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The two–equation-of-state model is used to describe the hadron-quark phase transition in asymmetric

matter formed at high density in heavy-ion collisions. For the quark phase, the three-flavor Nambu–Jona-

Lasinio effective theory is used to investigate the influence of dynamical quark mass effects on the phase

transition. At variance to the MIT-Bag results, with fixed-current quark masses, the main important effect

of the chiral dynamics is the appearance of an end point for the coexistence zone. We show that a

first-order hadron-quark phase transition may take place in the region T � ð50–80Þ MeV and �B �
ð2–4Þ�0, which is possible to be probed in the new planned facilities, such as FAIR at GSI-Darmstadt and

NICA at JINR-Dubna. From the isospin properties of the mixed phase, some possible signals are

suggested. The importance of chiral symmetry and dynamical quark mass on the hadron-quark phase

transition is stressed. The difficulty of an exact location of a critical end point comes from its appearance

in a region of competition between chiral symmetry breaking and confinement, where our knowledge of

effective QCD theories is still rather uncertain.
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I. INTRODUCTION

The determination of the phase diagram of strongly
interacting matter and the search for signals of the
hadron-quark phase transition are challenges both in theory
and experiment. Intensive studies on these fields have been
developed in the last decades [1–15]. Most phase diagrams
have been derived fromMonte Carlo calculations of lattice
QCD [1,4,8] or effective chiral models [5–7,15] with
quark degrees of freedom. In the chiral effective model,
one can describe well the line of chiral phase transition
and the complicated phase diagram of color superconduc-
tivity [16–18], while the confinement phase transition
for the gluon part can be investigated with the extended
Nambu–Jona-Lasinio (NJL) model coupled to the
Polyakov loop [9,12–14,19–22] in the temperature and
chemical potential plane. However, a large uncertainty
remains about the derivation of baryon density and energy
density of the onset of the hadron-quark phase transition
[14,23].

Although there are attempts to describe nuclear and
quark matter in unified effective models [24–28], further
investigations are needed to give more satisfying results, in
particular, at high baryon and isospin densities, of interest
for the expected phase transition in heavy-ion collisions
and compact stars.

An alternative approach to describe the hadron-quark
phase transition is based on a two–equation-of-state (EoS)

model with the Gibbs criteria, which has been widely used
to make predictions on the phase transition in the interior
of neutron stars (e.g., [29–35]).
We remark that, even in the two-EoS approach, only a

few papers have studied the phase diagram of hadron-
quark transitions at high baryon density in connection to
the phenomenology of the heavy-ion–collision 10 A GeV
range (intermediate energies) [36–40]. In Ref. [36], the
phase transition from hadron to quark matter has been first
analyzed for isospin asymmetric matter. It should be no-
ticed that, recently, increasing attention is paid to this
aspect, and some observable effects are suggested to be
seen in the charged meson yield ratio and in the onset of
quark number scaling of the meson/baryon elliptic flows
[37,38]. This provides us a new orientation to investigate
the hadron-quark phase transition and can stimulate some
new relevant research in the field. Later, hyperons have
been included in [39], but the calculated results show that
strange baryons are not important, due to the exiguous final
population in the short-time scale of a nucleus-nucleus
collision. Furthermore, the Cooper pair effect of u and d
quarks (two-flavor superconductor) has been considered in
the quark phase [40], which reduces the symmetry energy
difference between hadronic and quark phases. The most
important conclusion emerging from these works is that the
onset density of hadron-quark phase transition is smaller in
asymmetric matter than that in symmetric matter, which is
possibly reached through heavy-ion reactions at new
planned facilities, such as FAIR at GSI-Darmstadt and
NICA at JINR-Dubna, where heavy-ion beams (even*Corresponding author: ditoro@lns.infn.it
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unstable, with large isospin asymmetry) will be available
with good intensities in the 1–30 A GeV energy region.

One drawback in all these calculations is that current
mass (or massless) u and d quarks are taken for the quark
phase, where the MIT-Bag–like models are used. The
obtained results are possibly reliable at high density, after
the restoration of chiral symmetry due to the asymptotic
freedom of QCD, but the chiral symmetry breaking at finite
temperature and low densities is not accounted for. From
�� 4�0 to smaller densities, the dynamical masses of u
and d quarks become larger and larger, and they almost
reach 200 MeV at �� �0 for some parameter sets. This
means that nonperturbative effects become more and more
important with the decreasing baryon density. Therefore,
calculations of properties of the phase diagram at low
density and finite temperature are not fully consistent. As
a matter of fact, when the MIT-Bag model is taken for the
quark part, we see that the T� � and T�� phase dia-
grams highly depend on the values of the bag constant B,
which cannot be determined accurately [38].

In order to obtain more reliable theoretical results and
predict possible observables in the planned experiments,
we take the NJL model to describe the quark phase with the
interaction between quarks, where the chiral symmetry
breaking and restoration are well-described.

