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In this work we study the cosmology of the general fðTÞ gravity theory. We express the modified

Einstein equations using covariant quantities, and derive the gauge-invariant perturbation equations in

covariant form. We consider a specific choice of fðTÞ, designed to explain the observed late-time

accelerating cosmic expansion without including an exotic dark energy component. Our numerical

solution shows that the extra degree of freedom of such fðTÞ gravity models generally decays as one

goes to smaller scales, and consequently its effects on scales such as galaxies and galaxies clusters are

small. But on large scales, this degree of freedom can produce large deviations from the standard �CDM

scenario, leading to severe constraints on the fðTÞ gravity models as an explanation to the cosmic

acceleration.
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I. INTRODUCTION

There has been much recent interest in the so-called
fðTÞ gravity theory as an alternative to dark energy for
explaining the acceleration of the Universe [1–17]. This
theory is a generalization of the teleparallel gravity [18,19]
created by replacing T, the Lagrangian of teleparallel
gravity, by a function fðT). It uses the curvature-free
Weitzenbock connection [20] to define the covariant de-
rivative instead of the conventional torsionless Levi-Civita
connection of general relativity

Teleparallel gravity (see Ref. [19] for a review and
references therein) has a set of four tetrad (or vierbein)
fields which form the orthogonal bases for the tangent
space at each point of spacetime. They are the dynamical
variables and play the role of the metric tensor field in
general relativity. The vierbeins are parallel vector fields,
which gave the theory the descriptor ‘‘teleparallel’’. It is
dynamically equivalent to general relativity and so is not
really an alternative to it, but a reformulation which allows
for a different interpretation: gravity is not due to curva-
ture, but to torsion.

The generalization to fðTÞ gravity can be viewed as an
phenomenological extension of teleparallel gravity (which
is the special case fðTÞ ¼ T), inspired by the fðRÞ general-
ization (see Ref. [21] for a review) of general relativity.
However, it has the advantage over fðRÞ gravity that its
field equations are second-order instead of fourth-order
(although it is known that, even though it leads to fourth-
order equations, fðRÞ gravity can be ghost-free). Yet, it also
possesses disadvantages. Although fðRÞ gravity is proba-
bly not the low-energy limit of some fundamental theory, it
does include models that can be motivated by effective

field theory. In contrast, fðTÞ gravity seems at this stage to
be just an ad hoc generalization.
Another serious disadvantage of fðTÞ gravity that was

pointed out very recently in Ref. [13,16] is that it does not
respect local Lorentz symmetry. From a theoretical per-
spective this is a rather undesirable feature and experimen-
tally there are stringent constraints. A Lorentz-violating
theory is only attractive if the violations are small enough
to avoid detection and it leads to some other significant
payoff. So far, the only such payoff that has been suggested
is that fðTÞ gravity might provide an alternative to con-
ventional dark energy in general relativistic cosmology.
The specific models that have been considered in the

literature [1–12] are rather special as they are tailored to
reproduce the late-time accelerated expansion of the
Universe without a cosmological constant. However, to
do so, a parameter in these models is required to be tuned
to a very low value, comparable with the observed value
of the cosmological constant. Thus, given the lack of
clear theoretical motivation for these models, it is rather
questionable if this can really be considered to be a reso-
lution of the cosmological constant problem.
Nonetheless, given the attention these models have at-

tracted recently, it seems worthwhile to address their via-
bility as alternatives to general relativity in the field of
cosmology itself, which was their initial motivation. We do
so by going beyond background cosmology and consider-
ing linear perturbations. We will show that these models
behave very differently from the �CDM model on large
scales, and are, therefore, very unlikely to be suitable
alternatives to it.
Cosmological perturbations in these models have been

considered recently in Refs. [12,14,15] as well. However,
in these papers the field equations are written with only
partial derivatives and look quite different from the usual
Einstein equations. Here, we will present a covariant ver-
sion of the field equations of fðTÞ gravity with a clear
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correspondence to the Einstein’s equations. We will use
them to derive the field equations for a perturbed
Friedman-Lemaı̂tre-Robertson-Walker (FLRW) universe.
As fðTÞ gravity has different dynamical variables (the
tetrad fields) from general relativity or fðRÞ gravity
(rank-2 tensorial metric field), we end up with new de-
gree(s) of freedom. This fact has been neglected before, for
example, in Refs. [12,15]. Here we will show how the new
degree of freedom arise in the perturbed field equations,
and numerically assess its effects on the linear-perturbation
observables, such as the CMB and matter power spectra.

The paper is arranged as follows: in Sec. II we derive the
field equations for fðTÞ gravity in its original form and
rewrite it in the covariant form. In Sec. III we give a
detailed introduction to the method of deriving the cova-
riant and gauge-invariant linear-perturbation equations for
fðTÞ gravity theory, and list those equations. We focus on a
specific model with a power-law functional form for fðTÞ
in Sec. IV, and study its background cosmology and the
growth of large-scale structure. We summarize and con-
clude in Sec. V. Throughout this work we use the metric
convention ðþ;�;�;�Þ and set c ¼ 1 and � ¼ 8�G,
where G is the gravitational constant.

II. THE fðTÞ MODEL AND ITS EQUATIONS

In this section we give a brief description of the fðTÞ
model and a detailed derivation of its field equations. In
contrast to previous works, which wrote these equations in
terms of partial derivatives of the tetrads, we shall do this
by expressing them in terms of the Einstein tensor plus
relevant covariant derivatives of the vierbein field. This
approach makes the equations closely resemble their coun-
terparts in GR and provides a basis for the derivation of the
perturbation equations in the gauge covariant formalism,
which is our final goal.

Since fðTÞ gravity is a simple generalization of tele-
parallel gravity theory, we shall briefly introduce the latter
(for a comprehensive review see [19]).

A. Ingredients of teleparallel gravity

In teleparallel gravity we have the vierbein, or tetrad,
fields, haðx�Þ, as our dynamical variables; Latin indices
a; b; � � � run from 0 to 3 and label tangent space coordi-
nates; Greek indices �; �; � � � run from 0 to 3 and label
spacetime coordinates. The h�a are both spacetime vectors
and Lorentz vectors in the tangent space. As the former
(indexed by �), they are the dynamical fields of gravita-
tion, as the latter (indexed by a), they form an orthonormal
basis for the tangent space at each spacetime point.

