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Electromagnetic form factor of the pion in the field-theory-inspired approach
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A new expression for the pion form factor F, is proposed. It takes into account the pseudoscalar meson
loops and the mixing of p(770) with heavier p(1450) and p(1700) resonances. The expression has correct
analytical properties and can be used in both timelike and spacelike kinematical regions. The comparison
is made with the existing experimental data on F, collected with the detectors SND, CMD-2, KLOE, and
the BABAR, restricted to energies below 1 GeV. A good description of all four data sets is obtained. In the
spacelike region, upon substituting the resonance parameters found in the timelike one, one obtains F, in
agreement with the measurements of the NA7 Collaboration.

DOI: 10.1103/PhysRevD.83.113005

L. INTRODUCTION

The pion form factor F, is an important characteristic of
the low-energy phenomena in particle physics related with
the hadronic properties of the electromagnetic current in
the theoretical scheme of the vector dominance model
[1-4]. There are a number of expressions for this quantity
used in the analysis of experimental data. The simplest
approximate vector dominance model expression based on
the effective y — p coupling « p A, [3],

m28mnl&p
M =5 = ST pn(s)’

(for notations, see Sec. III) does not possess the correct
analytical properties upon the continuation to the unphys-
ical region 0 = s < 4m2 and further to the spacelike re-
gion s = 0, nor does it takes into account the mixing of the
isovector p-like resonances. Since, phenomenologically
[5], &p==/ 8, is not equal to unity—to be precise,

F.(s) = (1.1)

8pmm 3m, I’ r 1/2
- = <7 (1.2)

£_E7% p“)/ ~ 1.20
8p 20°q;,

—the correct normalization F_(0) =1 is satisfied by
Eq. (1.1) only approximately. Hereafter, « = 1/137 stands
for the fine structure constant. The formula of Gounaris and
Sakurai [6] respects the above normalization condition and
has the correct properties under analytical continuation.
However, being based on some sort of effective radius
approximation for the single p(770) resonance, it is not
suited for taking into account the mixing of p(770) with
heavier isovector mesons. The expression analogous to
Eq. (1.1), based on the gauge invariant y — p coupling «
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respects the correct normalization but does not possesses
correct analytical properties and breaks unitarity. The ear-
lier expression [7,8] for F . takes into account the strong
isovector mixing but has the shortcoming that the above
normalization condition is satisfied only approximately,
within the accuracy 20%.

The applications of the Lagrangian of Kroll, Lee, and
Zumino [3] to the calculations of F,, with the meson loop
contributions in the field-theoretic context are given, in
particular, in Refs. [9—-11]. In particular, Ref. [10] contains
the comparison of the theoretical F, with the experimental
data in the spacelike kinematical region. However, the
authors of Ref. [10] refrained from the application of their
expression in the timelike region, despite the fact that the
high statistics experimental data collected with the detec-
tors SND [12] and CMD-2 [13] were available at that time.

The purpose of the present work is to obtain the ex-
pression for the pion form factor which possesses the
correct analytical properties in the entire kinematic domain
and takes into account the mixing of p(770) with the
heavier resonances p(1450) and p(1700). By restricting
the consideration to the inclusion of the pseudoscalar
meson loops 77+ 77~ and KK, which admits the analytical
treatment and is valid at energies below 1 GeV, the new
expression is found and compared with the existing data on
F . collected with the detectors SND [12], CMD-2 [13],
KLOE [14], and BABAR [15].

Below, in Sec. II, the method is described by which the
loop contributions to the vector-meson propagators are
taken into account. The expression for the form factor
F.(s) is given in Sec. III. Section IV is devoted to the
analysis of available new experimental data on F(s)
[12—15]. Section V contains the discussion of the obtained
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results. The conclusions are stated in Sec. VI. The
Appendix is devoted to the description of the method by
which the resonance mixing is taken into account.

II. THE LOOP CONTRIBUTIONS TO
THE VECTOR-MESON PROPAGATOR

Let us give some details necessary for the derivation of
the expression for the pion form factor. They refer to the
pseudoscalar loop contributions. For the sake of brevity,
the notation

p1=p(770), p,=p(1450), p3=p(1700)

is used hereafter for the isovector resonances involved in
the consideration.

The starting point is the effective Lagrangian describing
the SU(3) invariant interaction of the vector resonances
with the pair of pseudoscalar mesons [16,17]. Restricted to
the couplings of the isovector resonances p;, i = 1,2, 3,
with the pair of pions and kaons (P = m, K), this
Lagrangian looks like

2.1

. | S L
‘£PiPP = lgpiwﬁp?M{E[K 8#K+ - K+6MK - KOGMKO

+ K%Kl + 70,7t — 7T+3#7T_}. (2.2)

The partial width of the decay p; — PP, calculated from
the above effective Lagrangian, is

g%,.PPSI/zv?D(S)
487 ’

where s stands for the (virtual) mass squared of the decay-
ing resonance p;, and

1_‘p,~—>PP(s) = (23)

