;’ Þ

þ Al0
uðuul;out�!;� þ uul;out�!;’ Þ�ðt0; x0Þ þ c:c:g; (79)

where, explicitly,

uv;out!;� þ uv;out!;’ ¼ e�i!t½ðDl
v þ El

vÞeiklvð!Þx þ Ar
vðDr

v þ Er
vÞeikrvð!Þx þ Al

3ðDl
3 þ El

3Þeikl3ð!Þx

þ Al
4ðDl

4 þ El
4Þeikl4ð!Þx þ Ar

dðdr� þ dr’Þeikrdð!Þx�; (80)
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uur;out!;� þ uur;out!;’ ¼ e�i!t½ðDr
u þ Er

uÞeikruð!Þx þ Ar
vðDr

v þ Er
vÞeikrvð!Þx þ Al

3ðDl
3 þ El

3Þeikl3ð!Þx

þ Al
4ðDl

4 þ El
4Þeikl4ð!Þx þ Ar

dðdr� þ dr’Þeikrdð!Þx�; (81)

uul;out�!;� þ uul;out�!;’ ¼ e�i!t½ðDl
u þ El

uÞeikluð!Þx þ Ar
vðDr

v þ Er
vÞeikrvð!Þx þ Al

3ðDl
3 þ El

3Þeikl3ð!Þx

þ Al
4ðDl

4 þ El
4Þeikl4ð!Þx þ Ar

dðdr� þ dr’Þeikrdð!Þx�: (82)

The coefficients Al
v, A

r
v, A

l
3, A

l
4 and Ar

d are given, respec-
tively, in (69), (71), and (73). The analysis of the main
correlation signals has already been performed in [19]. We
are interested in the correlation between uu;r! and uu;l�!

because this represents the main signal due to the
Hawking effect (correlation between the Hawking quanta
and their partners). We take x (x0) in the left (right) region
and evaluate the following integral

hinjfn̂1ðt;xÞ; n̂1ðt0;x0Þgjinijðuu;r! $uu;l�! Þ
¼n2

Z !max

0
d!½Al0�

u Ar0
u ðuu;l!;�þuu;l!;’Þðt;xÞðuu;r!;�þuu;r!;’Þðt0;x0Þ

þðAl
uA

r�
u þAL

uA
R�
u Þðuu;l�!;�þuu;l�!;’Þðt;xÞ

�ðuu;r�!;�þuu;r�!;’Þðt0;x0Þþc:c:�: (83)

The values of the above amplitudes are given in (63), (65),
and (67). We also take into account that

½aur;out! ;aul;out! �¼0)Al�
u A

r
uþAL�

u AR
u �Al0�

u Ar0
u ¼0; (84)

where we have used the relation between the in and out
operators given in (77). The term Al�

u A
r
u is subleading with

respect to the other two terms, which go as Oð1=!Þ, given
that the main contribution to the integral above is valid for
small !. Note also that the products AL�

u AR
u (and Al0�

u Ar0
u )

are real at leading order. Therefore we have

hinjfn̂1ðt; xÞ; n̂1ðt0; x0Þgjinijðuu;r! $ uu;l�! Þ
� 4n2

Z !max

0
d!fAl0�

u Ar0
u Re½ðuu;l!;� þ uu;l!;’Þðt; xÞ

� ðuu;r!;� þ uu;r!;’Þðt0; x0Þ�g; (85)

and, at equal times, the normalized two-point function is

Gð2Þðt; x; x0Þðuu;r! $ uu;l�! Þ

� � 1

4�n

ðv2 � c2l Þ3=2
clðvþ clÞðv� crÞðcr � clÞ

� sin½!maxð x0
vþcr

� x
vþcl

Þ�
x0

vþcr
� x

vþcl

: (86)

This result, which coincides with the one given in [19],
gives an estimate of the Hawking signal in correlations
only for stationary configurations. Our aim is to perform a
similar construction, but for acoustic black-hole-like con-
figurations which are formed at some time t0, along the
lines of the numerical analysis presented in [18].

IV. STEPLIKE DISCONTINUITIES IN t
(HOMOGENOUS CASE)

In this section, we study correlation functions in the case
of temporally formed steplike discontinuities between ho-
mogeneous condensates. In Sec. IVAwe consider conden-
sates which remain subsonic at all times. In Sec. IVB we
turn to the more relevant case when the final condensate is
supersonic.

A. Subsonic configurations

We consider a steplike discontinuity in t (say, at t ¼ 0),
separating two infinite homogeneous condensates: cðtÞ ¼
cin�ð�tÞ þ cout�ðtÞ. In this section we consider jvj<
cinðoutÞ so that the condensate is subsonic at all times. The

aim is to determine the mode propagation at all times, and
to define the in and out mode basis. The appropriate

decompositions of our field �̂ will be given afterwards.
The general solutions in the in (t < 0) and out (t > 0)

regions describing the fields � and ’ are of the form
De�iwtþikx and Ee�iwtþikx. The boundary conditions at
t ¼ 0 require us to work at fixed k. Therefore we write

�k ¼ DðkÞe�iwðkÞtþikx; ’k ¼ EðkÞe�iwðkÞtþikx; (87)

for which Eqs. (7) become�
�ð!� vkÞ þ c�k2

2
þ c

�

�
DðkÞ ¼ � c

�
EðkÞ;

�
ð!� vkÞ þ c�k2

2
þ c

�

�
EðkÞ ¼ � c

�
DðkÞ; (88)

while the normalization condition (9) yields

jDðkÞj2 � jEðkÞj2 ¼ 1

2�ℏn
: (89)

The combination of Eqs. (88) gives rise to the nonlinear
dispersion relation (14) represented in Fig. 1, and to the
normalization coefficients

DðkÞ ¼ !� vkþ c�k2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�ℏnc�k2jð!� vkÞjp ;

EðkÞ ¼ � !� vk� c�k2

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�ℏnc�k2jð!� vkÞjp : (90)

Here, ! ¼ !ðkÞ corresponds to the two real solutions to
Eq. (14), which is quadratic in ! at fixed k. These read
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!þðkÞ ¼ vkþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2k2 þ c2k4�2

4

s
;

!�ðkÞ ¼ vk�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2k2 þ c2k4�2

4

s
;