The metric tensor of spacetime, g��, is given by

g�� ¼ �abh
a
�h

b
� (1)

where �ab ¼ diagð1;�1;�1;�1Þ is the Minkowski met-
ric for the tangent space. From this relation it follows that

h
�
a ha� ¼ �

�
� ; h

�
a hb� ¼ �b

a; (2)

where Einstein convention of summation has been used.
Equation (1) implies that in this model g��, h

�
a and ha� are

all dependent on each other, which is important for the
derivation of the field equations by variation.
General relativity is built on the Levi-Civita connection

of the metric

��
�	 � 1

2
g�
ðg
�;	 þ g
	;� � g�	;
Þ; (3)

where a comma is used to denote a partial derivative
(;� � @=@x�). This connection has nonzero curvature but

zero torsion. Teleparallel gravity, or the teleparallel inter-
pretation of general relativity, instead makes use of the
Weitzenbock connection (tilded to distinguish from ��

�	)

~� �
�	 � h�b@	h

b
� ¼ �hb�@	h

�
b (4)

which has a zero curvature but nonzero torsion. The torsion
tensor reads

T�
�	 � ~��

	� � ~��
�	 ¼ h�b ð@�hb	 � @	h

b
�Þ: (5)

The difference between the Levi-Civita and Weitzenbock
connections, neither of which is a spacetime tensor, is a
spacetime tensor, and is known as the contorsion tensor:

K�
�� � ~��

�� � ��
�� ¼ 1

2
ðT�

�
� þ T�

�
� � T�

��Þ: (6)

It is worth pointing out at this point that, based on the
definition we have given above, the Weitzenbock connec-
tion, the torsion tensor and the contorsion tensor are not
local Lorentz scalars (i.e. they do not remain invariant
under a local Lorentz transformation in tangent space)
even though they do not have any tangent space indices.1

This is the root of the lack of Lorentz invariance in gener-
alized teleparallel theories of gravity.
The Lagrangian density of teleparallel gravity is given

by

LT � h

16�G
T; (7)

where

T ¼ 1

4
T���T��� þ 1

2
T���T��� � T��

�T��
�; (8)

and h � ffiffiffiffiffiffiffi�g
p

is the determinant of h�a with g being the

determinant of the metric g��. After adding the matted

1Teleparallelism assumes the existence of a class of frames
where the spin connection is zero and in which the Weitzenbock
connection assume the form given in Eq. (4). We choose to work
in one of these frame. One could introduce a Lorentz covariant
formulation of the theory at the level of the action, but this would
only change appearances [16].
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Lagrangian densityLm, variation with respect to the tetrad
yields the field equations

@�ðhh�aS�
�Þ � hh�aS��
T��� þ 1

4
hh
aS

���T���

¼ 8�G�

a (9)

with�

a related to the usual energy-momentum tensor���

by ��� � �ab��
ah

�
b and

S��� � K��� � g��T��
� þ g��T��

�: (10)

B. Field equation for fðTÞ gravity
The idea of fðTÞ gravity is simply to promote the T in

the Lagrangian to become an arbitrary function of T:

LT ! L ¼ h

16�G
fðTÞ: (11)

The field equations are straightforward generalizations of
those of standard teleparallel gravity just given above:

fT½@�ðhh�aS�
�Þ � hh�aS��
T���� þ fTThh
�
aS�


�@�T

þ 1

2
hh
afðTÞ ¼ 8�G�


a (12)

where fT � @fðTÞ=@T and fTT � @2fðTÞ=@T2.
Obviously, if fðTÞ ¼ T þ� with � a constant, then

Eq. (12) simply reduces to Eq. (9).

C. Covariant version of the field equations

The field equations (9) and (12) are written in terms of
the tetrad and partial derivatives and appear very different
from Einstein’s equations. This makes comparison with
general relativity rather difficult. In this subsection we
show that Eq. (9) can be written in terms of the metric
only and it then becomes Einstein’s equation. We also
present an equation relating T with the Ricci scalar of
the metric R. These will make the equivalence between
teleparallel gravity and general relativity clear. On the
other hand, the tetrad cannot be eliminated completely in
favor of the metric in Eq. (12), because of the lack of local
Lorentz symmetry, but we will show that the latter can be
brought in a form that closely resembles Einstein’s equa-
tion. This form is more suitable for introducing the cova-
riant and gauge-invariant formalism for cosmological
perturbations.

First, let us note that although in Sec. II A the tensors
were all written in terms of partial derivatives, they could
be rearranged so that all the partial derivatives are replaced
with covariant derivatives compatible with the metric g��,

i.e., r� where r�g�� ¼ 0. In particular, we would have

T�
�	 ¼ h�b ð@�hb	 � ��

�	h
b
� � @	h

b
� þ ��

	�h
b
�Þ

¼ h�b ðr�h
b
	 �r	h

b
�Þ; (13)

where we have used the fact that ��
�	 is symmetric in the

subscripts �, 	. From this it can be readily checked that

K�
	� ¼ h�ar�h

a
	; (14)

S�
�	 ¼ �abh�ar�h

	
b þ �	

��abh�ar�h
�
b � ��

��abh�ar�h
	
b

(15)

and clearly

K��	 ¼ K½���	; T��	 ¼ T�½�	�; S��	 ¼ S�½�	�;

in which the square brackets mean antisymmetrization, and
also

K�
�� ¼ T�

��; K��
� ¼ T��

�:

These relations are useful in the calculation below.