2
_4myp

vp(s) =41 (2.4)

s
is the velocity of the final meson in the rest frame of the
decaying resonance. Applying the Cutkosky cutting rule to
the diagram in Fig. 1, one finds that the imaginary part of
the diagonal polarization operator caused by the specific
real intermediate state PP is related to the corresponding
partial decay width, according to the expression

P

n- 2

P
FIG. 1. The meson loop diagram contributing to both the di-
agonal polarization operator 11, , —resulting, in particular, in the

finite width of the resonance—and the nondiagonal one IT pipy
responsible for the p;p; resonance mixing; P = 7, K, KO.
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Im 1157 (s) = /5T, pp(s). 2.5)

In the present work, the real intermediate states 77" 7,
KTK~, and K°K° are taken into account; hence,

ImHﬁf;i(s).

Im HP[P[ (S) - Z

P=x",K" K°

The diagonal and nondiagonal polarization operators for
the specific loop PP are calculated from the dispersion
integral. Here, the version of this integral is defined which
automatically provides the condition II,, (0) =0, in

agreement with the conservation of the vector current.
To this end, the dispersion relation should be written for
the quantity 1T, pj(s) /s. Then, one has

50 -1 [ ImIIZ (s)ds'

s 7 Jam2 8'(s' — 5 — ig)

_ 8p;PP8p,PP /'°° vi(s')ds' 2.6)

4872 am?, s’ — s —is

One can evaluate this dispersion integral in the unphysical
region 0 < s < 4m?%, where ImII, , = 0, and no pole is
encountered. But, the integral is still divergent at s’ — oo.
The divergence can be regularized by taking the cutoff
s!.x = A?%. The integration can be fulfilled with the change
of the integration variable o> = v3(s') = 1 — 4m3/s':

A2 ds! 4m%\3/2
I(s) = / : (1 - ,P)
4mi 8" =8 Ky

1—-2m?% /A% Sm%g'

= f do 2 2 2

0 (1 —0*)(@dmp — s+ 0°)
8m> 4m? 3/2 1 A

ey 2<ﬁ — 1) arctan————+ 4In—.

K Ky dmy, 1 mp
s

4

The logarithmic divergence can be removed by fixing
Rel(m}) = 0. The diagonal elements IT pipr = 1, ,.(5)
can be represented in the form

2
_ S8pimm

PiPi 487T2

[H,T(s, m?) + %HK(S, m%,[)], (2.7)

where the factor 1/2 in the second term is due to the flavor
SU(3) relation g, kx = % 8p,mx [see Eq. (2.2)] and that two
isotopic KK modes contribute.

The expressions for IT, (s, m%) are represented in the
following form. Since the pion is the lightest hadron, the
function IT (s, m%) looks as
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1 1 1+ v,(m?)

11 ) 2y — 8 2( ) + 3 2 1 \4
7T(S mV) m’]T m%/ s ‘U V) V)
11 1+ vw(m%,)

H,T(S, m%,) = 8m%<m—%/ - ;) + 'U?T m%/) lnm
11 1+ v, (m})

HW(S, m%,) = 8m%,<m—%/ - ;) + U?T m%/) h’lm
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1+ v,.(s)

+ vf,(s)l:iﬂ' - lnl )

], if s = 4m,,,

+ 23 (s) arctan if 0=s<4m2;

1
v,(s)’
v(s) +1
- UgT(S) h'lm,

if s <O. (2.8)

The function Ik (s, m3,) looks different depending on the mass of the vector meson my. If my > 2my, as is the case for

V = p(1450) and p(1700), the expression is

Mk (s, mj) = 8m%<(m% - %) + vk (m})] Hviﬁmv;
(s, ) = 8ty =) + vini) o 1+vlfimv;
(s, m}) = 8Ly =) + v Hiimi

; T ug(s)
+ v}(s)[nr ln—1 m——r

if 0= s <4m%;

], if s = 4m2;

+ 257(s) arctan

If my < 2myg, as is the case for V = p(770), the expression is

1
Mi(s,m?) =8 2(—
x(s, m3y) mz o~

1
- —) — 203 (m?) arctan————
v S vglm

( V)

1
—) — 203 (m3) arctan————
s

1
I ) 2 =8 2( _
x(s, my) my )

1
U (my)

1 1
(s, md) = 8m§<<—2 - —) — 2#3(m?) arctan
my, s

1
v (m3, )

The function vp(s) (P = 7, K) is given by Eq. (2.4), while

2
5 p(s) = 1|22y, 2.11)

N

Note that the expressions Egs. (2.8), (2.9), and (2.10) have
the property that their real parts vanish at s = m3:

Re Il x(m}, m3) = 0.

