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The next-to-leading order QCD corrections to � production via S-wave color-octet states �½1Sð8Þ0 ; 3Sð8Þ1 �
at the Tevatron and LHC is calculated. The K factors of total cross section (ratio of next-to-leading order

to leading order) are 1.313 and 1.379 for �½1Sð8Þ0 � and �½3Sð8Þ1 � at the Tevatron, while at the LHC they are

1.044 and 1.182, respectively. By fitting the experimental data from the CDF and D0, the matrix elements

for S-wave color-octet states are obtained. And new predictions for �ð1SÞ production are presented. The

prediction for the polarization of inclusive � contains large uncertainty rising from the polarization of

�ð1SÞ from feed-down of �b. The production of �ð3SÞ at the hadron colliders is also studied to avoid the

large uncertainty mentioned above. To further clarify the situation, new measurements on the production

and polarization for direct �ð1SÞ and �ð3SÞ are expected.
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I. INTRODUCTION

For heavy quarkonium production and decay, a naive
perturbative QCD and nonrelativistic factorization
treatment is applied straightforwardly. It is called the
color-singlet mechanism (CSM). To describe the huge
discrepancy of the high-pt J=c production between the
theoretical prediction based on CSM and the experimental
measurement at the Tevatron, the color-octet (CO) mecha-
nism [1] was proposed based on the nonrelativistic QCD
(NRQCD) [2]. In applications, J=c or � related produc-
tions or decays attract much attention for two reasons,
theoretically charm and bottom quarks are thought to be
heavy enough, so that charmonium and bottomonium can
be treated within the NRQCD framework; experimentally
there is a very clear signal to detect J=c and �. The key
point is that the color-octet mechanism depends on non-
perturbative universal NRQCD matrix elements, which are
obtained by fitting the data. Therefore, various efforts have
been made to confirm this mechanism, or to fix the magni-
tudes of the universal NRQCD matrix elements. Although
it seems that the theoretical calculations qualitatively agree
with the experimental data, there are still difficulties re-
maining. A review of the situation can be found in
Refs. [3,4].

To explain the experimental measurements [5,6] of J=c
production at the B factories, a series of calculations [7,8] in
the CSM reveal that the next-to-leading order (NLO) QCD
corrections give the main contribution to the related pro-
cesses. Together with the relativistic correction [9], it seems
that most experimental data for J=c production at the B
factories could be understood. Recent studies show that the
NLO QCD correction also plays an important role in J=c
production at RHIC [10] and the hadroproduction of �c

[11]. For the J=c photoproduction, the pt and z distribu-
tions can be described by theNLO calculations in CSM [12]

by choosing a small renormalization scale, but recent NLO
calculations in CSM [13] show that the pt distributions of
the production and polarization for J=c can not be well
described by choosing proper renormalization scale.
Although the complete calculation at NLO in CO mecha-
nism [14] can account for the experimental measurements
on thept distribution, the polarizationwas not studied in the
work. To further study the heavy quarkonium production
mechanism, there are many other efforts made, such as
NLO QCD corrections to J=c production associated with
photon [15], QED contributions in J=c hadroproduction
[16], inclusive J=c production from � decay [17], double
heavy quarkonium hadroproduction [18], and NLO QCD
corrections to J=c production from Z decay [19].
For the polarized heavy quarkonium hadroproduction,

the leading order (LO) NRQCD prediction gives a sizable
transverse polarization for J=c production at high pt at the
Tevatron while the experimental measurement [20] gives a
slight longitudinal polarized result. The discrepancy was
also found in � production. In a recent paper [21], the
measurement on polarization of � production at the
Tevatron is presented and the NRQCD prediction [22]
does not coincide with it. Within the NRQCD framework,
calculating the higher order corrections is thought to be an
important way towards the solution of such puzzles.
Recently, NLO QCD corrections to J=c and � hadropro-
duction have been calculated [23–27], and the results show
that the NLO QCD corrections give significant enhance-
ment to both total cross section and momentum distribu-
tion for the color-singlet channel. This would reduce the
contribution of color-octet channel in the production. Also,
it is found in Ref. [24] that the polarizations for J=c and�
hadroproduction via the color-singlet channel would
change drastically from transverse polarization dominant
at LO into longitudinal polarization dominant in the whole
range of the transverse momentum pt at NLO. It seems that
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these results open a door to the solution of the problem. But
things do not always go as expected. The NLO QCD
corrections to the J=c production via S-wave color-octet
states were studied in our previous work [28]. It was found
that the effect of NLO QCD corrections is small and the
discrepancy holds on. For the color-singlet part, the partial
next-to-next-to-leading order calculations for � and J=c
hadroproduction show that the uncertainty from higher
order QCD corrections [29] is quite large, therefore no
definite conclusion can be made. As we know, the contri-
bution from the color-octet states is smaller in � produc-
tion than that in J=c production, thus things may
be different. In this paper, we present our calculation on
NLO QCD corrections to � hadroproduction via S-wave
color-octet states. New matrix elements are fitted and new
predictions for the polarization status are presented.

This paper is organized as follows. In Sec. II, we give the
LO cross section for the processes via color-octet transition.
The calculation of NLO QCD corrections are described in
Sec. III. In Sec. IV, we present the formula in final integra-
tion to obtain the transverse momentum distribution of �
production. Sec. V. is devoted to the description about
the calculation of � polarization. The numerical results
are presented in Sec. VI. In Sec. VII,�ð3SÞ is studied, while
the summary and discussion are given in Sec. VIII. In the
Appendices, several details of the calculation are presented.

II. THE LO CROSS SECTION

According to the NRQCD factorization formalism, the
cross section for direct � production in hadron-hadron
collision is expressed as

�½pp ! �þ X� ¼ X
i;j;k;n

Z
dx1dx2Gi=pGj=p

� �̂½iþ j ! ðb �bÞn þ k�hO�
n i; (1)

where p is either a proton or an antiproton, the indices i, j,
k run over all the partonic species and n denotes the color,
spin and angular momentum states of the intermediate b �b
pair. The short-distance contribution �̂ can be perturba-
tively calculated order by order in �s. The hadronic matrix
elements hO�

n i are related to the hadronization from the
state ðb �bÞn into � which are fully governed by the non-
perturbative QCD effects. In the following, �̂ represents
the corresponding partonic cross section.
At LO, there are three partonic processes via CO tran-

sition:

gðp1Þ þ gðp2Þ ! �½1Sð8Þ0 ; 3Sð8Þ1 �ðp3Þ þ gðp4Þ; (L1)

gðp1Þ þ qðp2Þ ! �½1Sð8Þ0 ; 3Sð8Þ1 �ðp3Þ þ qðp4Þ; (L2)

qðp1Þ þ �qðp2Þ ! �½1Sð8Þ0 ; 3Sð8Þ1 �ðp3Þ þ gðp4Þ: (L3)

where q represents a sum over all possible light quarks or
antiquarks: u, d, s, c, �u, �d, �s and �c. In our calculation of �
production, we take charm quark as light quark as an
approximation. Typical Feynman diagrams for these three
processes are shown in Fig. 1. And the partonic differential
cross sections in n ¼ 4� 2� dimension for LO processes
can be obtained as