It was also proposed in Ref. [41] that, in high-energy
heavy-ion collisions, strange and antistrange quarks can be
produced by thermal excitation (with net strangeness being
zero required by the conservation law of strangeness in
strong interaction), and strangeness would be much more
abundant in the quark component. Therefore, we will also
consider the thermal excitation of strange and antistrange
quarks, but we need to keep the chemical potential of
strange quark to be zero, �s ¼ 0, before the beginning of
hadronization in the expanding process to make sure of the
net strangeness being zero. One mechanism of hadron
production is quark recombination [42–47], which is out
of the range of the discussion in this paper.

The paper is organized as follows. In Sec. II, we describe
briefly the used effective Lagrangians and give the relevant
formulas for the relativistic mean field (RMF) theory
adopted for the hadron sector. In Sec. III, we present the
calculated phase diagrams and compare them with those
obtained in the MIT-Bag model. Besides, we present some
discussions and conclusions. Finally, a summary is given in
Sec. IV.

II. NUCLEAR MATTER, QUARK MATTER, AND
THE MIXED PHASE

For the hadron phase, the nonlinear RMF approach is
used, which provides an excellent description of nuclear
matter and finite nuclei. One can calibrate the hadronic
equation of state at zero temperature and normal nuclear
densities and then extrapolate into the regime of finite
density and temperature. Our parametrizations are also

tuned to reproduce collective flows and particle production
at higher energies, where some hot and dense matter is
probed; see [48] and references therein. The exchanged
mesons include the isoscalar-scalar meson (�), isoscalar-
vector meson (!), isovector-vector meson (�), and
isovector-scalar meson (�). The effective Lagrangian can
be written as

L ¼ �c ½i��@
� �Mþ g��þ g�� � �� g!��!

�

� g���� � ���c þ 1
2ð@��@���m2

��
2Þ

� 1
3bðg��Þ3 � 1

4cðg��Þ4 þ 1
2ð@��@���m2

��
2Þ

þ 1
2m

2
!!�!

� � 1
4!��!

�� þ 1
2m

2
��� � ��

� 1
4��� � ���; (1)

where the antisymmetric tensors of vector mesons are
given by

!�� ¼ @�!� � @�!�; ��� � @��� � @���:

In the RMF approach, all effective meson fields can be
expressed via their mean values, simply related to baryon
and scalar nucleon densities. In this way, only nucleon
degrees of freedom are left to describe dynamics and
thermodynamics of the system [49,50]. The nucleon
chemical potential and effective mass in the nuclear me-
dium are

�i ¼ ��
i þ g!!þ g��3i�; (2)

M�
i ¼ M� g��� g��3i�; (3)

whereM is the free nucleon mass—�3p ¼ 1 for proton and

�3n ¼ �1 for neutron—and ��
i is the effective chemical

potential, which reduces to Fermi energy E�
Fi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ki
2

F þM�2
i

q

at zero temperature. The baryon and isospin

chemical potentials in the hadron phase are defined as

�H
B ¼ �p þ�n

2
; �H

3 ¼ �p ��n

2
: (4)

The energy density and pressure of nuclear matter at
finite temperature can be derived as

"H ¼ X

i¼p;n

2

ð2�Þ3
Z

d3k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þM�2
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PH ¼ X
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where fiðkÞ and �fiðkÞ are the fermion and antifermion
distribution functions for protons and neutrons (i ¼ p; n):

fiðkÞ ¼ 1

1þ expfðE�
i ðkÞ ���

i Þ=Tg
; (7)

�fiðkÞ ¼ 1

1þ expfðE�
i ðkÞ þ��

i Þ=Tg
: (8)

The effective chemical potentials��
i are determined by the

nucleon densities

�i ¼ 2
Z d3k

ð2�Þ3 ðfiðkÞ �
�fiðkÞÞ: (9)

With the baryon density � ¼ �H
B ¼ �p þ �n and isospin

density �H
3 ¼ �p � �n, the asymmetric parameter can be

defined as

	H � ��H
3

�H
B

¼ �p � �n

�p þ �n

: (10)

As model Lagrangians for the hadron phase, NL� (the
isovector-scalar meson � being not included) and NL��
(with the � meson) will be used. The effective meson
couplings have been chosen to reproduce good nuclear
matter properties and even to represent a reasonable aver-
age of the density dependence predicted by the relativistic
Dirac-Brueckner-Hartree-Fock calculation [51,52]; see de-
tails in Appendix A1 of Refs. [37,38] and also Refs.
[48–50]. A note about strangeness in the hadron phase
can be found in Ref. [53].

