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Thermally relativistic flow with dissipation was analyzed by solving the rarefied supersonic flow of

thermally relativistic matter around a triangle prism by Yano and Suzuki [Phys. Rev. D 83, 023517

(2011)], where the Anderson-Witting (AW) model was used as a solver. In this paper, we solve the same

problem, which was analyzed by Yano and Suzuki, using the relativistic Boltzmann equation (RBE). To

solve the RBE, the conventional direct simulation Monte Carlo method for the nonrelativistic

Boltzmann equation is extended to a new direct simulation Monte Carlo method for the RBE.

Additionally, we solve the modified Marle (MM) model proposed by Yano-Suzuki-Kuroda for

comparisons. The solution of the thermally relativistic shock layer around the triangle prism obtained

using the relativistic Boltzmann equation is considered by focusing on profiles of macroscopic

quantities, such as the density, velocity, temperature, heat flux and dynamic pressure along the

stagnation streamline (SSL). Differences among profiles of the number density, velocity and temperature

along the SSL obtained using the RBE, the AW and MM. models are described in the framework of the

relativistic Navier-Stokes-Fourier law. Finally, distribution functions on the SSL obtained using the RBE

are compared with those obtained using the AW and MM models. The distribution function inside the

shock wave obtained using the RBE does not indicate a bimodal form, which is obtained using the AW

and MM models, but a smooth deceleration of thermally relativistic matter inside a shock wave.
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I. INTRODUCTION

Relativistic flow with dissipation is a significant issue in
the fields of high-energy physics. In particular, the ther-
malization (relaxation) of the pre-equilibrium state of
the quark gluon, namely, glasma [1], into the equilibrium
state has been studied analytically or experimentally using
a relativistic heavy ion collider such as the Relativistic
Heavy Ion Collider (RHIC) [2] or the Large Hadron
Collider (LHC) [3]. The analytical difficulties in such a
relaxation process of glasma depends on the intricate sys-
tem composed of quarks and gluons. Such an intricate
system cannot be described by the relativistic Boltzmann
equation (RBE) coupled to the Yang-Mills equation [4],
because the strongly coupled partons yield the multibody
correlations, which cannot be formulated by binary colli-
sions formulated by the RBE. Actually, the kinetic ap-
proach to glasma on the basis of the RBE was extended
to three body correlations of gluons by Xu and Greiner [5].
On the other hand, analytical studies of the relativistic
kinetic theory based on the RBE have been developed by
Israel [6] Stewart [7] and Müller-Ruggeri [8] since the pro-
posal of the relativistic equilibrium function by Jüttner [9],
whereas the numerical studies of the relativistic fluid with
dissipation have been developed by the BAMPS [10]
or SHASTA [10]. As an initial approach to elucidating

the dynamics of glasma, there exists a hydrodynamic
interest in the relativistic fluid with dissipation, such
as relativistic shock waves, expansion waves, boundary
(shear) layers and vortices. Here, we consider not glasma
composed of the quarks and gluons but thermally relativ-
istic matter [11] composed of hard sphere particles,
because the discussion of thermally relativistic matter
composed of hard sphere particles instead of glasma
can be presumably meaningful as an initial approach to
studying the relativistic flow of quarks and gluons with
dissipation.
In our recent numerical study of the relativistic flow with

dissipation [11], the relativistic shock wave, expansion
wave, boundary (shear) layer and vortices were analyzed
by solving the rarefied supersonic flow of thermally rela-
tivistic matter composed of hard sphere particles around a
triangle prism. Such a study of the shock layer composed of
thermally relativistic matter around a triangle prism is
significant for the comprehension of the Mach cone [12],
which is considered to be generated by fast partons through
hot and dense matter during Auþ Au collision in the
RHIC. As a solver of thermally relativistic flow with dis-
sipation, one of relativistic Boltzmann-kinetic equations,
namely, the Anderson-Witting (AW) model [13], was used.
In this paper, we analyze one of the problems, which was
discussed using the AWmodel in previous study [11], using
the RBE and modified Marle (MM) model proposed by
Yano-Suzuki-Kuroda [14]. We solve the forward a triangle
prism to focus on the shock wave and thermal boundary
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layer. As a solver of the RBE, the conventional direct
simulation Monte Carlo (DSMC) method for the nonrela-
tivistic Boltzmann equation [15] was extended to a new
DSMC method for the RBE using the majorant frequency
scheme [16] in Sec. III, whereas the past work [5,17] used
the DSMC method on the basis of the Bird’s scheme [15],
whose computational time is markedly longer than the
majorant frequency scheme. The aim of this study is the
comparison of numerical results on thermally relativistic
flow with dissipation obtained using the RBE, AWandMM
models, because such a comparison is useful for under-
standing dissipation in the RBE, AW and MM models.
Consequently, our numerical results are presumably useful
as an initial study of the Mach cone generated by fast
partons through hot and dense matter during Auþ Au
collision in the RHIC.