d�̂Bðq �q ! �½3Sð8Þ1 �gÞ
dt̂

¼ �2�3
shO�

8 ð3S1Þi½ðt̂� 1Þ2 þ ðû� 1Þ2�½4t̂2 � t̂ ûþ4û2�
324m5

bŝ
2ðŝ� 1Þ2 t̂ û þOð�Þ;

d�̂Bðgq ! �½3Sð8Þ1 �qÞ
dt̂

¼ ��2�3
shO�

8 ð3S1Þi½ðŝ� 1Þ2 þ ðû� 1Þ2�½4ŝ2 � ŝ ûþ4û2�
864m5

bŝ
3ðt̂� 1Þ2û þOð�Þ;

d�̂Bðgg ! �½3Sð8Þ1 �gÞ
dt̂

¼ �2�3
shO�

8 ð3S1Þi½ðŝ2 � 1Þ2 þ ðt̂2 � 1Þ2 þ ðû2 � 1Þ2 � 6ŝ t̂ û�2�½19� 27ðŝ t̂þt̂ ûþû ŝÞ�
1152m5

bŝ
2ðt̂� 1Þ2ðû� 1Þ2ðŝ� 1Þ2 þOð�Þ;

d�̂Bðq �q ! �½1Sð8Þ0 �gÞ
dt̂

¼ 5�2�3
shO�

8 ð1S0Þi½t̂2 þ û2�
216m5

bŝ
3ðŝ� 1Þ2 þOð�Þ;

d�̂Bðgq ! �½1Sð8Þ0 �qÞ
dt̂

¼ �5�2�3
shO�

8 ð1S0Þi½ŝ2 þ û2�
576m5

bŝ
2t̂ðt̂� 1Þ2 þOð�Þ;

d�̂Bðgg ! �½1Sð8Þ0 �gÞ
dt̂

¼ 5�2�3
shO�

8 ð1S0Þi½ŝ2t̂2 þ ŝ2û2 þ t̂2û2 þ ŝ t̂ û�½ŝ4 þ t̂4 þ û4 þ 1�
256m5

bŝ
3t̂ ûðt̂� 1Þ2ðû� 1Þ2ðŝ� 1Þ2 þOð�Þ; (2)

by introducing three dimensionless kinematic variables:

ŝ¼ðp1þp2Þ2
4m2

b

; t̂¼ðp1�p3Þ2
4m2

b

; û¼ðp1�p4Þ2
4m2

b

; (3)

and the reasonable approximationM� ¼ 2mb is taken. Our
LO results are consistent with those in Ref. [30]. The LO
total cross section is obtained by convoluting the partonic
cross section with the parton distribution function (PDF) in
the proton:
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�B½pp ! �ð8Þ þ X� ¼ X
i;j;k

Z
�̂B½iþ j ! �ð8Þ þ k�

�Gi=pðx1; �fÞGj=pðx2; �fÞdx1dx2;
(4)

where �ð8Þ denotes a certain color-octet �½1Sð8Þ0 � or
�½3Sð8Þ1 �, �f is the factorization scale.

III. THE NLO CROSS SECTION

The NLO contributions can be written as a sum of two
parts: one is the virtual corrections which arise from loop
diagrams, the other is the real corrections caused by radia-
tion of a real gluon, or a gluon splitting into a light quark-
antiquark pair, or a light (anti)quark splitting into a light
(anti) quark and a gluon.

A. Virtual corrections

There exist ultraviolet (UV), infrared (IR) and Coulomb
singularities in the calculation of the virtual corrections.
UV divergences from self-energy and triangle diagrams are
canceled by introducing renormalization. Here we adopt
the renormalization scheme used in Ref. [31]. The renor-
malization constants Zm, Z2, Z2l and Z3 which correspond
to bottom quark mass mb, bottom-field c b, light quark
field c q and gluon field Aa

� are defined in the on-mass-

shell (OS) scheme while Zg for the QCD gauge coupling

constant �s is defined in the modified-minimal-subtraction

(MS) scheme:

�ZOS
m ¼ �3CF

�s

4�

�
1

�UV
� �E þ ln

4��2
r

m2
b

þ 4

3

�
;

�ZOS
2 ¼ �CF

�s

4�

�
1

�UV
þ 2

�IR
� 3�E þ 3 ln

4��2
r

m2
b

þ 4

�
;

�ZOS
2l ¼ �CF

�s

4�

�
1

�UV
� 1

�IR

�
;

�ZOS
3 ¼ �s

4�

�
ð	0 � 2CAÞ

�
1

�UV
� 1

�IR

��
;

�ZMS
g ¼ �	0

2

�s

4�

�
1

�UV
� �E þ lnð4�Þ

�
; (5)

where �E is the Euler’s constant, 	0 ¼ 11
3 CA � 4

3TFnf is

the one-loop coefficient of the QCD beta function and nf is

the number of active quark flavors. We have four light
quarks u, d, s and c in our calculation, so nf ¼ 4. The

color factors are given by TF ¼ 1=2, CF ¼ 4=3, CA ¼ 3
and �r is the renormalization scale.

There are 267 (for the 1Sð8Þ0 state) and 413 (for the 3Sð8Þ1

state) NLO diagrams for process (L1), including counter-
term diagrams, while for both processes (L2) and (L3),

there are 49 (for the 1Sð8Þ0 state) and 111 (for the 3Sð8Þ1 state)

NLO diagrams. Part of the Feynman diagrams for these
processes are shown in Fig. 2. The diagrams in which a
virtual gluon line connects the quark pair contain Coulomb
singularities, which can be isolated and attributed into
renormalization of the b �b wave function.
For each process, by summing over contributions from

all diagrams, the virtual correction to the differential cross
section can be expressed as

d�̂V
½Li�
dt

/ 2ReðMB
½Li�M

V�
½Li�Þ; (6)

where MB
½Li� is the amplitude of process (Li) at LO, and

MV
½Li� is the renormalized amplitude of corresponding pro-

cess at NLO. MV
½Li� is UV and Coulomb finite, but it still

contains IR divergences. And the total cross section of
virtual contribution could be written as

�V½pp!�ð8Þ þX� ¼ X
i;j;k

Z
�̂V½iþ j!�ð8Þ þ k�

�Gi=pðx1;�fÞGj=pðx2;�fÞdx1dx2:
(7)

B. Real corrections

There are eight processes involved in the real correc-
tions:

gg ! �½1Sð8Þ0 ; 3Sð8Þ1 �gg; (R1)

gq ! �½1Sð8Þ0 ; 3Sð8Þ1 �gq; (R2)

q �q ! �½1Sð8Þ0 ; 3Sð8Þ1 �gg; (R3)

gg ! �½1Sð8Þ0 ; 3Sð8Þ1 �q �q; (R4)

FIG. 1. Typical Feynman diagrams for LO processes. a) Feynman diagrams for process (L1); b) Feynman diagrams for processes