For quark matter, we use the NJL model [56] to describe
the interaction between quarks which is responsible for the
quark dynamics at intermediate energies. The NJL model
describes well the meson spectra and successfully explains
the dynamics of spontaneous breaking of chiral symmetry
and its restoration at high densities/chemical potential
[57–62]. The Lagrangian density in the three-flavor NJL
model is taken as

Lq ¼ �qði��@� � m̂0ÞqþG
X

8

k¼0

½ð �q
kqÞ2 þ ð �qi�5
kqÞ2�

� K½detfð �qð1þ �5ÞqÞ þ detfð �qð1� �5ÞqÞ�; (11)

where q denotes the quark fields with three flavors, u, d,
and s, and three colors; m̂0 ¼ diagðmu;md;msÞ in flavor
space; 
k are the Gell-Mann matrices; and G and K are the
four-point and six-point interacting constants, respectively.

The four-point interaction term in the Lagrangian keeps the
SUVð3Þ � SUAð3Þ �UVð1Þ �UAð1Þ symmetry, while the
’t Hooft six-point interaction term breaks the UAð1Þ
symmetry.
As an effective model, the NJL model is not renorma-

lizeable, so a cutoff � is implemented in three-momentum
space for divergent integration. We take the model parame-
ters � ¼ 603:2 MeV, G�2 ¼ 1:835, K�5 ¼ 12:36,
mu;d ¼ 5:5, and ms ¼ 140:7 MeV, determined by

Rehberg, Klevansky, and Hüfner in Ref. [63] by fitting
f�, M�, mK, and m� to their experimental values.

The thermodynamical potential in a three-flavor quark
system in mean field approximation is

�Q¼�2Nc

X

i¼u;d;s

Z d3k

ð2�Þ3 f�
�1 ln½1þe��ðEiðkÞ��iÞ�

þ��1 ln½1þe��ðEiðkÞþ�iÞ�þEig
þ2Gðu

2þd
2þs

2Þ�4KudsþC; (12)

where C is a constant to be fixed by physics conditions,

Nc ¼ 3 is the number of color degrees of freedom, EiðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þM�2
i

q

is the energy-momentum dispersion relation of

the quark flavor i, and �i is the corresponding chemical
potential. The dynamical quark masses and quark conden-
sates are coupled by the following equations:

M�
i ¼ mi � 4Gi þ 2Kjk ði � j � kÞ; (13)

i ¼ �2Nc

Z

�

d3k

ð2�Þ3
M�

i

Ei

ð1� niðkÞ � �niðkÞÞ: (14)

Here, niðkÞ and �niðkÞ are the Fermi-Dirac distribution
functions of quark and antiquark:

niðkÞ ¼ 1

1þ expfðEiðkÞ ��iÞ=Tg ; (15)

and

�n iðkÞ ¼ 1

1þ expfðEiðkÞ þ�iÞ=Tg : (16)

The pressure of quark matter can be derived from PQ ¼
��Q. The integration in the expression of the thermody-
namical potential, Eq. (12), can be performed by parts.
After some calculations, the pressure and the energy

density of quark matter get the more explicit forms:

PQ ¼ 2Nc

X

i¼u;d;s

Z d3k

ð2�Þ3
k2

3EiðkÞ ðniðkÞ þ �niðkÞÞ

þ 2Nc

X

i¼u;d;s

Z

�

d3k

ð2�Þ3 EiðkÞ

� 2Gðu
2 þd

2 þs
2Þ þ 4Kuds; (17)
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"Q ¼ 2Nc

X

i¼u;d;s

Z d3k

ð2�Þ3 EiðkÞðniðkÞ þ �niðkÞÞ

� 2Nc

X

i¼u;d;s

Z

�

d3k

ð2�Þ3 EiðkÞ

þ 2Gðu
2 þd

2 þs
2Þ � 4Kuds: (18)

If we define

Beff ¼ �2Nc

X

i¼u;d;s

Z

�

d3k

ð2�Þ3 EiðkÞ

þ 2Gðu
2 þd

2 þs
2Þ � 4Kuds; (19)

we will find Beff acting exactly as an effective bag constant,
just like the bag constant in the MIT-Bag model. The
difference is that now Beff depends on the interaction
between different quarks, as well as on density and
temperature. The same holds true for the Fermi motion
contribution. For all the integrations, the cutoff is imple-
mented, together with the irrelevant thermodynamical
constant C of Eq. (12), as usual by requiring the energy
density and pressure equal to zero in the vacuum, i.e., "Q ¼
PQ ¼ 0 at zero temperature and density.

The number density of quark flavor i can be derived with
the relation �i ¼ �@�q=@�i,

�i ¼ 2Nc

Z d3k

ð2�Þ3 ðniðkÞ � �niðkÞÞ: (20)

As we have mentioned in the Introduction, although the
strangeness could be produced at finite temperature in a
heavy-ion collision, the number of net strange quarks is
zero before the hadronization takes place in the expanding
process. So, we must keep �s ¼ 0 in the calculation,
according to Eq. (20), but the strange quarks in loop
diagrams do contribute to the u and d self-energies via a
six-point interaction, and then they can affect the dynami-
cal mass of u and d quarks, according to Eq. (13). The
corresponding definitions of density and chemical poten-
tial in the quark phase are as follows:

�Q
B ¼ 1

3ð�u þ �dÞ; �Q
3 ¼ �u � �d; (21)

�Q
B ¼ 3

2ð�u þ�dÞ; �Q
3 ¼ 1

2ð�u ��dÞ: (22)

The asymmetry parameter for the quark phase is defined by

	Q � ��Q
3

�Q
B

¼ 3
�d � �u

�u þ �d

: (23)

The above introduction is a separate description of the
hadronic and the quark phase. The goal of the present work
is to extend these studies to the hadron-quark phase tran-
sition, in particular, to stress the effect of dynamical quark
masses.

