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Phantom black holes and sigma models
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We construct static multicenter solutions of phantom Einstein-Maxwell-dilaton theory from null
geodesics of the target space, leading to regular black holes without spatial symmetry for certain discrete
values of the dilaton coupling constant. We also discuss the three-dimensional gravitating sigma models
obtained by reduction of phantom Einstein-Maxwell, phantom Kaluza-Klein and phantom Einstein-
Maxwell-dilaton-axion theories. In each case, we generate by group transformations phantom charged

black hole solutions from a neutral seed.
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I. INTRODUCTION

Phantom gravitating field theories are theories where
one or more of the matter fields appear in the action with
a kinetic term of the “wrong sign”’, so that they are coupled
repulsively to gravity. This implies the violation of the null
energy condition p + p = 0. At the quantum level, such
hypothetical fields could form a ‘“ghost condensate”
vacuum, which would lead to modifications of gravity in
the infrared limit [1]. Present observational evidence can-
not rule out this possibility, and even under certain
conditions it seems to favor a phantom scenario. For ex-
ample, the seven-year WMAP results, combined with
BAO and H,, data, indicate that, imposing a constant
equation of state parameter @ = p/p, it comes out
that w = —1.10 £ 0.14 for a flat universe, and w =
—1.44 =+ 0.27 for a nonflat universe [2]. Ghost condensate
models may also lead to a singularity-free primordial
scenario generating a perturbation spectrum in agreement
with the present observations [3].

The presence of phantom fields in the action results in
interesting new possibilities for stationary solutions, such
as wormhole solutions in the case of a phantom scalar field
[4], zero-mass black holes [5], and cold black holes with a
multiply degenerate horizon and an infinite horizon area
[6,7]. The static, spherically symmetric black hole solu-
tions to Einstein-Maxwell-dilaton (EMD) theory with
phantom Maxwell and/or dilaton field were systematically
investigated in [8]. Nine classes of asymptotically flat
phantom black holes, as well as two classes of nonasymp-
totically flat phantom black holes, were found, and their
causal structure was analyzed, leading to a rich variety of
16 different types of causal structures.
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The purpose of the present work is to go beyond the
static spherically symmetric approach of [8] by using non-
linear sigma-model techniques. Dimensional reduction of a
sector of four- or higher-dimensional gravitating field theo-
ries to three dimensions leads to a gravitating sigma model
(see e.g. [9,10]). Besides providing a path (essentially
equivalent to that followed in [8]) to the construction of
static spherically symmetric solutions as target space (or
potential space) geodesics, the sigma-model approach can
be used to generate new solutions in two ways. First,
solutions without spatial symmetry, also called multicen-
ter, or Bogomolny’i-Prasad-Sommerfield (BPS), solutions
generalizing the static Majumdar-Papapetrou solutions of
Einstein-Maxwell (EM) theory [11] and their stationary
counterpart [12] can be constructed from null geodesics of
the target space [13,14]. Second, in special cases the target
space is a symmetric space, or coset, leading to the possi-
bility of generating new solutions, e.g., stationary axisym-
metric solutions, by applying group transformations to the
coset representative of a seed solution.

In the present paper, we shall follow the two approaches
just described. In the next section, we consider the target
space for static solutions of phantom EMD, and show that
the null geodesics of this target space lead, for certain
discrete values of the dilaton coupling constant, to regular
multicenter black hole solutions. In Sec. III we review
the sigma model for stationary Einstein-Maxwell theory,
and construct the sigma model for stationary phantom
Einstein-Maxwell (EM) theory. We then consider in
Sec. IV the sigma model for five-dimensional Einstein
theory with two timelike Killing vectors, which is equiva-
lent to stationary phantom EMD theory for the special
value A = —+/3 of the dilaton coupling constant. We apply
the matrix method to generate a phantom charged rotating
black hole solution from the Kerr solution. In Sec. V, we
first review and derive the properties of the cosets for
Einstein-Maxwell-dilaton-axion (EMDA) and its phantom
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counterpart (EMDA), and again apply the sigma-model
approach to generate a charged rotating black hole solution
of EMDA. The last section contains our conclusions.

II. STATIC PHANTOM EMD:
MULTICENTER SOLUTIONS

We consider the string-inspired action

§=- fd“x\/—g[R = 21,89 ,$3,

+ mye?OF,  FH), 2.1
which describes Einstein-Maxwell-dilaton gravity, with A
the real dilaton-Maxwell coupling constant, and 7, 717, the
dilaton-gravity and Maxwell-gravity coupling constants.
Normal EMD corresponds to 7, = n; = +1, while phan-
tom couplings of the Maxwell field F = dA or/and dilaton
field ¢ are obtained for n, = —1 or/and n; = —1. For
short, we call the corresponding theories, which include
EMD (9, = +1, 7, = —=1), EMD (9, = =1, g, = —1)
and EMD (0, = —1, n, = —1), phantom EMD.