Next, from the relation between ��
�	 and ~��

�	 as given in

Eq. (6) and the fact that the curvature tensor associated

with the Weitzenbock connection ~��
�	 vanishes, we can

write the Riemann tensor for the connection ��
�	 as [19]

R�
�
� ¼ @
�

�
�� � @��

�
�
 þ ��

�
�
�
�� � ��

����
�


¼ r�K
�
�
 �r
K

�
�� þ K�

��K
�
�


� K�
�
K

�
��

and the corresponding Ricci tensor and Ricci scalar are

R�

 ¼ r�K

��

 �r
K

��
� þ K�

��K
��


 � K�
�
K

��
�

R ¼ K��
�K

�
�� � K���K��� � 2r�ðT�

��Þ
¼ �T � 2r�ðT�

��Þ: (16)

This last equation implies that the T and R differ only by a
covariant divergence of a spacetime vector. Therefore, the
Einstein-Hilbert action and the teleparallel action (i.e. the
action constructed with the Lagrangian density given in
Eq. (7)) will both lead to the same field equations and are
dynamically equivalent theories.
We can show this equivalence directly at the level of the

field equations. With the aid of the equations listed above,
it can be shown, after some algebraic manipulations, that

hh�aG

� ¼ @
ðhh�aS�

Þ � hh
aS��
T��
 þ 1

2
hh
aT;

(17)

whereG�� is the Einstein tensor. Substituting this equation

into Eq. (9) and rearranging, we obtain Einstein’s equa-
tions. If we do the same for Eq. (12) we get

fTG�� þ 1

2
g��½fðTÞ � fTT� þ fTTS���r�T

¼ 8�G���: (18)

Equation (18) can be taken as the starting point of the fðTÞ
modified gravity model, and it has a structure similar to the
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field equation of the fðRÞ gravity. Note that when fðTÞ ¼ T
general relativity is exactly recovered, as expected.

III. THE LINEAR-PERTURBATION EQUATIONS

In order to study the evolution of linear perturbations in
the fðTÞ gravity, we have to linearize the field equations.
Usually, this is achieved by writing all quantities in terms
of the metric perturbation variables, and for this we have to
use some metric ansatz. In fðTÞ gravity, however, it is the
vierbein, rather than the metric, that is the fundamental
field, and it has 16 rather than 10 independent components.
Usually, the six additional components correspond to
local Lorentz symmetry, but, as mentioned previously
fðTÞ gravity is not invariant under that symmetry.
Consequently, specifying a metric ansatz does not neces-
sarily fix all the tetrad components [13], and one needs to
specify an ansatz for the tetrad itself and derive the metric
perturbations thereafter.

Other subtleties emerge here. For example, one cannot
write the metric in some familiar gauges (e.g. conformal
Newtonian) a priori, as these gauges are obtained by
gauging away certain degrees of freedom in the metric
fields. However, in fðTÞ gravity the degrees of freedom
are different and the lack of local Lorentz invariance means
that we can only gauge away 4 of the 16 components of the
tetrad due to the invariance of the action under spacetime
coordinate transformations.

We follow Ref. [22] and derive the perturbation equa-
tions in the 3þ 1 formalism, in which all the quantities are
covariant and gauge invariant. This formalism deals with
physical quantities directly and does not need to make a
metric ansatz a priori. It is appropriate to use it given that
we have derived the field equation (18) in the covariant
form. It has proved quite useful in studies of perturbation
evolution in modified gravity theories [23–27].

A. Covariant and gauge-invariant perturbation
equations in general relativity

The 3þ 1 decomposition makes spacetime splits of
physical quantities with respect to the 4-velocity u� of an
observer. The projection tensor H�� is defined as H�� ¼
g�� � u�u� and can be used to obtain covariant tensors

perpendicular to u. For example, the covariant spatial

derivative r̂ of a tensor field T����	
����� is defined as

r̂ �T����	
����� � H�

�H
�
� � � �H	

�H


� � � �H


�r�T�����

���
 : (19)

The energy-momentum tensor and covariant derivative of
the 4-velocity are decomposed, respectively, as

��� ¼ ��� þ 2qð�u�Þ þ �u�u� � pH��; (20)

r�u� ¼ ��� þ$�� þ 1

3
�H�� þ u�A�: (21)

In the above expressions, ��� is the projected symmetric

trace-free (PSTF) anisotropic stress, q� the heat flux vec-
tor, p the isotropic pressure, ��� the PSTF shear tensor,

$�� ¼ r̂½�u�� the vorticity, � ¼ r�u� ¼ 3 _a=a (a is the

mean expansion scale factor) the expansion scalar,
and A� ¼ _u� the acceleration; the overdot denotes time

derivative expressed as _� ¼ u�r��, brackets mean
antisymmetrization, and parentheses symmetrization. The
4-velocity normalization is chosen to be u�u� ¼ 1. The
quantities ���, q�, �, p are referred to as dynamical

quantities and ���, $��, �, A� as kinematical quantities.

Note that the dynamical quantities can also be obtained
from the energy-momentum tensor ��� through the rela-

tions

�¼���u
�u�; p¼�1

3
H�����;

q�¼H
�
�u����; ���¼H

�
�H�

����þpH��:
(22)

Decomposing the Riemann tensor and making use of the
Einstein equations, after linearization we obtain five con-
straint equations [22]:

0 ¼ r̂�ð"����u
�$��Þ; (23)

�q� ¼ � 2r̂��

3
þ r̂���� þ r̂�$��; (24)

B�� ¼ ½r̂���ð� þ r̂�$�ð��"�Þ���u�; (25)

r̂ �E�� ¼ 1

2
�

�
r̂���� þ 2

3
�q� þ 2

3
r̂��

�
; (26)

r̂ �B�� ¼ 1

2
�½r̂�q� þ ð�þ pÞ$���"����u�; (27)

and five propagation equations:

_�þ 1

3
�2 � r̂aAa þ �

2
ð�þ 3pÞ ¼ 0; (28)

_���þ2

3
�����r̂h�A�iþE��þ1

2
����¼0; (29)

_$þ 2

3
�$� r̂½�A�� ¼ 0; (30)

1

2
�

�
_��� þ 1

3
����

�
� 1

2
�½ð�þ pÞ��� þ r̂h�q�i�

� ½ _E�� þ �E�� � r̂�B�ð�"�Þ��
�u�� ¼ 0; (31)

_B�� þ �B�� þ r̂�E�ð�"�Þ��
�u� þ �

2
r̂���ð�"�Þ��

�u�

¼ 0: (32)
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Here, "���� is the covariant permutation tensor, E�� and

B�� are, respectively, the electric and magnetic parts of the

Weyl tensor W ����, defined by E�� ¼ u�u�W ���� and

B�� ¼ � 1
2u

�u�"��
��W ����. Note that the angle

bracket denotes taking the trace-free part of a quantity.
Using the definition of the projected derivatives, it can

be shown that

½r̂�; r̂��v� ¼ �2$�� _v� þH�
�H

�
�H

	
�R��	


v


þ ðr̂�u�r̂�u

 � r̂�u


r̂�u�Þv
 (33)

for any projected vector field v� (u�v� ¼ 0). In the ab-

sence of vorticity $�� (which is true up to first order in

perturbation because we are considering the scalar mode
only), the above equation can be written as

½r̂�; r̂��v� � �R̂���

v
 (34)

where R̂���
 is the spatial 3-curvature tensor defined in

analogy to the Riemann curvature tensor in the 4D space-
time (the minus sign is conventional). We can then define
the corresponding Ricci scalar of the hyperspace perpen-

dicular to the 4-velocity in the usual way: R̂ ¼ R̂��
��.