(91)

where !þðkÞ corresponds to the positive norm branch, and
!�ðkÞ to the negative norm one. Note that there are no
normalizable mode solutions with complex k, because in
the infinite homogeneous in and out regions they would
correspond to modes which decay on one side but grow
without bound on the other. Therefore, at fixed k, the
general decompositions of � and ’ in the out and in
regions are

�outðinÞ
k ¼ eikx½Dþ

outðinÞðkÞAoutðinÞe�i!outðinÞ
þ ðkÞt

þD�
outðinÞðkÞBoutðinÞe�i!outðinÞ� ðkÞt�; (92)

’outðinÞ
k ¼ eikx½Eþ

outðinÞðkÞAoutðinÞe�i!outðinÞ
þ ðkÞt

þ E�
outðinÞðkÞBoutðinÞe�i!outðinÞ� ðkÞt�: (93)

For k > 0 (< 0) we have a positive norm right-moving
(left-moving) mode (! ¼ !þðkÞ) and a negative norm left-
moving (right-moving) one (! ¼ !�ðkÞ). According to (7)
, the matching conditions at t ¼ 0 are

½�� ¼ 0; ½’� ¼ 0; (94)

which can be written in matrix form

Wout

Aout

Bout

 !
¼ Win

Ain

Bin

 !
; (95)

where

WoutðinÞ ¼
Dþ

outðinÞðkÞ D�
outðinÞðkÞ

Eþ
outðinÞðkÞ E�

outðinÞðkÞ

0
@

1
A: (96)

Multiplying both sides by W�1
out we find

Aout

Bout

 !
¼ Mbog

Ain

Bin

 !
: (97)

Explicitly, the Bogoliubov matrix Mbog � W�1
outWin reads

Mbog ¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p �in þ�out �in ��out

�in ��out �in þ�out

 !
; (98)

where we define �outðinÞ ¼ j!outðinÞ � vkj. For v ¼ 0 we
recover the formulas given in [26].

Connecting the in and out basis
The in and out modes basis are easily identified in

terms of positive-frequency in and out modes (uinðoutÞk;� ¼
Dþ

inðoutÞðkÞe�i!þðkÞtþikx; for uinðoutÞk;’ the analysis is identical

up to the replacement of Dþ
inðoutÞðkÞ by Eþ

inðoutÞðkÞ) which

are, respectively, left-moving (k < 0) and right-moving
(k > 0). To connect them, as depicted in Fig. 5, we use
the Bogoliubov matrix (98).
Positive-frequency in modes have amplitudes Ain ¼ 1,

Bin ¼ 0. The coefficients Aout and Bout are found by solv-
ing the system

Aout

Bout

 !
¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p �inþ�out �in��out

�in��out �inþ�out

 !
1

0

 !
; (99)

whose solutions are

Aout ¼ �in þ�out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p � ��
kk;

Bout ¼ �in ��out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p � ��k�k:

(100)

These coefficients satisfy the unitarity condition

jAoutj2 � jBoutj2 � j�kkj2 � j�k�kj2 ¼ 1; (101)

where the minus sign means that the Bout is associated to
negative norm modes.
Positive-frequency out modes are characterized by

Aout ¼ 1, Bout ¼ 0. The coefficients Ain and Bin are found
by solving the system

1

0

 !
¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p �inþ�out �in��out

�in��out �inþ�out

 !
Ain

Bin

 !
; (102)

which gives

Ain ¼ �in þ�out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p ; Bin ¼ ��in ��out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p : (103)

From these results, we see that the in and the out modes
are related by the relations

uink ¼ ��
kku

out
k � �k�ku

out�
�k ; (104)

1

1
1

1

−β
k−k −β

k−kα
kk

α kk

A A Au u
in in

v
in

Ain
v

FIG. 5. ‘‘in’’ and ‘‘out’’ basis in the temporal steplike discon-
tinuity.
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and, considering the in and out decompositions of the

field �̂

�̂ðt; xÞinðoutÞ ¼
Z 1

�1
dk½âinðoutÞk uinðoutÞk;� þ ainðoutÞyk uinðoutÞ�k;’ �;

(105)

we find the relation between the in and out set of operators,
namely

â out
k ¼ ��

kkâ
in
k � ��

k�kâ
iny
�k : (106)

The fact that both anhilitation and creation operators
enter in the right-hand sideof the above equation means
that the two decompositions (105) are inequivalent and that
jini � jouti.

Density-density correlations
The analysis of the density-density correlation is similar

to the one performed in the hydrodynamic case, see [21].
Wefirstwrite down the operator n̂1 in the out decomposition

n̂1ðt;xÞ¼n
Z 1

�1
dk½aoutk ðuoutk;�þuoutk;’Þþaoutyk ðuout�k;� þuout�k;’ Þ�;

(107)

and then use relation (106). For the two-point function of n̂1

in the jini state we have
hinjfn̂1ðt;xÞ;n̂1ðt0;x0Þgjini
¼n2

Z 1

�1
dkf½��

kkðuoutk;�þuoutk;’Þ��k�kðuout��k;�þuout��k;’Þ�ðt;xÞ
�½�kkðuout�k;� þuout�k;’ Þ���

k�kðuout�k;�þuout�k;’Þ�ðt0;x0Þþc:c:g
(108)

This integral is well approximated by its hydrodynamical
limit and the features of the density-density correlations are
discussed in [21,26].

B. Subsonic-supersonic configurations

This case, which is relevant for the calculation of Sec. V,
consists in a configuration made of an in subsonic region
and an out supersonic one (cin > jvj; cout < jvj). In the in
region the analysis is the same as in the previous subsec-
tion. In the out (supersonic) one the dispersion relation (14)
shows new features with respect to the analysis in the
hydrodynamic limit. From Fig. 6 we see that, for jkj<
jkmaxj, the analysis is similar to that of the previous sub-
section, with the important difference that both modes are
dragged by the flow and move to the left, whereas, when
jkj> jkmaxj, the supersonic modes k3ð>0Þ and k4ð<0Þ (in
the language of Sec. III B) become able to propagate to the
right upstream (from now on we find more convenient to
work with positive k, and indicate negative kwith�k). The
way in which the in modes propagate in the out region is
shown in Fig. 6. These features become very important for

the analysis of the temporal formation of acoustic black
holes of Sec. V.
For k > kmax, an initial left-moving mode decomposes

into a positive norm left-moving component plus a k4
negative norm one, with amplitudes Aout and Aout