EMD and its phantom derivatives are invariant under an
electric-magnetic duality exchanging electric and mag-
netic fields and simultaneously reversing the sign of the
dilaton field. For this reason, we can restrict the investiga-
tion of static solutions to the purely electric case, and
parametrize the spacetime metric and the electric field by

1

—a,v (2.2)
\/E i
(i =1, 2, 3). Then, the original four-dimensional EMD
equations can be reduced to a three-dimensional problem
deriving from the gravitating sigma-model action [15]

ds2 - fdtz - fﬁlhijdxidxj, Fi() -

83 = f BxVh[R(h) — Gu(X)9,;X49,XPhiT],  (2.3)

where R(h) is the Ricci scalar constructed from the
3-dimensional metric /;;, and G,p(X) is the target space
metric, with X! = £, X2 = v, X> = ¢,

2 A B_df2_772 20 7,2 2
dl- = GABdX dx’® = ey —e dv- + 27]1d¢ .
2/ f
2.4
The field equations derived from (2.3) are
R”(l’l) = GABGiXAanB, (25)

. 1 .
ai('\/zhl]GABanB) - EaAGBC(:)iXBanCh’U\/Z’ (26)

(04 = 9/0X*). If now we assume that the coordinates
X = X(0) depend on a single potential function o (x’),
we have the freedom to choose the potential o to be
harmonic (Vio- = 0) [10], reducing thus (2.5) and (2.6) to
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dr
le(h) = Fai(faj(f,

d dx® 1 dx® daxc¢
—\Gig— ) ==0,Gge—— ——.
da‘( AB da’) 247 o do

Equations (2.8) are the geodesic equations for the target
space (2.4). Null geodesics

2.7)

(2.8)

GupXAXBE =0  (dI?>=0) 2.9)

(with "= d/do) lead to a Ricci-flat, hence flat, reduced
3-space of metric h;; [13,14]. In that case, the Laplacian %
becomes a linear operator, so that an arbitrary number of
harmonic functions may be superposed, leading to a multi-
center solution

LGEDY < (2.10)

7 =7
(up to an additive constant).

The null geodesic condition (2.9) can be interpreted as
the condition for the balance between attractive and repul-
sive forces acting on the “particles’ located at the centers
7 = F;. Defining the mass M, electric charge Q and dila-
tonic charge D of an individual particle from the asymp-
totic behavior (in the gauge ¢(o0) = 0)

2M
fo1-M ke
r r

6~2 (-
r

Q2.11)

with o = ¢/r, we see that the null geodesic condition (2.9)
for the metric (2.4) translates into the condition

M? — n,0% + n,D* = 0. (2.12)

In the case of EMD (which generalizes the Einstein-
Maxwell case), the repulsive electrostatic force balances
the attractive gravitational and dilatonic forces. However
balance can also be achieved in the phantom cases of
EMD (repulsive electrostatic and dilatonic forces) or EMD
(repulsive dilatonic force, the electrostatic force being
attractive), but not of EMD (all the forces are attractive).

The geodesics for the metric (2.4) are obtained by solv-
ing the coupled system of equations

ff = 2= maferdi?, (2.13)
(f e i) =0, (2.14)
2fd = —m myre? A2, (2.15)

To separate this system, we introduce the auxiliary
function

w =% Inf — A (2.16)

Equation (2.14) may be integrated to
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with ¢ an integration constant. Replacing this in the two
other geodesic equations leads to the decoupled system

(2.17)

¢ = —mmArg’e™, (2.18)
@ = MyAyqe’, (2.19)
with
Ay =1+ n9A2% (2.20)
An obvious first integral of this system is
Ao+ mAid =k (2.21)

with k a second integration constant. Equation (2.19) may
also be first integrated to

@2 = A g*e*® + d?, (2.22)

with a® a third integration constant. Finally, the null
geodesic equation gives

(@ + A¢) — mg*e® + 1,¢° = 0. (2.23)

In the generic case A, # 0, inserting (2.21) and (2.22)

into (2.23) leads to the constraint between the integration

constants

a’> + n k> =0. (2.24)

In the special case A, = 0, meaning n; = —land A> = 1,

the comparison of (2.21) and (2.22) shows that the con-
straint (2.24) must again be satisfied.

To analyze the null geodesic solutions, we shall make

use of the results of [8]. The static, spherically symmetric
metric ansatz used in [8] is

ds2 — e2(a)+/\¢)dt2 _ 872(0)+’\¢)(€4Jd142 + eszQZ).
(2.25)

The reduced spatial metric in (2.25) is Euclidean,
ds3 = dr* + r’dQ?, if u is harmonic, u = r~!, and if
J = —In|u| corresponding to b = 0 in Eq. (2.18) of [8].
Our master Eq. (2.22) thus coincides with the master
equation 2.14 of [8] with the variable u = o, while our
constraint (2.24) coincides with the constraint (2.22) of [8]
with b = 0. We shall only discuss here the various solu-
tions which lead to regular (multi)-black holes.
Generically, the various centers 7 = 7; of (2.10) will cor-
respond to horizons o — oo (however there may be other
horizons, see below), spacelike infinity 7 — oo correspond-
ing to o = 0. We also expect that the solutions will be
generically singular unless all the ¢; in (2.10) are of the
same sign, which we will assume positive, thus restricting
the domain of o to o = 0 (this is opposite to the sign
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convention used in [8]). The solutions can be classified
according to the range of a” and the sign of § = 1,1, g>.

(1) a>>0,5<0.

l;izlcoshz[a(ao - 0)]

2w —

(2.26)

with o an integration constant. The metric function
f is related to this by the relation (valid whenever

A, #0)
f = cle 20e 2mAka)=1/A 2.27)

Here a is real, so 7; = —1 and k = *|a| from

(2.24). We find that near a horizon
focexpl—2lala/(1 F A)], (2.28)

which is a nonanalytic function of r (o = r~!). So
we discard this singular solution.
2) a>>0,3=0.
w = aloy — 0), (2.29)
This can be divided into two subcases. For A, # 0
(g> =0), f is given exactly by (2.28) (with |a|
replaced by a), leading again to a singular horizon.
For A, = 0, we find

Inf = %62(1(0070) — ao +const,  (2.30)
2a
also leading to a singular horizon.
3) a>>0,3>0.
e 20 = %Sinh2[a((ro - o)l (2.31)
a

Now, besides the singular horizon at o — oo,
there is also (if oy > 0) a horizon at o = oy if
Ay < 0. The metric can be extended a la Kruskal
across this horizon if the metric function (2.27) is an
analytic function of oy — o, which is the case only
if A, = —2/p (p positive integer). The values of
the coupling constants allowing such regular multi-
center solutions are thus