With the Einstein equation it is easy to find

R̂ � 2��� 2

3
�2: (35)

The spatial derivative of R̂, �� � 1
2ar̂�R̂, is then given as

�� ¼ �r̂��� 2a

3
�r̂��; (36)

and its propagation equation by

_�� þ 2�

3
�� ¼ � 2

3
�ar̂�r̂ � A� a�r̂�r̂ � q: (37)

Finally, there are the conservation equations for the
energy-momentum tensor:

_�þ ð�þ pÞ�þ r̂�q� ¼ 0; (38)

_q �þ4

3
�q�þð�þpÞA��r̂�pþr̂����¼0: (39)

As we are considering a spatially-flat universe,2 the
spatial curvature must vanish on large scales and so in

the background R̂ ¼ 0. Thus, from Eq. (35), we obtain

1

3
�2 ¼ ��: (40)

This is the Friedmann equation in general relativity, and
the other background equations can be obtained by taking
the zero-order parts of Eqs. (28) and (38), yielding

_�þ 1

3
�2 þ �

2
ð�þ 3pÞ ¼ 0; (41)

_�þ ð�þ pÞ� ¼ 0: (42)

B. Generalization to the fðTÞ gravity
In order to make best use of the formulas obtained for

general relativity, we can consider the modifications to the
Einstein equation in fðTÞ gravity as a new effective energy-
momentum tensor �eff

�� in addition to that of the fluid

matter, �f
��. Equation (18) can then be rewritten as

G�� ¼ �ð�f
�� þ�eff

��Þ (43)

in which

��eff
�� � � fT � 1

fT
��f

�� � 1

2fT
g��½f� fTT�

� fTT
fT

S���r�T: (44)

As already mentioned, here we have to work with the tetrad
and not just the metric, so the setup will be slightly differ-
ent than that of general relativity.
Since we intend to investigate the perturbation evolution

in an almost Friedmann universe, let us first consider an
exact Friedmann universe: there is no special spatial direc-
tion and the fundamental observer’s world line is in the
time direction. Assuming that the comoving observer’s
frame is aligned with the frame defined by the tetrad in
tangent space we have h�0 ¼ u�, where u� is the 4-velocity

of the fundamental observer, and the h�i (i ¼ 1, 2, 3) are

three orthonormal vectors in the 3-space of the fundamen-
tal observer (here we use an underline to denote compo-
nents of the Lorentz index). If we define Ua � h

�
a u�, then

1 ¼ g��u
�u� ¼ �abh

a
�h

b
�u

�u� ¼ �abU
aUb. Note that in

this case Ua ¼ �a
0 .

In an almost Friedmann universe, the above symmetry is
at best an approximation, and h

�
0 will not coincide exactly

with u� but could differ slightly. Instead ofUa ¼ ð1; 0Þ, we
will have Ua ¼ ðU0; UiÞ where the Ui are small,
and �abU

aUb ¼ 1 implies that U0 ¼ 1 up to first order

in perturbation. As U0 ¼ h
0
�u�, we can write h

0
� ¼ u� þ

�� where �� is a perturbation vector and u��� ¼ 0. As it

will turn out, all the information we need to know about h
i
�

is that h
i
�u� ¼ Ui is first order in perturbation and h

i
�.

This suffices to show that, to this order of perturbation, ��

is the only new physical degree of freedom with respect to
general relativity. It was expected to appear due to the lack
of local Lorentz invariance [13]. Detailed calculations in
support of these statements, as well as explicit derivations
of the perturbative expressions for quantities entering the
field equations can be found in Appendix A. Here, we will
only quote the results of these calculations. Obviously, the

2See Ref. [28] for a discussion on hyperspherical and hyper-
bolic universes.
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only quantities that are not already present in general
relativity are T and S���r�T. Up to first order in pertur-

bations, we have

T � � 2

3
�2 � 4

3
�r̂ � �; (45)

S���r�T � 2

3
_Tð�þ r̂ � �ÞH�� � 1

2
_Tu�R̂�

� _Tð��� þ$�� þ r̂h���i þ r̂½����Þ
� 2

3
�u�r̂�T: (46)

Here r̂ � � � r̂��� and R̂� satisfies r̂�R̂� ¼ R̂.

Using the definitions given in Eq. (22), it is straightfor-
ward to obtain

��eff � � 1

fT

�
ðfT � 1Þ��f þ 1

2
ðf� fTTÞ

�
; (47)

�peff � � 1

fT

�
ðfT � 1Þ�pf � 1

2
ðf� fTTÞ

�

þ 2

3

1

fT
fTT _Tð�þ r̂ � �Þ; (48)

�qeff� � � 1

fT

�
ðfT � 1Þ�qf� � 1

2
fTT _TR̂�

�
; (49)

� � 1

fT

�
ðfT � 1Þ�qf� � 2

3
fTT�r̂T

�
; (50)

��eff
�� � � 1

fT
½ðfT � 1Þ��f

�� � fTT _Tð��� þ r̂h���iÞ�;
(51)

up to first order in perturbation. There are two different
expressions for qeff� , which is because the quantity
S���r�T is not symmetric a priori, but the field equations

require its antisymmetric part to vanish.
We are also interested in the density and pressure per-

turbations, and these can be obtained by differentiating
Eqs. (47) and (48):

�r̂��
eff � 1

fT

�
ð1� fTÞ�r̂��

f þ fTTTr̂�T

�
; (52)

�r̂�p
eff � � 1

fT

�
ðfT � 1Þ�r̂�p

f þ 8

9
�2 _�fTTTr̂�T

� 4

3

�
_�þ 2

3
�2
�
fTTr̂�T � 2

3
fTT�ðr̂�TÞ�

þ 8

9
�2 _�fTTA�

�
: (53)

Equations (49)–(53), together with the equations given in
Sec. III A, are all we need to study the perturbation evolu-
tion in fðTÞ gravity.

