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Role of shell crossing on the existence and stability of trapped
matter shells in spherical inhomogeneous A-CDM models
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We analyze the dynamics of trapped matter shells in spherically symmetric inhomogeneous A-CDM
models. The investigation uses a generalized Lemaitre-Tolman-Bondi description with initial conditions
subject to the constraints of having spatially asymptotic cosmological expansion, initial Hubble-type flow,
and a regular initial density distribution. We discuss the effects of shell crossing and use a qualitative
description of the local trapped matter shells to explore global properties of the models. Once shell
crossing occurs, we find a splitting of the global shells separating expansion from collapse into, at most,
two global shells: an inner and an outer limit trapped matter shell. In the case of expanding models, the
outer limit trapped matter shell necessarily exists. We also study the role of shear in this process, compare
our analysis with the Newtonian framework, and give concrete examples using density profile models of

structure formation in cosmology.
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I. INTRODUCTION

Studies of nonlinear structure formation in cosmology,
namely spherical top hat collapse models, often assume
that there is no influence of the cosmological background
on a finite domain which has disconnected from the back-
ground dynamics (see e.g. [1-4]).

We have looked at this problem in more detail in Ref. [5]
and found local conditions under which such separation
could be justified for inhomogeneous cosmological models.
In particular, we have studied the possibility for perfect fluid
solutions to exhibit locally defined separating shells between
collapsing and the expanding (cosmological) regions.

The simplest examples given in [5] were set in an
inhomogeneous universe of dust with a positive cosmo-
logical constant and the nature of the dust spherical shells
allowed the system to be entirely determined from its
initial conditions, at least, until the eventual occurrence
of shell crossing.

However, shell crossings or caustics are expected to
happen in these settings with more general initial
conditions than in [5] and an interesting question is
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whether our previous results are robust with respect to
the occurrence of shell crossing. This is the main concern
in this paper, which can be regarded a natural follow-up of
our previous work [5].

Shell crossing in spherical symmetry has already been
studied in several past works, although in contexts different
from the one of the present paper. For Lemaitre-Tolman-
Bondi (hereafter LTB) spacetimes, shell-crossing condi-
tions were established by Hellaby and Lake [6] in terms of
the metric data and more recently rewritten by Sussman in
terms of quasilocal scalars [7,8]. Gongalves [9], has shown
that shell crossing exists for A-LTB spacetimes with
charge. In [10], it has been shown that shell crossing occurs
for a large class of initial conditions in models of formation
of voids and some cases of fluids with pressure gradients.

There were also several works about the strength of
shell-crossing singularities, with the general conclusion
that it is a weak singularity in the sense of Tipler [11].
This then raised the question of the continuity of the metric
across these singularities and, very interestingly, solutions
of dynamical extension through shell-crossing singularities
of LTB have been proved to exist, by Nolan [12], while the
case including a cosmological constant and electric
charges has been discussed by Gongalves [9].

A complementary treatment was given by Nunez et al.
[13] for metric extensions through shell crossing based on
the interactions between shells, which translate in a
conservation relation between mass and momenta, for
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timelike massive shells. Physically, this conservation rela-
tion summarizes the microphysics of the fluid, however for
dust, only purely gravitational interaction occurs between
crossing shells; hence, the rest mass of each shell is
conserved [14].

Here, we shall not deal with the problem of metric
extensions after shell crossing and, motivated by the above
results, we shall assume the validity of the field equations in
between shell-crossing events and the continuity of the
radial coordinates. Our main concern here will be to study
the effects of shell crossing on the existence and stability of
separating shells in spherical symmetry. In this paper, we
shall also discuss the role of shear in the formation of shells
which separate expanding from collapsing regions, we shall
compare our results with Newtonian cases and give a con-
crete example of initial data which develops shell crossing
and exhibits separating shells in a A-dust model.

The models considered in this paper obey the following
properties: (a) spherically symmetric dust (the rest mass of
infinitesimal pressureless shells is conserved under shell
crossing) with a cosmological constant in the generalized
LTB (GLTB) system; (b) Lagrangian treatment of the
radial coordinates (assume there are metric extensions
through shell crossings); (c) asymptotic spatial cosmologi-
cal Dbehavior (Friedmann-Lemaitre-Robertson-Walker,
hereafter FLRW, at spatial infinity); (d) initial Hubble-
type flow (outgoing initial velocities); (e) regular initial
density distribution (no finite mass for infinitely thin shell,
and no singularity or zero density at the center).

The paper is organized as follows: in Sec. II we recall the
conditions for the existence of matter trapped shells and
study the role of shear on the existence of those shells in
A-LTB models. Section III is devoted to the study of the
effect of shell crossing in A-LTB models. In particular, we
perform a dynamical analysis and separate this study into a
local and global effects. We give concrete examples in
Sec. IV before presenting the final conclusions.

II. TRAPPED MATTER SHELLS IN A-CDM

A. Conditions for the existence of trapped matter shells

In this section, we briefly recall some results of our
previous paper [5] which did not consider shell crossings.

The GLTB system proposed in Refs. [5,15] has the
following simple form for the case of a A-dust model
where P/ = 0 and P = Pg,q = 0 (here we set G=1=c,
A >0, a is the lapse function, (T, R) the areal radius, and
E the energy' of spatial hypersurfaces)

(aR”)2

ds* = —a(t, R)*dr + ————
s a(t R) 1 + E(1, R)

dR? + r2dQ% (1)

The Bianchi identities projected along and orthogonal to
the timelike flow n = 9, yield (P is the pressure, p the

1Actually, 3R = —2(%”/ so E is related to the 3-curvature.
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density, the prime / denotes dg, a dot " stands for 9,, and ®
is the expansion along the flow)

p=—(p+ PO, )
Pl al

_ = _—=0=adt=dt*=a=1 (3
p+tP a

and the FEinstein field equations (M is the Misner-Sharp
mass [16], defined as M = [R4mpr?r/dR)?

A+ E

. 1+F M 1
Er' = =27
p+P

Pl=F2——Play2—+=
p+P r 3

AP+E &)

E = E(R), unless there is shell crossing, (5)

. M 1
M= —id7Pr? = ¥47Pria 2—-i-§Ar2 +E=0 (6)
V r

= M = M(R), unless there is shell crossing, (7

M 1
it=2—+_-Ar’+E ®)
r 3

Time derivation of Eq. (8) gives a Raychaudhuri equation
related to the generalized Tolman-Oppenheimer-Volkoff
(gTOV) function of Ref. [5]:

M A
3
The dynamical analysis detailed in Ref. [5] yields the

motion of separated noncrossing shells in their respective
effective potential,

gTOV = r=—r )]

E=V(r)E—27

A,

3 re, (10)
where the unstable saddle point, for which gTOV = 0,
gives a local separating shell (see [5], Figs. 1 and 2, and
repeated in Fig. 1), in the case when the shell’s energy
reaches its critical value. This separating (or “cracking,”
by analogy with Herrera et al. [17]) shell is characterized by

3M

im = 1/— 11
Tim A ( )
Ejm = —BM)?BAV3 = —Ark (12)
while the energy follows
E =i+ V(r). (13)

Definition 1.—Local trapped matter shells in A-LTB are
defined in GLTB coordinates as the locus R, such that

’In case of shell crossing, E can be nonzero as ¥ = 0 and M
gets changed by the loss or gain of the mass from infinitesimal
shell crossings, so E = E(f, R) and M = M(t, R), in that case.
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FIG. 1 (color online).
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Effective potential kinematic analysis (left) and phase space analysis (right) from [5]. The kinematic analysis

for a given shell of constant M and E depict the fate of the shell, depending on FE relative to Ey;,. It either remains bound (E- < Ej;,)
or escapes and cosmologically expands (E~ > Ej;,,). There exists a critical behavior where the shell will forever expand, but within a
finite, bound radius (E = Ej},, r = Fjjn). The maximum occurs at ry;,, = 4/3M/A. The corresponding phase space behavior follows,
the scales are set by the value of ry;,, = /3M/A while the actual kinematic of the shell is given by E.