The profiles of the density, velocity, temperature, heat
flux and dynamic pressure, obtained by the Eckart decom-
position [18], along the stagnation streamline (SSL) ob-
tained using the RBE are compared with those obtained
using the AWand MM models. The profiles of the number
density, velocity and temperature along the SSL obtained
using the RBE are different from those obtained using the
AW and MM models in the shock wave and thermal
boundary layer. In particular, the location of the shock
wave obtained using the RBE is farther toward the wall
than those obtained using the AW and MM models, be-
cause of the thickest thermal boundary layer obtained
using the RBE, which is derived from the smallest
Prandtl number obtained using the RBE. The shock wave
obtained using the RBE is thinner than those obtained
using the AW and MM models, because of its larger
collision frequency than those obtained using the AW and
MM models. Heat fluxes along the SSL obtained using the
RBE, AW and MM models can be approximated by the
relativistic Navier-Stokes-Fourier (RNSF) law except for
the strong nonequilibrium regime inside the shock wave,
whereas dynamic pressures obtained using the RBE, AW

andMMmodels cannot be approximated by the RNSF law.
Finally, the distribution functions on the SSL obtained
using the RBE are compared with those obtained using
the AW and MM models. The distribution function inside
the shock wave obtained using the RBE indicates not a
bimodal form, which is obtained using the AW and MM
models, but a smooth deceleration of thermally relativistic
matter inside the shock wave.
This paper is organized as follows. In Sec. II, we review

the RBE, AW and MM models. In Sec. III, the numeric
of the RBE using the DSMC method [15] is described. In.
Sec. IV, the numerical analysis of the rarefied supersonic
flow around a triangle prism is discussed. Finally, conclud-
ing remarks are given in Sec. V.

II. RELATIVISTIC BOLTZMANN EQUATION
AND ITS KINETIC MODELS

The relativistic Boltzmann equation is written as [19]

p� @f

@x�
¼ Qðf; fÞ ¼

Z
R3

Z
�2
ðf0�f0 � f�fÞF�d�d3p�

p�0
;

(1)

where x� represents the four-dimensional coordinates,
p� is the four momentum, f is the distribution function
defined by f ¼ fðt; xi; piÞði ¼ 1; 2; 3Þ, and F is the Lorentz
invariant flux. In Eq. (1), terms with a prime indicate
conditions after collisions, �2 is the solid angle space
and R3 is the momentum space stretched by
fR3jð�1;�1;�1Þ � ðp1; p2; p3Þ � ð1;1;1Þg. x�,
p� and F are given by

x� ¼ ðct; x1; x2; x3Þ; (2)

p� ¼ m�ðvÞðc; v1; v2; v3Þ; (3)

F ¼ p0p0�
c

g� ¼ p0p0�
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv� v�Þ2 � 1

c2
ðv� v�Þ2

s �
∵g� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðv� v�Þ2 � 1

c2
ðv� v�Þ2

s �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp��p�Þ2 �m4c4

q
: (4)

In Eq. (3), �ðvÞ is the Lorentz factor, which is defined
by �ðvÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c2

p
. c is the speed of light and vi

(i ¼ 1, 2, 3) is the ith component of the particle velocity
vector v ¼ ðv1; v2; v3Þ. In Eqs. (3) and (4), m is the
molecular mass. In Eq. (4), g� is Møller’s relative velocity.
In Eq. (1), � is the differential cross section and d� is the
solid angle element. In Eqs. (1) and (4), terms with an
asterisk subscript belong to the collision partner.

Rewriting Eq. (1) in Lorentz variant form yields

@f

@t
þ vi @f

@xi
¼

Z
R3

Z
�2
ðf0�f0 � f�fÞg��d�d3p�: (5)

In the rest of this section, we describe two kinetic equa-
tions, namely, the AW and MM models. The AW model is
written as [13]
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p� @f

@x�
¼ U�

Lp�

c2�
ðfð0Þ � fÞ; (6)

where fð0Þ is an equilibrium function called the Maxwell-
Jüttner function defined by

fð0Þðn; �E; uiÞ ¼ n

4�m2ck�EK2ð�EÞ
e�ððU�p�Þ=ðk�EÞÞ; (7)

where i ¼ 1, 2, 3, n is the number density, ui is the ith
component of the flow velocity vector u ¼ ðu1; u2; u3Þ, �E
is given by �E ¼ mc2

k�E
, k is the Boltzmann constant, �E is the

temperature used in the equilibrium function fð0Þ andU� is
the four velocity of flow defined by (A5). Kn is the nth
order modified Bessel function of the second kind and U�

L

is the four velocity defined by Landau-Lifshitz [20] and
written as

U�
L ¼ U� þ q�

neþ p
; (8)

where q� is the heat flux, e is the energy density and p is
the static pressure.