C. Scalar Equations in fðTÞ gravity
Our formalism has so far been as general as possible.

Now we will focus exclusively on scalar perturbations and
perform the following harmonic expansions of our pertur-
bation variables

r̂�� ¼ X
k

k

a
XQk

�; r̂�p ¼ X
k

k

a
XpQk

�

q� ¼ X
k

qQk
�; ��� ¼ X

k

�Qk
��;

r̂�� ¼ X
k

k2

a2
ZQk

�; ��� ¼ X
k

k

a
�Qk

��

r̂�a ¼ X
k

khQk
�; A� ¼ X

k

k

a
AQk

�

�� ¼ X
k

�Qk
�; �� ¼ X

k

k3

a2
�Qk

�

E�� ¼ �X
k

k2

a2
�Qk

��

(54)

in which Qk is the eigenfunction of the comoving spatial

Laplacian a2r̂2
satisfying

r̂ 2Qk ¼ k2

a2
Qk:

Qk
�, Q

k
�� are given by Qk

� ¼ a
k r̂�Q

k, Qk
�� ¼ a

k r̂h�Qk
�i.

In terms of the above harmonic expansion coefficients,
Eqs. (24), (26), (29), (31), (36), and (37) can be rewritten as
[22]

2

3
k2ð��ZÞ ¼ �qa2; (55)

k3� ¼ � 1

2
�a2½kð�þXÞ þ 3Hq�; (56)

kð�0 þH�Þ ¼ k2ð�þ AÞ � 1

2
�a2�; (57)

k2ð�0 þH�Þ ¼ 1

2
�a2½kð�þ pÞ�þ kq��0 �H��;

(58)

k2� ¼ �Xa2 � 2kHZ; (59)

k�0 ¼ ��qa2 � 2kHA (60)

in which H � a0=a ¼ 1
3a� and a prime denotes the de-

rivative with respect to the conformal time � (ad� ¼ dt).
Also, Eq. (39) and the spatial derivative of Eq. (38) become
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q0 þ 4Hqþ ð�þ pÞkA� kXp þ 2

3
k� ¼ 0; (61)

X 0 þ 3h0ð�þ pÞ þ 3H ðX þXpÞ þ kq ¼ 0: (62)

We shall always neglect the superscript tot for the total

dynamical quantities and add appropriate superscripts for
individual matter species. Note that

h0 ¼ 1

3
kZ�HA; (63)

and �, p,X,Xp, q,�with superscripts f or eff are the total

quantities (fluid matter plus correction terms). The har-
monic coefficients Xeff , Xp;eff , qeff , �eff can be derived
from Eqs. (52), (53), and (49)–(51) such that

fT�ðXf þXeffÞa2 ¼ �Xfa2 þ 24
fTT
a2

kH 3ðZþ �Þ;
(64)

fT�ðXp;f þXp;effÞa2

¼ �Xp;fa2 � fTT
a2

½8kH ð3H 0 �H 2ÞðZþ �Þ
þ 8kH 2ðZþ �Þ0 þ 24H 2ðH 0 �H 2ÞA�
þ 96

fTTT
a4

kH 3ðH 0 �H 2ÞðZþ �Þ; (65)

fT�ðqfþqeffÞa2¼�qfa2�8
fTT
a2

k2H 2ðZþ�Þ (66)

¼�qfa2�12
fTT
a2

kH ðH 0 �H 2Þ�; (67)

fT�ð�f þ�effÞa2 ¼ ��fa2 � 12
fTT
a2

kH ðH 0 �H 2Þ
� ð�þ �Þ: (68)

This completes our derivation of the scalar mode cova-
riant and gauge-invariant perturbation equations for fðTÞ
gravity, and we have one extra dynamical degree of free-
dom �. It is now straightforward to choose a gauge, and as
an example the perturbation equations in the conformal
Newtonian gauge are given in Appendix B.

IV. NUMERICAL RESULTS

For a quantitative analysis of the evolution of cosmo-
logical perturbations in fðTÞ gravity, one needs to consider
a concrete class of models. Since the motivation for con-
sidering fðTÞ gravity was based on the suggestion that it
could account for the late-time cosmic speedup without the
need for dark energy, it makes sense to restrict ourselves to
models that exhibit this property (we have expressed our
reservations about the theoretical motivation of a general

fðTÞ theory in the Introduction). Thus, we focus on the
class of models that can be parametrized as

fðTÞ ¼ T ��2ðnþ1Þ

ð�TÞn (69)

where n is some real number. The � parameter will be
fixed to such a value so that the model can reproduce the
late-time accelerated expansion of the Universe. The minus
sign in ð�TÞn has also been chosen with some foresight, as
T ¼ � 2

3�
2 ¼ �6H2 < 0 in background cosmology. Our

aim is to examine if this particular class of model which
can reproduce the background cosmological evolution of
the �CDM model is also compatible with large-scale
structure evolution. Such a Lagrangian has been studied
previously by [5,14] but in different contexts.