C] r
—4gag=-=
3 a p 0

and &(9 + a) = (f) —0. (14
3 r
O
This definition follows from Eqgs. (3.11) and (3.16) of [5]
applied to dust with A.

In A-LTB, conditions (14) are reached by shells at
time infinity which are characterized by Eqgs. (8) and (12)
so that (see footnote 2) E(r = oo, R,) = Ej;,,(t = o, R,)
(defining R) ie.’

2/3A1/3
<Q+a)2:2 M(Ry) +1A_(3M(R*)) A
3 P(T,R,) 3 r*(T,R,)

So, since here the Misner-Sharp mass M and energy E
of each shell is conserved in time (without shell crossing),
and E is thus set by initial M(R) and i;(R) profiles, one
can characterize local trapped matter, or limit, shell by
the intersections E = Ej;,, (see [5] for details). Global
shells emerge from the neighborhood behavior around
those intersections which local study we give in
Secs. III A and III C.

Before studying the occurrence of shell crossing, we will
now examine more carefully the role of shear in these
settings.

(15)

B. The role of shear in the existence
of trapped matter shells

In Ref. [5], we derived the relation between expansion
and shear [see Eq. I11.10] and found that, in the presently
studied model, the shear could be put in the form

*Erratum: Equation (3.14) of [5] has a sign typo. It should read

erov = £,(0+a)+ (4]

_ 1 E' 2E\ 2(M' 3M
.=z J(E-2) 2]
6yE+2M +42 O

(16)

In the latter equation the terms within the brackets
measure the departures from the profiles E = E(f)r* and
M = M(t)r? that one would expect from a homogeneous,
uniformly curved models. Indeed, in FLRW models
E = —kr* and M = p(t)r®. Moreover, we should stress
that Eq. (16) yields the shear in terms of nonlocal (integral)
quantities (£ and M). We can now evaluate the expansion
and shear at the limit shell defined by setting Egs. (8) and
(9) to zero at time infinity in Ref. [5], which, with the
conservation of £ and M, is simply defined by Egs. (8) and
(12). Combining those equations yields

oM

E =
Iim

7)

First on the limit shell we can write, setting E = Ey;,,
2
oM (1 1) 4 gA fim(] — fim
L bEe- D en(-%)
”
6J%<2% + r? — 3r12im)

With the definition of mass issued from Eq. I1.27 of
Ref. [5] in GLTB coordinates so

(18)

M' = 4zprir, (19)
we then express the shear of the limit shell as
_Aap() ( r \3
A==
G = T PG (20)

Ve
Tlim Tlim
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which in the limit of time infinity simplifies into
A = 47p(riim)

3VA
This quantity does not vanish in general. Since at that locus
we have © = 3( — a), the expansion then reads

Ojm = * z(\k 34 <L)3 +M)’
V<L> Mlim  \lim D+

+

2D

imeo

Tlim

which in the limit of time infinity simplifies into
A = 47p(riim)
VA

We shall now use a particular form of initial data in order to
study in more detail the role of shear in the appearance of
the diving shell. In the examples below, we shall assume
M=>0,p>0,A>0, and E <0 around the origin.

So, consider analytic initial data for A-LTB as in
[18,19]:*

Olime = *

(23)

MR) =R mR', my >0
i=0 (24)

ER)=R*Y ER' Ey<0

i=0

then, from the expressions above, we derive

1 2 2m,
i (R) = iA‘/2<———<m’/3 +AR
lim 3 32/3 0 m3/3

3my  mi\,, 3
" (—2 2" /3)R +O(R )))

my myg

3\1/3
Fim (R) = (X) (mtl)/3R + 3 "

2/3
m

RZ+ 0(R3))

27’7’1]

Ejim(R) = —32/3A1/3(m§/3R2 o R+ 0(R4)) (25)
My

also, for the rescaling r(zy, R) = R, we get an expression
for the initial shear distribution as (see also [20])

E] + 2m|
a(to, R) = tTR
1 2E2 + 4m2 (El + 2m1)2) ) 3
el — R- + O(R
6( A 2A3 (R°)

with A(R) = E, + A/3 + 2m,,.

It is interesting to see that for a fixed shell R near the
center, bigger M (i.e. bigger ms3) means smaller initial
shear but bigger |E};,,| and ry,, for that shell. On the other

“This data ensures that the solution approaches FLRW at the
origin which is therefore regular.
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hand, since bigger initial shear implies smaller |Ej,|
(i.e. smaller departures from Ej,, = 0) and smaller ry,,
one can argue that, at least around the origin (and for the
above initial data), shear contributes to the appearance of
cracking limit shells. This is in agreement with the results
of Herrera et al. [17]. We summarize this result as follows.

Result I.—Consider a neighborhood U of the origin
where the A-LTB initial data can be written as (24).
Then, bigger values of the initial shear |a(y, R)| in U,
imply smaller |E};,,| and favor the occurrence of trapped
matter shells in U. |

For data which is asymptotically Friedmann at infinity
we take functions which, at infinity, can be expanded in the
form:*

+00 +oo
MR)=> mRY, ER) =Y ER
i=1 i=1

withm; # Oand E; # 0. By taking asymptotic expansions
we find

3NV s, omy (N2 (1
’“m“”—(x) (’"1 R+3mm(ﬁ) +0<E))
1
2 m2

_ _22/3A1/3(,,.2/3p2 1/2

o ( : ))
+= +0

1/3 1/4
3m1/ RY/

while the initial shear is

(26)

E, L 0( 1 )
23BE, + A +6m, R RY3)

So, again, bigger values of the initial shear |a(z,, R)| near
infinity imply smaller |Ej;,,| and favor the occurrence of
trapped matter shells.

We shall return to this issue in Sec. IV where we study
other examples in more detail.

Cl(t(), R) = r

III. SHELL CROSSING AND TRAPPED
MATTER SHELLS

A. Sufficient conditions for shell crossing

In terms of the comoving coordinates of metric (1), shell
crossing is defined as a surface for which dzr = 0 and the
density diverges.6 In geometrical terms, at shell crossing
there is a discontinuity both in the extrinsic curvature K;;
and in the spacetime metric. For the spacetimes considered
here, those discontinuities are finite and the magnitude of

>Note that we only assume this data form at infinity and not
around the origin. Otherwise, we would have a nonregular
origin.

"There can exist cases where dr = 0 and the density does not
diverge. At those regular extrema, the extrinsic curvature is
discontinuous while the metric is continuous and finite [6,21].