A2=p+2
—P ,

m =1 m =1

(2.32)

corresponding to EMD. The explicit solution is
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)

ds = [Sinh[a(cfo - a)]ermaa] »
sinhao,

[sinh[a(o-o - o-)]ei“h"’:l—p Y
- . dx=,
sinhao

sinhao

o P
Ao= 8‘/;sinh[a(0'0 g

1 sinh[a(oy— o)] .
d)_ﬁ((‘n—i—Z)ln[—sinha(ro ]_pl/\laa),

(2.33)

where ¢ = *1, and we have normalized o by

e =1 (2.34)

The total mass, electric charge and dilatonic charge

M = %(cothaao F|Al,

N (2.35)
0 8‘/;sinhacro’

D= _%Sign()\)(l)\l cothaory + 1)

are related by the balance condition
M?* + Q*> = D% (2.36)

Note that in this case the singular centers 7 = F;
(00— +o00) are hidden behind the horizon (of
order p) o = 0, and that the number of connected
components of this horizon may be smaller than
the number of the centers. As discussed in
Subsection IV.C, case (3.b) of [8], where the
Penrose diagrams for the one-center case are given,
for the up sign in (2.33) the central singularities are
spacelike for p odd or timelike for p even, while for
the down sign in (2.33) they are null. The area of
each horizon component is infinite, so that these
multicenter black holes have a vanishing tempera-
ture, i.e., are cold black holes [6,7].

a’>=0,g3>0.

e = glog — 0), (2.37)
leading to
[ log = al 74 (2.38)

We must distinguish between three subcases accord-
ing to the value of o :

a) 0y > 0. As in the preceding case, o = oy is a
regular horizon of order p if A, = —2/p (implying
n; <0 and 7, <0 so that this case corresponds
again to EMD), i.e. for the values of the coupling
constants given in (2.32). The explicit solution is
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oM M \-
ds? = (1 - —a)”dﬂ - (1 - —0') a2,

p p
A — 2 Mo
0= LT = 2Mo/p (2.39)
+2 2M
p=L"< ln<1 ——0‘),
22 p

with o again normalized by (2.34), and
oo = p/(2M). The total mass M, electric charge
Q = &(2/p)"/>M and dilatonic charge D = —AM
are again related by the balance condition (2.36),
and the horizon area is again infinite. The global
structure in the one-center case is discussed in
Subsection IV.D, case (2) of [8].
B) 0,<0. Then the various centers F = F
each correspond to a connected component of the
event horizon o — o0, which is regular of order p if
A, = 2/p, implying 1, > 0. This can occur either
for n; = +1, i.e. for normal EMD (the correspond-
ing multicenter solutions have been discussed in
[16,17]), or for n; = —1 (EMD), i.e. if'
pe—r—2
p

m =1 m, = t1,
(2.40)

with p = 2. The explicit solution is

2M  \— 2M
ds? = (1 + —0') pdtz - (1 + —a’)pd)'c’z,

p p
Ay — e r MO 241
0= & pl+2Ma/p’ (2.41)
—2 oM
R ln<1 + —0').
2A p

with o normalized by (2.34), and oy = —p/(2M).
The total electric charge and dilatonic charge are
again Q = £(2/p)'/?M and D = —AM, but the
balance condition now reads

M2 = Q>+ D2 (2.42)

For p=2 (A =0), we recover the Majumdar-
Papapetrou multi-black holes of Einstein-Maxwell
theory. For p > 2, the horizon area is again infinite.
The global structure in the one-center case is dis-
cussed in Subsection IV.D, case (1) of [8].

v) oy = 0. Again the horizon o = o is regular
for the values of the coupling constants (2.40),
however f o« ¢~2/*+ does not go to a constant at
spacelike infinity (o — 0), so that the metric is

'For n, = +1, the relation A2 = (p — 2)/p means that the
solution can be lifted to a solution of the EM equations in a
higher (p + 2)-dimensional space [18]. Such a lift is not possible

= -1
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nonasymptotically flat. While regular nonasymp-
totically flat black hole solutions of EMD are known
to exist in the normal case [17], it is easy to show
that in the present case the Ricci scalar diverges at
spatial infinity, so that these solutions do not corre-
spond to regular black holes.?

(5) a> <0, §>0. In this case, 5, >0 from (2.24),
so that A, is positive definite, and g > 0 implies
n, >0, corresponding to normal (nonphantom)
EMD [16,17].

III. STATIONARY EM THEORY

Now we generalize our investigations to the case of
stationary phantom EMD, i.e., we drop the restrictive
assumption of staticity. As shown in [15], the target spaces
for stationary normal EMD reduced to three dimensions
are symmetric spaces in only two cases: A =0, and
A= —\/5. The third case A = —1 also leads to a symmet-
ric space after enlarging the theory to EMDA [19]. In the
following we shall consider the corresponding phantom
cases, which lead to symmetric spaces only for n; = +1
(which will allow us to simplify the notation and write 7
instead of 7),). We first discuss the case A = 0.