A. Background evolution

In background cosmology, the modified Friedman equa-
tion is given as

3H2 ¼ �ð�f þ �effÞ ¼ 1

fT
��f � 1

2fT
ðf� fTTÞ: (70)

Using the fact that T ¼ �6H2, this equation could be
written as

� T � ð1þ 2nÞ�
2ðnþ1Þ

ð�TÞn ¼ 2��f; (71)

according to which we could fix � by assuming that the
present fractional energy density for ‘‘dark energy’’ is��:

�2ð1þnÞ ¼ 1

1þ 2n
��ð6H2

0Þ1þn: (72)

Here H0 is the present Hubble expansion rate. The modi-
fied Friedman equation can then take the form

3H2 ¼ ��f þ 3��H
2
0

�
H0

H

�
n
: (73)

Here the second term in the right-hand side represents the
energy density of an effective dark energy component.
Given the value for n, we can solve the algebraic equation
Eq. (73) to find the expansion rate of the Universe at any
earlier time.
We have considered five different values for n, with

n ¼ 0:0, �0:1, �0:2, and summarized the results for the
background evolution in Fig. 1. The upper-left panel shows
the fractional energy densities for matter, radiation and
effective dark energy, respectively. The black solid curve
(n ¼ 0) is the �CDM paradigm. H0=H increases until it
reaches its current value 1.0, so a positive n (green dotted
and purple dash-dotted curves; same below) means the
energy density of dark energy was lower in the past. The
opposite is true for a negative n (cyan dashed and pink
dash-triple-dotted curves; same below). This behavior is as
predicted by Eq. (73).
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For positive values of n the energy density of the ‘‘dark
energy’’ increases in time, which implies that its pressure-
density ratio should be less than �1. Given that we nor-
malize the ‘‘dark energy’’ fractional energy density by its
value today, at earlier times it will be lower in the fðTÞ
gravity model than in �CDM and so the Universe will
expand slower than in the latter. The effect on the total
effective pressure-density ratio of all matter species, which

is defined as weff � �1� 2 _H
3H2 , is shown in the upper-right

panel of Fig. 1.
Meanwhile, since for positive values of n the dark

energy (and therefore the total energy) density was lower
in the past than in the �CDM paradigm, the Hubble
expansion rate for the former must be lower too, as can
be seen from the lower-left panel of Fig. 1. Note that at
very early times the expansion rates in these two models

are almost the same, because the effect of the fðTÞ correc-
tion (or the cosmological constant) is negligible then.
Finally, we shall find that the quantity fT ¼ df=dT is

important in the fðTÞ gravity model and so have plotted its
evolution in the lower-right panel of Fig. 1. Clearly

fT ¼ 1� n
�2ðnþ1Þ

ð�TÞnþ1
(74)

and therefore must be negative for positive values of n, and
vice versa. Again, at very early times fT � 1 � 0 because
jfðTÞ � 1j � jTj, and the deviation of fT from unity only
becomes large at late times.
These results show that as long as jnj is close enough to

0, the deviation of the fðTÞ gravity model from �CDM is
small but the background expansion rate could provide a
weak constraint on the model parameter n.

FIG. 1 (color online). The background evolution for the fðTÞ gravity model with fðTÞ ¼ T ��2ð1þnÞ=ð�TÞn. Upper-left Panel: the
fractional energy densities for matter (�m), radiation (�r) and the effective dark energy (�DE ¼ 1��m ��r), as functions of the
cosmic scale factor a, which is normalized to 1 today. Upper-right Panel: the total effective equation of state weff ¼ �1� 2 _H

3H2 , as a

function of a. Lower-left Panel: the ratio between the Hubble expansion rates for the fðTÞ gravity model and for the �CDM paradigm,
as a function of a. Lower-right Panel: fT � 1 as a function of a. Here, results are shown for n ¼ 0 (black solid curve), 0.1 (green dotted
curve), �0:1 (cyan dashed curve), 0.2 (purple dash-dotted curve) and �0:2 (pink dash-triple-dotted curve). Note that n ¼ 0
corresponds to the �CDM paradigm. The relevant physical parameters are �m ¼ 0:257, �r ¼ 8:0331� 10�5 and H0 ¼
71:9 km=s=Mpc.
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B. CMB and large-scale structure

Having fixed � in order to reproduce the desired back-
ground evolution, we are ready to consider the evolution of
linear perturbations. These could place much more strin-
gent constraints on the model parameters.

In the section above we gave the covariant and gauge-
invariant linear-perturbation equations for general fðTÞ
models. In order to solve these equations numerically we
must specify a gauge (or reference frame). As usual, we
choose to work in the CDM frame (that is, the reference
frame of an observer comoving with dark matter fluid),
which is characterized by vCDM ¼ A ¼ 0, where vCDM is
the peculiar velocity of the dark matter fluid and A is the
acceleration of the observer.

Next, we need to determine the behavior of the new
degree of freedom �. In most modified gravity theories,
this will be governed by a dynamical equation. In the fðTÞ
gravity, however, its value is given by a constraint equa-
tion. This is a consequence of the fact that the right-hand
side of Eq. (12) is not a priori antisymmetric, but it is
required to be as a consequence of the field equations. This
leads to the two different expressions in Eqs. (66) and (67),
which imply that

kH ðZþ �Þ ¼ 3

2
ðH 0 �H 2Þ�: (75)

This equation can be used to determine � in terms of Z, �
and background quantities.

We can then eliminate � in all the relevant perturbation
equations. Nonetheless, it is interesting to see how the new
degree of freedom � evolves in time on different length
scales, and this is shown in Fig. 2. Since � is not a gauge-
invariant quantity, what we have plotted is � � �þ �,
which is gauge-invariant. Note that in the conformal

Newtonian gauge, in which � ¼ 0 (c.f. Appendix B), the
quantity � coincides with �. We show the results for
n ¼ 0:1 in Fig. 2. We see that � decreases in time, and
the decrease becomes more rapid as one moves to smaller
scales (bigger k’s). Therefore, we expect any deviations
from the �CDM model to be more important on large
scales than on small scales. We will confirm this below.
We can now examine the growth of the dark matter

density contrast in the context of the fðTÞ gravity model.
For simplicity, we shall assume that the Universe is filled
with dark matter only, which is a fair approximation at late
times. Taking the spatial derivative of the Raychaudhuri
equation one gets [29]

kZ0 þ kHZ� k2Aþ 3ðH 0 �H 2ÞA

¼ � 1

2
ðX þ 3XpÞa2; (76)

in which k is the wave number and X, Xp include con-
tributions from both the dark matter and the fðTÞ correc-
tions. In the CDM frame A ¼ 0, and the conservation
equation for dark matter gives �0 ¼ �kZ, where � ¼
XDM=�DM is the dark matter density contrast. Then,
Eq. (76) can be rewritten, by manipulating our set of
perturbation equations, as