(L2) and (L3). Diagrams in groups ða1Þ, ða2Þ, ðb1Þ and ðb2Þ are absent for the 1Sð8Þ0 state.
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q �q ! �½1Sð8Þ0 ; 3Sð8Þ1 �q �q; (R5)

q �q ! �½1Sð8Þ0 ; 3Sð8Þ1 �q0 �q0; (R6)

qq ! �½1Sð8Þ0 ; 3Sð8Þ1 �qq; (R7)

qq0 ! �½1Sð8Þ0 ; 3Sð8Þ1 �qq0; (R8)

where q, q0 denote light quarks (antiquarks) with different
flavors. Feynman diagrams for these processes are shown
in Fig. 3.
We have neglected the contributions from two other

processes, gg ! �ð8Þb �b and q �q ! �ð8Þb �b, which are IR
finite and small. Phase space integrations of the above eight
processes generate IR singularities, which are either soft or
collinear and can be conveniently isolated by slicing the
phase space into different regions. We use the two-cutoff

FIG. 2. Typical one-loop diagrams. a) Feynman diagrams for gq ! �½1Sð8Þ0 �q and q �q ! �½1Sð8Þ0 �g; aþ b) Feynman diagrams for

gq ! �½3Sð8Þ1 �q and q �q ! �½3Sð8Þ1 �g; c) Feynman diagrams for gg ! �½1Sð8Þ0 �g; cþ d) Feynman diagrams for gg ! �½3Sð8Þ1 �g.
Counter-term diagrams, together with corresponding loop diagrams, are not shown here.

FIG. 3. Feynman diagrams for real correction processes. a) (R1) (�½1Sð8Þ0 �); aþ b) (R1) (�½3Sð8Þ1 �); c) (R2)� (R4) (�½1Sð8Þ0 �); cþ d)

(R2) � (R4) (�½3Sð8Þ1 �); e) (R5) � (R8) (�½1Sð8Þ0 �); eþ f) (R5) � (R8) (�½3Sð8Þ1 �). (R1) (�½1Sð8Þ0 �) denotes process gg ! �½1Sð8Þ0 �gg,
(R1) (�½3Sð8Þ1 �) denotes process gg ! �½3Sð8Þ1 �gg, and so on.
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phase space slicing method [32], which introduces two
small cutoffs to decompose the phase space into three
parts. Then the real cross section can be written as

�R ¼ �S þ �HC þ �H �C: (8)

It is easy to see that different parts of IR singularities from
one real process can be factorized and each part should be
added into the cross sections of different LO processes.
This is the reason why we have to calculate the NLO
corrections to the three LO processes together.

1. Soft

Soft singularities arise from real gluon emission. Thus
only real processes (R1)–(R3) contain soft singularities,
corresponding to the three LO processes. One should no-
tice that, unlike the color-singlet case, the soft singularities
caused by emitting a soft gluon from the quark pair in the
S-wave color-octet states exist. We find that the factorized
matrix element is the same as that in the case of emitting a
soft gluon from a gluon.

Suppose p5 is the momentum of the emitted gluon. If we
define the Mandelstam invariants as sij ¼ ðpi þ pjÞ2 and

tij ¼ ðpi � pjÞ2, the soft region is defined in terms of the

energy of p5 in the p1 þ p2 rest frame by 0 � E5 �
�s

ffiffiffiffiffiffi
s12

p
=2. For each of the three real processes, �̂S from

the soft regions is calculated analytically under the soft
approximation.

Following the similar factorization procedure as applied
in the calculation of the color-singlet case [25], the matrix
elements for a certain real process (Ri) in the soft region
can be written as

jM½Ri�j2jsoft ’ �4��s�
2�
r

X4
j;k¼1

�pj � pk

ðpj � p5Þðpk � p5ÞM
jk
½Li�;

(9)

with

Mjk
½Li� ¼ ½TaðjÞMb1���bj0 ���b4

½Li� �y½TaðkÞMb1���bk0 ���b4
½Li� �; (10)

where Mb1���b4
½Li� is the color connected Born matrix element

for LO processes (Li). If the emitting parton j is an initial
state quark or a final state antiquark, TaðjÞ ¼ Ta

bj0bj
. For

an initial state antiquark or a final state quark TaðjÞ ¼
�Ta

bjbj0
. If the emitting parton j is a gluon or the color-

octet state, TaðjÞ ¼ ifabjbj0 . And the corresponding parton

level differential cross section can be expressed as

d�̂S
½Ri� ¼

�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

s12

�
�
� X4

j;k¼1

d�̂jk
½Li�I

jk; (11)

with

d�̂jk
½Li� ¼

1

2�
�XMjk

½Li�d�2: (12)

The factor Ijk is universal for all three real processes, and is

given in Appendix. A. Sometimes d�̂jk
½Li� may be written in

a more compact form as

d�̂jk
½Li� ¼ Cjk

½Li�d�̂
B
½Li�; (13)

where Cjk
½Li� is a constant. This is always true if the LO

process (Li) contains only one independent color factor in
the matrix element. But for processes with two or more
than two independent color factors, there seems to be no
sure reason for it to be or not to be true. Of course, no
matter whether Eq. (13) is true or not, we can always obtain

d�̂jk
½Li� through Eq. (12). Most processes involved in this

calculation have more than one independent color factor,
and they are listed in Appendix. (B 1).

2. Hard collinear

The hard collinear (HC) regions of the phase space are
those where any invariant (sij or tij) becomes smaller in

magnitude than �cs12. It is treated according to whether
the singularities are from initial or final state emitting or
splitting in the origin.
a. final state collinear For real processes (R1) � (R6),

which contain final state collinear singularities, the final
state collinear region is defined by 0 � s45 � �cs12. Again
following the similar factorization procedure described in
Ref. [32], the parton level cross section in the hard final
state collinear region can be expressed as

�̂ HC
f ½Ri� ¼ �̂B½L0

i�
�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

s12

�
�
�
AHC
i : (14)

For a certain real process (Ri), (L
0
i) is the corresponding LO

process it factorizes into. And the coefficient AHC
i are listed

in Table. I, with

TABLE I. The hard final state collinear factors for real
correction processes and the corresponding LO processes.