The relaxation rate � in Eqs. (6) is given for a hard
sphere particle by [19]

� ¼ 1

n�Thg�i ’
1

n�Tvs

; (9)

where �T ¼ �d2 (d: the diameter of a particle) is the total
collision cross section, hg�i is the average of the Møller’s
relative velocity. We use the approximation hg�i ’ vs [19],
where vs is the relativistic speed of sound defined by

vs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 þ 5G� �G2�2

Gð�2 þ 5G� �G2�2 � 1Þ
k�

m

s
; (10)

where � ¼ mc2

k� , at which � is the temperature of matter, and

G � K3ð�Þ=K2ð�Þ.
For the conservation law for N� and T�	 in Eqs. (A1)

and (A2), the following constraints must be satisfied:

c
Z
R3

p�UL�f
d3p

p0
¼ N�UL� ¼ c

Z
R3

p�UL�f
ð0Þ d

3p

p0

¼ N�
EUL�; (11)

c
Z
R3

p�p	UL�f
d3p

p0
¼T�	UL�¼c

Z
R3

p�p	UL�f
ð0Þd

3p

p0

¼T�	
E UL�; (12)

where the subscript E indicates the quantities derived from

the equilibrium distribution function fð0Þ. These con-
straints are considered to be satisfied by the orthogonality
of U�

L to nonequilibrium terms in either N� or T�	 [19].
Multiplying Eq. (12) by UL	=ðnc2Þ, we obtain [19,20]

eE ¼ e: (13)

This relation yields the following equality from the relation
e ¼ mc2ðGð�Þ � 1

�Þ

�E ¼ �: (14)

In the AW model, �E is the temperature used in the

equilibrium function fð0Þ, which is equal to �, the tempera-
ture of matter.

The Marle model [21] is obtained by replacing
U�

Lp�

c2
in

Eq. (6) with m.
The Marle model is written as [21]

p� @f

@x�
¼ m

�
ðfð0Þ � fÞ; (15)

where fð0Þ is defined in Eq. (7) and � is defined in Eq. (9).
In the Marle model, there is no explicit definition of �E in
[21]. Thus, we determine �E in the framework of Grad’s 14
moments [19].
By multiplying both sides of Eq. (15) by p	p� and

integrating in momentum space, we obtain

@�T
�	� ¼ m

�
ðT	�

E � T	�Þ; (16)

where T�	� ¼ R
R3 p�p	p�f d3p

p0 and can be decomposed

to yield [19]

T�	�¼ðnC1þC2$ÞU�U	U�þc2

6
ðnm2�nC1�C2$Þð
�	U�þ
��U	þ
	�U�ÞþC3ð
�	q�þ
��q	þ
	�q�Þ

� 6

c2
C3ðU�U	q�þU�U�q	þU	U�q�ÞþC4ðph�	iU�þph��iU	þph	�iU�Þ: (17)

Here, ph�	i is the pressure deviator, and $ is the dynamic
pressure. C1, C2, C3 and C4 in Eq. (17) are functions of �
shown in [19].

Multiplying both sides of Eq. (16) by U	U� and elim-

inating terms with nonequilibrium projected moments

ðph�	i; $; q�Þ, we obtain

eE � e ¼ � c ð�EÞ
n

r�U�; (18)

where c is defined in Eq. (C1). From Eq. (18), the energy
density e is not conserved by the collision term in the
Marle model.
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Multiplying both sides of Eq. (16) by �	� defined in

Eq. (A6) with Eqs. (A12) and (17) and eliminating terms
with nonequilibrium projected moments, we obtain

$ ¼ �
ð�EÞr�U� ¼ �ð
̂ð�EÞ þ ~
ð�EÞÞr�U�: (19)

In Eq. (19), �
̂ð�EÞr�u� is the dynamic pressure derived
from either pE � p or eE � e on the right-hand side
of Eq. (16) and �~
ð�EÞr�U� is the dynamic pressure
derived from the left-hand side of Eq. (16). If � ¼ �E,
�
̂ð�EÞr�u�¼0 and $¼�~
ð�Þr�U�. 
ð�Þ and ~
ð�EÞ
are defined in Eqs. (C2) and (C3), respectively.

From Eqs. (18) and (19), eE is given by

eE ¼ eþ c ð�EÞ
n
ð�EÞ$: (20)

From the approximate relation between e and p [19],

pE � p ¼ � nðeE � eÞ
1� 5GE�E � �2E þG2

E�
2
E

¼ nkðeE � eÞ
Cvð�EÞ ;

(21)

we obtain �E or �E as

1

�E
¼ 1

�
þ kc ð�EÞ

nmc2Cvð�EÞ
ð�EÞ
$;

�E ¼ �þ c ð�EÞ
nCvð�EÞ
ð�EÞ$;

(22)

where Cv is the constant-volume specific heat.
The Marle model, whose temperature of the gain term in

its collision term is defined by Eq. (22), is called the
modified Marle model.