103528-4
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Elim

Unbound shells

Bound shells

E E = Ejip(Ry)

E=E-(R<Ry) E=Ex(R > Ry)

R*i, R

FIG. 2 (color online). Overcoming local configuration of E
intersecting Ey;,,. Phase space and effective potential trajectories
from dynamical analysis of [5] give the local qualitative behav-
ior, emphasized on the radial axis. Inner shells on bound trajec-
tories and outer shells on unbound paths forecast no shell
crossing locally. Considering Ej;,, as corresponding to the
Newtonian zero radial velocity axis in [26,27], this configuration
is analogous to, e.g., Fig. 1 of [31].

the jump in K;; can be read from the expressions derived in
[14,22].

Hellaby and Lake [6] (see also [23]) have derived nec-
essary and sufficient conditions for the occurrence of shell
crossing in LTB, in terms of the free initial data. Other
works have used other types of conditions which are
sufficient to avoid shell crossing’ and therefore imply
dgr # 0. For example, in the case of LTB, Landau and
Lifshitz [24] simply assume dzr > 0 and, in [25], Hellaby
and Lake impose the condition for a simultaneous big bang
in their local analysis around the initial singularity.

Here, we shall take a different point of view and write
sufficient conditions for the occurrence of shell crossing in
terms of the local behavior of M and E in the neighborhood
of some intersection, when it exists, of the energy £ with
the critical energy Ej;,,. In order to do that we first observe
that two local configurations are possible in the neighbor-
hood of the intersection: either E' > E{,  or E' < EJ, .

In the case E' > Ej,_, shells just inside the intersection
radius will have a lower E than their respective Ej;,, and will
therefore be trapped in closed trajectories, following the
dynamical analysis presented in Fig. 1. In that case, shells
just outside the intersection will display higher E than their
respective Ej;, and will accordingly be free to escape to
infinity on unbound trajectories. That shell distribution will
lead to the separation of neighboring shells, those inside the

A comment on the occurrence of caustics when using a
synchronous reference frame can be found in Ref. [24]
(Sec. 97). We must notice though that the latter assumes that
the strong energy condition holds, whereas in our present case
the cosmological constant evades that assumption.

PHYSICAL REVIEW D 83, 103528 (2011)

Unbound shells

Bound shells

E= Elim(‘q*j)

E=E-(R<R,)) E=E-(R> R,

R*j R

FIG. 3 (color online). Undercoming local configuration of E
intersecting Ey;,,. Phase space and effective potential trajectories
from dynamical analysis of [5] give the local qualitative behav-
ior, emphasized on the radial axis. Outer shells on bound
trajectories and inner shells on unbound paths will lead to local
shell crossing. Considering Ej;,, as corresponding to the
Newtonian zero radial velocity axis in [26,27], this configuration
is similar to, e.g., Fig. 2b of [26].

intersection being bound to a finite region while those
outside will escape to infinity. This case does not entail
neighboring shell crossings and is presented on Fig. 2.

On the contrary, in the case E' < E|,_, shells just inside
the intersection will have a higher E than their respective
E}i,, and will accordingly be free to escape to infinity on
unbound trajectories, whereas shells just outside the inter-
section will display a lower E than their respective Ej;;,, and
will therefore be trapped in closed trajectories. Because of
the configuration of that shell distribution, shell crossings
of neighboring shells occur: those inside the intersection
escaping to infinity will have to cross those outside which
are bound to a finite region. This case is presented on
Fig. 3. We summarize this result as follows

Result 2—1et A = E — Ej;,, and consider a A-LTB
spacetime where there is R, such that Al g, = 0. Then, a
sufficient condition for the existence of shell crossing is
Alg, <O0. O

We point out that, for A = 0, our condition leads to
E' <0, which is the condition implicitly considered
in [6,23].% In that case, we simply obtain Ej =
—8mpr’r (ﬁ)l/ 3=0. In this sense, our sufficient

8For LTB with A = 0, we recall that the necessary and
sufficient conditions for no-shell crossing in [6] are
Tp, =0, E' =0, M =0,
where Ty is the bang time, while the necessary and sufficient
conditions for no-shell crossing in [23] are
T, =0, E' >0, M =0.

Therefore, if one of these conditions fails then there will be shell
crossing.
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condition generalizes, for A # 0, the result of Ref. [6,23].9
We also note that their condition on bang times 7,(R) is
1,(R) = 0, while we can also allow for 7, (R) > 0 as long as
t,(R) is less than the initial time 7, considered here.

There is an interesting analogy between our shell-
crossing condition and a similar condition in Newtonian
theory. In fact, the Newtonian approach used in [26,27]
considers kinematic configurations in velocity-radius two-
dimensional phase space which lead to one-(and three-)
dimensional Zel’Dovich pancakes (see Refs. [27-29]
for the classical cosmological spherical context). Their
behavior is similar to the local evolutions of the
dynamical configurations in Figs. 2 and 3. While in
[26,27] the authors take the radial axis to separate collaps-
ing and expanding kinematics, here we take Ej;,, locally as
a deformed radial axis.

B. Hypotheses and dynamical analysis

Since part of our analysis is based on the E — Ej;,
diagram, it is useful to clarify the constraints introduced
by the set of hypotheses we propose.

1. Regular density distribution

A regular density distribution is motivated by standard
cosmological models ([10,28], for example). In the weak
energy condition, the density remains positive so the mass
profile is initially always monotonously increasing, thus
Ejin, from Eq. (12), is initially always monotonously
decreasing,

oM 0 Ejim
— =0= =0. 27
OR OR @7

The regularity implies finiteness of the mass and nonzero
values for the density at the center. This constrains their
logarithmic slope in the following manner: suppose a value
— € for the slope of the density in the center (p o« r~€), then
the mass shall behave accordingly as 7>~ €. Finiteness of the
mass implies then € = 3 and no vacuum in the center implies
€ = (0, from the density.

2. Initial Hubble-type flow

This simplifies the initial velocity profile into one that
only admits outgoing radial velocities (positive ), in the
fashion of expanding initial conditions in a Hubble flow,
although less restrictive. As a consequence of this and the
previous condition, the profiles in the center always re-
spect, in initial conditions, the hierarchy E < Ej;,, which is
crucial for the emergence of a bound core. In this case

Ejm = —(3M)2/3A1/3R~0R2*<2/3>f —0 ase=3

p=p - Ap e
R 3 R0 ’

? Although our interest is in the neighborhood of radius where
A = 0, our analysis can be extended to other locations.

PHYSICAL REVIEW D 83, 103528 (2011)

since 7 = R — 0sothe 7% and %Rz both tend to zero as R?

R—
and are thus dominated by the — 27114 term for € > 0. Thus
around the center,

E 2 M\1/3 2 -
_:——) ~ = R (€3>
Ejim R—0323R\A)  Rr—032/3A\1/3
= E<Ey, fore>0, E;,<0.

In the peculiar case of a constant central density (e = 0),
we have M ~ 2Zp\R3, i ~ 0pigR = H.R, so E=
R0 3 Po R JRTO c
(H?—82py —2)R* = (H> —8Z(py + p))R%. In that case,
the Hubble-type flow needs to remain moderate in the

center to respect the constraint

drio < 4m(pd*2p )3 + Xpg + p))-

In the rest of the paper, we assume the conditions for
E < Ej;,, in the center are met.