Ri L0
i AHC

i

gg ! �ð8Þgg gg ! �ð8Þg 1
� A

g!gg
1 þ Ag!gg

0

gq ! �ð8Þgq gq ! �ð8Þq 1
� A

q!qg
1 þ Aq!qg

0

gg ! �ð8Þq �q gg ! �ð8Þg 1
� A

g!q �q
1 þ Ag!q �q

0

q �q ! �ð8Þgg q �q ! �ð8Þg 1
� A

g!gg
1 þ Ag!gg

0

q �q ! �ð8Þq �q q �q ! �ð8Þg 1
nf
ð1� Ag!q �q

1 þ Ag!q �q
0 Þ

q �q ! �ð8Þq0 �q0 q �q ! �ð8Þg ð1� 1
nf
Þð1� Ag!q �q

1 þ Ag!q �q
0 Þ
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Ag!gg
1 ¼Nð11=6þ2ln�0

sÞ;
Ag!gg
0 ¼N½67=18��2=3� ln2�0

s� ln�cð11=6þ2ln�0
sÞ�;

Aq!qg
1 ¼CFð3=2þ2ln�0

sÞ;
Aq!qg
0 ¼CF½7=2��2=3� ln2�0

s� ln�cð3=2þ2ln�0
sÞ�;

Ag!q �q
1 ¼�nf=3;

Ag!q �q
0 ¼nf=3ðln�c�5=3Þ; (15)

and

�0
s ¼ s12

s12 þ s45 �M2
�

’ ŝ

ŝ� 1
�s: (16)

Thus the total cross section for real correction processes in
hard final state collinear regions can be written as:

�HC
f ¼ X

i;j;k1;k2

Z
�̂HC

f ½iþ j ! �ð8Þ þ k1 þ k2�

�Gi=pðx1; �fÞGj=pðx2; �fÞdx1dx2
¼ X

i;j;k

Z
�̂B½iþ j ! �ð8Þ þ k�BHCðkÞ

�Gi=pðx1; �fÞGj=pðx2; �fÞdx1dx2; (17)

where

BHCðgÞ ¼
�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

s12

�
�
�

�
�
Ag!gg
1 þ Ag!q �q

1

�
þ Ag!gg

0 þ Ag!q �q
0

�
;

BHCðqÞ ¼
�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

s12

�
�
��

Aq!qg
1

�
þ Aq!qg

0

�
:

(18)

b. initial state collinearAlmost all real processes, except
process (R6), contain hard initial state collinear singular-
ities. These singularities are partly absorbed into the re-
definition of the PDF of the concerned hadrons (usually it
is called the mass factorization [33]). Here we adopt the

scale dependent PDF using the MS convention given in
Ref. [32].

Gb=pðx;�fÞ ¼ Gb=pðxÞ � 1

�

�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

�2
f

�
�
�

�
Z 1

x

dz

z
Pbb0 ðzÞGb0=pðx=zÞ: (19)

The second term is sometimes referred as the mass facto-
rization counter-term. There is still something remaining
after the cancellation, which can be expressed in two terms.
The first one, which only exists in the real processes with a
final state gluon, can be expressed as

�̂ HC
i ½Ri� ¼ �̂B½Li�

�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

�f

�
�
�
ASC
i ;

with

ASC
1 ¼ 2ASCðg ! ggÞ;

ASC
2 ¼ ASCðq ! qgÞ þ ASCðg ! ggÞ;

ASC
3 ¼ 2ASCðq ! qgÞ;

(20)

and

ASCðq ! qgÞ ¼ 1

�
CF½3=2þ 2 lnð�sÞ�;

ASCðg ! ggÞ ¼ 1

�
½2N ln�s þ ð11N � 2nfÞ=6�;

(21)

where SC means it is from the soft collinear part in phase
space. The corresponding hadronic total cross section is

�HC
i ¼ X

i;j;k

Z
�̂HC

i ½iþ j ! �ð8Þ þ kþ g�

�Gi=pðx1; �fÞGj=pðx2; �fÞdx1dx2
¼ X

i;j;k

Z
�̂B½iþ j ! �ð8Þ þ k�½BSCðiÞ þ BSCðjÞ�

�Gi=pðx1; �fÞGj=pðx2; �fÞdx1dx2; (22)

with

BSCðgÞ ¼
�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

�f

�
�
�
ASCðg ! ggÞ;

BSCðqÞ ¼
�
�s

2�

�ð1� �Þ
�ð1� 2�Þ

�
4��2

r

�f

�
�
�
ASCðq ! qgÞ:

The other term is obtained by summing up the remaining
contributions from all the real correction processes. It can
be written as

�HC
add½pp!�ð8Þ þX�

�X
i;j;k

Z
�̂B½ij!�ð8Þþk�

�
�s

2�

�ð1��Þ
�ð1�2�Þ

�
4��2

r

s12

�
�
�

�½Gi=pðx1;�fÞ ~Gj=pðx2;�fÞþðx1$x2Þ�dx1dx2; (23)

with

~G c=pðx;�fÞ ¼
X
c0

Z 1��s�cc0

x

dy

y
Gc0=pðx=y;�fÞ ~Pcc0 ðyÞ;

(24)

and

~P ijðyÞ ¼ PijðyÞ ln
�
�c

1� y

y

s12
�2

f

�
� P0

ijðyÞ: (25)

The n-dimensional unregulated (y < 1) splitting functions
Pijðy; �Þ has been written as Pijðy; �Þ ¼ PijðyÞ þ �P0

ijðyÞ
with
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PqqðyÞ ¼ CF

1þ y2

1� y
;

P0
qqðyÞ ¼ �CFð1� yÞ;

PgqðyÞ ¼ CF

1þ ð1� yÞ2
y

;

P0
qqðyÞ ¼ �CFy;

PggðyÞ ¼ 2N

�
y

1� y
þ 1� y

y
þ yð1� yÞ

�
;

P0
ggðyÞ ¼ 0;

PqgðyÞ ¼ 1

2
½y2 þ ð1� yÞ2�;

P0
qgðyÞ ¼ �yð1� yÞ: (26)

C. Cross section of all NLO contributions

The hard noncollinear part �H �C is IR finite and can be
numerically computed using the standard Monte-Carlo
integration techniques. Now the real cross section can be
expressed as

�R ¼ �S þ �HC
f þ �HC

i þ �HC
add þ �H �C: (27)

And we have

�NLO ¼ �B þ �V þ �R: (28)

IV. TRANSVERSE MOMENTUM DISTRIBUTION

To obtain the transverse momentum pt distribution
of �, a similar transformation for integration variables
(dx2dt ! Jdptdy) which we introduced in our previous
work [25] is applied. Therefore we have

d�

dpt

¼ X
i;j

Z
Jdx1dyGi=pðx1; �fÞGj=pðx2; �fÞ d�̂dt ; (29)

with

p1 ¼ x1

ffiffiffi
S

p
2

ð1; 0; 0; 1Þ; p2 ¼ x2

ffiffiffi
S

p
2

ð1; 0; 0;�1Þ;

mt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

� þ p2
t

q
; p3 ¼ ðmt coshy; pt; 0; mt sinhyÞ;

xt ¼ 2mtffiffiffi
S

p ; 
 ¼ m2
4 �M2

�ffiffiffi
S

p ; J ¼ 4x1x2pt

2x1 � xte
y ;

x2 ¼ 2
þ x1xte
�y

2x1 � xte
y ; x1jmin ¼ 2
þ xte

y

2� xte
�y ; (30)

where
ffiffiffi
S

p
is the center-of-mass energy of p �pðpÞ at the

Tevatron or LHC, m4 is the invariant mass of all the final
state particles except �, and y and pt are the rapidity and
transverse momentum of � in the laboratory frame,
respectively.