III. NUMERICAL METHOD OF SOLVING
RELATIVISTIC BOLTZMANN EQUATION

The direct simulation Monte Carlo method [15] devel-
oped for nonrelativistic gases can be extended into relativ-
istic gases. The Courant-Friedlichs-Lewy condition [22],
which is required on the left-hand side of Eq. (1), requires
that the time step �t approximates to zero when p� ! 1,
namely v ! c. Consequently, the left-hand side of Eq. (1)
leads to the numerical stiffness via �t ! 0 when we con-
sider thermally relativistic flow. Thus, Eq. (5) is solved
instead of Eq. (1).

As a numeric of the collision term in Eq. (5), the
majorant frequency scheme [16] is used, whereas the past
work [5,10] used the Bird’s scheme [15], which calculates
the collision-probability for all binary collision-pairs in the
numerical cell. Consequently, the computational time re-
quired by the Bird’s scheme is markedly longer than that
by required by the majorant frequency scheme, because the
majorant frequency scheme calculates the collision-pair
the maximum collision number times. In the majorant
frequency scheme, the maximum collision number during
�t is obtained for a hard-sphere particle from Eq. (5) as

�max ¼ 1
2ðN � 1Þn�ðuÞ�Tðg�Þmax�t

¼ ðN � 1Þnc�ðuÞ�T�tð∵ðg�Þmax ¼ 2cÞ; (23)

where N is the number of sample particles in the cell.
A collision pair is selected �max times. The two particles
selected induce a binary collision when the random num-
ber W (0<W � 1) satisfies

g�
ðg�Þmax

¼ g�
2c

<W ; (24)

where g� is the Møller’s relative velocity for the two
particles selected.
Before and after the binary collision between particles 1

and 2, the total energy and total momentum of the binary
particles must be conserved. The conservation of the en-
ergy E and the momentum p ¼ ðp1; p2; p3Þ before and
after a binary collision is written as

Eþ E� ¼ E0 þ E0� ¼ Etot; (25)

p þ p� ¼ p0 þ p0� ¼ ptot; (26)

where E ¼ m�ðvÞc2, E� ¼ m�ðv�Þc2, p ¼ m�ðvÞv and
p� ¼ m�ðv�Þv�. E and p are related as follows:

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2jpj2 þm2c4

q
: (27)

In this paper, a binary collision is calculated using the
following algorithm:
(a) Calculate the total energy (Etot) and total momentum

(ptot ¼ ðp1
tot; p

2
tot; p

3
totÞ) of binary particles from the

left-hand sides of Eqs. (25) and (26).
(b) Redistribute the energy to binary particles, namely,

E0 and E0�, using a random number on the right-hand
side of Eq. (26). From Eq. (27), the norms of mo-
menta, namely, jp0j and jp0�j, are fixed.

(c) Decide the direction of the momentum by the law of
cosines so that the total momentum is conserved in
Eq. (26) as

p10

p20

p30

0
B@

1
CA ¼ Mð�;’ÞNðrÞ

0
�jp0j sin�1

jp0j cos�1

0
@

1
A;

p10�
p20�
p30�

0
B@

1
CA ¼ Mð�;’ÞNðrÞ

0
�jp0�j sin�2

jp0�j cos�2

0
@

1
A;

(28)

where �1, �2, Mð�;’Þ and NðrÞ are given by

�1 ¼ arccos

�jp0j2 þ jptotj2 � jp0�j2
2jp0jjptotj

�
;

�2 ¼ arccos

�jp0�j2 þ jptotj2 � jp0j2
2jp0�jjptotj

� (29)
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Mð�;’Þ ¼
cos� cos’ � sin’ sin� cos’

cos� sin’ cos’ sin� sin’

� sin� 0 cos�

0
BB@

1
CCA;

NðrÞ ¼
cosr � sinr 0

sinr cosr 0

0 0 1

0
BB@

1
CCA; (30)

where r is a random number in the range of
0 � r � 2�, and � and ’ are given by

� ¼ arccos

�
p3
tot

jptotj
�
; (31)

if 0 � p2
tot ’ ¼ arccos

�
p1
tot

jptotj sin�
�

else 2�� arccos

�
p1
tot

jptotj sin�
�
:

(32)