Let us first briefly recall the standard procedure [10] for
reducing the four-dimensional Einstein-Maxwell theory
deriving from the action

S=- fd“xJ—g[’R + F,,F*], (3.1)
to an effective three-dimensional gravitating sigma-model
theory. Assuming the existence of a timelike Killing vector
d,, the metric may be parametrized by

ds* = f(dt — wdx')* — f~'h;;dx'dx/, (3.2)
where f, w;, and the reduced spatial metric h;; depend
only on the three space coordinates x' (i = 1, 2, 3).
The stationary Maxwell tensor field may be split into
electric and magnetic components deriving from two
three-dimensional scalar potentials » (electric) and u
(magnetic) according to
Fiy = 0v, Fii = fh='2glikg,u, (3.3)
(% is the totally antisymmetric symbol, with &'?* = 1).
Finally, solving the mixed G}, = 0 Einstein equations en-
ables us to trade the three-dimensional vector w; for the
three-dimensional scalar twist potential y such that
8,-X = _th*I/Zhijsjklakwl + 2(148,1/ - I/Giu). (34)
The remaining Einstein-Maxwell equations then reduce to
the following three-dimensional Ernst equations [20]

This point was overlooked in [8].
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fV2E=VE - (VE+ 24V ),
V2 =V - (VE+2¢Vy),

1 - - -
.ﬁRMm==R{§&u&ﬁ+2¢&u¢w‘ag%a¢w]
(3.5)
where the complex Ernst potentials are defined by

E=f+ix— ¢y, y=v+iu  (3.6)
and the dot product and covariant derivative V are defined
in terms of the spatial metric 4;;. The gravitating sigma-
model Eq. (3.5) are invariant under an eight-parameter
group SU(2, 1) of transformations acting on the target
space coordinates £ and ¢ and leaving invariant the spatial
metric /;;. The action of this group may be linearized by
introducing the complex Kinnersley potentials [21] (U, V,
W), related to the Ernst potentials by

U-W - 1%
U+Ww’ U+ W’

(3.7)

This parametrization is only apparently redundant, the
Kinnersley potentials being defined by (3.7) up to a com-
plex local rescaling @ (¥) — &(X)P(X) (£(X) € C) of the
“spinor” ® = (U, V, W), allowing, e.g., to fix the value of
the norm || @ ||>= |U|*> + |V|*> — |[W|%. The gravistatic
potential f is simply related to the Kinnersley potentials by

U + V> — [W]?

=Ref+ Y = 3.8
f=ReE+ ¢y U+ Wi (3-8)

Now, consider the general action
S=- /‘d“x«/—g[fR + nF,,F*"], (3.9)

which describes the Einstein-Maxwell theory if n = +1,
and the Einstein-anti-Maxwell theory if 7 = —1. The
reduction of the stationary Einstein-anti-Maxwell theory
to an effective three-dimensional gravitating sigma model
closely parallels that of the Einstein-Maxwell theory, so
that it is sufficient to identify the equations where the
sign of 7 (or, in other words, the sign of the gravitational
constant) comes in. The definition (3.4) of the twist poten-
tial becomes

dx = —fzhfl/zh,-jsjklﬁkwl + 2n(ud;v — vo;u), (3.10)
and the definition of the generalized Ernst potentials
(3.11)

E=f+ix—nyy, Y =v+iu,

leads to the generalized Ernst equations
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FV2E = VE- (VE+ 20§V i),
V2 =V - (VE+ 299V ),
1 - - -
FRy) = Re| 3 E4e By #2200 1y |
(3.12)

These equations may also be obtained from the Eqs. (3.5)
by replacing & with n& and f with 7nf, suggesting
the definition of the generalized Kinnersley potentials
(U’ V? W)

u-w 1%

E =0 lﬁ:m,

UT W (3.13)

in terms of which we express the scalar function f as

U + IVI> = [W]?

|U + W|?

Using (3.13) and (3.14) in Egs. (3.12), the latter, once
written in terms of (U, V, W), take the same form as
Egs. (3.5) do when they are expressed in terms of the
previously defined Kinnersley potentials in (3.7). Thus,
Egs. (3.12) remain invariant when acted upon by
SU(2, 1), which keeps the norm |U|*> + |V|> — |W|? invari-
ant so that the sign of f is also invariant. Then, using the
third line in (3.12) one concludes that the spatial metric A;;
is also invariant.

Asymptotically flat field configurations are such that, up
to a gauge transformation, f(co) = 1 with the three other
scalar potentials y, v and u vanishing at spatial infinity,
leading, from the third Eq. (3.12), to an asymptotically
flat reduced spatial metric h;;. Thus, at spatial infinity
(|X|] = 0), the spinor @, (o0) representing any asymptoti-
cally flat solution is of the form

D, (0) = (1,0,0)

f=m (3.14)

(n=+1), (3.15)

® _(0) =(0,0,1) (p=-1).

The asymptotic behavior (3.15) is preserved, up to a
complex rescaling, by the transformations of the sub-
group U(1, 1) mixing V and W on the one hand, by the
transformations of the subgroup U(1) changing the phase
of U on the other hand, and more generally by the product
of two such transformations up to a complex rescaling,
ie. by the transformations of the isotropy subgroup

+=38[U(1,1) X U1)] C SU2,1). The coset space
for stationary Einstein-Maxwell theory (n = +1) is thus
SU12,1)/S[U(1, 1) X U(1)] [9]. Similarly, the asymptotic
behavior (3.16) is preserved (up to a rescaling) by the U(2)
transformations mixing U and V on the one hand, and by
the U(1) transformations acting on W on the other hand,
generating the isotropy subgroup H_ = S[U(2) X U(1)].
So the coset space for stationary Einstein-anti-Maxwell
theory (g = —1) is SU(2, 1)/S[U(2) X U(1)].

(3.16)
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A simple application is the generation of static phantom
charged black holes from the Schwarzschild solution f, =
1 —2M,/r. The spinor representing the Schwarzschild
solution is (up to a rescaling)

(I)O = (Mo, 0, r— Mo) (317)

Acting on this by SO(2) transformations parametrized by
an angle « leads to

® = (Mycosa, Mysina, r — M), (3.18)

which corresponds to the phantom Reissner-Nordstrom
solution [5]

ds® = (1 - @)(1 - r%)dﬂ
r r
-1 -1
- (1 - VT*) (1 ~ r;) AP — Pd0?,
r r

, (3.19)

with 7 =r+ r_, = My(1 + cosa), r_ =
—Mo(l - cosa) 0= MO sma The black hole mass

= (ry +r_)/2 = Mycosa vanishes for a = 7/2.2
Then the black hole mass becomes negative, until the
limiting value M = —M,, is attained, corresponding (not
surprisingly) to the singular Schwarzschild solution with
negative mass.