3. Asymptotic spatial cosmological behavior

If we restrict our explorations to asymptotically cosmo-
logical (FLRW) solutions, this implies that at radial infinity
the mass and velocity initial profiles, constraining the
energy and Ej;,, profiles for all time, shall obey

— p,=p,(t
47TR3R—>oopb py(1)

:>ElimR:’w — (4mp,)?P AR,

4
MR:;OTﬂ-pr3 with

i (R)R:»OOHiR = ERZLO — KR2. (28)

We note that the value of the curvature K of the asymptotic
FLRW  solution compared with the equivalent
(47p,)*3 A3 FLRW critical curvature will determine,
together with the central constraint E < Ej;;,,, the occur-
rence of, at least, one intersection of E and Ej,, of the
E' > E} kind, not inducive of shell crossing (see
Sec. IIT A).

Definition 2.—Supposing there exists n € N shells ver-
ifying Eq. (15), we order them by initial radius and denote
them Ry;, i € [1, n],

(1) Ryout = R, the outermost intersections £ = Ej;, of

the initial profiles

(i1) R4, = R4 the innermost initial intersections

E = E};, of the initial profiles. O

4. Local mass conservation and Lagrangian frame

Since in our system the cosmological constant is inert by
definition and dust purely interacts gravitationally, we
assume, as in [14], that the rest mass of each crossing
infinitesimal shell is conserved. The shell-crossing event
can thus be viewed as an infinitesimal exchange of the
relative positions and integrated masses while each shell
conserves its own velocity.

As shell masses M and energies E are conserved be-
tween shell-crossing events, Eq. (8) will govern the motion

103528-6
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of individual shells. Keeping initial R = r(0,R) as
Lagrangian labels, we can follow the dynamics of the
shells using the simple prescription obtained above without
the need to reorder the radial labels as would require a
metric extension. Instead, we keep the initial labels all
throughout and follow each shell’s evolution using
Eq. (8) and the shell-crossing prescription of Sec. I B 4,
as e.g. in Refs. [26,28].

C. Local effects of shell crossing on trapped
matter shells

In this section, we will detail how a test crossing shell
affects locally the values of E and Ej,, around trapped
matter shells.

Since each shell conserves its infinitesimal mass, the local
effect of an elementary crossing of a system’s shell by a test,
neighboring, shell will just exchange their nonlocal mass in
the exchange of their positions.m As a consequence, their
values of E and Ej;;,, will also change. The change of E, in
Eq. (4), is allowed by the shell-crossing event.

A shell crossed at some ry by an infinitesimal mass 6 M
(6M > 0 for inward crossing, <O for outward crossing)
will see its values shifted as follows (the reciprocal is true
for the crossing shell with —6M):

20M
E.s=FE~— —_ (29)
X
2 6M
Eiim+s = Ejjm + 3 ﬁElim' (30)

Thus, for an inward (respectively outward) crossing,
both E and Ej,, will decrease (respectively increase).
Their relative separation, crucial around intersections,
will follow
1 1
0A =25M(———), 3D
Tlim T
which generalizes the conditions from [6,23] (see
Result 2). The sign of this shift is determined by the
initial position r(fy,, R) = R = r; of shells with respect to
their r lim+
Bound shells can never cross their respective ry;,, and
shells with E = Ej;, reach their ry;,, at infinity in time.
Thus, crossing events involving one bound shell satisfy

(i — i) < 0. However, once escaping shells go beyond

Tlim r'x

their respective ry;,,, they experience the opposite relative
effect on their §A. Thus, it is possible to have a crossing of
two escaping shells beyond their respective ry,, that pro-
duce shifts in the opposite direction. However, once
beyond their ry;,, even drastic changes cannot put shells
on closed orbits linked with the center as they would
correspond to points on the outer side of the effective

In this process the other shells of the system, not involved,
will remain unaffected and conserve their masses.
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o 2()‘;\[\

Tlim

0 M crossing
For r« < rim,

R

FIG. 4 (color online). Effect of an ingoing, infinitesimal test
shell crossing on the energy and critical energy profiles, around
the local initial configuration for the overcoming of Ej, by E.
The initial intersection shell becomes bound on such perturba-
tions and the local intersection shell shifts outwards in radius.

potential [Fig. 1(a)]. Since intersections E = Ej;,, take
place in the neighborhood of bound shells (those with E
under their Ej;,,,), we can restrict ourselves to consider local
shell crossing in ry < Fjy-

To first order, for inward-going crossing shells, we have
8A <0, as illustrated on Figs. 4 and 7, while outward-
going shells have §A > 0, see Figs. 5 and 6. As a conse-
quence, the limit shell defined by the intersection shifts
forward (respectively backward) for the two cases of local
configurations. The resulting cases are overcoming inward

Elir71+(i

OM crossing
For ry < riim

FIG. 5 (color online). Effect of an outgoing, infinitesimal shell
crossing on the energy and critical energy profiles, around the
local initial configuration for the undercoming of Ej;;, by E. The
initial intersection shell becomes unbound on such perturbations
and the local intersection shell shifts outwards in radius.
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OM crossing

For v« < 7m

R
FIG. 6 (color online). Effect of an outgoing, infinitesimal shell
crossing on the energy and critical energy profiles, around the
local initial configuration for the overcoming of Ej;,, by E. The

initial intersection shell becomes unbound on such perturbations
and the local intersection shell shifts inwards in radius.

crossings and undercoming outward crossings (respec-
tively overcoming outward crossings and undercoming
inward crossings) and are illustrated on Figs. 4 and 5
(respectively 6 and 7).

To simplify the qualitative study of the system, we will
first consider a prescription where both M and E are
conserved, in Secs. IIID 1 and III D 2. We will then drop
this assumption and include the evolution of trapped matter
shells’ neighborhoods, building from infinitesimal shell
crossing as described below in Sec. IIID3 to ascertain
the qualitative evolution of the system, in Sec. III D 4.

20M

" rx(R)

Elim+(5

inward § M crossing
VR, rx < Tlim

FIG. 7 (color online). Effect of an ingoing, infinitesimal test
shell crossing on the energy and critical energy profiles, around
the local initial configuration for the undercoming of Ej;,, by E.
The initial intersection shell becomes bound on such perturba-
tions and the intersection shell shifts inwards in radius.
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E— 7]{,‘/,'/‘/;11 [f“)

E/inl, Emax
E . Ef’r'ee
R
P R free
(i R>R free
never crossed
by inner shells
innermost Ry|= Ry Ry
outermost R,
R < Riout never crossed
by outer shells \TR2

FIG. 8 (color online). Open background with arbitrary central
mass distribution and a single local undercoming intersection. It
always gives protected inner shells as well as unmodified cos-
mological expansion, when keeping integrability despite shell
crossing. Shell crossing entails no fundamental modification.

D. Global effect of shell crossing on limit trapped
matter shells

1. Simplest model with shell crossing

In order to study the simplest set of initial conditions
where shell crossing occurs, given the constraints of
Sec. III B from Result 2, we shall consider a model with
a single undercoming configuration. The topological con-
straints coming from the two-dimensional £ vs R dia-
grams,'" together with the choice of an open background
at inﬁnity12 leads to initial conditions for E and Ej;,, with
three intersections (see Fig. 8), the middle one verifying
Result 2. We thus have a model with R,; = R,;,, R4, and
R,3; = Ry, defined in its initial conditions. We can now
consider the inner system, also called the system, to be
circumscribed by Ry,,. Unbound shells inside this system
are in position to escape it and, hence, define a remarkable
shell outside the system:

Remark 1.—The inner or nonbound shells of initial
conditions in E and Ej;;,, induce a few remarkable features
defined as follows:

(1) We will consider all shells inside R, as the initial

inner system.