IV. NUMERICAL ANALYSIS OF RAREFIED
SUPERSONIC FLOW OF THERMALLY
RELATIVISTIC MATTER AROUND

TRIANGLE PRISM

The rarefied supersonic flow of thermally relativistic
matter around a triangle prism is numerically analyzed
using the RBE, AW and MM models, and the forward
regime of the triangle prism was solved focusing on the
shock wave. Particles are assumed to be hard sphere par-
ticles with common mass m and diameter d. For easier
comprehension of the physical conditions, for the observ-
er’s frame, the absolute standard of rest is used as the
hypothetical inertial frame. We use ðX; Y; ZÞ instead of
ðx1; x2; x3Þ and ðvx; vy; vzÞ instead of ðv1; v2; v3Þ and con-
sider only the XY plane, because a triangle prism has an
infinite length in the Z direction. Here, physical quantities
in the uniform flow are written using the subscript 1.
As conditions of the uniform flow, �1 ¼ 45, and the
velocity of the uniform flow is ux1=c ¼ 0:6. The Mach
number of the uniform flow, M1, is 3.247 from the defini-
tion of the speed of sound in Eq. (10). The rarefaction
parameter of the uniform flow, �Tn1L, which defines
1=ðvs�Þ in Eq. (4), is set to 10, where L is the representa-
tive length in a flow field. For the numerical grids,
ðvx; vy; vz; X; YÞ ¼ ð64; 64; 64; 64; 60Þ is used for the
AWand MM models. For the calculation of the RBE using
the DSMC method, 810 000 sample particles are used in
the numerical grids ðX; YÞ ¼ ð60; 80Þ. Numerical tests in-
dicate that the number of numerical grid for the AW
and MM models and the number of sample particles for
the RBE provide accurate simulations. Figure 1 shows the
schematic of the flow field. We calculate the regime
0 � X and set the temperature (�w) of the wall to

�w ¼ mc2=ðk�wÞ ¼ 30, as shown in Fig. 1. The model of
complete diffusion on the wall is used.
Figure 2 shows the profiles of the density (top-left),

velocity (top-right) and temperature (bottom-left) for the
RBE, AW and MM models. The location of the shock
wave obtained using the RBE is farther toward the wall
than those obtained using the AW and MM models.
The shock wave obtained using the RBE is thinner than
those obtained using the AW and MM models, because
we set hg�i ¼ vs in Eq. (9) despite the true relation

1:38vsð� ¼ 0Þ< hg�i< 1:75vsð� ¼ 1Þ to compare the

previous result obtained using the AW model [11] with
the present result obtained using the RBE. Consequently,
the lower collision frequencies for the AWandMMmodels
than the collision frequency for the RBE yields thicker
shock wave than that obtained using RBE. The thickness of
the shock wave obtained using the AW model is thinner
than that obtained using the MM model because of the
higher collision rate at the high velocity for the AW model
than for the MM model, as discussed in Ref. [14]. On the
other hand, the boundary layer obtained using the RBE,
which is the regime between the location of the peak
temperature and the wall, is thicker than those obtained
using the AWandMMmodels, whereas the thermal bound-
ary layer obtained using the MM is similar in thickness to
that obtained using the AW model. The thickness of the
thermally boundary layer is related to the Prandtl number
(Pr� 5k=ð2mÞ�=) under a fixed n1�TL. The smaller Pr
yields the larger thermal boundary layer on SSL [23]. The
bottom-right of Fig. 1 shows profiles of Pr along the SSL.
As shown in the bottom-right of Fig. 1, the Pr obtained
using the RBE is smaller than those obtained using the MM
and AW models. The smallest Pr obtained using the RBE
pushes the shock wave farther toward the wall than those
obtained using the AW and MM models. The peak tem-
perature behind the shock wave obtained using the AW
model is higher than those obtained using the RBE and
MMmodel, because the Pr obtained using the AWmodel is
larger than those obtained using the RBE and MM model
[24], as shown in the bottom-right of Fig. 1. On the
other hand, the peak temperature behind the shock wave

4.25272

0.163794

0.4274

1.2
582

7

2.4
56
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0.65938

3.
05

49
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3.
65

38
3
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=45ζ
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Rarefied supersonic flow of thermally relativistic matter 
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X

Number density contour

w=30ζ
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FIG. 1 (color online). Schematic of flow field.

KINETIC ANALYSIS OF . . . II. RELATIVISTIC BOLTZMANN . . . PHYSICAL REVIEW D 83, 123510 (2011)

123510-5



obtained using the RBE is larger than that obtained using
the MM model despite the smaller Pr for the RBE than
that for the MM model, because a thinner shock wave
yields a higher peak temperature behind the shock wave
in the rarefied regime [25].