Since there are two conserved quantities, baryon number
and isospin, during the phase transition, the Gibbs criteria

(thermal, chemical, and mechanical equilibrium) should be
implemented for the mixed phase. General discussion of
phase transitions in multicomponent systems can be found
in Ref. [29].
If we define � as the fraction of quark matter in the

mixed phase, the Gibbs conditions for the mixed phase are

�H
B ð�B; �3; TÞ ¼ �Q

B ð�B; �3; TÞ;
�H

3 ð�B; �3; TÞ ¼ �Q
3 ð�B; �3; TÞ;

PHð�B; �3; TÞ ¼ PQð�B; �3; TÞ;
(24)

where �B ¼ ð1� �Þ�H
B þ ��Q

B is the total baryon density

in the mixed phase, and the total isospin density is �3 ¼
ð1� �Þ�H

3 þ ��Q
3 . With the initial condition of asymmet-

ric parameter 	H in the heavy-ion collision, the global
asymmetry parameter 	 for the mixed phase should be

	 � � �3

�B

¼ �ð1� �Þ�H
3 þ ��Q

3

ð1� �Þ�H
B þ ��Q

B

;

	Hð� ¼ 0Þ ¼ 	Qð� ¼ 1Þ;
(25)

according to the charge conservation.

We note that, for symmetric matter, �H
3 and �Q

3 in

Eq. (24), as well as the local asymmetry parameters 	H

and 	Q, are vanishing; hence, the global asymmetry pa-
rameter 	 condition, as given in Eq. (25), is satisfied
independently of the quark fraction �. For this special
case, the Gibbs conditions reduce to the Maxwell construc-
tion, because only one conserved charge, the baryon num-
ber, is left, and pressure and chemical potential keep
constant in the mixed phase.
It is important to emphasize the difference between

asymmetric and symmetric matter [29]. For asymmetric
matter, although the globals of asymmetry parameter
	 remain fixed once the system has been prepared, the
local asymmetry parameters 	H and 	Q can be different to
determine the energetically stable state of the system. Now,
we can have a continuous variation of pressure and chemi-
cal potential, due to the different isospin distribution in the
two phases. As we will clearly see in the next section,
the isospin enrichment of the quark phase will increase the
corresponding pressure (see Eq. (17)) in the coexistence
zone.
As a matter of fact, the rearrangement of the internal

interaction with the increasing of the quark fraction �
increases both the transition pressure and chemical poten-
tial in the mixed phase. However, we remark that the phase
transition is always of the first order, since a discontinuity
is observed in all the extensive thermodynamical variables:
baryon, isospin, energy, and entropy densities. All of that
will be discussed in detail, with the numerical results
presented in the next section; see Figs. 2, 4, and 9 in
connection to the ‘‘isospin distillation’’ mechanism.
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III. NUMERICAL RESULTS AND DISCUSSION

Before presenting the phase diagram of hadron-quark
phase transitions with the NJL quark model, we first dis-
play some results with the MIT-Bag model in which free
fermions are considered with the current massmu ¼ md ¼
5:5 MeV. As for the bag constant, different values are used

in literature; here, we take ðBMITÞ1=4 ¼ 160 and 190 MeV,
respectively, for comparison. All of that will be useful for
general comments on the nature of the phase transition, as
well as for a better understanding of the dynamical mass
effects in the NJL approach.

We will pay more attention to the phase diagram of
asymmetric matter. Indeed, the onset density of the
hadron-quark phase transition for asymmetric matter is
smaller than in symmetric matter [36–40]; then, with the
possibility to probe it in heavy-ion collision at the new
planned facilities—for example, FAIR at GSI-Darmstadt
and NICA at JINR-Dubna—we focus the attention on
experiments with neutron-rich stable heavy beams, where
large intensities can be reached. Here, the largest acces-
sible isospin asymmetry parameter	 is just above 0.2 (e.g.,
we have 	 ¼ 0:227 in the 238Uþ 238U collision; see also
Table II in Ref. [39]). Therefore, we will consider
	 ¼ 0:2 in our calculation, just as taken in Refs.
[37–40]. Of course, the use of more asymmetric unstable
beams will enhance the isospin effects described here.