(i) We will denote by E,,,, the maximum value of
nonbound E in the set of shells inside R, or
outside of it but with horizontal tangent, i.e. E,,, =
max{E: (E' = 0) V (0 <R = Ryou)) A (E = Ejjny)}-

(i) R 1s the largest value for which E = E_,,,
ie. Ry = max{R: E(R) = E ).

"For example, in the center, we have (E < Ej;;,). See Fig. 8.
2This means E == — kprwR? with kg gw <0 and

Eyimi, — @mp, AR,
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(1v) Rpee 1s the furthest shell outside R,,, with
increasing £ = E,,,, when it exists, i.e. Ry =
maX{R: (R = R*out) A (E = Emax) A (E/(R) > O)}

(v) We will note Ef.. the value of E, when it exists, as
Efree = E(t = Iy, Rfree)‘ U

With the above definitions, we will now examine the

effects of shell crossing on trapped matter shells.

2. Limit trapped matter shells in the integrable
dynamical system

In a model where both M and E are conserved through
shell crossings, we can extend the analysis of [5], as each
shell’s dynamics remains integrable and is governed by the
Lagrangian Eq. (8)."% In this case, the qualitative dynami-
cal behavior of the system is entirely determined from the
shape of its initial conditions in a E and Ej;;,, vs R diagram.

As we will see in Sec. III D4, when including the full
effects of shell crossing on E and Ej;,, the key properties of
trapped matter shells will be obtained in the limit  — oo.
Since in this section, M and E are assumed to be conserved
with time, all the properties deduced here will remain
unchanged in that limit. We will therefore express our
results in the limit t — oo, using definitions which evolve
from Remark 1 and are detailed in Appendix A.

From Fig. 8, we can see that all the bound shells will
remain under 7imiout = 7lim(Rxout)» While all unbound
shells of the inner system will escape it.'* Thus, consider-
ing that bound shells will eventually turn around and orbit
back and forth between the center and their turnaround
radius, we find that all shells inside 7(z, R) = Fimsxou Will
be crossed from both sides (interior and exterior).'> Only
the shell R, will remain uncrossed from outside shells.
This leads to the following definition.

Definition 3.—The outer limit trapped matter shell
R 50uteo Verifies Definition 1 in the limit # — oo, in addition
to being the outermost such shell which locally is not shell-
crossing inducive,'® i.e.,

Rivoueo = {R: max{Ry} A(E/(1— 00) > Ef (1= 0))}

O

Note, from Definition 2, that R, verifies Definition 3,

defines R oy if E' > Ej, , and verifies R oy = R xouteo i
the limit ¢ — oo.

Remark 2.—In A-LTB with asymptotic cosmological

evolution (FLRW at radial infinity) and initial Hubble-

like flow (outwards going) for which shell crossing occurs,

3The final fate of each shell will always remain on horizontal
lines and their gravitational nature, whether bound or unbound
will also remain the same throughout their history.

"“This is indicated on Fig. 8 by horizontal arrows.

This includes the R, and R,, shells, locally considered
traépped matter shells.

'°Recall that R, is defined by solutions in initial R of Eq. (15)
taken at t — oo,
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the outer limit trapped matter shell is a surface S with the
following properties:

(i) The matter exterior to S follows trapped geodesics,

remaining in that exterior.

(i) The matter inside S can expand and collapse pro-
tected from the crossing of outside shells.

(ii1) S is the shell with largest R for which the energy E
intersects the critical energy Ej;,,, from bound to
unbound shells. O

The condition for existence of R, o0 fOllows from the
properties of R,x.., SO we obtain the following result.

Result 3.—Sufficient conditions for the existence of an
outer limit trapped matter shell are:

(i) The FLRW curvature of the background kg rw <

(47pp)*3 A3, or

(i1) R, yout €Xists, or

(iii) the local configuration around Ry, is such that
Efkout = E{im*out‘

Proof —kp rw <(47p;)** A1/3= E(R—00)> Ey, (R—
o) so the last intersection E(R) = Ej;,,(R) is such that
E' > E|, from a corollary to Bolzano-Weierstrass theorem
and Definition 3 is verified. O

We show, in Fig. 8, a diagram with data such that the
inner limit trapped matter shell R, is at R,,,. The
exterior of the system will include all the unbound shells
escaping to infinity. However, the dynamics from Eq. (8)
allows us to study under what conditions the unbound
system’s shells will never cross shells located in the exte-
rior of the system.!” Take two different shells R; < R,,
eventually crossing each other at a given radius'® ry, and
with the outer shell more open than the inner shell (i.e.
E, <E,for M| <M,):

A 2M
E =v}——rk - withE, <E, (32)
3 I'x
A 2M
E2 — ‘U% —_ _r%< — 2 and Ml < sz (33)
3 rx
2AM
— Av? = AE + >0 and (34)
%
Al ~ AE>0 = Vi, v3> v} (35)

r'x

Then shells with E; < E, and M| < M, will always re-
main in the same radial order and the shell with E = FE_,,
will then escape all other system’s shells. It then appears
that, when Ry, exists, all shells with E > E... will never
be crossed by any shell inside Ry... The counterpart to
Definition 3 can thus be formulated by defining first E,,.
In turn, the condition for the existence of E,,,, is that

" Their escape velocity at infinity should never exceed that of
exterior shells.
"®This radius is allowed to tend to radial infinity.
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E = E};,,, in the limit  — oco. Thus, Remark 1 can be
adapted here as follows."”

Definition 4.—Suppose E .« €xists and is defined, in
the initial conditions, as

Enaxco = maX{El(t—mo): (E'=0)V(0O<R= R*outoo))
A (E = Elim)(t—»oo)}- (36)

Then, inner limit trapped matter shells are defined as the
locus Rjeeoo Such that

Rfreeco = Max{R: (R = Rypuieo) A (E = Epppxoo)i—oo
A (E'(t — oo, R) > 0)}. 37

O

Remark 3—In A-LTB with asymptotic cosmological

evolution (FLRW at radial infinity) and initial Hubble-
like flow (outwards going) for which shell crossing occurs
(and E 350 18 defined), the inner limit trapped matter shell
is a surface S with the following properties:

(1) The matter interior to S follows trapped geodesics
which remain in that interior.

(i1) The matter exterior to S expands, protected from the
crossing of inside shells.

(ii1) S is the shell outside the system (defined with

R ouieo) With energy equal to that of the highest £
of nonbound shells, and starting inside of the system,
or outside of it but with horizontal tangent. ([

The conditions for existence of Ry...o cOmbine the ex-

istence of E| ... With constraints on the background:

Result 4.—Sufficient conditions for the existence of an

inner limit trapped matter shell are (a) the existence of
E haxeo and (b) the existence of Efeeco:

(a)

(i) There exists initially a nonbound, system shell,
or a nonbound shell with horizontal tangent:
dR: 0<R =Ry, VE =0) AER) = Ej;n(R), or

(1) Ryouteo €XISts, Or

(iii) There exist at least one Ry;

(b)

(D) Epasoo < E(R— ), or

(i) AR R= Ry ANE(t— 0, R) = E 0 AE'(R) >0

Proof.—(a)

(i) If we have R such that O <R =R, VE =0) A
E(R) > Ej;,,(R), then, either it is a maximum so E,,,
exists and, by time evolution of its neighborhood,
E .« €Xists, or, by continuity, in the case when it is
not a shell with E/ = 0 (local maximum), there is a
shell with larger E which satisfies Remark 1 for £,
and thus one in its neighborhood satisfying
Definition 5 for Epuyc0-