Figure 3 shows the profiles of the heat fluxes qx and qxNSF
defined in Eq. (A23) along the SSL for the RBE, AW and
MM models on its left and the dynamic pressures $ and
$NSF defined in Eq. (A21) along the SSL for the RBE, AW
and MM models. The heat fluxes qx obtained using the
RBE, AW and MM models are not approximated by the
RNSF law, namely, qxNSF, inside the shock wave owing

to the strong nonequilibrium state inside the shock wave.
At �X=L � 1:15, qx obtained using the RBE is smaller
than qx’s obtained using the AWand MM models, because

the gradient of the temperature in the thermal boundary
layer obtained using the RBE is smaller than those ob-
tained using the AW and MM models, as shown in the
bottom-left of Fig. 2. qx on the stagnation point, namely,
�X=L ¼ 1:0, is not obtained by the RBE, because physi-
cal quantities cannot be calculated on the surface of the
cylinder using the DSMC method. The dynamic pressure
$ is not approximated by the RNSF law, namely, $NSF

inside the shock wave and near the wall 1:0 � �X=L <
1:2. The signatures of $ obtained using the RBE, AW and
MM models are opposite to those of $NSF obtained using
the RBE, AW and MM models. Additionally, magnitudes
of $ obtained using the RBE, AW and MM models are
10–102 times larger than those of $NSF obtained using the
RBE, AW and MM models. Consequently, the dynamic
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pressure must be approximated by terms over the Burnett
order [26] inside the shock wave and thermal boundary
layer.

Finally, the distribution function fðvxÞ � 1
n �R

V 2 f�ðvÞ5dvydvz on the SSL is considered. Figure 4

shows distribution functions at �X=L ¼ 5:95 (A), 3.05
(B), 2.85 (C), 2.75 (D), 2.45 (E) and 1.05 (F) on the SSL.
Points (B–F) are shown in the bottom-left of Fig. 2.
At point (A), the distribution functions obtained using the
RBE, AW and MM models are equal to the Maxwell-
Jüttner function in the uniform flow. This reproduction of
the Maxwell-Jüttner function in the uniform flow can be
considered proof that our DSMC code for solving the RBE
works correctly. At point (B), which corresponds to the rise
of the shock wave as shown in the bottom-left of Fig. 2,
fRBE, which is fðvxÞ obtained using the RBE, has a lower-
negative-velocity tail at �1:0< vx=c � �0:5 than fAW,
which is fðvxÞ obtained using the AW model, and fMM,
which is fðvxÞ obtained using the MM model. Addi-
tionally, both fAW and fMM have bimodal forms, whereas
fRBE indicates not a bimodal form but a smooth decelera-
tion of hard-sphere particles. These bimodal forms in fAW
and fMM are caused by the Bhatnagar-Gross-Krook (BGK)
[27]type collision term [28]. At points (C) and (D), fRBE is
quite different from fAW and fMM, because the shock wave
obtained using the RBE is thinner than those obtained

using the AW and MM models. At point (E), where is the
backward the shock wave for the RBE, fRBE is similar to
fMM, whereas fAW is different from fRBE and fMM. At
point (F), which corresponds to the vicinity of the wall,
fRBE is similar to fAW, whereas fMM is slightly different
from fRBE and fMM at approximately vx=c ¼ 0.

V. CONCLUDING REMARKS

The rarefied supersonic flow of thermally relativistic
matter around a triangle prism was analyzed using the
RBE as an initial study of the Mach cone generated by
fast partons through the hot and dense matter during
Auþ Au collision in the RHIC. As a solver of the RBE,
the conventional DSMC method for the nonrelativistic
Boltzmann equation was extended to a new DSMCmethod
for the RBE. The numerical results obtained using the RBE
are compared with those obtained using the AW and MM
models. The profiles of the number density, velocity and
temperature along the SSL obtained using the RBE are
different from those obtained using the AW and MM
models in the shock wave and thermal boundary layer. In
particular, the location of the shock wave obtained using
the RBE is farther toward the wall than those obtained
using the AWandMMmodels, because the thermal bound-
ary layer obtained using the RBE is the thickest, which is
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derived from the smallest Prandtl number obtained using
the RBE. The shock wave obtained using the RBE is
thinner than those obtained using the AWand MM models
because of its larger collision frequency than those ob-
tained using the AWandMMmodels. Heat fluxes along the
SSL obtained using the RBE, AW and MM models can be
approximated by the RNSF law except for the strong
nonequilibrium regime inside the shock wave, whereas
dynamic pressures obtained using the RBE, AW and MM
models cannot be approximated by the RNSF law. The
magnitudes of the dynamic pressures obtained using the
RBE, AW and MM models are 10–102 times larger than
those of dynamic pressures approximated by the RNSF
law. As a result, the dynamic pressure must be approxi-
mated by terms above the Burnett order inside the shock
wave and thermal boundary layer. Finally, distribution
functions on the SSL obtained using the RBE are compared
with those obtained using the AW and MM models. The
distribution function inside the shock wave obtained using
the RBE indicate not a bimodal form, which is obtained
using the AW and MM models, but a smooth deceleration
of thermally relativistic matter inside the shock wave.