A. Some results with the MIT-Bag quark EoS

In Figs. 1 and 2, we plot the T � �B and T ��B phase
diagrams. In each figure, the solid curves are the phase-
transition lines from nuclear matter to quark matter

for ðBMITÞ1=4 ¼ 160 ð190ÞMeV, and the corresponding
dash-dot curves are the transition lines to pure quark

matter. A NL� hadron EoS has been used in the
calculation.
From the two figures, it easy to see that the decrease of

the bag constant reduces the onset density of quark matter
and, in general, that the phase-transition curve highly
depends on the value of the bag constant, which is one of
the motivations of this paper to use the NJL model to
investigate the phase transition. In Fig. 2, we see a variation
of the baryon chemical potential along the transition from
the pure hadron to pure quark phase, which could be
interpreted as evidence of a continuous second-order phase
transition for asymmetric matter; see [36]. We would like
to comment at this point that we will also see clearly in the
following results with the NJL quark EoS.
The transition is of first order, with the presence of a

coexistence mixed phase, in both cases of symmetric and
asymmetric matter. For symmetric matter, with only one
conserved charge �B, we have the expected discontinuities
of thermodynamical quantities like entropy and pressure,
at fixed chemical potential �B. The presence of two con-
served charges, �B and �3, in asymmetric matter keeps the
first-order nature of the transition but changes some prop-
erties inside the mixed phase. Because of the presence of a
new degree of freedom, the interaction can choose the most
energetically favored charge densities in each phase, at
each relative concentration, in order to minimize the free
energy of the system [29]. We can have an increase of
pressure and chemical potential inside the mixed phase, but
the transition is still of first order, since, for each � fraction,
we have a discontinuity in the �B and �3 densities of the
two phases in equilibrium. We note that this effect, directly
related to the internal interaction in the two phases, leads to
the important isospin distillation mechanism (	Q > 	H)
inside the mixed phase, as shown later, of interest for
possible experimental signals. Similar properties are
present in the liquid-gas transition for dilute asymmetric

FIG. 1 (color online). The T � �B plane of asymmetric matter
with the isospin ratio 	 ¼ 0:2 for ðBMITÞ1=4 ¼ 160 and 190 MeV.
The region between the solid line and the dash-dotted curved line
gives the binodal surface of the mixed phase, where the hadron
and quark matter coexist. NL� parametrization is used for the
hadron phase.

FIG. 2 (color online). The T ��B plane of asymmetric matter
with the isospin ratio 	 ¼ 0:2 for ðBMITÞ1=4 ¼ 160 and 190 MeV.
The curves are like in the previous figure. NL� parametrization
is used for the hadron phase.
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nuclear matter, which is behind the multifragmentation
processes at the Fermi energies [50,64].

Before closing the discussion of the MIT-Bag results, we
would like to add a few comments about the interpretation
of the T � �B and T ��B phase diagrams of Figs. 1 and 2.

For the lower bag constant value (B1=4 ¼ 160 MeV), we
clearly see a squeezing of the binodal surface (mixed phase
region) in the T � �B plane at temperature T ’ 60 MeV,
corresponding to a baryon chemical potential
�B ’ 900 MeV and a reopening at higher temperature
and smaller density (or chemical potential). The same is
happening for the large bag constant, although less evident.

We note that this effect is appearing just around a
transition chemical potential equal to the nucleon effective
mass �B ’ M�

n;p. We have a simple interpretation:

(i) The ‘‘opening’’ at low baryon density and high tem-
perature. Here, the transition �B is below the nu-
cleon effective mass (not much reduced at low
densities), and the effective chemical potential ��

i

is even smaller. Thus, in the hadron part, E�
F;i > ��

i ,

and the fermion distribution function of the nucleons
will be rather small. Therefore, �H

B , Eq. (9), will
show a slow increase with �B, while the pressure,
mostly of thermal nature, is increasing (even for the
positive antifermion contribution). At variance in the
quark sector,�B is always much larger than the used
current quark masses (5.5 MeV), and so we see a fast

increase of �Q
B to balance the hadron pressure.

(ii) The ‘‘reopening’’ at high baryon density and low
temperature. With the increasing of baryon density/
chemical potential, the nucleon effective mass de-
creases, and the transition �i <M�

i to �i >M�
i

takes place. Thus, the fermion distribution function
of nucleons and �H

B will show a fast increase with
�B. The interaction part of the hadron pressure will
also increase. In correspondence, we will need a

fast increase even of the �Q
B in order to keep the

PH ¼ PQ balance.
We remark that the first argument is not valid anymore in

the NJL frame, since the quark masses at low density and
finite temperature recover the much larger constituent
quark values. Therefore, we would expect important quali-
tative differences in this low �B phase diagram region
when we take into account the chiral mass dynamics; see
Subsec. III B 3.

B. Results with the NJL quark EoS

In Figs. 3 and 4, we present the P� �B phase diagram,
within the NL�� NJL two-EoS scheme, respectively, for
symmetric and asymmetric (	 ¼ 0:2) matter. For each
temperature, the mixed phase region is between the two
solid dots.