4 respec-
tively. These are found by solving

Aout

Aout
4

� �
¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p �in þ�out �in ��out

�in ��out �in þ�out

� �
1
0

� �
;

(109)

which yields the solutions

Aout ¼ �in þ�out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p � ��
�k�k;

Aout
4 ¼ �in ��out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p � ��k�k:

(110)

These satisfy the unitarity condition

jAoutj2 � jAout
4 j2 � j��k�kj2 � j�k�kj2 ¼ 1: (111)

An initial right-moving mode splits instead into a positive
norm right-moving k3 mode, with amplitude Aout

3 plus a

negative norm left-moving one Aout, which are found by
solving

Aout

Aout
3

� �
¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p �in þ�out �in ��out

�in ��out �in þ�out

� �
0
1

� �
:

(112)

the solutions are

Aout
3 ¼ �in ��out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p ¼ ���kk;

Aout ¼ �in þ�out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p ¼ ��
kk:

(113)

1 1

1 1

β

β

β

k−k

−kk

k−k

− −

−

−

α

α

α α

*

*

**

kk

−k−k
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4

β −kk

FIG. 6. Evolution of ‘‘in’’ modes for different values of k in the
case of a supersonic ‘‘out’’ region.
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Equations (110) and (113) are the crucial formulas that we
shall need in the next section to consider the temporal
formation of acoustic black-hole-like configurations.

V. DENSITY-DENSITY CORRELATIONS IN THE
FORMATION OFACOUSTIC BLACK–HOLE-LIKE

CONFIGURATIONS

In this section, with the help of the thorough analysis of
the previous two sections, we will study the main Hawking
signal in the more involved situation where an initial
homogeneous subsonic flow turns supersonic in some re-
gion. We will model this situation with a temporal steplike
discontinuity at t ¼ 0 (temporal formation) followed by a
spatial steplike discontinuity at x ¼ 0 separating a sub-
sonic and a supersonic region. The model we shall consider
is sketched in Fig. 7, where cr ¼ cin.

To study the propagation of modes solutions to
Eqs. (7) for all x and t, we need to impose matching
conditions (94) at t ¼ 0 at fixed k (only those for x < 0
are nontrivial), and then (20) at fixed ! at x ¼ 0 (and
t > 0). The behavior at x ¼ t ¼ 0 is more delicate be-
cause it depends the way we approach it. A detailed
analysis of what happens for the case of subsonic flows
was carried out in [21] by explicitly constructing the
‘‘in’’ modes basis. As modes transiting through the
origin only affect transient behaviours in the correlations
patterns, in this section we will rather focus on those
modes solutions which give the leading contribution to
the main Hawking signal. We saw in the stationary
analysis of Sec. III B that this is given by the evolution

of the modes u3;inw , u4;in�w for w small and, consequently,
jkj * jkmaxj. In turn, as shown in Fig. 6, such modes are
generated by ‘‘in’’ modes in the homogeneous t < 0
region with the same value of k crossing the temporal
steplike discontinuity on the x < 0 side.

In our analysis we shall need to consider a transition
from the k to the! basis. The relations between modes and
operators in the two basis are

u!;�ð’Þ ¼
ffiffiffiffiffiffiffi
d!

dk

s
uk;�ð’Þ; â! ¼

ffiffiffiffiffiffiffi
dk

d!

s
âk: (114)

To construct the two-point function
hinjn̂1ðt; xÞn̂1ðt0; x0Þjini we proceed as usual by decompos-
ing n̂1 in the out ! basis

n̂1ðt; xÞ ¼ n
Z !max

0
½âv;out! ðuv;out!;� þ uv;out!;’ Þ

þ âur;out! ðuur;out!;� þ uur;out!;’ Þ
þ âul;out! ðuul;out!;� þ uul;out!;’ Þ þ H:c:�; (115)

and by relating the âout! , âouty! operators to the âink , â
iny
k in

the in (t < 0) region. This is done in two steps. First, the
analysis in Sec. III B provides for the relation between out
and in ! basis in the t > 0 region. In particular we have

â v;out
! ¼ Al

vâ
v;in
! þ AL

vâ
3in
! þ Al0

vâ
4iny
! ; (116)

â ur;out
! ¼ Ar

uâ
v;in
! þ AR

u â
3in
! þ Ar0

u â
4iny
! ; (117)

â ul;outy
! ¼ Al

uâ
v;in
! þ AL

u â
3in
! þ Al0

uâ
4iny
! : (118)

From the values of the amplitudes in the above equation
(given in Sec. III B) we see that the terms multiplying
âv;in! are subleading with respect to those multiplying â3in!

and â4iny! .
Next, we need to jump from the in!-basis to the k-basis

needed to address the temporal steplike discontinuity. The
relevant terms in n̂1 in our analysis are

n̂1ðt;xÞ¼
Z 1

kmax

dk3½âk3ðuk3;�þuk3;’Þþ âyk4ðu�k4;�þu�k4;’Þ�;

(119)

where k4 ¼ �k3. This is to be matched, at t ¼ 0, at the
relevant values of k, with the in decomposition (t < 0)

n̂1ðt;xÞ¼
Z 1

0
dk½âink ðuink;�þuink;’Þþ âin�kðuin�k;�þuin�k;’Þ

þ âinyk ðuin�k;�þuin�k;’Þþ âiny�k ðuin��k;�þuin��k;’Þ�: (120)
The relations between the k operators before and after the
temporal steplike discontinuity are given by (106) with
k4 ¼ �k3:

âk3 ¼ �ðk3Þâk � ��ð�k3Þây�k;

ây�k3
¼ ��ð�k3Þâ�k þ ��ðk3Þâyk ; (121)

where the Bogoliubov coefficients are given by (110) and
(113)

� ¼ �in þ�out

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p ; � ¼ �out ��in

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in�out

p : (122)

Here � ¼ j!� vkj is calculated before (�in) and after
(�out) the temporal discontinuity.

x=0t=0

inc

cin

d
c

v

FIG. 7. Temporal formation of a spatial steplike discontinuity
temporally formed (cr ¼ cin).
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Let us now go back to the ! basis (the general relation
between modes and operators in the ! and k basis is given
in (114)). As shown in Fig. 8, a fixed, positive value of !
corresponds to two values of k, namely k3 and k04. We thus
write

n̂1ðt; xÞ ¼
Z !max

0
d!½â3in! ðu3in!;� þ u3in!;’Þ

þ â4iny! ðu4in�!;� þ u4in�!;’Þ þ H:c:�: (123)