�00 þ ð1� 2CÞH�0 ¼ ��DMa
2

fT

�
1

2
þ C

�
� (77)

with C defined by

C � 216
fTTT=a

4

fT

H 2ðH 0 �H 2Þ2
k2 � 36 fTT=a

2

fT
H 2ðH 0 �H 2Þ

� 216
½fTT=a2fT

H ðH 0 �H 2Þ2�2
k2 � 36 fTT=a

2

fT
H 2ðH 0 �H 2Þ

þ fTT=a
2

fT

� 156H 2H 0 � 24HH 00 � 60H 3 � 48H 02

k2 � 36 fTT=a
2

fT
H 2ðH 0 �H 2Þ

:

Clearly, on very small scales, where k 	 H ;H 0=H and
H 00=H 2 we have C ! 0 and Eq. (77) reduces to that in
the �CDM model, only with the value of the gravitational
constant rescaled by 1=fT . On very large scales, in con-
trast, we can neglect k2 in the expression for C, and
Eq. (77) becomes very complicated, leading to large devi-
ations from �CDM.
One should also be able to derive an evolution equation

for the gravitational potential� defined in Eq. (54) (indeed
this will be easier if we use the Newtonian gauge potentials
given in Appendix B), but we shall not do that here.
In Fig. 3 we show some results for the linear-

perturbation evolutions in the fðTÞ model studied here.
Clearly both the CMB and matter power spectra (for all
choices of n except for n ¼ 0 which corresponds to

FIG. 2. The time evolution of frame-independent quantity
� � �þ �, with the scale factor, aðtÞ, for the model with
fðTÞ ¼ T ��2ð1þnÞ=ð�TÞn and n ¼ 0:1, on different length
scales, characterized, respectively, by k=ðh Mpc�1Þ ¼ 10�4

(solid curve), 10�3 (dotted curve), 10�2 (dashed curve) and
10�1 (dash-dotted curve).
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�CDM) blow up on large angular scales (small ‘ or
small k), which is consistent with the above analysis that
the evolution of matter density perturbations (and therefore
the gravitational potential) on large scales is very different
from the�CDM predictions. On small scales, however, the
fðTÞ model gives similar predictions as �CDM, which is
as expected.

To see more clearly how the growth of the dark matter
density contrast and the growth of the gravitational poten-
tial have been modified, we have plotted them in the lower
panels of Fig. 3. For�CDM, the difference between the fðTÞ
models (with n ¼ �0:1) and the �CDM is within 
10%
on small scales (k > 0:001h Mpc�1) because the effective
gravitational constant is rescaled and the cosmic expansion
rate is modified as well. But on very large scales

(k < 0:0001h Mpc�1), the difference becomes very sig-
nificant. The same happens to �.
These results are expected to remain qualitatively true

for other choices for the function fðTÞ, if they are made so
as to explain the late-time acceleration of the Universe.
This can be seen from the expression for C, which shows
that the large-scale deviation from �CDM is inevitable
whenever fTT and/or fTTT are nonzero.
The results suggest that fðTÞ gravity models which are

proposed as an alternative to dark energy could face severe
difficulties in being compatible with observations regard-
ing large-scale evolution. The expectation that linear-
perturbation analysis gives better constraints than the
consideration of background cosmology alone is clearly
confirmed here as well.

FIG. 3 (color online). The power spectra for the large-scale structure of the fðTÞ gravity model with fðTÞ ¼ T ��2ð1þnÞ=ð�TÞn.
Upper-left Panel: the CMB spectrum for different values of n� 0 (black solid curve), 0.1 (green dotted curve), �0:1 (cyan dashed
curve), 0.2 (purple dash-dotted curve) and �0:2 (pink dash-triple-dotted curve). Upper-right Panel: the same as the upper-left panel,
but for the matter power spectrum at redshift 0 (today). Lower-left Panel: the late-time evolution of the dark matter density contrast
�CDM on different scales (as indicated besides the curves); three values of n have been considered�n ¼ 0:0 (solid curves), 0.1 (dotted
curves) and �0:1 (dashed curves). Lower-right Panel: the same as the lower-left panel, but for the late-time evolution of the
gravitational potential� on different scales. The physical parameters are the same as listed in the caption of Fig. 1, and three species of
massless neutrinos are used.
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V. SUMMARYAND CONCLUSIONS

In summary, we have given the modified Einstein
equations for general fðTÞ gravity models in a covariant
formalism, and derived the covariant and gauge-invariant
perturbation equations in the 3þ 1 formalism. The pertur-
bation equations take full account of the extra degrees of
freedom in the fðTÞ gravity theory (the importance of
which was first discussed in Ref. [13]) up to linear order.
The equations in specific gauges can then be obtained
straightforwardly as shown in Appendix B.

For a general fðTÞ theory it turns out that no new degrees
of freedom appear at the background level, and the modi-
fied Friedmann equation is simply a nonlinear algebraic
equation in the Hubble rate H that can easily be solved
numerically. At the linear order in perturbation there is a
new vector degree of freedom (as a consequence of the lack
of local Lorentz symmetry, as pointed out in Ref. [13]).
However, at this order the equations include no time de-
rivatives of this vector, which just satisfies a constraint
equation.

After developing the general formalism and deriving the
perturbed equation at linear order, we restricted our atten-
tion to scalar perturbations. We then considered a broad
class of fðTÞ theories which are representative examples of
models that could account for the late-time acceleration of
the Universe, as proposed in the literature. We studied in
detail their background cosmology and the evolution of
linear perturbations. We were able to determine the new
degree of freedom algebraically in terms of other curvature
perturbation quantities. We also derived the evolution
equation for the dark matter density contrast � in a dark
matter-dominated universe, and showed that it resembles
that of �CDM on small scales, but gets significantly
modified on large scales. The large-scale CMB and matter
power spectra blow up, signaling a serious viability prob-
lem for any fðTÞ models that are able to account for the
accelerated expansion of the Universe at the background
level. We have argued that this conclusion is robust and
holds true for other choices of fðTÞ unless fTT ¼ fTTT ¼ 0
at late times.