V. POLARIZATION

The polarization parameter � is defined as:

�ðptÞ ¼ d�T=dpt � 2d�L=dpt

d�T=dpt þ 2d�L=dpt

: (31)

It represents the measurement of � polarization as a func-
tion of� transverse momentum pt when calculated at each
point in pt distribution. To evaluate �ðptÞ, the polarization
of � must be explicitly retained in the calculation. The
partonic differential cross section for a polarized � is
expressed as:

d�̂�

dt
¼ a�ð�Þ � ��ð�Þ þ X

i;j¼1;2

aijpi � �ð�Þpj � ��ð�Þ;

(32)

where � ¼ T1, T2, L. �ðT1Þ, �ðT2Þ, �ðLÞ are the two trans-
verse and longitudinal polarization vectors of � respec-
tively, and the polarizations of all the other particles are
summed over in n dimensions. One can find that a and aij
are finite when the virtual corrections and real corrections
are properly handled as aforementioned. Therefore, there is
no difference in the differential cross section d�̂�=dt
whether the polarization of � is summed over in 4 or n
dimensions. Thus we can just treat the polarization vectors
of� in 4 dimensions, and also the spin average factor goes
back to 4 dimensions. The gauge invariance is explicitly
checked by replacing the gluon polarization vector into its
4-momentum in the final numerical calculation.

VI. NUMERICAL RESULT

In our numerical computations, the CTEQ6L1 and
CTEQ6M PDFs [34], and the corresponding fitted value
�sðMZÞ ¼ 0:130 and �sðMZÞ ¼ 0:118 are used for LO and
NLO calculations, respectively. The bottom quark mass is
set as 4.75 GeV, and the branch ratio Brð� ! �þ��Þ ¼
0:0248 [35] is used.
The choice of the renormalization scale �r and factori-

zation scale �f is an important issue in the calculations,

and it causes uncertainties. We choose �r ¼ �f ¼ �0 �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2mbÞ2 þ p2
t

p
as our default choice. And the center-of-

mass energies are chosen as 1.8 and 1.96 TeV for Tevatron
Run I and Run II, respectively. For the LHC, it is chosen
as 14 TeV.
At first, different values of the two cutoffs, �s and �c, are

used to check the independence of the final results on the
cutoffs and the invariance is observed within the error
tolerance. Then the two phase space cutoffs are fixed as
�s ¼ 10�3 and �c ¼ �s=50 in the following calculations.
It is known that the QCD perturbative expansion is not

good in the regions of small transverse momentum or large
rapidity of �. Therefore, the results are restricted in the
region pt > 3. For the rapidity cut, jyj< 3 is chosen at the
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LHC, while at the Tevatron jyj> 0:4, jyj< 0:6 or jyj< 1:8
is used according to various experimental data.

To fix the NRQCDmatrix elements for color-octet states
of �ð1SÞ, data from both CDF and D0 [36,37] is used, and
the fitting starts from Eq. (4) of Ref. [38] where the con-
tributions from spin-singlet states �bðnSÞ and hbðnSÞ are
not included. And we have to take a few approximations in
our fitting procedure:

(i) For the S-wave color-singlet part, only the direct
color-singlet �ð1SÞ and feed-down from �ð2SÞ
are considered, while other contributions have
been neglected. The contribution from the feed-
down of �ð2SÞ can be included to the direct
�ð1SÞ production by multiplying a factor of
Br½�ð2SÞ ! �ð1SÞ þ X� � hO�

1 ð2SÞi=hO�
1 ð1SÞi,

which results in a factor of 1.127 after a short cal-
culation with PDG data [35]. And the results for
direct �ð1SÞ of color-singlet contribution are ex-
tracted from our previous work [25].

(ii) The contributions from P-wave color-singlet states
�bJðnPÞ are estimated by multiplying a decay frac-

tion F�ð1SÞ
�bðnPÞ 	 F�ð1SÞ

�bð1PÞ þ F�ð1SÞ
�bð2PÞ, where F�ð1SÞ

�bð1PÞ and

F�ð1SÞ
�bð2PÞ can be obtained from an older sample with

the cuts pt > 8 and jy�j< 0:4 [39]. As pointed out
in Ref. [29], the fraction does not depend very
strongly on pt according to Fig. 2 of Ref. [37].
Also, from Fig. 4 of Ref. [36] we can see it does
not depend very strongly on the rapidity cut either.

Thus F�ð1SÞ
�bð1PÞ ¼ 27:1
 6:9
 4:4% and F�ð1SÞ

�bð2PÞ ¼
10:5
 4:4
 1:4% are taken in our calculation,

which result in F�ð1SÞ
�bðnPÞ 	 37:6
 9:4%.

(iii) The contribution from P-wave color-octet states

�½3Pð8Þ
J � at NLO are still not available. As shown

below, the NLO QCD corrections to�½1Sð8Þ0 � do not
change the cross section very much. If we assume

that the NLO QCD corrections to �½3Pð8Þ
J � are also

small, we can mix it with �½1Sð8Þ0 � again, like what
we have done at LO. Thus, the value of our fitted
hO�

8 ð1S0Þiinc includes the contributions from

�½3Pð8Þ
J � as well.

With these approximations, the formula we used for the
fitting of inclusive color-octet matrix elements becomes

d�½��inc ¼ 1:127� d�½ðb �bÞ1ð3S1Þ�hO�
1 ð3S1Þi

þ F�ð1SÞ
�bðnPÞd�½��inc þ d�½ðb �bÞ8ð1S0Þ�

� hO�
8 ð1S0Þiinc þ d�½ðb �bÞ8ð3S1Þ�

� hO�
8 ð3S1Þiinc: (33)

By fitting the CDF and D0 data, the inclusive NRQCD
matrix elements for color-octet states hO�

8 iinc is obtained,
as shown in Table. II. Here and hereafter all the mentioned

fittings are done by using the multiple linear regression
method.

The uncertainty in F�ð1SÞ
�bðnPÞ is considered. And the experi-

mental error in the pt distribution data is also considered,
which is negligible comparing with the former one when
fitting the D0 data. R2 is the coefficient of determination of
fitting and �R2 is the adjusted coefficient of determination.
The fitting results are shown in Figs. 4 and 5, together with
our predictions for inclusive� production at the LHC. The
bands in the figure also contain the uncertainty from the
scale dependence. This part of the uncertainty is obtained
through following procedure. We generate five groups of
data, with�r ¼ �f ¼ �0, 2�r ¼ 2�f ¼ �0,�r ¼ �f ¼
2�0, 4�r ¼ �f ¼ 2�0 and �r ¼ 4�f ¼ 2�0, and the

uncertainty covers the maximum and minimum range of
the data. This kind of uncertainty has been included in all
the bands of the following figures too.

TABLE II. The fitting results for inclusive NRQCD matrix
elements for color-octet states hO�

8 iinc (in unit of 10�2 GeV3).

Here ndf stands for number of degrees of freedom.