Defining k4 ¼ �k3 and k04 ¼ �k03, the following

properties are valid (we do not write explicitly the normal-
izations)

u3in�! ¼ ðe�i!tþik3ð!ÞxÞ� ¼ ei!t�ik3ð!Þx ¼ e�ið�!Þtþið�k3ð!ÞÞx

¼ e�ið�!Þtþik4ð�!Þx ¼ u4in��! (124)

and

u4in�! ¼ e�i!tþik0
4
ð!Þx ¼ e�ið�!Þtþið�k0

3
ð�!ÞÞx ¼ u3in��! : (125)

Therefore the density fluctuation operator n̂1 turns into:

n̂1ðt;xÞ¼
Z !max

0
d!½â3in! ðu3in!;�þu3in!;’Þþ â4iny! ðu4in�!;�þu4in�!;’Þ

þ â4iny�! ðu4in��!;�þu4in��!;’Þþ â3in�!ðu3in�!;�þu3in�!;’Þ�:
(126)

Since the ! decomposition requires two values of k, the
relation between the ! operators and the k ones before the
temporal discontinuity will involve relations (121) with
different values of k, namely k3 � k and k04 � �k0:

â 3in
! ¼ �ðk3Þ

ffiffiffiffiffiffiffiffi
d!

dk3

s
âk3 � ��ð�k3Þ

ffiffiffiffiffiffiffiffi
d!

dk3

s
ây�k3

; (127)

â 4iny
! ¼ ��ð�k03ð�!ÞÞ

ffiffiffiffiffiffiffiffi
d!

dk03

s
â�k0 þ ��ðk03ð�!ÞÞ

ffiffiffiffiffiffiffiffi
d!

dk03

s
âyk0 :

(128)

We compute now the Bogoliubov coefficients appearing
above. Let us start with �ðk3Þ and �ð�k3Þ. By using again

the fact that k is conserved in the temporal steplike dis-
continuity (k ¼ k3) and the expression of k3 for small !

(k3 ¼ 2
ffiffiffiffiffiffiffiffiffiffi
v2�c2

l

p
cl�l

þ v!
c2
l
�v2 ), which gives the main contribution

to the density-density correlations, we can write �in and
�out as:

�out ¼ !� v

�2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
cl�l

þ v!

c2l � v2

�
; (129)

�in ¼ cin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ k4�2

in

4

s
: (130)

Notice that we cannot use the perturbative expressions in
the in region, since here we are beyond the small frequency
regime. Expanding up to ! we finally obtain:

�ðk3Þ ¼
�vþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l þ c2in

q
2

ffiffiffiffiffiffiffiffi�v
p ðv2 � c2l þ c2inÞ1=4

þ cl
ffiffiffiffiffiffiffiffi�v

p ðc2l � c2inÞðvþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l þ c2in

q
Þ�l!

8v2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
ðv2 � c2l þ c2inÞ5=4

;

�ð�k3Þ ¼ � vþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l þ c2in

q
2
ffiffiffiffiffiffiffiffi�v

p ðv2 � c2l þ c2inÞ1=4

þ cl
ffiffiffiffiffiffiffiffi�v

p ðc2l � c2inÞð�vþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l þ c2in

q
Þ�l!

8v2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
ðv2 � c2l þ c2inÞ5=4

:

(131)

Let us compute now �ðk03Þ and �ð�k03Þ. By using the fact

that k is conserved in the temporal steplike discontinuity
(� k ¼ k4) and the expression of �k03 for small

! (� k03ð�!Þ ¼ � 2
ffiffiffiffiffiffiffiffiffiffi
v2�c2

l

p
cl�l

þ v!
c2
l
�v2 ) we have

�2 ¼ �!þ v

�
� 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
cl�l

þ v!

c2l � v2

�
; (132)

�1 ¼ cin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ k4�2

in

4

s
: (133)

By expanding (122) up to ! these expressions we finally
obtain, at that perturbative level,

�ðk03Þ ¼ �ðk3Þ; �ð�k03Þ ¼ �ð�k3Þ: (134)

We have now all the ingredients to calculate the main
contribution to the Hawking signal in the density-density
correlation for the temporally formed step. We study again
the correlation between the modes uur! and uul�! . As at the
end of Sec. III B, x (x0) is a point in the left (right) region.
The two-point function reads

ω

ω
k

k k
3
’

k 4
’

k

3

4

FIG. 8. ! versus k in the supersonic case.
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hinjfn̂1ðt; xÞ; n̂1ðt0; x0Þgjiniðuur! $ uul�! Þ
¼ n2

Z !max

0
d!½ðAl0�

u Ar0
u j�ðk03Þj2 þ AR

uA
L�
u j�ð�k3Þj2Þ

� ðuul!;� þ uul!;’Þðt; xÞðuur;out!;� þ uur;out!;’ Þðt; x0Þ
þ ðAL

uA
R�
u j�ðk3Þj2 þ AL

uA
R�
u j�ð�k03Þj2Þ

� ðuul;out�!;� þ uul�!;’Þðt; xÞðuur�!;� þ uur;out�!;’ Þðt; x0Þ þ c:c:�:
(135)

The products of the amplitudes are related by

½aur;out! ;aul;out! �¼0)Al�
u A

r
uþAL�

u AR
u �Al0�

u Ar0
u ¼0; (136)

where we have used the relation between in and out !
operators. We neglect the subleading term Al�

u A
r
u and take

into account that at leading-order Al0�
u Ar0

u is real. Thus, we
find

hinjfn̂1ðt; xÞ; n̂1ðt0; x0Þgjiniðuur! $ uul�! Þ
¼ n2

Z !max

0
d!fðj�ðk3Þj2 þ j�ðk03Þj2 þ j�ð�k3Þj2

þ j�ð�k03Þj2Þ � Al0�
u Ar0

u Re½ðuul!;� þ uul!;’Þðt; xÞ
� ðuur!;� þ uur!;’Þðt; x0Þ� þ c:c:g: (137)