III. THE EXPRESSION FOR
THE PION FORM FACTOR

The new expression for the pion form factor, which
automatically respects the current conservation condition

F,(0) = 1 and possesses the correct analytical properties
over the entire s axis, looks like
gp]’iT’lT
Fo(s) = (8yp1 &ypy 8yps )G | &pyam
gp37T7T
gyoll
+ )’g Aplw (g]]gp17T7T + nggpzﬂ'ﬂ' + nggp37r77)-

(3.1)

The notations are as follows. The quantity

K( )’
+1
K( )In UKES; if s <O. 2.9)
Ukls
1+
+ U;((S)I:HT - 1[1171%?5]’ if s = 4m%(,
— Vk\S§
1
+ 203(s) arctanm, if 0=s5<4m;
K( )] ‘UKE‘S; , if s <O. (210)
Ukls
[
2
m
g =" (3.2)
8v

(V = pi23, o) is introduced in such a way that eg,y,
where e is the electric charge, is the yV transition ampli-
tude. As usual, the coupling constant gy is calculated from
the electronic width

Ty, = % (3.3)
of the resonance V. The matrix of inverse propagators
D, _Hmpz _Hmps
G=\|-1,,, D, =11, (3.4)
—I,,, I, D,,
is responsible for the p(770) — p(1450) — p(1700) mixing

[7,8,18-20], and A = detG. See the Appendix for more
detail. The inverse propagators of the p; resonance
(i=1,2,3) are

- 2 o

Dﬂi = My, TS Hﬁiﬂi’ (3.5)
where the diagonal polarization operator II, , can be
expressed through the functions II,(s,m3) and

I (s, m3,) described in Sec. II. The nondiagonal polariza-
tion operators are the following:
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8pymr 8pym
pip2 HPlP]’ HP1P3 - PP’
i pim
8p,ma8pymm
I, = 22 I, ,, + sasx. (3.6)
prm

The quantity a,3 is the dimensionless phenomenological
free parameter. No such parameter is introduced in IT, ,,
and II,, ,. because it would result in a shift of the p(770)
resonance peak position. See the Appendix and Refs. [7,8].

The term « II, , in Eq. (3.1) takes into account the
p(770) — @(782) mixing. The basic quantities in this con-
tribution are the following. The inverse propagator of the
meson w(782) is taken in the form

D, = m2 — s — i\/sT,, 3.7

where the energy-dependent width
Fw = rm(s) = 1_‘(1)37'1'(*5‘) + ranry(s) + rwny(s)
includes the dominant decay mode w(782) — 7" 7~ 7

and the radiative ones. The tree pion decay width is repre-
sented in the form

g2
w m
ra)377(s) = 4p1 WSr(s)r

o
where Wij.(s) is the phase space volume of the final
70 state:

s—m, 1
Warls) = [ dmme, s [ =)

2m,

1 1 1

X + +
D, (m*) D, (m%) D, (m%)

(3.8)

Here, m is the invariant mass of the 7" 7~ pair, while
m refers to the 7= 7° one:

4 2
(s +3m% —m?) * xq,, s(l — Z;), (3.9)

and ¢,, = q(/s, m, m). Here and in what follows,

A my) =52l = (g  mp PTs = mg = P

NG
(3.10)

is the momentum of the particles a or b with the masses m,,
or my, respectively, in the rest reference frame of the
decaying particle whose invariant mass is 1/s. The coupling
constant g, - is evaluated from the w — a7~ 70 decay
width. The energy-dependent radiative width I'yp,(s),
where V = p, w, P = m, 7, is related to the radiative
width on the mass shell Fg’,),y = T'yp,(m}) in accord with
the relation

3
qP(S)
Lypy(s) = ry) )
Y Y g3 ()

(3.11)
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and gp(s) = q(i/s, mp, 0) is the momentum of the pseudo-
scalar meson P in the rest frame of the decaying vector
meson V. The quantity

s .
lew = m_QH;le + lJSFwﬂ'y(s)Fplw'y(s)

(3.12)

is the polarization operator of the p(770) — w(782)
mixing. The real part sIIj, ,/ m2, is chosen in such a way
that it vanishes at s = 0, and I1/, ,, is a free parameter. The
contributions to ImII, , from the n7y intermediate state
can be neglected in comparison with the 7y one. If not
fitted, the masses and partial widths of particles and reso-
nances involved in the treatment are taken from the Review
of Particle Physics [5].

Note that the isovector-isoscalar type of weak mixing is
essential only for the p(770) — w(782) system because it is
enhanced due to the small mass difference of these reso-
nances. As for other isovector-isoscalar mixings
p(1450) — w(782) and p(1700) — w(782), there is no en-
hancement due to the mass proximity, and one can neglect
I1,,., in what follows. The coupling constant of the direct
transition w — 7" 7~ is neglected, too. The reason for this
is explained in the Appendix. See Eq. (A8) and the dis-
cussion around it. The quantitiesg;, g1, €13 are, respec-
tively,

— _ 2
811 = DPzDP3 szps’
812 = Dp3H

P1P2 + HP1P3HP2P3’
813 = Dpz]'_'[

+ 10, .11

P1P3 P1P27 7 P2P3"

See Eq. (AS5) in the Appendix.