Clearly, the pressure is a constant in the mixed phase of
symmetric matter, Fig. 3, just the same as with Maxwell
construction. At variance in the asymmetric case, Fig. 4,

we have a monotonous increase. It is interesting to note
that pressure is rising faster in the first part of the mixed
phase (more evident for the lower temperatures T ¼ 30,
60 MeV). This is due to the isospin distillation effect, i.e., a
large �d � �u asymmetry for reduced quark fractions; see
the next subsection, which is increasing the quark pressure,
as we can expect from Eq. (17).
From Figs. 3 and 4, we can also see that the size of the

mixed phase shrinks with temperature. Meanwhile, the
onset density becomes smaller, opening the possibility of
probing the coexistence phase in heavy-ion collisions at
intermediate energies. This effect is further enhanced by
the isospin asymmetry, as we will discuss in the next
subsection.

1. Symmetry energy effects

In order to study symmetry energy effects, we have
performed the hadron-quark transition calculations with

FIG. 4 (color online). Like the previous figure, but for the
asymmetric matter 	 ¼ 0:2 case.

FIG. 3 (color online). Pressure of symmetric matter as a func-
tion of baryon number density at different temperatures.
The solid dots correspond to the limits of the mixed phase;
NL�� NJL two-EoS calculation.
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the hadron EoSs NL� and NL��, which present rather
different symmetry terms at high baryon density, stiffer
when the � meson is included [49,50].

In Fig. 5, we plot the (identical) T � �B phase diagrams
of symmetric matter. For asymmetric matter 	 ¼ 0:2 in
Fig. 6, we show the results for the parameter set NL� and,
in Fig. 7, for the parameter set NL��. Now, the mixed
phase region, the binodal surface, is rather different. In
general, the onset density of the mixed phase in asymmet-
ric matter is smaller than that in symmetric matter, similar
to the results obtained by the MIT-Bag model [36–40]. In
fact, the mechanism is the same: for a given baryon density
in isospin asymmetric matter, we have a larger repulsion in
the hadron phase, since the symmetry term is less impor-
tant in the quark sector for bothMIT-Bag and NJL effective
Lagrangians.

If the NL�� parameter set is used, the onset density will
be further reduced, as shown in Fig. 7. This is due to the
fact that, at high baryon density, the symmetry energy of
hadron matter with the parameter set NL�� is much larger

than in the NL� case; see the following. All of that also
indicates that isospin effects can be very important for
hadron-quark phase transition in heavy-ion collision in
order to shed light on nuclear interactions in a hot and
dense medium.
In Figs. 5–7, the curves corresponding to a given quark

fraction � inside the mixed phase are also shown. We note
that the isospin effects are mainly relevant in the initial part
of the coexistence region. This is consistent with the
interpretation of the pressure behavior in Fig. 4. We finally
remark that such a lower density zone can be reached even
at relatively lower beam energies.
To understand the role of the symmetry term on the

hadron-quark phase transition, we further investigate the
symmetry energy Esym in the two phases, defined, in gen-

eral, by [37,40]

ðE=AÞ	i
¼ ðE=AÞ	i¼0 þ Esym	i

2; (26)

where 	i ¼ 	H for hadron matter, 	Q for quark matter.
From the hadron (RMF approach) and the quark

(MIT-Bag, NJL) EoSs described before, we can evaluate
the symmetry energy as a function of the baryon density at
fixed temperature. We display the result in Fig. 8 for both
hadron and quark matter at T ¼ 0, 80MeV. It is clear the
symmetry energy of quark matter, only due to the Fermi
kinetic term in both the MIT and NJL schemes, is much
smaller than that of hadron matter, where interaction iso-
vector mesons also contribute. Moreover, in general, we
get a decrease of the symmetry energy at lower densities
and higher temperatures, due to a smaller contribution
from the Fermi kinetic motion.
The symmetry energy of hadron matter with the parame-

ter set NL�� is larger than that of the NL� case. As
discussed before, by comparing Figs. 6 and 7, this leads
to a smaller onset density of the transition. It is interesting
to note that this is a genuine relativistic effect, since the
scalar covariant nature of the isovector � meson contrib-
utes to increase the symmetry energy at high densities,

FIG. 5 (color online). Phase diagram in the T � �B plane for
symmetric matter with the parameter set NL�. Of course, the
same curves are obtained with the parameter set NL��.

FIG. 6 (color online). Phase diagram in the T � �B plane for
asymmetric matter with the parameter set NL�.

FIG. 7 (color online). Phase diagram in the T � �B plane for
asymmetric matter with the parameter set NL��.
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directly with a larger repulsion and indirectly via a splitting
of the neutron/proton effective masses, withM�

n <M�
p; see

details in Refs. [49,50].
We see that the larger the symmetry energy difference

between the hadron and quark phases, the smaller the onset
density of the phase transition. Moreover, a big variation of
the symmetry term will strengthen the observable signals
of phase transition, which will be discussed later. Of
course, all these effects will be enhanced by the global
isospin asymmetry of the system, suggesting the interest in
experiments with very neutron-rich unstable beams.