By taking in account that

j�ðk3Þj2 þ j�ðk03Þj2 þ j�ð�k3Þj2 þ j�ð�k03Þj2

¼ c2l � c2in � 2v2

v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l þ c2in

q ; (138)

we can finally write down the leading-order contribution to

Gð2Þ, namely

Gð2Þðt; x; x0Þ

¼ 1

4�n

ðv2 � c2l Þ3=2ðc2l � c2r � 2v2Þ
2vclðvþ clÞðv� crÞðcl � crÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l þ c2r

q

� sin½!maxð x0
vþcr

� x
vþcl

Þ�
x0

vþcr
� x

vþcl

; (139)

which modifies the stationary correlation (86) by the factor
(138) that comes from the effect of the temporal formation.
In Fig. (9) we display the plots of Eq. (139), and of the
numerical counterpart along the direction x ¼ x0 � 1. The
picture shows a good agreement, which confirms that the
analytic approximation adopted in this paper is good
enough to capture the essential features of the correlations.
Good agreement exists also for different cuts; for com-
pleteness a 3D contour plot is given in Fig. 10.
Finally, in Fig. (11) we confront the signal between the

eternal step and the temporally formed one. As one can see
already from the analytic approximation, the temporal
formation of the step yields an amplification of the signal.

FIG. 9 (color online). Comparison between the plots of
Eq. (139) and of the numerical counterpart along the direction
x ¼ x0 � 1, where x is in units of the length �. We adopted the
following numerical values: v ¼ �1:01, cl ¼ �v=4, cr ¼
�5v=3, n ¼ 5:1, m ¼ 20:1. With these choices � ’ 0:03 with
ℏ ¼ 1. These values have been chosen of the same order of the
ones used in the simulations studied in [18], so that they
qualitatively match the results of [19].

FIG. 10. Comparison between the plot of Eq. (139) and of the
numerical counterpart, obtained by numerically solving the
integrals without truncating the expressions for the momenta
as in appendix C. The variable y corresponds to x0. The values
are as in Fig. (9).
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VI. FINAL COMMENTS

In this paper we have studied in detail the formation
of acoustic black-hole-like configurations in BECs using
steplike discontinuities. The Hawking signal in the sta-
tionary case (86) and in the case of temporal formation

(139) have stationary peaks (at x0
vþcr

¼ x
vþcl

) of order

Oð!maxÞ �Oð1=�Þ, which lie well inside the nonpertur-
bative regime in �. The results in the hydrodynamical
limit of [17] showed instead a peak of order �2, where
� ¼ dc

dx jx¼0 is the surface gravity of the horizon. It is

clear that in the approximation of spatial steplike dis-
continuities we are working with the surface gravity is
formally infinite and therefore our expression (139)
(and also (86)) regularizes the result of [17] in the
� ! 1 limit, in agreement with the numerical results
of [18].

In [21], it was noted that a simple recipe to take into
account a smooth transition region in cðxÞ around x ¼ 0
of width 	x and surface gravity �� c

	x
is to introduce a

cutoff of order � in the ! integral of (137) by multiplying

the integrand by the function e�!=�. The interplay be-
tween !max and � is such that the final peak is of order

�ð1� e�!max=�Þ, which has the correct � � !max limit,
i.e. !max. However, it is not able to make contact with the
results of the hydrodymamic limit since, when !max � �,
we have a behavior in � which is linear and not quadratic.
Thus, it would be interesting to find an analytical formula
capable to interpolate successfully between these two
limits.
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APPENDIX A

In this appendix we construct the exact in and out basis
for the spatial steplike discontinuities at x ¼ 0 with v ¼ 0
(perturbative results in zl ¼ �!=c are given in the main
text), which have a special interest for the validity of the
unitarity relations. The scattering matrix determined by the
junction conditions is given by

Mscatt ¼ W�1
l Wr; (A1)

where Wl and Wr are given by (22) and (23) respectively.
We recall that the structure of these matrices is determined
uniquely by the matching conditions and by the solutions
to the dispersion relation (14) on the two sides. For v ¼ 0,
this equation reduces to

!2 ¼ c2l

�
ðklÞ2 þ �2

l ðklÞ4
4

�
;

!2 ¼ c2r

�
ðkrÞ2 þ �2

rðkrÞ4
4

�
; (A2)

where cr;l are the speed of sound on the right-hand side and
on the left-hand side of the step, respectively. The solutions
are, on the left-hand side

klu;v ¼ 	
ffiffiffi
2

p
�l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ!2�2

l

c2l

svuut
; (A3)

kld;g ¼ 	 i
ffiffiffi
2

p
�l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ!2�2

l

c2l

svuut
: (A4)

Similarly, on the right-hand side, we have

kru;v ¼ 	
ffiffiffi
2

p
�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ!2�2

r

c2r

svuut
; (A5)

krd;g ¼ 	 i
ffiffiffi
2

p
�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ!2�2

r

c2r

svuut
: (A6)

As we have ku ¼ �kv and kd ¼ �kg, and henceDu ¼ Dv

(see Eq. (15)). Therefore, the matrices Wl and Wr

simplify to

FIG. 11 (color online). Comparison between the (numerical)
plots of the two-point function for the eternal step (86) and for
the temporally formed step (139) along the line x ¼ x0 � 1
where x is in units of the length �. The choice of the parameters
is the same as in Fig. (9).
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Wl ¼

Dl
u Dl

u Gl
� dl�

iklvD
l
u �iklvD

l
u �ikldG

l
� iklgd

l
�

El
u El

u Gl
’ dl’

iklvE
l
u �iklvE

l
u �ikldG

l
’ iklgd

l
’

0
BBBBBB@

1
CCCCCCA; (A7)

and

Wr ¼

Dr
u Dr

u dr� Gr
�

ikrvD
r
u �ikrvD

r
u ikrdd

r
� �ikrgG

r
�

Er
u Er

u dr’ Gr
’

ikrvE
r
u �ikrvE

r
u ikrdd

r
’ �ikrgG

r
’

0
BBBBB@

1
CCCCCA: (A8)

Let us now construct explicitly the ‘‘in’’ and ‘‘out’’ modes
(see details in Sec. III A).

Mode uu;in!;�

Matching conditions at the step dictates that

Al
v

1

0

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

0

Ar
u

Ar
d

0

0
BBBBB@

1
CCCCCA; (A9)

and R0 ¼ Al
v and T0 ¼ Ar

u are the reflection and transmis-
sion coefficients, respectively. By solving the system we
find

jR0j2 ¼ ðklv � krvÞ2
ðklv þ krvÞ2

; (A10)

jT0j2¼ 4½ðklvÞ2�ðkldÞ2�½ðklvÞ2�ðkrdÞ2�½ðkrvÞ2þ 2!
�rcr

�2ðklvÞ2
½ðkrvÞ2�ðkldÞ2�½ðkrvÞ2�ðkrdÞ2�½ðklvÞ2þ 2!