When checking the form factor normalization F,.(0) =
1, one should have in mind that the pw mixing is negligible
at s = 0, because, at this energy squared, there is no
enhancement of the effect due to the proximity of m,
and m,,. The same is true for other contributions violating
G-parity conservation. Neglecting the above contributions
results in the correct normalization F(0) = 1, if one takes

gP17T77' + gp27T7T + gp377'77' -1

(3.13)
8pi 8p, 8p;

Indeed, the mixings due to strong interactions 11 pio; vanish
at s = 0, and F(0) reduces to the above sum. This is the
reason for the s in front of a,3 in Eq. (3.6). The comparison
of the new expression Eq. (3.1) with the latest experimental
data [12-15] obtained in e* ¢~ annihilation is presented in
the next section.

IV. THE DATA ANALYSIS AND RESULTS

The experimental data on the reaction ete™ — 77~
collected by the collaborations SND [12], CMD-2 [13],
KLOE [14], and BABAR [15] are chosen for the analysis in
the framework of the field-theory-inspired approach to the
pion form factor presented in this work. As for the BABAR
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data set, we restrict ourselves by the points with /s =
1 GeV, because, at the first stage of the study, the proposed
expression for the polarization operator is restricted to
include only 7" 7~ and KK loops.

The original e*e~ — 7" 7~ data of the SND, CMD-2,
and KLOE Collaborations are presented in two distinct
forms. The first one is the form factor with the vacuum
polarization effect included. The BABAR Collaboration
does not present their results in this form. The second
form is the so-called bare cross section. This quantity is
undressed from the vacuum polarization effects, but in-
cludes the final state radiation. All four groups present their
data in this form. For the purpose of uniformity of presen-
tation, the analysis of the present work refers to the bare
cross section

8ma’ 2 3 o
= WIFw(s)I qﬂ(s)[l + ;a(s)],
where F.(s) is given by Eq. (3.1),
qx(s) = fsv,(5)/2

is the momentum of the final pion, and the function a(s)
allows for the radiation of a photon by the final pions. In
the case of the pointlike pions, it has the form [12,21-24]

1+ 02 |- |-
als) = — 27 [4Li2< ””) + 2Li2(— ””)

.1

O bare

v, l+v, 1 +v,
2 1+ 1+
~ 3 In-— 27 — 2lnw_ In ””]
1+Uﬂ. I_Uﬂ. 1_v7T
1 5 232
—3In —U%__4lnv7r+v_:;_ Z(1+‘Uﬂ.) -2
1+ 3(1 + 02
bt Ve 30 F va) (4.2)

—v, 202

Here, v, = v,(s) is given by Eq. (2.4), and
x In(l — ¢
Li,(x) = — j a0
0 t

First of all, no fit with the single p(770) resonance
contribution, based on Eq. (3.1), in which both g, . and
8 pymr AT€ SEt 1O zero, is capable of satisfactory description
of all four data sets, even with the pw mixing effect being
taken into account. Although the formula with the single
resonance works well in the pw resonance region, the
curve at the far-right shoulder of the p(770) resonance
peak does not follow the data points.

Taking into account the resonance p,, but with the
neglect of the p; one, results in a rather poor fit, too.
This is because the normalization condition F,(0) = 1
reduces, in this case, to the rather restrictive sum rule

gP17T7T + gp27r7r _ 1’
gﬂl ng

which fixes completely the p, contribution to the e"e™ —
7t 7~ reaction amplitude in a way that forbids the
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successful fit. Specifically, the ratio g,,,~/g,, turns out
to be too small, due to the fact that the universality condi-
tion g, »/g, = 1is satisfied for the couplings of p(770).
See Eq. (1.2). Hence, the p, resonance contribution turns
out to be smaller than necessary for reconciling the calcu-
lations with the data. The third resonance p; = p(1700) is
required in order both to preserve the approximate univer-
sality condition and to allow a freedom in the variation of
the p, = p(1450) couplings.

Free parameters, which should be determined from
comparison with the existing data [12—15], are the masses
of the resonances p(770) and «(782), the coupling con-
stants g, ,,—.r Of the resonances p;,3 with the ata
state, the coupling constants g, , and g, parametrizing the
p1.23 and w(782) leptonic decay widths [see Eq. (3.3)], and
the real part of the polarization operator of the p(770) —
w(782) mixing II/, ,. Note that g, is not free but should
be determined from the sum rule Eq. (3.13). At last, there is
the parameter a,; [see Eq. (3.6)] that defines Rell, ,..
Since we restrict our analysis to the energy range below
1 GeV, the masses of the resonances p(1450) and p(1700)
are fixed to, respectively, m, = 1.45 GeV and m, =
1.7 GeV.