IV. STATIONARY PHANTOM
KALUZA-KLEIN THEORY

Let us consider the vacuum Einstein-Hilbert action
in 5D

= — f dxy—OgOR. 4.1)

The theory may be reduced a la Kaluza-Klein to four

dimensions by assuming the existence of a Killing vector

ds which may be either spacelike (as usually assumed),

corresponding to 7 = +1, or timelike (this is the phantom

case), corresponding to 7 = —1. The generalized Kaluza-
Klein ansatz

ds(zs) = 62¢/‘/§(4)g#,,(x“)dx“dx”

— e 4B (dxS + 24, dxm 2 (4.2)
leads to the reduced action
= - /d‘*x\/T‘)g[(‘“:R —2Wgrrgy b,
+ e 2o, Fr) (4.3)
*The corresponding SO(2) transformation is U = —V,,

V = Uy. In the EM case, this transformation generates from
the Schwarzschild solution the nonasymptotically flat Bertotti-
Robinson solution [22], which is not possible here.
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for normal (n = +1), or phantom (n = —1) Einstein-
Maxwell-dilaton (EMD or EMD) theory [8] with dilaton
coupling constant A = —/3.

The four-dimensional theory (4.3) may further be re-
duced to three dimensions by assuming stationarity, i.e. the
existence of a second, timelike, Killing vector .
Equivalently, we can directly reduce the five-dimensional
theory (4.1) to three dimensions by assuming the existence
of two commuting Killing vectors 9, and ds, with the first
timelike and the second spacelike or timelike according to
the sign of 1. We require the reduced three-space to be
topologically Euclidean, so that the signature of the five-
dimensional spacetime metricis + — — — — for n = +1,
and + + — — — for » = —1.* The five-to-three reduction
is parametrized according to the metric ansatz [23]

ds(zs) = Agpldx® + V4,dx'|[dx" + Vbjdxj]
- Tﬁlhijdxidxj, 4.4)

where a, b =0, 5 and 7 = | det[A,,]|. The 3-vectors V¢,
may be dualized to scalar twist potentials w, via the

relations
wq; = |hI7 2 rhy Ay 8™V . 4.5)

The remaining field equations derived from (4.1) may be
written as the three-dimensional sigma-model system [23]

1
R;;(h) = 1 tlxy 'oxx o x] (4.6)

Vix 'o'x) =0,

where y is the 3 X 3 symmetric and unimodular Maison
matrix defined (in block form) by

4.7

ol 7! (4.8)

_ [ A 7 oo’ T*lw]

X = .

The field Eqs. (4.6) and (4.7) are invariant under an
SL(3, R) group of transformations P acting bilinearly on

the matrix y:
x' = PTxP. (4.9)

For  asymptotically flat  configurations (A(c0) =
diag(1, —7), w(c0) = 0), the matrix y is asymptotic to

8o — 2Mycos?a(r — 2M,)

2M sina cosa(r — 2M,)

PHYSICAL REVIEW D 83, 124001 (2011)

1 0 0
x) =10 -5 0 (4.10)
0 0 1

It follows that the isotropy group at spatial infinity is
H, =S02,1) for =+1, and H_ = SO(3) for
n = —1. Thus, the coset space for phantom Kaluza-
Klein  theory is  SL(3,R)/SO(3) (instead of
SL(3,R)/SO(2, 1) in the normal case).

To illustrate the applications of this sigma model,
we shall generate from the four-dimensional Kerr metric
embedded in five dimensions (with a timelike fifth
dimension),

dsty = > (di = Qude)? + (dx')?
0

_ &[% dr? + god6* + Aosin29d¢2:|, (4.11)
80

0
where

Ay = 2 — 2Mor + a%, 30 = r2 4+ a%coszﬁ, 4.12)

rsinZ6

8o = 20 - 2M0}’, QO = _ZaoMO 2 s
0

(4.13)

a charged rotating black hole solution of the phantom
theory EMD. The metric (4.11) is of the form (4.4) with
VO3 = —(). Using the duality Eq. (4.5), we obtain

cosd

Wy = 2(10M0 —EO ’ (414)

leading to the seed Maison matrix

(r — 2My)* + ajcos?’0 0 2ayMcosf

Xo = &' 0 8o 0
2ayM, cosf 0 20
(4.15)
Applying to this seed the SO(3) group transformation
cosa. —sina 0
x = PTx,P, P=| sina cosa 0] (4.16)
0 0 1

we obtain the Maison matrix for the charged solution

2ayM, cosa cosf

x(r) =—| 2M,sina cosa(r — 2M,) gy — 2Mysin’a(r — 2M,) —2a,M, sina cosf 4.17)
80 2ayM, cosa cosf —2ayM sina cosf 20
“The phantom (5 = —1) Kaluza-Klein theory is a two-time theory. For this reason, we do not require the fifth dimension to be

compact, which would lead unavoidably to closed timelike curves.
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After inverse dualization, this leads to the 5-metric

pX 40 g
ds’) = — A2+ = rAV + -2
57, S S
_ 20T 80 2 2 02 2
— | =dr- + godb* + Aysin“Ode= |,  (4.18)
80 0
where
3 =23,—4or, g =go tdor, (4.19)
A= — 2J0 rsinzﬁdgo’
(M —0) g
25 (4.20)
¥ =dr + 277 4o,
80
and
M = My(1 + cos’a)/2, Q = M, sina cosa,
4.21)