Our result clarifies the effects of the new degree of
freedom in the fðTÞ gravity model at the linear-
perturbation level, and we have seen here that only one
extra degree of freedom arises. An interesting question is
whether further degrees of freedom will enter into the field
equations, and if so, whether they are well behaved, when
followed beyond linear-perturbation. This will be investi-
gated elsewhere.
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APPENDIX A: T AND S���r�T UP TO FIRST
ORDER

We give the perturbative expansions and calculations
needed to derive Eqs. (45) and (46) First, we need to

express the covariant derivatives of h
i
� and �� in terms

of perturbation quantities in the 3þ 1 formalism. Using

the definition r̂�h
i
� ¼ H�

�H
�
�r�h

i
� it is straightforward to

show

r�h
i
� � u� _h

i
� þ r̂�h

i
� þ 1

3
�u�u�U

i þ u�r̂�U
i

� u�

�
1

3
�h

i
� þ h

i
��

�
� þ h

i
�$

�
�

�
(A1)

up to first order. Note that _h
i
� and r̂�h

i
� are both first order.

Similarly, for ��, which is itself first order, we have

r��� � u� _�� þ r̂��� � 1

3
�u���: (A2)

Next we consider T. Using Eqs. (14) and (16) we find
that

T ¼ K���K��� � K��
�K

�
��

¼ ðr�h
�
a Þðr�h

a
�Þ � �abðr�h

�
a Þðr�h

�
aÞ: (A3)

Then, given Eq. (A1), we can show that

ðr�h�i Þðr�h
i
�Þ � �i jðr�h

�
i Þðr�h

�
j Þ � 0

to first order, and therefore

T � ðr�h�0 Þðr�h
0
�Þ � �0 0ðr�h

�
0 Þðr�h

�
0Þ

� � 2

3
�2 � 4

3
�r̂���: (A4)

Similarly, it can be shown that

S���r�T ¼ u� _TS��� þ S���r̂�T (A5)

where, to first order,

S���r̂�T � � 2

3
�u�r̂�T: (A6)

According to Eq. (15),

u�S��� ¼ u�h
a
�r�h

�
a þ u�h



ar
h

a
� � g��u

�h
ar
h
a
�

with, to the same order,
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u�h
a
�r�h

�
a � � 1

3
ð�þ r̂���ÞH�� � u�ðA� þ _��Þ

� ð��� þ$�� þ r̂h���i þ r̂½����Þ;
� g��u

�h
ar
h
a
�� ð�þ r̂���Þg��;

u�h


ar
h

a
� � �ð�þ r̂���Þu�u� � �u���

� u�ðhi�r
h


i Þ: (A7)

Clearly now we need to calculate ðhi�r
h


i Þ. Note that this

is a vector which is first order in perturbation, and

u�ðhi�r
h


i Þ ¼ Uiðr
h



i Þ � 0, which means that the part

of ðhi�r
h


i Þ which is parallel to u� vanishes up to first

order, so we need to consider only the part perpendicular to

u�, ðhi�r
h


i Þ? � ��.

In order to find an expression for ��, consider Eq. (16),

T��
� ¼ K��

� and Eq. (14), which leads to

2r�ðha�r�h
�
aÞ ¼ �R� T: (A8)

Using Eq. (A4) and the relation

R � �2 _�� 4

3
�2 þ 2r̂�A� � R̂ (A9)

to first order [26], we have that

2r�ðha�r�h
�
aÞ � 2 _�þ 2�2 � 2r̂ � Aþ R̂þ 4

3
�r̂ � �:

(A10)

On the other hand, writing

ha�r�h
�
a ¼ h

0
�r�h

�
0 þ h

i
�r�h

�
i ¼ h

0
�r�h

�
0 þ��

it is easy to obtain

2r�ðha�r�h
�
aÞ � 2 _�þ 2�2 þ 2r̂� _�� þ 10

3
�r̂���

þ 2r̂��� (A11)

where we have used r��� � r̂��� because �� is first

order. From Eqs. (A10) and (A11) we have

r̂ ��� � �r̂� _�� � �r̂��� � r̂�A� þ 1

2
R̂:

For a sufficiently well behaved R̂, which is the case here,

one can write r̂�R̂� ¼ R̂, where R̂� is actually the gra-

dient of a scalar. Then

�� � � _�� � ��� � A� þ 1

2
R̂�: (A12)

Substituting this back into Eq. (A7), we get

S���r�T � 2

3
_Tð�þ r̂ � �ÞH�� � 1

2
_Tu�R̂�

� _Tð��� þ$�� þ r̂h���i þ r̂½����Þ
� 2

3
�u�r̂�T: (A13)

APPENDIX B: PERTURBATION EQUATIONS IN
THE NEWTONIAN GAUGE

The conformal Newtonian gauge can be obtained by
setting � ¼ 0. Defining

	 � �� ��a2

2k2
; 
 � �þ ��a2

2k2
; (B1)

and manipulating Eqs. (55) to (60), we obtain

A ¼ �	; kZ ¼ �3ð
0 þH	Þ; � ¼ �2
:

(B2)

With these, and using Eqs. (55) to (60) and (64) to (68), the
perturbed field equations in the Newtonian gauge are de-
rived as

1

2
���fa2¼�fTk

2
�3H ð
0 þH	Þ

�
�
fT�12

fTT
a2

H 2

�
�12

fTT
a2

kH 3�; (B3)

1

2
��pfa2 ¼ fT

�

00 þH ð	0 þ 2
0Þ þ ð2H 0 þH 2Þ	þ 1

3
k2ð
�	Þ

�
� 48

fTTT
a4

kH 3ðH 0 �H 2Þ�

� 12
fTT
a2

½H 2
00 þH ð3H 0 �H 2Þ
0 þH 3	0 þ ð5H 0 � 2H 2ÞH 2	�

þ 144
fTTT
a4

H 3ðH 0 �H 2Þð
0 þH	Þ þ 4
fTT
a2

½k2H�þ kH ð3H 0 �H 2Þ��; (B4)

1

2
�qfa2 ¼

�
fT � 12

fTT
a2

H 2

�
kð
0 þH	Þ þ 4

fTT
a2

k2H 2� (B5)

¼ fTkð
0 þH	Þ � 12
fTT
a2

kH ðH 0 �H 2Þ
; (B6)
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��fa2 ¼ fTk
2ð
�	Þ þ 12

fTT
a2

kH ðH 0 �H 2Þ�: (B7)

Obviously when fT � 1 ¼ fTT ¼ fTTT ¼ 0 these equations reduce to those of general relativity.
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