�lcl
�2½klvþkrv�2

�
��������ðD

l
1Þ2

ðDr
1Þ2
��������: (A11)

Note that both R0 and T0 do not depend on the normal-

izations dl;r�ð’Þ. To simplify the above expressions, we first

use the definitions of Dl
u and Dr

u displayed in (15) to find

jT0j2 ¼ 4ðkrvÞ2½ðklvÞ2 � ðkldÞ2�½ðklvÞ2 � ðkrdÞ2�
½ðkrvÞ2 � ðkrdÞ2�½ðkrvÞ2 � ðkldÞ2�½klv þ krv�2

��������dk
l
v

dkrv

��������:
(A12)

By calculating explicitly dklv=dk
r
v and by using the iden-

tities ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2�2

l þ c2l

q
¼ cl

�
�lðklvÞ2

2
þ 1

�
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2�2

r þ c2r

q
¼ cr

�
�rðkrvÞ2

2
þ 1

�
; (A13)

we find

dklv
dkrv

¼ �2
l k

r
v½ð�rk

r
vÞ2 þ 2�

�2
rk

l
v½ð�lk

l
vÞ2 þ 2� : (A14)

By noting further that

ðklvÞ2 � ðkldÞ2 ¼
4

cl�
2
l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2�2

l þ 1
q

;

ðkrvÞ2 � ðkrdÞ2 ¼
4

cr�
2
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2�2

r þ 1
q

;

(A15)

we can write jT0j2 as

jT0j2 ¼ 4ðkrvÞ3½ðklvÞ2 � ðkrdÞ2�
klv½ðkrvÞ2 � ðkldÞ2�½klv þ krv�2

: (A16)

Finally, with the relations

ðkrdÞ2 ¼ � 4!2

ðcr�rk
r
vÞ2

; ðkldÞ2 ¼ � 4!2

ðcl�lk
l
vÞ2

; (A17)

which can be easily proved with Eqs. (A2) and either (A3)
or (A5), we find that

jT0j2 ¼ 4krvk
l
v

ðklv þ krvÞ2
: (A18)

Thus, jT0j2 þ jR0j2 ¼ 1.

Mode uv;in!;�

The scattering matrix is still given by (A1), but now the
system to solve is

Al
v

0

0

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

1

Ar
u

Ar
d

0

0
BBBBB@

1
CCCCCA; (A19)

with R ¼ Ar
u and T ¼ Al

v. Despite the fact that the system
is different, we find the same results as in the previous case,
namely

jRj2 ¼ ðklv � krvÞ2
ðklv þ krvÞ2

; (A20)

jTj2¼ 4½ðkrvÞ2�ðkrdÞ2�½ðkrvÞ2�ðkldÞ2�½ðklvÞ2þ 2!
�lcl

�2ðkrvÞ2
½ðklvÞ2�ðkrdÞ2�½ðklvÞ2�ðkldÞ2�½ðkrvÞ2þ 2!

�rcr
�2½klvþkrv�2

�
��������ðD

r
uÞ2

ðDl
uÞ2

��������; (A21)

thus even in this case unitarity holds. It is easy to see that
these expressions can be obtained by the ones in the case
uu;in! by swapping r $ l, so that the proof that jRj2 þ
jTj2 ¼ 1 follows immediately. The construction of uu;out!;�

and uv;out!;� is now straightforward.
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Mode uu;out!;�

For uu;out!;� we solve

0

Al
u

0

Al
d

0
BBBBB@

1
CCCCCA ¼ Mscatt

Ar
v

1

Ar
d

0

0
BBBBB@

1
CCCCCA; (A22)

where we identify R� ¼ Ar
1 and T� ¼ Al

2 and find

jR�j2 ¼ ðklv � krvÞ2
ðklv þ krvÞ2

; (A23)

jT�j2¼ 4½ðkrvÞ2�ðkrdÞ2�½ðkrvÞ2�ðkldÞ2�½ðklvÞ2þ 2!
�lcl

�2ðkrvÞ2
½ðklvÞ2�ðkrdÞ2�½ðklvÞ2�ðkldÞ2�½ðkrvÞ2þ 2!

�rcr
�2½klvþkrv�2

�
��������ðD

r
uÞ2

ðDl
uÞ2

��������: (A24)

Mode uv;out!;�

For uv;out!;� we solve

1

Al
u

0

Al
d

0
BBBBB@

1
CCCCCA ¼ S

Ar
v

0

Ar
d

0

0
BBBBB@

1
CCCCCA; (A25)

where R0� ¼ Al
u and T0� ¼ Ar

v and get

jR0�j2 ¼ ðklv � krvÞ2
ðklv þ krvÞ2

; (A26)

jT0�j2¼ 4½ðklvÞ2�ðkldÞ2�½ðklvÞ2�ðkrdÞ2�½ðkrvÞ2þ 2!
�rcr

�2ðklvÞ2
½ðkrvÞ2�ðkldÞ2�½ðkrvÞ2�ðkrdÞ2�½ðklvÞ2þ 2!

�lcl
�2½klvþkrv�2

�
��������ðD

l
1Þ2

ðDr
1Þ2
��������: (A27)

In both cases unitarity relations are satisfied.

APPENDIX B

In this appendix we give the perturbative results for the
construction of the in modes for spatial steplike disconti-
nuities at x ¼ 0 for v � 0 (in the subsonic-subsonic case).
The details of how to construct them are given in Sec. III A
with the help of Fig. 1. For simplicity, we will only give
explicitly the amplitudes of the propagating u, v modes.