So, the total set of free parameters is

mplr gp]7T7T’ gpp my,, 8w

I, ., 8p,mm gpy (4.3)

8 P3T ass.
Their obtained values, found from fitting the bare cross
section Eq. (4.1) side-by-side with the corresponding y?
per number of degrees of freedom, are listed in Table I
separately for the four independent measurements of SND
[12], CMD-2 [13], KLOE [14], and the BABAR data [15]
restricted to the low-energy range /s =1 GeV by the
reason explained earlier. The bare cross section evaluated
with the parameters of Table I is compared with the SND
[12], CMD-2 [13], KLOE [14], and BABAR [15] data
shown in Figs. 2-5, respectively.

As far as the specific values of the obtained parameters
in Table I are concerned, those corresponding to the
p(770) — (782) resonance system agree satisfactorily
for all four experiments [12—15]. The agreement of the
coupling constants of the resonances p(1450) and p(1700)
is poor but, taking into account the large uncertainties in
their determination, is not crucial. This is justifiable, be-
cause the energy range /s = 1 GeV is not a proper place
for extraction of the coupling constants of the above reso-
nances. The widths of p(1450) and p(1700), in their re-
spective energy ranges, are known to be saturated by the
complicated final states p7rr, w7, etc., not the 7t~ one
[5]. Taking into account these decay modes is necessary at
energies /s > 1 GeV. Unfortunately, taking into account
the real parts of the polarization operators arising due to the
mentioned complicated states is hardly possible in closed
form. In addition, the corresponding dispersion integrals

113005-5
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TABLE I. The resonance parameters found from fitting the data from SND [12], CMD-2 [13],
KLOEI10 [14], and the BABAR data [15] restricted to the energies /s = 1 GeV.

Parameter SND CMD-2 KLOE10 BABAR

m,, [MeV] 773.76 £ 0.21 774.70 = 0.26 774.36 £ 0.12 773.92 = 0.10
8p 5.798 * 0.006 5.785 + 0.008 5.778 = 0.006 5.785 *= 0.004
gp, 5.130 = 0.004 5.193 £ 0.006 5.242 = 0.003 5.167 = 0.002
m, [MeV] 781.76 = 0.08 782.33 = 0.06 782,94 £ 0.11 782.04 = 0.10
Lo 17.13 = 0.30 18.43 = 0.47 18.27 = 0.45 17.05 = 0.29
1031'[;,]“, [GeV?] 4.00 £ 0.07 3.97 +0.10 3.98 = 0.09 4.00 = 0.06
8pym 0.71 £ 0.35 0.79 + 0.26 0.019 = 0.004 0.21 = 0.04
&p, 8.0*44 7.6 =34 0.22 £ 0.07 4.0+ 1.0
8psmm 0.207429 0.76 = 0.75 0.0553:588 0.011*9:307
an 0.002 =0.011 —0.016 £0.057 —0.014 =0.040 —0.0005 = 0.0009
X?/Nyor 54/35 34/19 87/65 216/260

diverge much more strongly than in the case of the 7" 77~
and KK intermediate states considered in the present work.
In the meantime, the small values of g, . -, in comparison
with g, -, obtained in the present work upon neglecting
the parr, w7, etc., decay modes at /s = 1 GeV, agree
with the earlier conclusions [7,8] inferred from the analysis
in which the above decay modes were included. Note also
that a,; is compatible with zero.

V. DISCUSSION

An important check of the expression for the pion
form factor Eq. (3.1) and the consistency of the fits is

1400 ———————1——

1200

1000

800

G, [nb]

600

400

200

0 [ TR R R SR R
0,4 0,5 0,6 0,7 0,8 0,9 1,0

s [GeV]

FIG. 2. The bare cross section, Eq. (4.1), calculated with the
resonance parameters obtained from fitting the SND data [12]
listed in Table I. Experimental points are from Ref. [12].

the continuation to the spacelike region # <0 accessible
in the scattering processes. To this end, one should take
the branch with s <0 in II, x(s, m}) [see Eqgs. (2.8),
(2.9), and (2.10)] and replace s — ¢t. Having in mind
that the p(770) — @(782) mixing in the region <0 is
negligibly small, one can calculate F_(¢) in this region.
The results are shown in Fig. 6, where the comparison
with the NA7 data [25] is presented for all four fits
considered in the present work. We emphasize that the
data [25] are not included to the fits. Hence, a good
agreement, demonstrated in Fig. 6, makes the evidence
in favor of the validity of Eq. (3.1) for the pion form
factor.

1400 r . r . r

1200

1000

800 -

G, [nb]

600 -

400

200

0 I . I . I . I
0,6 0,7 0,8 0,9 1,0

s [GeV]

FIG. 3. The same as in Fig. 2, but evaluated with the parame-
ters obtained from fitting the CMD-2 data [13]. Experimental
points are from Ref. [13].
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KLOE-2010

1200

1000

800 [~

G, [nb]

400 -

200 [~

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9
s [GeV?]

FIG. 4. The same as in Fig. 2, but evaluated with the parame-
ters obtained from fitting the KLOE-2010 data [14].
Experimental points are from Ref. [14].