APPENDIX A: ECKART DECOMPOSITION AND
RELATIVISTIC NAVIER-STOKES-FOURIER LAW

Multiplying both sides of Eq. (1) by p� and p�p	 and
integrating in momentum space, we obtain conservation

equations in terms of N� ¼ R
R3 cp�f d3p

p0 and T�	 ¼R
R3 cp�p	f d3p

p0 as Mass conservation:

@�N
� ¼ 0: (A1)

Momentum-energy conservation:

@�T
�	 ¼ 0: (A2)

According to Eckart [18], N� and T�	 can be decomposed
as follows:

N� ¼ nU�; (A3)

T�	 ¼ ph�	i � ðpþ$Þ��	

þ 1

c2
ðU�q	 þU	q�Þ þ en

c2
U�U	; (A4)

where ph�	i is the pressure deviator and U� is the four
velocity of flow defined by

U� ¼ �ðuÞðc; uiÞ; (A5)

where ui is the ith component of the velocity of flow. ��	

in Eq. (A4) is the projector defined by

��	 ¼ 
�	 � 1

c2
U�U	; (A6)

where the Minkowski metric tensor 
�	 or 
�	 is given by


�	 ¼ 
�	 ¼ diagðþ1;�1;�1;�1Þ: (A7)

The projected moments (n, ph�	i, p, $, q� and e) are
obtained as [18]

n ¼ 1

c2
N�U�; (A8)

ph�	i ¼ ð��
��

	
� � 1

3�
�	���ÞT�� (A9)

pþ$ ¼ � 1

3
��	T

�	; (A10)

q� ¼ ��
�U	T

	�; (A11)

e ¼ 1

nc2
U�T

�	U	: (A12)

The Projected moments n, ui, ph�	i, q� and $ can be
reduced from Eqs. (A8) and (A10) to 14 projected mo-
ments (n, ui, pij, qi, $, [i, j ¼ 1, 2, 3)] as

ph�	iU� ¼ 0; (A13)

q�U� ¼ 0: (A14)

Conservative equations in Eqs. (A1) and (A2) yield bal-
ance equations for n, U� and e [19] as follows:

Dnþ nr�U� ¼ 0; (A15)

nhE
c2

DU�¼r�ðpþ$Þ�r	p
h�	i

þ 1

c2

�
ph�	iDU	�$DU��Dq��q�r	U

	

�q	r	U
�� 1

c2
U�q	DU	�U�ph	�ir	U�

�
;

(A16)

nDe ¼ �ðpþ$Þr�U
� þ ph�	ir	U�

�r�q
� þ 2

c2
q�DU�; (A17)

where D, r� and the enthalpy per particle hE are
defined by

D � U�@�; (A18)

r� ¼
�

�	 � 1

c2
U�U	

�
@	 ¼ ��	@	; (A19)

hE ¼ eþ p

n
; (A20)

where @� � @
@x� . The Chapmann-Enskog expansion of

the first order indicates that $, ph�	i and q� are approxi-
mated by the product of the temporal-spatial gradients of
projected moments and transport coefficients, the bulk
viscosity 
, the viscosity coefficient � and the thermal
conductivity  as follows [19]:

$ ¼ �
r�U
�; (A21)
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ph�	i ¼ 2�

�
1

2
ð��

��
	
� þ ��

��
	
�Þ � 1

3
��	���

�
r�U�

(A22)

q� ¼ 

�
r��� �

nhE
r�p

�
(A23)

where 
, � and  for the RBE, AW and Marle models are
given in Ref. [19]. In this paper, we used 
, � and  for
the Marle model in place of those for the MMmodel under
the assumption �E ’ � in Eq. (22), when we calculate qxNSF
and $NSF for the MM model in Sec. IV.

APPENDIX B: NUMERICAL METHOD
FOR SOLVING RELATIVISTIC

BOLTZMANN-KINETIC MODELS

In general, the distribution function is f ¼
fðt; x1; x2; x3; v1; v2; v3Þ, which has a one-to-one corre-
spondence to f ¼ fðt; x1; x2; x3; p1; p2; p3Þ. In this work,
we use f ¼ fðt; x1; x2; x3; v1; v2; v3Þ instead of f ¼
fðt; x1; x2; x3; p1; p2; p3Þ. To calculate the projected mo-
ments, we transform d3p=p0 into the velocity space d3v as

d3p

p0
¼ J

��������
@pi

@vj

��������
�
ðm�ðvÞcÞ ¼ m2�ðvÞ4

c
d3v: (B1)

From Eq. (B1), the particle four-flow N� can be written as

N� ¼ c
Z
R3

p�f
d3p

p0
¼

Z
V 3

m3�ðvÞ5ðc; viÞfd3v: (B2)

The momentum-energy tensor T�	 can also be written as

T�	 ¼ c
Z
R3

p�p	f
d3p

p0

¼
Z
V 3

m4�ðvÞ6ðc; viÞðc; vjÞfd3v: (B3)

In Eqs. (B2) and (B3), V 3 is the velocity space stretched

by fV 3; jvj � cg, where jvj ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðv1Þ2 þ ðv2Þ2 þ ðv3Þ2p
.