Mode uv;in!;�

By solving the system (25) we find, for the propagating
modes, at Oðz2l Þ (where zl ¼ �l!=cl)

Al
v ¼ 2

ffiffiffiffiffiffiffiffiffi
clcr

p
cl þ cr

þ i
c3=2l ðcl � crÞcrð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2l � v2

q
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2r � v2
p Þzl

ðcl � vÞðv� crÞðcl þ crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þcrðv2 � c2rÞ

q

þ� z2l c
5=2
l ðcl � crÞ2

8ðv� clÞ3ðvþ clÞ2ðv� crÞ3c3=2r ðvþ crÞ2ðcl þ crÞ
½�v3ðv� crÞ3ðvþ crÞ2 þ v2clðv� crÞ3ðvþ crÞ2

þ c5l ðv3 � v2cr þ 3vc2r þ c3rÞ þ vc4l ð�v3 þ crðv2 þ crðvþ 3crÞÞÞ
þ c3l ð�2v5 þ crð2v4 þ crðvþ crÞð�5v2 þ 2vcr þ c2r � 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
ÞÞÞ

þ vc2l ð2v5 þ crð�2v4 þ crðvþ crÞð�3v2 � 2vcr þ 3c2r � 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
ÞÞÞ�; (B1)

Ar
u ¼ cl � cr

cl þ cr
� i

c2l ðcl � crÞcrðv2 � c2r þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc2l � v2Þðc2r � v2Þ

q
Þzlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2l � v2
q

ðcl þ crÞðv2 � c2rÞ2
þ c3l ðcl � crÞz2l

4ðv2 � c2l Þ2crðcl þ crÞðv2 � c2rÞ3

� ½2c5l c3r � v2ðv2 � c2rÞ3 þ c4l ð�v4 þ c4rÞ þ c2l ð2v6 � v4c2r � 2v2c4r þ c6rÞ
þ 2c3l c

3
rð�3v2 þ c2r � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
Þ þ 2v2clc

3
rð�c2r þ 2ðv2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
ÞÞ�: (B2)

The important check is the unitarity relation jAl
vj2 þ jAr

uj2 ¼ 1, which is satisfied quite nontrivially at Oðz2l Þ, as

jAl
vj2 ¼ 4clcr

ðcl þ crÞ2
� z2l c

3
l ðcl � crÞ2

2ðv� clÞ3ðvþ clÞ2ðv� crÞ3crðvþ crÞ2ðcl þ crÞ2
½v3ðv� crÞ3ðvþ crÞ2 � v2clðv� crÞ3ðvþ crÞ2

þ vc4l ðv� crÞðv2 þ c2rÞ � c5l ðv� crÞðv2 þ c2rÞ þ c2l ðcl � vÞð2v5 þ crð�2v4 þ crðvþ crÞðv� crÞ2ÞÞ�; (B3)
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jAr
uj2 ¼ cl � cr

cl þ cr
þ c2l ðcl � crÞcrðv2 � c2r þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
Þzlffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2 � c2l

q
ðcl þ crÞðv2 � c2rÞ2

þ c3l ðcl � crÞz2l
4ðv2 � c2l Þ2crðcl þ crÞðv2 � c2rÞ3

� ½2c5l c3r � v2ðv2 � c2rÞ3 þ c4l ð�v4 þ c4rÞ þ c2l ð2v6 � v4c2r � 2v2c4r þ c6rÞ
þ 2c3l c

3
rð�3v2 þ c2r � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
Þ þ 2v2clc

3
rð�c2r þ 2ðv2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
ÞÞ�: (B4)

Modes uuin!;�

The construction proceeds from Eq. (32), which gives, at Oðz2l Þ

Al
v ¼ cr � cl

cl þ cr
� i

c3l ðcl � crÞð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2l � v2

q
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2r � v2
p Þzl

ðc2l � v2Þ3=2ðcl þ crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p þ c3l ðcl � crÞz2l
4ðc2l � v2Þ3crðcl þ crÞðv2 � c2rÞ2

� ½�v4ðv2 � c2rÞ2 þ v4c2l ð3v2 � c2rÞ þ 2c5l crðc2r � v2Þ þ c6l ðv2 þ c2rÞ þ c4l ð�3v4 � 2v2c2r þ c4rÞ
þ 2c3l crðc2r � v2Þðc2r � 2ðv2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
ÞÞ�; (B5)

Ar
u ¼

2
ffiffiffiffiffiffiffiffiffi
clcr

p
cl þ cr

� i
c3l

ffiffiffiffiffi
cr

p ðcl � crÞð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2l � v2

q
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c2r � v2
p Þzl

ðvþ clÞ3=2ðvþ crÞðcl þ crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
clðcl � vÞðc2r � v2Þp

þ c5=2l ðcl � crÞ2z2l
8ðv� clÞ2ðvþ clÞ3ðv� crÞ2c3=2r ðvþ crÞ3ðcl þ crÞ

½v3ðv� crÞ2ðvþ crÞ3 þ v2clðv� crÞ2ðvþ crÞ3

þ c5l ðv3 þ crðv2 þ 3vcr � c2rÞÞ þ vc4l ðv3 þ crðv2 � vcr þ 3c2rÞÞ
þ �vc2l ð2v5 þ crð2v4 � ðv� crÞcrð3v2 � 2vcr � 3c2r þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
ÞÞÞ

þ �c3l ð2v5 þ crð2v4 þ ðv� crÞcrð5v2 þ 2vcr � c2r þ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv2 � c2l Þðv2 � c2rÞ

q
ÞÞÞ�: (B6)

The unitarity relation jAl
vj2 þ jAr

uj2 ¼ 1 is again nontri-
vially satisfied at Oðz2l Þ, being

jAl
vj2 ¼

�
cr � cl
cl þ cr

�
2 � z2l c

3
l ðcl � crÞ2

2ðv2 � c2l Þ3crðcl þ crÞ2ðv2 � c2rÞ2
� ½v4ðv2 � c2rÞ2 þ v4c2l ðc2r � 3v2Þ � c6l ðv2 þ c2rÞ
þ c4l ð3v4 þ 2v2c2r � c4rÞ�; (B7)

jAr
uj2¼ 4clcr

ðclþcrÞ2

þ z2l c
3
l ðcl�crÞ2

2ðv�clÞ2ðvþclÞ3ðv�crÞ2crðvþcrÞ3ðclþcrÞ2
�½v3ðv�crÞ2ðvþcrÞ3þv2clðv�crÞ2ðvþcrÞ3
þvc4l ðvþcrÞðv2þc2rÞþc5l ðvþcrÞðv2þc2rÞ
þc2l ðclþvÞð�2v5þcrð�2v4�ðv�crÞcrðvþcrÞ2ÞÞ�:

(B8)

APPENDIX C

In this appendix we extend the leading-order results of
the calculations of the amplitudes of the propagating

modes u3;in!;� and u4;in�!;� , in the case of the subsonic-

supersonic spatial steplike discontinuity. With these, we
are able to check the unitarity relations.
Modes u4in�!;�

The amplitudes depicted in Fig. 4 are:

Ar0
u ¼

ffiffiffiffiffiffiffi
2cr

p ðv2 � c2l Þ3=4ðvþ crÞ
cl

ffiffiffiffi
zl

p ðc2r � c2l Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ

þ ðAþ iBÞ ffiffiffiffi
zl

p
; (C1)

Al0
v ¼ ðv2 � c2l Þ3=4ðvþ crÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðcl þ crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p
� ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ þ ðCþ iDÞ ffiffiffiffi

zl
p

; (C2)

Al0
u ¼ ðv2 � c2l Þ3=4ðvþ crÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðcl � crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p
� ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ þ ðEþ iFÞ ffiffiffiffi

zl
p

: (C3)

where
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A ¼ ð�8v6 þ 2vc4l ð�2vþ crÞ þ 2v2crðv3 þ 4v2cr � 2c3rÞ þ c2l ð7v4 � crð4v3 � 2v2cr þ c3rÞÞÞcl ffiffiffiffiffiffiffiffi
crzl

p
2

ffiffiffi
2

p
vðv2 � c2l Þ3=4ðv� crÞ2ðvþ crÞðc2l � c2rÞ

; (C4)

B ¼ �ð8v3 þ 6v2cr þ c2l ð�vþ crÞÞcl
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
crð�v2 þ c2rÞzl

p
2

ffiffiffi
2

p
vðv2 � c2l Þ1=4ðv2 � c2rÞðc2l � c2rÞ

; (C5)

C ¼ 1

4
ffiffiffi
2

p
vðv2 � c2l Þ3=4ðv� crÞ2ðvþ crÞðcl þ crÞ

½8v6 þ 2v2c4l þ 2vclc
2
rðv2 � c2rÞ þ 2vc3l ð�v2 þ c2rÞ

þ c2l ð�7v4 þ 2v3cr þ 2v2c2r � 2vc3r þ c4rÞ þ 2v2crð�v3 þ crð�4v2 þ crðvþ crÞÞÞ� ffiffiffiffiffiffiffiffi
clzl

p
; (C6)

D ¼ � ð8v3 þ 6v2cr þ c2l ð�vþ crÞÞ ffiffiffiffiffiffiffiffi
clzl

p

4
ffiffiffi
2

p
vðv2 � c2l Þ1=4ðcl þ crÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�v2 þ c2rÞ
p ; (C7)

E ¼ 1

4
ffiffiffi
2

p
vðv2 � c2l Þ3=4ðv� crÞ2ðcl � crÞðvþ crÞ

½8v6 þ v2c2l ð�7v2 þ 2clðvþ clÞÞ þ 2v3ð�v2 þ c2l Þcr
� 2vð4v3 þ clðv2 � vcl þ c2l ÞÞc2r þ 2vðv2 � c2l Þc3r þ ð2v2 þ 2vcl þ c2l Þc4r�

ffiffiffiffiffiffiffiffi
clzl

p
; (C8)

F ¼ � ð8v3 þ 6v2cr þ c2l ð�vþ crÞÞ ffiffiffiffiffiffiffiffi
clzl

p

4
ffiffiffi
2

p
vðv2 � c2l Þ1=4ðcl � crÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið�v2 þ c2rÞ
p : (C9)

Their squared modulus read

jAr0
2 j2 ¼

2crðv2 � c2l Þ3=2ðvþ crÞ
c2l zlðc2l � c2rÞðv� crÞ

þG; (C10)

jAl0
1 j2 ¼

ðv2 � c2l Þ3=2ðvþ crÞðcr � clÞ
2c3l zlðcl þ crÞðcr � vÞ þH; (C11)

jðAl
2Þ�<0j2 ¼ ðv2 � c2l Þ3=2ðvþ crÞðcl þ crÞ

2c3l zlðcl � crÞðv� crÞ
þ I; (C12)

where

G ¼ crð�2v4 þ 4v2c2r þ c2l ð�3v2 þ c2rÞÞ
vðv� crÞ2ð�c2l þ c2rÞ

; (C13)

H ¼ ðcl � crÞð2v4 � 2v2crðvþ crÞ þ c2l ðv2 þ 2vcr � c2rÞ þ 2vclð�v2 þ c2rÞÞ
4vclðv� crÞ2ðcl þ crÞ

; (C14)

I ¼ ðcl þ crÞð2v4 � 2v2crðvþ crÞ þ 2vclðv2 � c2rÞ þ c2l ðv2 þ 2vcr � c2rÞÞ
4vclðv� crÞ2ðcl � crÞ

: (C15)

The above amplitudes satisfy the unitarity condition jAr0
u j2 þ jAl0

vj2 � jAl0
uj2 ¼ �1 at this perturbative level.

Modes u3;in!;�

The amplitudes sketched in Fig. 4 turn out to be

AR
u ¼

ffiffiffiffiffiffiffi
2cr

p ðv2 � c2l Þ3=4ðvþ crÞ
cl

ffiffiffiffi
zl

p ðc2r � c2l Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ � ðA� iBÞ ffiffiffiffi

zl
p

; (C16)

AL
v ¼ ðv2 � c2l Þ3=4ðvþ crÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðcl þ crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ � ðC�DÞ ffiffiffiffi

zl
p

; (C17)
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AL
u ¼ ðv2 � c2l Þ3=4ðvþ crÞ

c3=2l

ffiffiffiffiffiffiffi
2zl

p ðcl � crÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

p ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2r � v2

q
þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 � c2l

q
Þ � ðE� iFÞ ffiffiffiffi

zl
p

; (C18)

where

jAR
u j2 ¼ 2crðv2 � c2l Þ3=2ðvþ crÞ

c2l zlðc2l � c2rÞðv� crÞ
�G; (C19)

jAL
vj2 ¼ ðv2 � c2l Þ3=2ðvþ crÞðcr � clÞ

2c3l zlðcl þ crÞðcr � vÞ �H; (C20)

jAL
u j2 ¼ ðv2 � c2l Þ3=2ðvþ crÞðcl þ crÞ

2c3l zlðcl � crÞðv� crÞ
� I: (C21)

Again, one sees that jAR
u j2 þ jAL

v j2 � jAL
u j2 ¼ 1 is satisfied.
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