1400 ————7———T 7T T T 1

1200

1000

800 -

Con [nb]

400
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FIG. 5. The same as in Fig. 2, but evaluated with the parame-

ters obtained from fitting the BABAR data [15] restricted to the
energies /s = 1 GeV. Experimental points are from Ref. [15].
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FIG. 6. The pion form factor squared in the spacelike region,
evaluated using the resonance parameters of Table I. The labels
of the theoretical curves correspond to the columns of Table I.
The experimental data NA7 are from Ref. [25].

Using the resonance parameters of Table I, one can
calculate, in particular, such important characteristics as
the charged pion radius r ., defined as the square root of the
root-mean squared radius,

)
of the spherical symmetric electric charge distribution

2

Fo@) = [ drpten = 0 =L [ poyras

= F,(0) + (), 5.1)
where t = —g?. One gets
dF,(1)
= 4/6——— . 5.2
I ar | (5.2)

Evaluating r, with the parameters of Table I, one obtains
the results presented in the first row of Table II. For
comparison, the averaged value of the pion charge radius
cited by the PDG [5] is r, = 0.672 = 0.008 fm.

If one considers the single p(770) resonance, then its

inverse propagator near s = mf,] can be represented as
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TABLE II.
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The pion charge radius r, Eq. (5.2), the renormalization constant Z,, Eq. (5.4), the

“physical” partial widths (with the superscript phys), and the bare ones (without the super-
script), of the decay p(770) and w(782), evaluated with the resonance parameters of Table 1.

Parameter SND CMD-2 KLOE10 BABAR
r.[fm] 0.635 = 0.054 0.646 = 0.059 0.668 = 0.039 0.668 + 0.053
Z, 0.9273 £ 0.0003 0.9277 = 0.0002 0.9279 = 0.0002 0.9277 = 0.0001
r ],W(m ) [MeV] 139.93 = 0.29 139.54 = 0.39 139.12 = 0.29 139.34 £0.19
TEI0n2 ) [MeV] 15090 +0.31 15042+ 042 14992+ 031  150.20 = 0.20
p]ee(mp]) [keV] 6.56 = 0.01 6.41 = 0.01 6.29 = 0.01 6.47 = 0.01
T (m2 ) [keV]  7.07 = 0.01 6.91 + 0.01 6.78 + 0.01 6.97 * 0.01
T,..(m2) [keV] 0.59 = 0.02 0.51 £0.03 0.52 = 0.03 0.60 = 0.02
dRell , _ (s) dRell, _ (s)
— 2 + 2 P1P1 — + P1P1 )
D, =m, — s+ (mj S)ids Z,=1 — e (5.4)
1
X . —i/sTy, 7r(s) (5.3)  in order to reduce Eq. (5.3) to the conveniently used form,
Sy with m, being the physical mass of the resonance. This
he behavior of Rell < h o c ) results in the renormalization of the 777~ and eTe™
The behavior of Rell , , (s) is shown in Fig. 7. Comparing partial widths of the p(770):

Eq. (5.3) with Eq. (1.1), one can see that one should make
the renormalization

1/2

1/2
Z / &p, _)Zp 8oy

8pymm 8p mm

where

0,02 - 4

0,01

0,00 -

2
-0,01 Rel‘[plpl [ GeV7]

nn loop

— — KKlooj
-0,02 |- P

-0,03 -

-0,04 -

0,05 1 . 1 . 1 . 1 . 1 . 1
0,0 0,2 0,4 0,6 0,8 1,0

s'2[GeV]

FIG. 7. The energy dependence of Rell, ,
pion and kaon loops.

(s) for both the

I‘(Phys) F P17 T F(phyS) F piee

rp]ﬁﬁ p\TT ’ pree piee (5‘5)
Z, Z,
175 —7T T
150 | e Protopopescu et al. . ® ¢ i
= Estabrooks et al. 2
from fitting BaBaR
125 B

100

75 |-

50 -

phase of nrt scattering [degree]

25 -

I S R U (S R S ST
0,5 0,6 0,7 0,8 0,9 1,0

s [GeV]

FIG. 8. The phase shift 8} of 77 scattering. The data are,
respectively, Protopopescu et al. [26] and Estabrooks et al. [27].
The curves corresponding to the parameters obtained from fitting
the SND, CMD-2, and KLOE data are not shown because they
coincide with the curve evaluated using the parameters from the
fit of the BABAR data, shown here.
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The numerical values of the renormalization constant Z,
are given in Table II, side-by-side with the 77~ and
e"e” partial widths of the p(770). One can see that Z,
brings the ““bare”” widths (without the superscript “phys’)
closer to the values I',.,=149.1 =0.8 MeV and
[, = 7.04 £0.06 keV cited in the Review of Particle
Physics [5].