Projected moments, the number density n, the pressure

deviator ph�	i, the static pressure p, the dynamic pressure
$, the heat flux q� and the energy per particle e are
obtained by Eckart decomposition using Eqs. (A8)–(A12).
In a similar form to Eq. (5), the AWandMMmodels can be
rewritten in the following form:

@f

@t
þ vi @f

@xi
¼

8<
:
�
�ðuÞðc; uiÞ þ q�

neþp

�
ðc;�viÞT ðfð0Þ�fÞ

c2�
ðAWmodelÞ

1
�ðvÞ� ðfð0Þ � fÞ ðMMmodelÞ:

(B4)

In our numerical code, the second order total variable
diminishing scheme [22] is used for the left-hand side of
Eq. (B4), and the second order Runge-Kutta time integra-
tion is used for the time integration of Eq. (B4).

For convenience, nondimensionalization is carried out
using

~n ¼ n

n1
; ~vi ¼ vi

c
; ~ui ¼ ui

c

~e ¼ e

mc2
; ~q� ¼ q�

n1mc3

~xi ¼ xi

L
; ~t ¼ t

t1
; t1 ¼ L

c
;

(B5)

where L is the representative length in the observer’s
frame.

With these nondimensionalized quantities defined in
Eq. (B5), the Maxwell-Jüttner function in Eq. (7) can be
nondimensionalized as

~f ð0Þ ¼ ðmcÞ3
n1

fð0Þ ¼ ~n�

4�K2ð�Þ e
���ð~uÞ�ð~vÞð1�~ui ~viÞ: (B6)

The left-hand side of Eq. (B4) represents the propagation
of molecules with the velocity vector ðv1; v2; v3Þ in the
physical space ðx1; x2; x3Þ. This formulation for molecular
propagation in such physical space does not involve rela-
tivistic effects. As a result, in the body-fitted curvilinear
coordinates ð�1; �2; �3Þ, molecules with a velocity vector
ðv1; v2; v3Þ in ðx1; x2; x3Þ propagate with a velocity
ðv1

�; v
2
�; v

3
�Þ. Equation (B4) can therefore be written in

the body-fitted curvilinear coordinates ð�1; �2; �3Þ as

@f̂

@t
þ @vi

�f̂

@�i ¼
8<
:
�
�ðuÞðc; uiÞ þ q�

neþp

�
ðc;�viÞT ðf̂ð0Þ�f̂Þ

c2�
ðAWmodelÞ

1
�ðvÞ� ðf̂ð0Þ � f̂Þ ðMMmodelÞ

f̂ ¼ f=J; (B7)

where J is the Jacobian between xi and �i.
The wall condition must also be considered. In this

paper, complete diffusion at the wall [19] is assumed.
From the conservation of the mass flux to the wall and
by setting the �2 axis as the vector normal to the plane
element of the wall, we obtain

fw ¼ fðv2
� < 0Þ; (B8)

fw=nw ¼ fð0Þð1; �w; 0Þðv2
� � 0Þ; (B9)

nw ¼
�R

v2
�
<0 v

2
�f�

5d3vR
v2
�
�0 v

2
�fw=nw�

5d3v
; (B10)
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where fw is the distribution function on the wall. nw is the number density reflected from the wall and �w is the temperature
of the wall.

APPENDIX C: DEFINITIONS OF c ð�EÞ IN EQ. (18), �ð�EÞ AND ~�ð�EÞ IN EQ. (19)

c ð�EÞ in Eq. (18) is given by

c ð�EÞ ¼ �mkc2
20GE þ 3�E � 13G2

E�
2
E � 2G2

E�
2
E � 2GE�

2
E þ 2G3

E�
3
E

�ECvð�EÞ ; (C1)

where Cvð�EÞ is the constant-volume specific heat given by Cvð�EÞ ¼ kð�2E þ 5GE�E �G2
E�

2
E � 1Þ. The correct bulk

viscosity for � � �E is given by [19]


ð�EÞ ¼ �pEk
2

3

ð20GE þ 3�E � 13G2
E�E � 2GE�

2
E þ 2G3

E�
2
EÞð4� �2E � 5GE�E þG2

E�
2
EÞ

Cvð�EÞ2
: (C2)

The bulk viscosity for � ¼ �E is given by

~
ð�Þ ¼ �pk2

3

ð20Gþ 3� � 13G2� � 2G�2 þ 2G3�2Þð1� �2 � 5G� þG2�2Þ
Cvð�Þ2

: (C3)
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