CDF D0

hO�
8 ð1S0Þiinc 1:646
 0:661 1:220
 0:448

hO�
8 ð3S1Þiinc 5:175
 0:845 4:375
 0:529

R2 0.93614 0.97745
�R2 0.92017 0.96617

�2=ndf 8:847=8 2:909=4

FIG. 4 (color online). The transverse momentum distribution
of inclusive � production at the Tevatron and LHC. The CDF
data is from Ref. [37]. The c.m.s energy and rapidity cut for
Tevatron is

ffiffiffi
s

p ¼ 1:8 TeV and jyj< 0:4.
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The direct fraction of direct � production can also be

obtained from Ref. [39] as F�ð1SÞ
dir ¼ 50:9
 12:2%. Thus

we can use the formula

F�ð1SÞ
dir d�½��inc ¼ d�½ðb �bÞ1ð3S1Þ�hO�

1 ð3S1Þi
þ d�½ðb �bÞ8ð1S0Þ�hO�

8 ð1S0Þi
þ d�½ðb �bÞ8ð3S1Þ�hO�

8 ð3S1Þi; (34)

to fit the direct color-octet matrix elements. The fitted
results for direct NRQCD matrix elements for color-octet
states hO�

8 i is shown in Table. III.

The uncertainty comes from F�ð1SÞ
dir and the measured pt

distribution data. Again the value of our fitted hO�
8 ð1S0Þi

includes the contribution from �½3Pð8Þ
J �. The fitting results

are shown in Figs. 6 and 7, together with our prediction for
direct � production at the LHC.

From the data in Tables. II and III, we can see that the
two fittings are consistent with each other while the fitting
with the D0 data shows more goodness. The D0 data is
obtained from larger data sample, and contained much

FIG. 5 (color online). The transverse momentum distribution
of inclusive � production at the Tevatron and LHC. The D0 data
is from Ref. [36]. The c.m.s energy and rapidity cut for Tevatron
is

ffiffiffi
s

p ¼ 1:96 TeV and jyj< 1:8.

TABLE III. The fitting results for direct NRQCD matrix ele-
ments for color-octet states hO�

8 i (in unit of 10�2 GeV3).

CDF D0

hO�
8 ð1S0Þi 1:316
 0:558 0:861
 0:352

hO�
8 ð3S1Þi 3:982
 0:673 3:533
 0:415

R2 0.928 96 0.977 56
�R2 0.911 20 0.966 35

�2=ndf 4:860=8 1:062=4

FIG. 7 (color online). The transverse momentum distribution
of direct � production at the Tevatron and LHC. The D0 data is
from Ref. [36]. The c.m.s energy and rapidity cut for Tevatron isffiffiffi
s

p ¼ 1:96 TeV and jyj< 1:8.

FIG. 6 (color online). The transverse momentum distribution
of direct� production at the Tevatron and LHC. The CDF data is
from Ref. [37]. The c.m.s energy and rapidity cut for Tevatron isffiffiffi
s

p ¼ 1:8 TeV and jyj< 0:4.
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smaller uncertainty in the pt distribution measurement.
Thus, even though the CDF measurement has more data
points, we choose the results obtained from the D0 data for
our further predictions.

The dependence of the total cross section on the renor-
malization scale �r and factorization scale �f are shown

in Fig. 8. It is obvious that the NLO QCD corrections make
such dependence milder. We can also see that the NLO
QCD corrections effect the cross section less at the LHC
than at the Tevatron.

The pt distributions of � production via S-wave color-
octet states at LO and NLO are presented in Figs. 9 and 10
to show how much the corrections are. And we see that
only slight changes appear when the NLO QCD correc-
tions are included.

�½1Sð8Þ0 � hadronize into unpolarized �, so it contributes

to � ¼ 0 for both the LO and NLO. The pt distributions of

� polarization parameter � from �½3Sð8Þ1 � are shown in

Fig. 11, and there is a slight change when the NLO cor-
rections are taken into account. Our predictions for the
polarization of direct � production are also presented in
the figure as a ‘‘total’’ result.

In Fig. 12, the polarization of inclusive � production at
the Tevatron is shown. As the polarization of � from the
feed-down of �bðnPÞ is not available yet, a huge band is
obtained by verifying the polarization of this part between

-1 and 1. The experimental data from the D0 [21] and CDF
[40] is also shown. We can see that, there is still some
distance between the theoretical prediction and experimen-
tal measurement, even with such a large band. From the
figure, as well as Fig. 11, it is obvious that the difference of

FIG. 10. The LO and NLO transverse momentum distribution
of � production via CO transition with �r ¼ �f ¼ �0 at the

LHC.

FIG. 9. The LO and NLO transverse momentum distribution of
� production via CO transition with �r ¼ �f ¼ �0 at the

Tevatron.

FIG. 8. The total cross section of � hadroproduction at the
LHC (upper curves) and Tevatron (lower curves), as function

of � with �r ¼ �f ¼ � and �0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2mbÞ2 þ p2

t

p
. The c.m.s

energy and rapidity cut for Tevatron is
ffiffiffi
s

p ¼ 1:96 TeV and
jyj< 1:8. And ‘‘total cross section’’ here means the differential
cross section integrated in pt from 3 GeV.
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rapidity cut does not change the polarization status very
much. Thus the discrepancy between the data of CDF and
D0 may not be caused by this reason.

VII. �ð3SÞ
In order to get rid of the large uncertainty rising from

the unknown polarization status of � from the feed-
down of �bðnPÞ, we apply our calculation to the case
of �ð3SÞ. We take mc ¼ M�ð3SÞ=2 ¼ 5:18 GeV as an

approximation, and the branch ratio Brð�ð3SÞ !
�þ��Þ ¼ 0:0218 [35] is used. The wave function at

the origin is chosen jR�ð3SÞ
s ð0Þj2 ¼ 2:474 GeV3. Thus

the NRQCD color-octet matrix elements for hO�ð3SÞ
8 i

can be obtained by fitting the CDF data [37] with
ffiffiffi
s

p ¼
1:8 TeV and jyj< 0:4 using

d�½�ð3SÞ� ¼ d�½ðb �bÞ1ð3S1Þ�hO�ð3SÞ
1 ð3S1Þi

þ d�½ðb �bÞ8ð1S0Þ�hO�ð3SÞ
8 ð1S0Þi

þ d�½ðb �bÞ8ð3S1Þ�hO�ð3SÞ
8 ð3S1Þi: (35)

FIG. 12 (color online). The transverse momentum distribution
of polarization parameter � for inclusive � production at the
Tevatron. The c.m.s is chosen as 1.96 TeV, and the rapidity cuts
in two figures are jyj< 0:6 (upper) and jyj< 1:8 (lower),
respectively. The CDF data is from Ref. [40] while the D0
data is from Ref. [21].

FIG. 13 (color online). The transverse momentum distribution
of �ð3SÞ production at the Tevatron and LHC. The CDF data is
from Ref. [37].