In Fig. 9, we plot the T ��B phase diagram for sym-
metric and asymmetric matter with both the parameter sets
NL� and NL��. For the symmetric matter, at a given
temperature, �B is constant in the mixed phase; i.e., vary-
ing the quark matter fraction �, we have only one transition
line (the empty circles). At variance, like in the MIT-Bag
calculation of Fig. 2, in the asymmetric case, we have a
monotonous �B increase with increasing �, so there are

two curves in the T ��B plane presenting the start and
end, respectively, of the transition from nuclear to quark
matter. What is important is that the chemical potentials of
the onset of the transition (� ¼ 0) in asymmetric matter are
always smaller than the corresponding ones of symmetric
matter. This is more evident with the parameter set NL��
(dotted curve), which again shows the importance of sym-
metry energy effects.

2. Isospin distillation inside the mixed phase

In Figs. 10 and 11, we show the variation of the isospin
asymmetry parameters of hadron (	H) and quark (	Q)
matter inside the mixed phase at various temperatures,
with the global asymmetry 	 ¼ 0:2. We clearly see the
much larger values of 	Q when the quark phase starts
forming, roughly for a � fraction between 0.0 and 0.4. Of
course, the effect disappears when the pure quark phase is
reached (� ¼ 1), where the global asymmetry is recovered
just for the two charges’ ð�b; �3Þ conservation. This is
a nice isospin distillation effect ruled by the symmetry

FIG. 8 (color online). Symmetry energy of nuclear matter with
the parameter sets NL�, NL��, and that of NJL quark matter.
Temperature T ¼ 0, 80 MeV.

FIG. 9 (color online). Phase diagram in the T ��B plane for
symmetric and asymmetric matter with the parameter sets NL�
and NL��; always NJL quark EoS.

FIG. 10 (color online). Asymmetry of quark matter and nu-
clear matter inside the mixed phase at different temperatures.
The parameter set NL� is used for the hadron phase.

FIG. 11 (color online). Like in the previous figure, but with the
NL�� EoS for the hadron phase.
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energy gap in the two phases, as confirmed by the enhance-
ment in Fig. 11, where the more symmetry repulsiveNL��
EoS is used for the hadron part.

We note that the isospin asymmetry of quark matter
decreases with the enhancement of temperature. This is
due to a general decrease of symmetry energy effects at
higher temperatures (and lower densities), as we can
clearly see in Fig. 9.

The color pairing interaction at high density can reduce
the isospin distillation, since it is energetically equivalent
to the introduction of an effective symmetry repulsion in
the quark phase [38,40]. However, the isospin effects dis-
cussed before are still present. Moreover, we can expect the
pairing correlations to be less important with increasing
temperature. Experiments focused to observe isospin ef-
fects in the mixed phase, using neutron-rich heavy-ion
collisions at intermediate energies, appear very appealing.

This behavior of the quark isospin asymmetry inside the
mixed phase of the hadron phase transition will affect the
following hadronization in the expansion stage, finally
producing some observable signals in heavy-ion experi-
ments. As suggested before in Ref. [37,38], an inversion in
the trend of the emission of neutron-rich clusters, ��=�þ
and K0=Kþ yield ratios in high density regions, and an
enhancement of the production of isospin-rich resonances
and subsequent decays may be found. Besides, there is a
controversial point of view about the enhancement of the

yield ratio ��= �p [65–69].
For instance, in [37], the reaction 238Uþ 238U (isospin

asymmetry 	 ¼ 0:227) at 1 A GeV has been investigated
in the RMF approach, and a rather exotic nuclear matter is
formed with baryon density around 3–4�0, temperature
50–60 MeV, likely inside the estimated mixed phase re-
gion, especially with the parameter set NL�� for the
hadron sector.

3. New effect of the dynamical quark
masses: a critical end point?

If we compare MIT-Bag (with fixed current quark
masses) and NJL (with chiral restoration mechanism)
results for the mixed phase, we remark only one
main difference. As shown in Figs. 1 and 2, phase diagrams
in T � �B and T ��B planes are derived, using the
MIT-Bag model, with a critical temperature reached
only at zero baryon density. At variance, the binodal curves
at high temperature and low density cannot be obtained
with the NJL model, and we see a narrowing of the coex-
istence region up to a kind of critical end point; see
Figs. 5–7 and 9. This important result derives from two
qualitative new features of the NJL effective theory: i) the
quark masses’ variation due to the chiral restoration,
and ii) the dependence of the effective bag constant Beff ,
Eq. (19), on temperature and baryon density.