Another important characteristic of the low-energy had-
ronic physics is the phase shift 8} of 77 scattering in the
vector-isovector channel with the quantum numbers of
p(770). At energies below the ws and KK production
thresholds, 8] is given by the phase of the pion form factor

ImF
&1 = arct Ly 5.6
| = arc anReF (5.6)

v

where F is given by Eq. (3.1) upon neglecting the con-
tribution of pw mixing « IT, ,. The plot of &, obtained
using parameters extracted from fitting the low-energy
portion of the BABAR data [15], is shown in Fig. 8, where
the comparison with the data [26,27] is presented. Note
that the resonance parameters, extracted from three other
sets of data [12—14], result in the curves for ]1 coincident
with that shown in Fig. 8. Having in mind that the data on
the phase shift were not included in the fits, the agreement
of the calculated 8! with the measured one is satisfactory.

VI. CONCLUSION

It is shown that the new formula for F.(s), Eq. (3.1),
gives a good description of the latest experimental data
[12-15] on the production of the 7+ 7~ pair in e*e”
annihilation at /s < 1 GeV. In this low-energy domain,
one can restrict oneself by the contribution of the 7" 7~
and KK loops to both diagonal and nondiagonal polariza-
tion operators. In principle, other intermediate states
could be taken into account, at least numerically.
However, heavier isovector resonances p(1450) and
p(1700) are known to have other decay modes besides
7mt7~ and KK, such as w, a,m, etc. The treatment
should include the energies ﬁ = 2 GeV, where the cou-
pling constants with the above states could be determined.
No data exist on these decay modes of the quality
comparable with the 777~ data [12-15]. Hence, at
present, the restriction to the domain /s <1 GeV and
to the pseudoscalar loops seems justifiable.
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APPENDIX: THE FINITE WIDTH
AND THE RESONANCE MIXING

Some details necessary for taking into account the finite
width effects and the resonance mixing are given in this

PHYSICAL REVIEW D 83, 113005 (2011)

Appendix. The meaning of the diagonal polarization op-
erator I1 () is that it modifies the inverse bare propagator

of the resonance R with the mass mp, D\V(s) = DY =

m% — s, in the following way:

1 1 1
L )
D(s)  p© = pO " po

1 1 1
+ WHRR(S)WHRR(S)W +
Dy Dy Dy
_ 1
DJ(’?) - HRR(S)

In particular, this formula takes into account the finite
width effects

Dg(s) = m% — 5 — Rellgg(s) — i\/EFRWW(S)‘

In principle, the mixing of the isovector resonances
p(770), p(1450), and p(1700) can be strong, especially
because of the common decay modes, for example, the
7t~ one. It can be taken into account in the field-
theory-inspired approach based on summing to all orders
of the loop corrections to the bare propagators of vector
mesons [7,8,18,20]. The term “‘bare” means that the propa-
gators are not distorted by the mixing. The scheme can be
demonstrated by taking the two-resonance mixing as
an example [20]. It reduces in this case to the following
replacements:

(A)

1 1 1 1 1
—_— > — 7HRR/7HRR/ +"
Drx Dp Dg Dy Dy
Dy
= (G e
DRDR/ Hf{RI
1 1 1 1 1
- _HRR/ HRR/ +
DR/ DR/ DR/ DR DR/
Dg
= /3 = (Gil)R/R”
DRDR/ - H%RI
HRR’ N HRR’ (I_IRR’)3
DRDR/ DRDR/ (DRDR/)Z
HRR/
=___ " = (Gg! .
DRDR/ — HiR/ ( )RR
The matrix

G = ( Dpg _HRR’>
—Igr  Dp
is the matrix of inverse propagators in the two-resonance
case. Let us take for a moment just this case, R = p; and
R' = p,, in order to clarify the effect of the mixing on the
resonance position. Neglecting for a moment the p @ mix-

ing, which is taken into account below, one can write the
pion form factor as
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D I1 4 )
_ P> P1P2 prTT
T (gypl’gVPZ)( HP1P2 Dpl )(gP27T7T
1
» (A2)
DPID - HI%IPZ

2

In the vicinity of the p; resonance position, s — my, ,

Eq. (A2) can be represented in the form

g?’ﬂlgﬂlﬂ'ﬂ'

F_(s) = - ., (A3

77( ) m2 e (s) Hp]p')(mzl) ( )
P1 P]Pl my, —my —1L, , (m})

where, in accord with the adopted definition,

Rell, , (m3 ) = 0. One can see from Eq. (A3) that there

is a shift in the p; resonance peak position, due to the
mixing of p; with the resonance p,:

Am,zjl = —Re—5— plp;(rI”Ipl) —
sz m P2P2 Pl
_Re II
[ zplpz(r’;ﬂ])]’ (A4)
My, = Mp,

where we neglect I, ,,
difference squared mf,z
Fig. 7, the relation

_ (8py7m 2
szpz _( : ) HP]P]’

(mf,l) in comparison with the mass
— m,z,]. Indeed, using the plots in
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In the case of the well-studied resonance p; = p(770), it is
natural to expect that the visible peak position with a good
accuracy coincides with the bare mass m, . This follows
from the definition Rell, , (m? 5) =0 adopted in the
present work. In order to preserve the above coincidence,
the natural demand is to set Rell, , = 0. Since, in
Eq. (A4), Rell? , = (Rell, ,)* — (ImII, ,)?, then, to
be precise, some mass shift survives, which is equal to

Am

m F%]Wﬂ'(m%)l) (gp27T7T)2

. Z(m m2 gp|7T7T .