J = agM, cosa, o = Mysin’a/2,

are the mass, electric charge, angular momentum and
rescaled dilatonic charge (the usual dilatonic charge is
D = \/30) defined from the asymptotic behavior of the
charged solution

] —2WM-0) 20 2/ cosf
r r I
— ~ 20 _ 4o
x(r — +00) ; 1 -4 0
21’?2050 0 1+ 2(Mr+0')
(4.22)

Note that only three of these charges are independent, as
Q% =20(M — o), with 0 < o = M. The seed Kerr pa-
rameters may be recovered from these by

|71

My =M+ o, S
M2_0.2

ay = 4.23)

The solution (4.18) is the phantom version of Rasheed’s
rotating solution [24] with vanishing magnetic charge
(P = 0), from which it may be obtained by making the
substitution Q> — —Q? and changing the sign of the dila-
tonic charge.

The Kaluza-Klein reduction (4.2) of (4.18) leads to the
four-dimensional solution

2
g0 rsin“6 2
ds? =—[dt+2J dgo]
@S 20
V02

_ _I:%dr2 + g0d6? + Agsin’0d ¢? ] (4.24)
0

80
J
- O_Sinzﬁdgo], e2/\V3 = 1’%

(4.25)

A=Q§|:dt—

PHYSICAL REVIEW D 83, 124001 (2011)

which describes an asymptotically flat rotating phantom
dilatonic black hole with electric charge Q and magnetic
dipole moment

J
m= 0 = agM, sina. (4.26)
M- o
The corresponding gyromagnetic ratio
2M
g="R_ 74 tanta 4.27)
oJ

is for @ # 0 larger than 2. In the static (ay = 0) case,
the solution (4.24) and (4.25) reduces to the “cosh” solu-

tion of [8] with A = —+/3,

\-1/2 -1 \1/2
@ r r r r
X[dr* + (F—r)(F—r_)dQ?],
Ao=g, =1L
r

— (4.28)
7
where r=r—40, and rp. =2M —0)=0, r_=
—40 =0.

The five-dimensional solution (4.18) or its Kaluza-Klein

reduction (4.24) represent a black hole with the same

horizons
=y EMOi\[M%—a%

(if a3 = M32) and ring singularity r = 0, cosf = 0 as the
seed Kerr black hole. The four-dimensional metric (4.24) is
also singular on the surfaces 3(r, 8) = 0,

(4.29)

r=r(0) =20 = (40% — adcos’h)'/2. (4.30)

The largest value of 7, () is 40, so this singularity will be
naked unless

do<M,+ \/Mg —a}, or \/M(z) —a3>—Mycos(2a).
4231)

This regularity condition is satisfied if either cos(2a) > 0,
or if cos(2a) <0 and |ay| < 2|Q|. However, at the five-
dimensional level (metric (4.18)), X = 0 is simply the
static limit associated with the time coordinate x°, and is
a mere coordinate singularity. So, in the five-dimensional
setting, the four-dimensional singularity (4.30) is actually a
spurious singularity due to the Kaluza-Klein reduction.
When the charging parameter « takes the value
a = /2, something curious happens. For this value, the
physical charges are
M = o, 0=0, J=0
(implying % = g, and g = 3), so that at first sight the
solution is electrically neutral and static. Actually it is
neither, as the dipole magnetic moment wu given by
(4.26) goes to the finite value ayM,, for a« — /2, showing

(4.32)
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that the static (J = 0) four-dimensional metric (4.24) is
generated by the magnetic dipole field
A3 = —aOMorsinzﬂ/E. (433)

Again, this is just an effect of the Kaluza-Klein reduction.
The five-dimensional metric (4.18) reads, for a = /2,

8
dsk) = di* + E—‘;(de + Qyde)?
_ 20[ 80 2 2 02 2
— | =dr* + god0* + Agsin®0d e |,  (4.34)
8o LA

which is just the embedded Kerr metric (4.11) with the time
coordinates t = x* and x° exchanged and the angular
momentum flipped. For the intermediate value a = 7/4
(corresponding to the maximum electric charge Q =
M — o = M,/2), we find 3 = g, so that the reduction of
(4.18) can be indifferently carried out relative to d, or to
ds, leading to the same reduced four-dimensional fields,
provided the sign of ¢ is flipped. For other values of «,
the exchange o = 7/2 — o/, ¢ = — ¢’ is equivalent to the
exchange (2, g) = (g, 2') between the two time coordi-
nates in (4.18), leading to the exchange between the effec-
tive four-dimensional charges

M,=M+30' O_,ZM—O'
2 2 (4.35)
JO .
J' = , = Q.
M —o 0 =0

The reason for this becomes clear if we realize that
the SL(3,R) group of transformations (4.9) includes a
GL(2, R) subgroup of transformations

om0
P‘[o AHH]

where the 2 X 2 matrix II defines a coordinate transfor-
mation in the space of the two timelike cyclic coordinates,

%0 %0

Lo ]=n]
The charging transformation (4.16) is such a GL(2, R)
transformation. This means that the five-dimensional
“charged” black hole metric (4.18) is simply the five-
dimensional (phantom) Kerr black string metric (4.11)
transformed to an unfamiliar coordinate system, while
the four-dimensional charged black hole solution (4.24)
and (4.25) is simply the Kaluza-Klein reduction of the
phantom Kerr black string relative to a linear combination
of the Killing vectors d, and 0s.