FIG. 11 (color online). The transverse momentum distribution
of polarization parameter � for direct � production at the
Tevatron and LHC. The c.m.s. energies and rapidity cuts
(from the top down) are: 1)

ffiffiffi
s

p ¼ 1:96 TeV and jyj< 0:6;
2)

ffiffiffi
s

p ¼ 1:96 TeV and jyj< 1:8; 3)
ffiffiffi
s

p ¼ 14 TeV and
jyj< 3.
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The fitted matrix elements are

hO�
8 ð1S0Þi ¼ ð0:460
 0:484Þ � 10�2 GeV3

hO�
8 ð3S1Þi ¼ ð3:250
 0:876Þ � 10�2 GeV3;

(36)

with R2 ¼ 0:90665 and �R2 ¼ 0:85997. Only the error in
the experimental data is considered in the fitting. The
fitting results are shown in Fig. 13, together with our
prediction for �ð3SÞ production at the LHC. The bands
in the figure contain uncertainty from both the matrix
elements and scale dependence.

Our predictions for the polarization of�ð3SÞ production
at the Tevatron and LHC are shown in Fig. 14. Even though
the center-of-mass system (c.m.s.) energy and rapidity cut
are different, the behavior of polarization parameter � is
similar, especially in high Pt regions.

VIII. SUMMARYAND DISCUSSION

In summary, in this work, we have calculated the
NLO QCD corrections to � production via S-wave color-

octet states �½1Sð8Þ0 ; 3Sð8Þ1 � at the Tevatron and LHC. With

�r ¼ �f ¼ �0, the K factors of total cross section (ratio

of NLO to LO) are 1.313 and 1.379 for �½1Sð8Þ0 � and

�½3Sð8Þ1 � at the Tevatron, while at the LHC they are 1.044
and 1.182, respectively. Unlike for the color-singlet case,
there are only slight changes to the transverse momentum
distributions of � production and the � polarization when
the NLO QCD corrections are taken into account. All the
results imply that the perturbative QCD expansion quickly
converges for � production via the S-wave color-octet
states, in contrast with that via color-singlet, where the
NLO contributions are too large to hint a good convergence
at the next-to-next-to-leading order. By fitting the experi-
mental data from the CDF and D0 Collaborations at the
Tevatron, the matrix elements for S-wave color-octet states
are obtained. And new predictions for the pt distributions
of the �ð1SÞ production and polarization at the Tevatron
and LHC are presented. The prediction for the polarization
of inclusive �ð1SÞ contains large uncertainty rising from
the unknown polarization of �ð1SÞ from feed-down of �b.
Even with such a large uncertainty, there are still some
distance between the prediction and experiment data. Also,

the errors of the fractions used in the fitting, F�ð1SÞ
�bð1PÞ, F

�ð1SÞ
�bð2PÞ

and F�ð1SÞ
dir , are quite large and result in large uncertainty in

the matrix elements. New measurements on the production
and polarization for direct �ð1SÞ are expected. The pro-
duction of�ð3SÞ at the Tevatron and LHC is also studied in
order to get rid of the large uncertainty from the unknown
�b feed-down, and there is large uncertainty in the fitted
matrix elements because of the large uncertainty in current
experimental data. Our prediction for the polarization of
�ð3SÞ production at the hadron colliders is also presented.
Further measurements on the production of �ð3SÞ and its
polarization is also expected.
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APPENDIX A: CALCULATION
OF THE FACTOR Ijk

If we write the n-momentum of soft gluon in the
p1 þ p2 rest frame as

p5 ¼ E5ð1; . . . ; sin1 cos2; cos1Þ; (A1)

then Ijk is defined as

FIG. 14 (color online). The transverse momentum distribution
of polarization parameter � for�ð3SÞ production at the Tevatron
and LHC. The c.m.s. energies and rapidity cuts (from the top
down) are: 1)

ffiffiffi
s

p ¼ 1:96 TeV and jyj< 0:6; 2)
ffiffiffi
s

p ¼ 1:96 TeV
and jyj< 1:8; 3)

ffiffiffi
s

p ¼ 14 TeV and jyj< 3.
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Ijk ¼
Z �ðpj � pkÞ

ðpj � p5Þðpk � p5Þ dS; (A2)

with

dS ¼ 1

�

�
4

s12

���

�
Z �s

ffiffiffiffiffi
s12

p
=2

0
dE5E

1�2�
5 sin1�2�1d1sin

�2�2d2:

(A3)

Before the calculation of Ijk, define 	j as 	j ¼ j ~pjj=Ej,

which is the ratio of momentum to energy of particle i in
the p1 þ p2 rest frame, where

	1 ¼ 	2 ¼ 	4 ¼ 1; 	3 ¼ ŝ� 1

ŝþ 1
� 	: (A4)

Then we can write pj and pk as

pj ¼ Ejð1; � � � ; 	jÞ
pk ¼ Ekð1; � � � ; 	k sinjk; 	k cosjkÞ;

(A5)

where jk is the angle between j and k. Now we have

Ijk ¼ � 1� 	j	k cos

�
IEI

jk
A ; (A6)

where

IE ¼
�
4

s12

��� Z �s
ffiffiffiffiffi
s12

p
=2

0
dE5E

�1�2�
5 ¼

�
� 1

2�

�
ð�sÞ�2�;

(A7)

and

IjkA ¼
Z �

0
sin1�2�1d1

Z �

0
sin�2�2d2

1

1�	jcos1

� 1

1�	k coscos1�	k sinsin1 cos2
: (A8)

The way to calculate the integrals IjkA can be found in the

appendix of Ref. [32]. Now we come to the results. It is
easy to obtain

I11 ¼ I22 ¼ I44 ¼ 0; (A9)

and the others are listed below.
(1) I1i with i ¼ 2, 3, 4. Write the momenta of the

particles as

p1 ¼ E1ð1; � � � ; 1Þ;
p2 ¼ E2ð1; � � � ;�1Þ;
p3 ¼ E3ð1; � � � ; 	 sin13; 	 cos13Þ;
p4 ¼ E4ð1; � � � ;� sin13;� cos13Þ; (A10)

then we have

I12A ¼��

�
;

I13A ¼ �

1�	cos13

�
�1

�
þ ln

ð1� t̂Þ2
ŝ

��

�
ln2ð1� t̂Þ

�1

2
ln2ŝþ2Li2ðt̂Þ�2Li2

�
û

1� t̂

���
;

I14A ¼� 2�

ð1þcos13Þ�
�

û

1� ŝ

���
�
1þ�2Li2

�
t̂

1� ŝ

��
;

(A11)

which lead to

I12 ¼ � 2

�
IEI

12
A ¼ � 1

�2
��2�
s ;

I13 ¼ � 1� 	 cos13
�

IEI
13
A

¼ � 1

2�2
��2�
s

�
1� � ln

ð1� t̂Þ2
ŝ

þ �2
�
ln2ð1� t̂Þ

� 1

2
ln2ŝþ 2Li2ðt̂Þ � 2Li2

�
û

1� t̂

���
;

I14 ¼ � 1þ cos13
�

IEI
14
A

¼ � 1

�2
��2�
s

�
û

1� ŝ

���
�
1þ �2Li2

�
t̂

1� ŝ

��
:

(A12)

(2) I2i with i ¼ 3, 4. These two can be directly obtained
from I1i with the substitution t̂ $ û.