However, even in the worse case g, = 0.8 (see Table I,
where the magnitudes of the coupling constants extracted
from the specific fits are given), this shift is estimated at the
level of 0.1 MeV. This estimate falls within the errors of
m,, , quoted in Table I. Having in mind the three-resonance
case, we set Rell, , = 0. Such a type of justification is not
applicable for the poorly studied resonances p, = p(1450)
and p; = p(1700); hence, the parameter a,; fixing
Rell ,, ,. remains free.

The generalization to the case of three (and any number
of) resonances p;, p,, and p; is straightforward. The
matrix of inverse propagators is given by Eq. (3.4). The
matrix of propagators is

gp|777r
Eq. (2.5), Eq. (27), and g, . =~ 0.8 (see Table I), one L& g1z 8
obtains the estimate G = A 812 82 823 |
( 813 823 833
IL,,,
2“_ = (0.2 + 1.5{)) X 1073.
mp, mm where
|
gu =Dy,Dy, — H%?vpz’ 8» =D, D, thmos’ 833 =D, D, thnps’
812 = DP3HP1P2 + HP1P3H[I7P3’ g3 =D zHP1P2 T HP1P7HP2P3’ 83 =D, Hﬂ°P3 HP1P2HP1P3’
_ _ 2 2 2
A =detG = DﬂlDﬂzD 2HP1P2HP1P3HP2P1 D H D HP1P3 D HPle (AS)

Note that, deep in the spacelike domain, the quantity 1/A
and, as a consequence, the pion form factor have a pole at
J—1 =287, 82, 97, and 95 GeV, when evaluated with the
resonance parameters obtained from the fit of, respectively,
SND [12], CMD-2 [13], KLOE [14], and BABAR [15] data.
This pole is the analog of the famous Landau pole.

In addition to the strong mixing between the isovector
resonances, one should include also the isovector-isoscalar
p; — »(782) mixing arising due to small G-parity break-
ing. Then, the matrix of inverse propagators can be written
in the form

DPl _HP1P2 _HP1P3 _Hﬂlw

_ _Hﬂlﬂz Dﬂz _szm _HpQw
Go=| _p _m b 0| 48

P1P3 P2P3 P3 pP3w

_lew _szw _Hpsw D,

|
In this case, the pion form factor is written as follows:

Ep 7

Epymm

F7T(S) = (g'yp]; g'ypzr g’yp3) gyw)Gt?)tl (A7)

Py

gm777T

The coupling constant g, ., describes the direct w —
7t 7~ transition arising due to the violation of G-parity
conservation side-by-side with the mixing mechanism.
However, it is known [28] that, since the 7" 7~ channel
dominates the p; decay width, g, is almost canceled in
the effective @ — 7" 7~ transition amplitude, due to the
compensation among imaginary parts of II,, and the
inverse p; propagator. Indeed, allowing for both the mix-
ing and direct transition, one can write the effective wmr
coupling constant in the form
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g(eff) — B (Rell, , +ilmll, ,)g, =r
W w .
™ m%,—mf,] —zﬁ(Fw—FplmT)
o 1
m%} - m%n - l\/E(Fa) _Fp|7r'n')

x {gm[ma —m2 — 5Ty =T, )]

. ~ g(l)7T7T
_gplﬂwl:Rerlw+l<Ime|w+\/E Fpﬂm)]}

8pmm

3 (Rell, , +iImll, ,)g, r
m%o - m%)] - l\/E(rw - Fp17T7T),
where ImIT p,0 differs from ImlI, , by the absence of the
term « g, . Hence, one can safely neglect the coupling
constant g, .. This circumstance was not properly ac-
counted for in our earlier work, Ref. [7]. The isovector-
isoscalar type of weak mixing is essential only for the
p(770) — w(782) system because it is enhanced due to
the small mass difference of these resonances. See

(A8)
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Eq. (A8). As for other isovector-isoscalar mixings
p(1450) — w(782) and p(1700) — w(782), there is no en-
hancement, due to the mass proximity, and one can neglect
I1,, ., Taking the latter assumption into account and
allowing for the p;w mixing to first order, one can ap-
proximate the propagator matrix G~' in Eq. (A7) by the
expression

gull

Pl
811 812 813 ~—p,
nglew
1 812 822 823 ~D
G;)[l ~ w ,
A g13Hp1w
813 823 833  ~—p,
gllH/llw 812H/;,m glallw A
D, D, D, D,

where the g;; and A are given by Eq. (AS5). The final
approximate expression for the pion form factor F, =
F.(s) given by Eq. (3.1) is obtained by inserting this
approximate expression to Eq. (A7) and by neglecting
the coupling constant of the direct decay g, -
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