“The following can be formulated also in terms of gauge
invariant Lie derivatives, expansion and shear, as seen in
Appendix B.
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(1) If Ryquie0 €XisSts, it is not bound at time infinity and is
inside the system; therefore, even if it is the only
unbound system shell, it can at least define E, -

(iii) If there is only one R,, then it is Ry, by
Definition 2. We are then in the case (ii) above as
this guarantees the existence of Ry yico-

(b) Since:

(1) Epaxeo 18, by definition, the largest value of E reached
at time infinity by inner or outer local maxima shells,

(2) uncrossed outer shells have their E conserved,

(3) asymptotic cosmological conditions render E
monotonous near infinity,

(4) evolution of the inner shell R, follows Eq. (35),

(5) the energy profile is continuous,

therefore, FEoueo = Fmaxeo and by continuity, since
Emaxco < E(R— o), exterior shells will obey E &€
[E*outoo» E(t — o, R — oo)[g[Emaxoo; E(t — 00, R — oo,
thus there exists at least one shell at time infinity with
E= Emaxoo«

Moreover, for the outermost exterior shell R, .00 =
max{R: R = Ryyui0r E(R) = Epxooy With  E = E_ 100
since Epx00 < E(R — 00), by continuity, all shells outside
of it will verify E > E,,400. Therefore E'(R, maxoo) > 0 and
R, maxco = Rifreeoo 18 fulfilling Definition 4. Ul

We show a diagram in Fig. 8 where we indicate the outer
limit trapped matter shell for which Rp.. = Rjeecos 10 the
model where both E and M are conserved between shell
crossings. We thus have found, for that model, that extend-
ing the analysis of [5] in the context of shell crossing leads
to the emergence of two remarkable shells: an inner limit
trapped matter shell and an outer limit trapped matter shell.
From their definitions 3 and 4, we can deduce other prop-
erties depending on the background cosmological model,
namely:

From Result 3, any background with E > Ej;,, will admit
an outer limit trapped matter shell. This includes some
closed models and all flat and open models.

From Result 4, and under the assumptions of this section,
any closed background in our models cannot foster an inner
limit trapped matter shell as the finite value of E, . 1S
always larger than its energy at radial infinity. Conversely,
open models always have an inner limit trapped matter
shell (see the example of Sec. IV) and only flat models
with moderate enough energy fluctuations [i.e. for which
Emax <0 = E(R — o0)] can allow the existence of an inner
limit trapped matter shell. In summary:

Summary 1.—Consider a A-LTB spacetime with
asymptotic cosmological evolution (FLRW at radial infin-
ity) and initial Hubble-like flow (outwards going) for
which shell crossing occurs. Then:

(1) The global limit trapped matter shell found in the no-
shell crossing A-LTB examples of [5] is split, if shell
crossing occurs, into at most, two global shells,
namely an inner limit trapped matter shell and an
outer limit trapped matter shell.
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(i) For open or flat expanding spacetimes,

(a) there exists always an outer limit trapped matter
shell at R xoutco-

(b) The inner limit trapped matter shell exists in flat
backgrounds for sufficiently small initial veloc-
ities inside the system limited by R.gyco-

(iii) For closed spacetimes, outer limit trapped matter
shells are present if kppw < (47pp)*> A3 and
inner limit trapped matter shells cannot be defined
if shell crossing occurs, with our definitions.

(iv) In the A-CDM examples of global limit trapped
matter shells found in [5], inner and outer limit
trapped matter shells reduce to one single surface.

Proof.—

(i) Direct from Definitions 3 and 4 and Result 2 which

leads to shell crossings at some R,.

(i1)

(a) From Result 3.

(b) Direct from Result 4, as open and flat expanding
spacetimes admit E(R — c0) = 0. Some flat
spacetimes can exhibit Ep...o = 0 while their
E e 0. For those cases, Definition 4 is never
verified.

(iii) Using Result 3, for closed spacetimes, E e
Eftcccos SO from Result 4, Definition 4 is never
verified.

(iv) Applying Definitions 3 and 4 to configurations
where there is only one intersection R, = R, =

R0 verifying E' > E[. . no shell crossing occurs.

Thus, all E values are constant over time SO
Ryout = Rixouro» and given the open background,
Efree = E*out’ SO Rfreeoo = R*out = Rt*outOO' O

In this section, we have assumed that £ and M were
conserved through shell crossings. In the next section, we
drop this assumption and investigate whether our previous
results remain true.

3. Global effect of shell crossing

Since the sign of A = E — Ej;;,, determines the binding
property of the system, it is useful to give the final values of
E and Ej;,, for each shell, labeled i, in terms of the initial R;
and M;, reaching areal radius r after crossing shells, with

M(V(R,t), t) =Mi+[dMin_fdM0ut=Mi+AMi’

where the index “in” refers to inward crossing, “out” to
outward crossing, j to the shells crossing shell i.
Using definition 12 and integrating Eq. (29) over all

crossing shells, we get

Ejin(r)=Ein(R;) — [(1 +

N\2/3 .
AM,) B ] 3M; 38)

M; Tim(R;)

fd,wip“)r (39)

><1(r

E(r) = E(R) — 877-[ / drym
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where ry; is a crossing radius. Because of their qualita-
tively simple shell-crossing histories, we can look at the
changes for three peculiar shells, singled out on Fig. 8:
the innermost limit shell, the outermost limit shell, and the
maximum FE shell initially lying in the interior of the out-
ermost limit shell.

The innermost limit shell will only be crossed by more
bound shells exterior to it, so AM; > 0 and

P
E(r(Rar) = ERw) = 87 [[dryy 205 0
"xl(rj)
Since
1 <AM1)2 N (2 AM1)3 ~0 1)
3\ M, 3 M,
AM \2/3 2 AM,
4:)[(1—1— ) —1]<_ 42)
M, 3 M,
and
1 1 1
- - <- L@
I'x1 (”j) maX[”xl(’”;)] Tiim (Ry1)

as the innermost limit shell becomes a bound shell, we get
that

1 1

Fim(Ry1)  max[ry; (r;)]

A[E—Ej, ], < 2AM1[ ] <0. (44)

Thus, the innermost limit shell will globally shift outwards,
following the qualitative analysis of Fig. 4.

In turn, the outermost limit shell will be only crossed by
all the unbound shells interior to it, so

2
p(rj)rj

E(r(R*out)) = E(R*out) + 877/drj,0u17
rxout(rj)

AM()l][
<r><0ut>(R*0ut) '

where AM , is the positive mass loss of the outermost limit
shell and (ry) is a reduced crossing radius. Note that, by
construction, My > M (R oy, t— ) = My — AM > 0.

Now, supposing the density distribution remains finite,
we can decompose the crossing of the outermost limit shell
by all escaping inner shells into a series of infinitesimal
shell crossings. Thus, following Eq. (31) we get

= E(Ryou) T2 (45)

d[E - Elim] = _8Wdrj,oulp(rj,out)riout

1 1
X - . (46
(Vlim(M*out(th)) rXout(rj,out)) ( )

As all shells cross outwards®® and

2ONote that R, starts as a marginally bound shell well inside
its limit radius.
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1 1

7 R (o) R /0 R
then, in this case, we have
ALE — EyJow = 2AM0ut|: b1 ] =0,
(rxout) Reout)  Tiim (Rxour)
(48)

Thus, the outermost limit shell will shift relatively inwards,
following the qualitative analysis of Fig. 6.