I23¼� 1

2�2
��2�
s

�
1�� ln

ð1� ûÞ2
ŝ

þ�2
�
ln2ð1� ûÞ

�1

2
ln2ŝþ2Li2ðûÞ�2Li2

�
t̂

1� û

���
;

I24¼� 1

�2
��2�
s

�
t̂

1� ŝ

���
�
1þ�2Li2

�
û

1� ŝ

��
:

(3) I33 and I34. Write the momenta of the final state
particles as

p3 ¼ E3ð1; � � � ;�	Þ; p4 ¼ E4ð1; � � � ; 1Þ;
(A13)

then
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I33A ¼ 2�

1�	2

�
1þ�

1

	
lnŝ

�
;

I34A ¼ �

1þ	

�
�1

�
þ lnŝ��

�
1

2
ln2ŝþ2Li2ð1� ŝÞ

��
;

I33¼�1�	2

�
IEI

33
A ¼1

�
��2�
s

�
1þ�

1

	
lnŝ

�
;

I34¼�1þ	

�
IEI

34
A

¼� 1

2�2
��2�
s

�
1�� lnŝ

þ�2
�
1

2
ln2ŝþ2Li2ð1� ŝÞ

��
: (A14)

APPENDIX B: COLOR FACTORS

Here we present color factors for all the processes
involved. Color indices for particle n are labeled as jn.

1. LO processes

The color factors listed here for LO processes have been
orthogonalized and normalized.

(i) gg ! �½1Sð8Þ0 �g, three color factors in total:

1ffiffiffi
5

p Tr½Tj4Tj2Tj1Tj3 � Tj4Tj3Tj1Tj2�;
1ffiffiffi
5

p Tr½Tj4Tj3Tj2Tj1 � Tj4Tj1Tj2Tj3�;
1ffiffiffi
5

p Tr½Tj4Tj2Tj3Tj1 � Tj4Tj1Tj3Tj2�:

(B1)

(ii) gg ! �½3Sð8Þ1 �g, three color factors also:

1

3
ffiffiffi
2

p Tr½ðTj4Tj2Tj3Tj1 þ Tj4Tj1Tj3Tj2Þ

� ðTj4Tj1Tj2Tj3 þ Tj4Tj3Tj2Tj1Þ�;
1

3
ffiffiffi
6

p Tr½ðTj4Tj2Tj3Tj1 þ Tj4Tj1Tj3Tj2Þ

þ ðTj4Tj1Tj2Tj3 þ Tj4Tj3Tj2Tj1Þ
� 2ðTj4Tj2Tj1Tj3 þ Tj4Tj3Tj1Tj2Þ�;
1ffiffiffiffiffiffi
15

p Tr½ðTj4Tj2Tj3Tj1 þ Tj4Tj1Tj3Tj2Þ

þ ðTj4Tj1Tj2Tj3 þ Tj4Tj3Tj2Tj1Þ
þ ðTj4Tj2Tj1Tj3 þ Tj4Tj3Tj1Tj2Þ�:

(B2)

(iii) gq ! �½1Sð8Þ0 �q, only one color factor:

1

2
ffiffiffiffiffiffi
15

p ½3ðTj1Tj3 þ Tj3Tj1Þj4j2 � �j4j2�j1j3�: (B3)

(iv) gq ! �½3Sð8Þ1 �q, two color factors:

ffiffiffi
3

p
4

ðTj3Tj1Þj4j2 ; � 1

4
ffiffiffiffiffiffi
21

p ð8Tj1Tj3 þTj3Tj1Þj4j2 :
(B4)

(v) q �q ! �ð8Þg, almost the same as gq ! �ð8Þq.

2. Virtual correction processes

In the amplitude of virtual correction processes, besides
the same color factors as in the corresponding LO process,
there are extra ones. As we have mentioned before, virtual
correction to the cross section is related to virtual ampli-
tude as Eq. (6). Then the terms in proportion to these extra
color factors will vanish and do not contribute to the final
result as we have orthogonalized the color factors of LO
processes. Thus no new color factors in virtual correction
processes need to be presented here.

3. Real correction processes

In order to present the color factors of real correction
processes in a simplified form, we list here all independent
color factors in a certain process. Actually in our calcu-
lation, they are orthogonalized and normalized too, which
are too complicated to be listed here.

(i) gg ! �½1Sð8Þ0 �gg, twelve color factors. The permu-

tations of j1, j2, j3 and j4 contain 24 terms. Divide
them into 12 groups with two terms in each group,
and the 12 color factors can be expressed as

Tr ½Tj5ðTaTbTcTd þ TdTcTbTaÞ�; (B5)

where a, b, c, d are permutations of j1, j2, j3 and j4.

(ii) gg ! �½3Sð8Þ1 �gg, also 12 color factors. They can be
expressed as

Tr ½Tj5ðTaTbTcTd � TdTcTbTaÞ�: (B6)

(iii) gg ! �½1Sð8Þ0 �q �q, five independent color factors:

dj2j3kðTj1TkÞj4j5 ; dj2j3kðTkTj1Þj4j5 ;
dj1j3kðTj2TkÞj4j5 ; dj1j3kðTkTj2Þj4j5 ;
6ðTj3Tj2Tj1 � Tj1Tj2Tj3Þj4j5 þ ifj1j2j3�j4j5 :

(B7)

(iv) gg!�½3Sð8Þ1 �q �q, seven independent color

factors. One is dj1j2j3�j4j5 while the others can be

expressed as
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ðTaTbTcÞj4j5 ; (B8)

where a, b, c are permutations of j1, j2 and j3.

(v) gq ! �ð8Þgq and q �q ! �ð8Þgg, similar to

gg ! �ð8Þq �q.
(vi) q �q ! �½1Sð8Þ0 �q �q, two color factors:

Tj3
j2j5

�j4j1 þ Tj3
j4j1

�j2j5 ; Tj3
j2j1

�j4j5 þ Tj3
j4j5

�j2j1 :

(B9)

(vii) q �q ! �½3Sð8Þ1 �q �q, four color factors:
T
j3
j2j5

�j4j1 ; T
j3
j4j1

�j2j5 ; T
j3
j2j1

�j4j5 ; T
j3
j4j5

�j2j1 :

(B10)

(viii) qq ! �ð8Þqq, similar to q �q ! �ð8Þq �q.
(ix) q �q ! �½1Sð8Þ0 �q0 �q0, only one color factor:

3ðTj3
j2j5

�j4j1 þT
j3
j4j1

�j2j5Þ�2ðTj3
j2j1

�j4j5 þT
j3
j4j5

�j2j1Þ:
(B11)

(x) q �q ! �½3Sð8Þ1 �q0 �q0, three color factor:

Tj3
j2j5

�j4j1 � Tj3
j4j1

�j2j5 ;

T
j3
j2j1

�j4j5 � T
j3
j4j5

�j2j1 ;

3Tj3
j4j1

�j2j5 � Tj3
j4j5

�j2j1 :

(B12)

(xi) qq0 ! �ð8Þqq0, similar to q �q ! �ð8Þq0 �q0.
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