(4.36)

(4.37)

V. STATIONARY EMDA THEORY

Einstein-Maxwell-dilaton-axion theory is a truncation of
the bosonic sector of four-dimensional N = 4 supergravity,
defined by the action

PHYSICAL REVIEW D 83, 124001 (2011)
1
§=- jdx‘k/_—g[R —20,¢0"¢ — Ee‘“f’aﬂxaﬂx

+ ne 2PF,  Fr + KF/L,,F/“/], (5.1
where « is the  pseudoscalar  axion, and
Frv =L1EPMF, 3 The sign n = +1, corresponding to
normal EMDA, can be changed to n = —1, corres-
ponding to phantom EMDA, by the formal translation
¢ — ¢ + im/2. Reduction of the stationary theory to
three dimensions is achieved in a manner similar to that
of Einstein-Maxwell theory, with a metric parametrized as
in (3.2), and electric (v), magnetic (u), and twist (y)
potentials defined by

Fiy = ﬁﬂiv, kF'Y + ne*2¢Fu = ihfl/zsl,kaku’
5.2)
dix + vdu —udvy = —f2hVhyeMoe.  (5.3)

As shown in [19] (where we replace whenever necessary
e?? by ne®?), this reduction leads to the symmetric target
space metric

1 1
dr =§f72df2 +§f72(d)(+ vdu—udv)> — nf e **dv?

1
—nf7162¢(du—KdV)2+2d¢2+§e4¢dK2, (5.4)
with signature (+ + + + — —) in the normal case
n=+1 and (+ + + + + +) in the phantom case
n = —1 This target space is invariant under a ten-

parameter group Sp(4, R) of transformations [19].
The symplectic group Sp(4, R) is the group of real 4 X 4

matrices M satisfying
- 0 g0
/= [ —op 0 ]

where o is the 2 X 2 identity matrix. A base of ten trace-
less 4 X 4 matrices generating the algebra sp(4, R) has
been constructed in [19]:

MTIM =, (5.5)

1o o, 1Te, 0
vmale, ©F wss[T oG] o9

11 0 o, 1oy, 0
ok I S KR N

(@a=0,1,3,0, =0,,0, = i0y,03 = 0, with o, oy, 0,
the Pauli matrices). The six generators V, and W, are
symmetrical, and the four generators U, and U, are
antisymmetrical.

We use the convention EM"MT = |g| 1/2gurAT  ith

0123 — .
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As also shown in [19], the reduced field equations derive
from the gravitating sigma-model action
1
S5 = f d3x\/71|:R(h) g tr(VMVM-l)], (5.8)

with the symmetrical symplectic matrix representative

B I Y
M= [QP—1 P+0QP 0 ] 69
where the 2 X 2 block matrices P and Q are
P=e—2¢|:f€2¢_777/2 _UV:I
IR (5.10)

Q:[VW_X W] (w=u— kv).

w —K

The matrix representative M parametrizes an element of
the coset space Sp(4, R)/H,, where H, is the isotropy
subgroup that preserves asymptotic behavior. To determine
this subgroup, we consider asymptotically flat solutions for
which f(o0) = 1 and the five other target space coordinates
go to zero. For normal EMDA (n = +1), we find from
(5.9) and (5.10) that

M., (c0) = [‘{; 0 ]

03

(5.11)

This remains invariant under the Sp(4, R) transformations

M' = PTMP (5.12)

generated by

lie (H+) = (Vl: Wl’ UO, U3) (513)

These matrices generate the u(l1, 1) algebra with center
Us: (W, Vil =Uy, [Up Vi]=W,, [W,Uy]=V,
and [Vl’ U3] = [Wl, U3] = [Uo, U3] =0. It follows
that the coset for EMDA is Sp(4,R)/U(1,1)~
S0(3,2)/(S0(2, 1) X SO(2)).

PHYSICAL REVIEW D 83, 124001 (2011)

For phantom EMDA (1 = —1), M_(o0) is the 4 X 4
identity matrix,

_ g 0
M_(c0) [ Do ] (5.14)
This matrix remains invariant under the subgroup gener-

ated by the antisymmetrical matrices

lie (H_) = (U, U,). (5.15)

These matrices generate the u(2) algebra with center
U()Z [Ui’ U]] = _giij/a [U(), Ul] = 0, i, j, k= 1, 2, 3
and £1,; = +1. It follows that the coset for EMDA is
Sp4,R)/UQ2) ~ S0O(3,2)/(SO(3) X SO(2)).

A third four-dimensional subgroup of Sp(4, R) is
GL(2, R). The choice of this as isotropy subgroup leads
to the coset Sp(4, R)/GL(2, R) ~ S0O(3,2)/(SO(2, 1) X
SO(1,1)) [25], which is the coset for Euclidean
EMDA [26].

Let us now, as in the previous section, apply the EMDA
sigma model to the generation of a charged rotating black
hole solution from the four-dimensional Kerr metric given
by (4.11) (without the fifth dimension). The twist potential
Xo 1s the opposite of w in (4.14), leading to the seed matrix
representative

20 0 2ayMcosf 0
Yo o] 0 g 0 0
0= 8o 2apMycosd 0 (r—2M,)* + ajcos’d 0
0 0 0 2o
(5.16)
Applying to this the Sp(4, R) transformation (5.12) with
cosa — sina 0 0
| sinae  cosa 0 0
P= 0 0 cosa —sina | (.17)
0 0 sin¢  cosa

we obtain the matrix representing the charged rotating
solution

r(r — 2D) + ajc? —\/20r 2apMc —ag\20¢
M= g —20r r(r — 2M) + ajc? —ay20c 2a0Dc
0 2apMc —ag\2Qc (r — 2My)(r — 2M) + a?c? 2My(r — 2M,) ’
—ap\20¢ 2ayDc 2My(r — 2M,) (r — 2My)(r — 2D) + ac?
(5.18)
with ¢ = cos#, and
M = Mycos’a, 0 = 2M, sina cosa, D = Mysin’a (My =M + D, Q> = 2MD). (5.19)