Finally, the maximum E shell initially inside Ry, or
with horizontal tangent (its initial radius is R,,,,), will be
only crossed inwards by all the shells starting with radii
above it and having an E below E(R,,,, t — ), at the
moment of crossing. This shell will then follow

1 1
A E — Ejinm max<2AMmax|: - ]
[ : ] rlim(Rmax) max[rX max(rj)]

<0, (49)

similarly as for the innermost limit shell.
We summarize the main result of this section as follows.
Result 5—Consider a A-LTB spacetime where shell
crossing exists. Then the metric and extrinsic curvature
are discontinuous and the discontinuity in E is given by
(29). Furthermore, at Ry, A[E — Ejimlow > 0 and, at
Rinax; A[E - Elim]max <0. u

4. Qualitative analysis of limit trapped matter shells

In this section, we argue that the results contained in
Summary 1 remain true for the case where M and E are not
conserved through shell crossing.

We discussed the behavior of the outermost limit shell
R,ou and of the outward escaping highest energy inner
shell R, in Sec. IIID3. As those determine the two
separating shells R oueo and Rpeero studied above, their
modifications by shell crossing will indicate that the effec-
tive limit shells are just displaced but obey the same
general properties. We illustrate this on the open back-
ground example (Fig. 8), for which we separated the study
of each limit shell.

In Fig. 9, we represent the construction of using the
qualitative evolution of R,., and its neighboring shells
from Eq. (48).

In Fig. 10, using the qualitative evolution of E,,, and its
neighboring shells from Eq. (49), we represent the con-
struction of the inner trapper matter shell for open initial
conditions. The subsequent modifications proceed from
those qualitative changes and do not modify the formula-
tions of the results from their counterparts in the model
where both £ and M are conserved between shell
crossings.

In the case where E and M are not conserved, the effect
of shell crossing on Ry, given by Eq. (48) implies only
that Rixoueo < Rixoue Without qualitative changes and
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- )
E — —kpppw. R°
E”Nl.l'

R.r.a;/ax

innermost Ry|=

outermost] Ry|= Ruout
outermost Ruco|= Ruout00

R < Ryoutoo never crossed
by outer shells

Elim - =

FIG. 9 (color online). Illustration, on an open background with
arbitrary central mass distribution, of the effect of shell crossing
on the inner global limit shell previously defined as the outer-
most local limit shell. The time variation of the locus of the
outermost local limit shell leads to defining it as the time-infinity
outermost limit shell: this is shown on the extrapolated time-
infinity energy profiles and linked to the initial energy profile by
a connecting curve. The global inner limit shell is then just
shifted inwards, compared with the integrable analysis.

Definition 3 is verified. In turn, the effect of shell crossing
on Rg.. depends on the effect on Ep,. from Eq. (49) and
by the monotonous increase of E near infinity and only
implies that Rieeoo < Riree-

Therefore, the findings of Sec. IIID2, extending the
analysis of [5] in the context of shell crossing, are only
quantitatively modified as full shell-crossing effects only

)
E = —krppw R

E/im Enazco
B :
E"l()"' ;
Lz \R— 29 freeco
Rfr'ﬂfzoo
R >R freeco
‘never crossed
> by inner shells
. : t — : - :
innermost Ry|= Ry R,o
R*o’u,too
R*out
1
AFR?

FIG. 10 (color online). Illustration, on an open background
with arbitrary central mass distribution, of the effect of shell
crossing on the outer global limit shell previously defined as the
outer shell with same energy function as the inner shells’
maximum. The time variations of the inner shells’ maximum
energy function from shell crossings lead to defining it as the
outer shell with same energy as the time-infinity inner shells’
maximum energy function E: this is shown with the highest of
extrapolated time infinity Es of inner shells peaks. The global
outer limit shell is then just shifted inwards, compared with the
integrable analysis.
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displace inwards both the inner and outer limit trapped
matter shells: the initial outermost intersection of E
and Ej, gets unbound and the system at infinity gets
consequently reduced in Lagrangian initial radius. In turn,
the maximum energy of the inner regions gets lowered, so
the inner limit trapped matter surface is also drawn in-
wards. This displacement modifies only marginally the
conclusions obtained in Sec. IIID?2, namely: (i) the
splitting of the local trapped matter shell is maintained
when those shells exist. (ii) Open, flat, and closed models
with existing Ryou [With kg rw < @7p,)*3 A3 all
retain an R o0, and (iii) the modification of the maxi-
mum energy of the inner regions allows just more asymp-
totic cosmological flat models to keep their inner limit
trapped matter shell, if the shift from FE,_,, tends to
Eaxeo < 0.

Therefore, from the sufficient conditions for inner and
outer limit trapped matter shells (Results 3 and 4), the
results contained in Summary | remain true in the case
where M and E are not conserved through shell crossing.

IV. EXAMPLES: NFW PROFILES WITH ONE
UNDERCOMING INTERSECTION

In [5], we studied examples of trapped matter shells
using cosmological models with a Navarro, Frenk, and
White (NFW) density profile [30] and a simple parabolic
E profile. Here we adapt those profiles in order to present
one intersection with Ej;;,, of the undercoming type as in the
local configuration of Fig. 3, and thus ensure, at the local
level, the appearance of shell crossing.

To do so, we use a fourth order polynomial in the
canonical Lagrange form, to provide for the behavior in
the intersecting region that we cut off with an exponential
so that an open FLRW term dominates at infinity. We chose
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the profile to be 0 at the origin and at a characteristic radius
R, set near the last possible intersection point with the
NFW E;;,, given by Eq. (4.21) of [5],

Ry =R_y, Ejjm(R-1) = —1,
so as to secure the crossings in the physical region. The
remaining three points of interpolation are chosen to be set

alternately below and above the Ej;, curve inside the
region set by 0 and R,. The form is set by

X XxX—Xx x—x3 x—1
R
X1 X1 7 X X T X3 X
X x—x; x—x3 x—1
+m2—
XZXZ_XIXZ_X:;Xz_l
X xX—Xx3 x—x x—1 .
+ mz;— + exte
X3 X3 X1X3_XZX3_1
2
€pX
2 0
— kooR? — , (50)
(x _1)60+1

where x = R/R,, we have denoted the three intermediate
points as x;, x,, and x3, the values of the polynomial at
those points by m;, m,, and ms, €; is a small constant
making sure we have the freedom to fit E(R)) = E(0) =0
where the polynomial itself is built to vanish, €, is a small
constant making sure the polynomial dominates in the
interesting range but allowing the curvature at radial in-
finity to be set by a Friedmann-type k.. The form (50)
automatically vanishes at 0. We chose the polynomial
values such that at those points, E is alternately below,
above, and again below Ej;,, the last one making sure it
remains above —1:

€
E(R)=0=¢€,e ' —k R2e)y, = e€y=—, 51
(Ro) 1 0€0 0 jaRCe (51)
ERy) = gEim(Ry) = (1 + ex e — kR — (g 4 eqxpes —— 9
=gF, =(m xp)e ™ — kg =(m x)e ¥ —
1) = 8L1im Yy 1 1X1 O(x%—l)eo—i-l 1 141 e—(l—x% ke}ez
0
xjen
=m; = gEjn(Ry)e" + flxl(—zl_ 1)) (52)
e—(1 —Jcl)ka5
Ejim(R,) _ 2 foxé - Elx;‘
E(R,)=—== + xz—kooR - T s @ = + B R . A S
(Ry) 2 (my + €1xy)e O(x%— Deg+ 1 (my + €1x3)e e—(1 —x% k;}eg
E. (R 3 ,x
— m, = Fim(R2) 2)ex2+61x2( e —1), (53)
e—(1—x3 R
—X 2 GOXgL
E(R3) = Ejin(R3) — (Ejimy (R3) + 1)(1 — €) = (Ejjy(R3) + 1)e — 1 = (m3 + €1x3)e ™™ — koo Rj—————
(x5—Dey+1
€1x3 x3eh
=(m3+€xs)e ™ +———F——=my=[(Ejjn(R3) + e —1]e" + 61X3<ﬁ_ 1). (54)
e—(1—x3 kw}eﬁ e—(1—x3 km}eg
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FIG. 11. NFW with background Ej;,,, and an example of E
profile given by Eqs. (50)—(54), setting R, = 3000, arbitrarily
setting x; = %, Xy = %, X3 = %, e, =102 ¢g=2ande=¢"!
so that the figure is proportioned.

We illustrate this in Figs. 11 and 12 after choosing the
values of the density profile identical to those in [5].
The cutoff leaves the region under R, almost unaffected
by the Friedmann term, so the value of k. is not very
relevant there but we set it to —1.

We summarize the result of this section as:

Result 6.—For NFW density and initial data given by (50)
—(54), the A-LTB spacetime has three shells R, such that
Elg, = Ejinlg,. Furthermore, for this data, there is shell
crossing and Ry — Ryoutoo <0 and Rypee — Rireeco <0. [

V. CONCLUSIONS

We have studied the effects of shell crossing on the
existence of trapped matter shells in A-LTB spacetimes.
In particular, we have considered initial conditions such
that: (i) our models approach a FLRW solution at radial
infinity and have an initial outgoing Hubble-type flow;
(i1) the shell crossing of dust remains pressureless and
the mass of infinitely thin shells remains finite.

We have shown that the local trapped matter shells
discussed in Ref. [5] split in two shells: one outer limit
trapped matter shell and one inner limit trapped matter
shell.

We have established sufficient conditions for the exis-
tence of such shells in A-LTB spacetimes, in terms of

PHYSICAL REVIEW D 83, 103528 (2011)

6]

FIG. 12. NFW with background Ej;,, and an example of E
profile given by Egs. (50)—(54) in log(—E)-log(—R) scale.

initial data for which shell crossing occurs. Furthermore,
we have derived a number of properties for those shells
using a qualitative approach inspired in Newtonian-like
frameworks of cosmological kinematical models, as in
[26,27].

We have also studied the role of shear in these settings
and concluded, as in [17], that shear favors the emergence
of trapped matter shells.

Finally, we have given concrete examples where shell
crossing occurs and the inner and outer limit trapped matter
shells emerge, using NFW data.

As potential applications of our models we note that
(i) because of mass conservation and integrability in the
absence of shell crossing at the boundary, the background
asymptotic conditions remain FLRW over all time.
Therefore, this gives an interesting setting to study the
extendability of Birkhoff’s theorem to cosmological ex-
panding backgrounds; (ii) extensions of this work to un-
smooth distributions of mass should be possible and might
give support to current structure formation analyses using
the spherical top hat collapse model, in the case of
A-CDM.
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APPENDIX A: TIME-INFINITY DEFINITIONS

Definition 5.—The inner or nonbound shells of initial
conditions in E and Ej,, in the limit £ — oo, induce a few
remarkable features defined as follows:

(1) Ry = R,;(t — 00) is the intersection number i be-
tween E(r — 00) = E};,,(t — o0) taken at time infin-
ity but singled out by its radius in the initial profile of
E; in particular, we note R,qye0 = Ry, (t — o) for
the outermost intersection and R xouc0 = Rxoutoo
when we add the condition (E'(t— o0)>
Ejy (1 — 00)).

(i) We will note E, . the maximum value taken
at time infinity, but singled out in the initial
profile, of nonbound E in the set of shells inside
Ryouieo Or outside but with initial horizontal
tangent, i.e. Ep 00 =1{E, max(E(t— o)) A((E'=0)V
(0< R= R*outoo)) A (EE Elim)}-

(11) Raxe0 18 the largest value for which £ = E |, 0, 1.€.
Rpaxco = Max{R, E(R) = Eaxoo}-

(1V) Rpeeco, 1f it exists, is the furthest shell outside
Ryoueo With an increasing E at E = E_ 1,

_ Elim Tlim
R3

E ) (¢}
Ruyax = max{R, —=- mm{ﬁn(— + a)
R 3

PHYSICAL REVIEW D 83, 103528 (2011)
Le. Rfreeoo - maX{R’ (R = R*outoo) A (E = Emaxoo)/\

(E'(R) > 0)}.
(v) We will note Ej.., the value of E, if it exists, such as
Efreeoo = E(T = O’ RfreeOO)' 0

APPENDIX B: GAUGE INVARIANT DEFINITIONS
FOR INNER LIMIT TRAPPED MATTER SHELLS

We can rewrite E in terms of gauge invariant quantities
with Egs. (9), (8), (14), (12), and (11):

@ o 7 '_ 1 im _
£"<§+a)_(;) _r2< y Fim E)

& ER) = %Eﬁm - R2£n<(;) + a)

Eyimmi (C
_ 2 Zlim7lim 4
(a5 )

so the condition of existence for E,,,, that £ = Ej;,
translates into the initial condition with the inequality

() (i — DEj, |, 1
£n(?+a)=7R e +F(Elim_E)
= (rl% - 1)Elim

<0,

or at time infinity into

E"(ng a)

We get then R, and E,, from

_ (Fim — 1)Eyi

. <0.

(t—00)

(t—00) r

}/\((E’ =0)v(o<RsR*0m))A<£n@+ a) sw<0)}

RZ

® Eir Epor ®
= Epax = — Riax min{[n(g + a) - 7hmrhm} = max{Rz(ihmrhm - £,,(— + a)),

R3

Q)
((E/ = O) Vv (O <R= R*out)) A <£n<? + a)
Taken at t — oo, this translates into

® Ev 1

A<£,,<9+a)sL_ 1)E“m<o) | }
3 r? (1—00)

_ (i — 1) Eyipy

(t—00)

3

<o)}

}A(<E'=o>v<o<RSR*m>)

Nim .
g( r 1)Ellm

:>Emaxw=max{r2(Elhn3rmn—£n(®+a)>I , ((E’=O)V(O<RSR*0moo))/\<£n<®+a) 2<o)| }
r (1—0) 3 r (1—0)

3

Thus, Definition 4 can be rewritten as follows.
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Definition 6.—Suppose that E ..., defined as

I

Emm=muP%@%@—£%g+aﬂ ,(wemwm<Rs&w@w(L4g+a
(t—0)

Tim — 1),
(e 2>hm<0)| }
r 3 r (1—00)

(BI)

exists. Then, inner limit trapped matter shells are defined, in the models considered with GLTB coordinates,
as the locus Ry, sSuch that

Rireecr = maX{R: (R = Riyouten) A (9 ta= \/Emzx"o + 2ﬂ3 + l ) A(E'(t — %, R) > O)} (B2)
3 r r 3 )i
O
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