The corresponding fields, obtained by identifying (5.9) with (5.18) and performing inverse dualization, are

124001-10



PHANTOM BLACK HOLES AND SIGMA MODELS

rsinZ6

80 2 3Tgo
ds? =—[dt+2] dgo] ——[—
pY 80 goLAy
A= Q%[dr — aysin’6d¢], et =
with
S = r(r — 2D) + a3cos?6, J=ayM. (521)

In the static (aq = 0) case, this solution reduces to the cosh
solution of [8] with A = —1,

ds? = (1 - @*)dﬂ
F
'+ 2 s = 2
(1~ - [dF* + (F — ro)(F — r_)dQ?],
2P =1-— =

(5.22)

>

|

withr, =2M =0,r_ = -2D=0,and r=r + r_.
The solution (5.20) of phantom EMDA represents a
rotating, electrically charged black hole with mass M,
electric charge Q, dilatonic charge D, angular momentum
J, magnetic dipole charge ayQ, and axionic dipole charge
agD. Tt is formally identical to the charged rotating black
hole solution of normal EMDA [27], the only difference
being that the dilatonic charge D is negative in the case of
EMDA (Q? = —2MD) and positive in the present case of
EMDA (Q? = 2MD). A consequence is that (as in the case
of the phantom A = —/3 black hole (4.24)) the outermost

singular surface (2(r, 8) = 0),

r(0) =D + ‘/Dz — ajcos’6

may lie (in part) outside the event horizon (4.29). The
largest value of r,, () is 2D, so this singularity will be
naked unless

(5.23)

2D <M+ \/Mg —aj, or \/M(Z) —a}>—Mycos(2a).
(5.24)
This is always satisfied if cos(2a) >0 (M > D). In that
case, the spacetime of metric (5.20) is a regular black hole
for |ag| = My = M + D, extremality being achieved for

lagl = M + D. If cos(2a) < 0 (M < D), the condition for
black hole regularity is stronger:

laol < 210l

In particular, the value a = 77/2 leads from (5.19) to the
massless, neutral solution

(5.25)

ds> = dr — %dﬂ — g0d6? — Agsin?0d ¢,
0

02— | 4 2Dr’
80

_ 2ayD cosb
%

A=0, K=

5

(5.26)

124001-
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dr2 + g0d6'2 + Aosin29d¢2],

S 2ayD cosf

E s
0

[

with a static metric but nonvanishing axionic dipole
charge ayD. This solution is singular (g, = X vanishes
for r = r,1(0) > r;,), including in the static (ay = 0)
case.

VI. CONCLUSION

In this paper, we first constructed static multicenter
solutions of phantom EMD. We found that these lead to
regular black holes in two cases. The first case is that of
EMD (phantom Maxwell and dilaton fields), for the dis-
crete values A> = (p + 2)/p (p positive integer) of the
dilaton coupling constant. In this case the singular centers
are hidden behind the horizon of order p. The number of
connected components of this horizon may be equal to, or
smaller than, the number n (unrelated to p) of the centers.
In particular, the integration constants can be arranged so
that the solution represents a black hole without spatial
symmetry, with a single horizon component hiding the n
singularities. The second case corresponds to EMD
(phantom dilaton field), for the discrete values A? =
(p —2)/p (p > 2 integer). In this case, which generalizes
the Majumdar-Papapetrou multi-black holes of Einstein-
Maxwell theory, each center corresponds to a connected
component of the event horizon. All these multicenter
black holes have an infinite horizon area and vanishing
temperature.

We then considered sigma models for the special
values of the dilatonic coupling constant A = 0, A = —1
and A = —+/3, for which stationary phantom EMD (or
EMDA in the case A = —1) reduced to three dimensions
has a symmetric target space G/H. This occurs only for a
nonphantom (or vanishing) dilaton field, so that these
sigma models do not admit multicenter solutions. In all
cases, the noncompact isotropy subgroup H . corresponds
to the normal case and the compact isotropy subgroup H_
corresponds to the phantom case. This can be understood if
one notes that changing the sign of the gravitational cou-
pling constant 7, of the Maxwell field is equivalent to
changing the sign of the spacetime metric. Thus reduction
of the four-dimensional phantom theory relative to a time-
like Killing vector is equivalent to reduction of the normal
theory relative to a spacelike Killing vector, which is well-
known [9] to lead to a compact isotropy subgroup.

We also in each case applied a particular sigma-model
transformation to generate phantom static and rotating
charged solutions from a neutral solution. While the charg-
ing transformation in the normal case belongs to an
SO(1, 1) subgroup of H,, it belongs in the phantom case
to an SO(2) subgroup of H_, resulting in important
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differences between the two cases. For the normal theories,
an infinite SO(1, 1) boost leads, in the static case, to an
extreme black hole saturating the lower bound M? =
Q?%/(1 + A?) [16]. For the phantom theories there is, for
A2 = 1, no such lower bound and massless solutions are
possible [5], as obtained here in the cases of EM and
EMDA for an SO(2) rotation of /2. Moreover, the ex-
treme solution, obtained by a rotation of 7 in the case of
EM, or by a rotation of /2 in the cases of phantom
Kaluza-Klein theory or of EMDA, is singular.

We have seen that, in the case of phantom Kaluza-Klein
theory, the naked singularity of this static extreme solution,
or more generally that of a sector of the family of phantom

PHYSICAL REVIEW D 83, 124001 (2011)

rotating charged solutions, becomes a mere coordinate
singularity once the four-dimensional solution is lifted to
five dimensions. By analogy with this, and with similar
mechanisms of higher-dimensional resolution of naked
curvature singularities [18], one can speculate that the
naked singularities of a sector of the family of solutions
(5.20) of EMDA could be resolved by lifting the theory to
some higher-dimensional theory.
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