The two effects are jointly leading to a determination of
an end point of the mixed phase:

(i) The chiral dynamics largely increases the quark
masses at low densities and finite temperatures; see
Fig. 12, where we plot the u and d effective masses
inside the mixed phase at different temperatures, for
asymmetric matter. If we reach the limit of a nucleon
effective mass in the hadron phase smaller than the
corresponding combination of quark effective
masses, e.g., for protons M�

p < 2M�
u þM�

d, we

would have unphysical solutions for the Gibbs con-
ditions, since, from Eqs. (9) and (20), we will get

only �Q
B < �H

B results. This is confirmed by Figs. 13

and 14, where we plot the proton effective mass in
the hadron phase (solid line) and in the quark phase
(dot-dashed line) inside the coexistence region at
T ¼ 60 MeV and T ¼ 75 MeV. We see that, at the
higher temperature, we are close to a crossing, which
is an indication of the lack of a physical solution at

FIG. 12 (color online). Dynamical masses of u and d quarks
inside the mixed phase at different temperatures. The solid
circles indicate the two density limits of the coexistence region.
Asymmetric matter with 	 ¼ 0:227. The NL�� EoS is used for
the hadron phase.

FIG. 13 (color online). Effective proton masses in the hadron
(upper) and quark (lower) matter inside the mixed phase at
T ¼ 60 MeV. The solid circles indicate the two density limits
of the coexistence region. Asymmetric matter with 	 ¼ 0:227.
The NL�� EoS is used for the hadron phase.
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higher temperatures, as already seen in the corre-
spondingNL�� results of the previous Figs. 7 and 9.
We have a final interesting comment about the quark
mass splitting shown in Fig. 12 for asymmetric
matter. The difference in the quark masses, with
M�

d <M�
u, is larger at the onset of the mixed phase,

where the isospin distillation effects induce a larger
difference in the two quark-antiquark condensates.

(ii) Actually, we clearly see that, in the same ðT; �Þ
region, we do not have solutions of the Gibbs con-
ditions. This is due to the second qualitative new
feature of the NJL approach, the density and tem-
perature dependence of the ‘‘effective bag con-
stant,’’ Eq. (19), also related to the dynamical
quark mass variation. As a consequence, at low
densities and high temperatures, for small values
of the bag constant, we cannot get mixed phase
solutions, since the hadron pressure (mostly ther-
mal) cannot equilibrate the quark pressure in the
coexistence zone. In Figs. 15 and 16, we show the

density dependence of ðBeffÞ1=4 at T ¼ 60 and
T ¼ 75 MeV (the solid circles give the mixed phase
limits). For the T ¼ 75 MeV case, we see a sudden
drop around the onset of the mixed phase, a good
indication of a lack of solution for larger
temperatures.

In conclusion, the chiral dynamics seems to lead to a
critical end point of the first-order hadron-quark transition,
around T ’ 80 MeV and �B ’ 2�0 or �B ’ 900 MeV.
Beyond this point, i.e., at higher temperatures and smaller
baryon densities, we should try to find a connection to
lattice QCD calculations or to a corresponding effective
EoS able to describe both phases. Unfortunately, both
approaches are presently not available, since we still are
in a region of relatively large quark chemical potentials.
However, it is interesting to note that the critical end

point appears when the NJL quark masses have reached the
constituent quark values. We are aware that the NJL ap-
proach, with only chiral dynamics, is not good at low
densities and finite temperatures, since confinement is
not accounted for (in fact, our Beff goes to zero), just where
we can expect that hadron degrees of freedom will start to
play a role [62].
In fact, no physical solution exists for the Gibbs con-

ditions at high temperature and low density in the hadron
NJL model used. This means that there exists a dynamical
competition between hadronic and quark matter.
Generally, for the quark phase, the dynamical effects are
relevant for both chiral symmetry and (de)confinement,
which is particularly important at low density. In the
current study, only chiral dynamics is included in the
NJL model. This leads to the pressure of the quark phase
at low density and high temperature, given by the NJL
model being always higher than that of the hadron phase at
the same baryon and isospin chemical potential. So, the
absence of Gibbs equations solutions in the hadron NJL
model reflects that the consideration of only the chiral
dynamics is not enough at low density and high tempera-
ture. The confinement effect has to be included, which will

FIG. 14 (color online). Like in the previous figure, but at
temperature T ¼ 75 MeV.

FIG. 15 (color online). Baryon density dependence of the NJL
effective bag constant, ðBeffÞ1=4, at T ¼ 60 MeV. The line
ending with solid circles indicates a coexistence region.
Asymmetric matter with 	 ¼ 0:227. The NL�� EoS is used
for the hadron phase.

FIG. 16 (color online). Like in the previous figure, but at
temperature T ¼ 75 MeV.
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affect the chiral dynamics and the equation of state of
quark matter.

It is expected that the situation at high temperature and
low density will be altered when the (de)confinement effect
is included. This encourages us to perform a further study
following, for the quark phase, an extended NJL model
with the coupling between quarks and the confining
Polyakov-loop field, the PNJL approach [19,70–73], in
order to get more accurate results about the critical end
point.

In any case, the fact that, in the ðT;�BÞ plane, around the
end point, we definitely get a derivative dT=d� � 0
(see Fig. 9), which could be an indication that we are
actually reaching a continuous transition for baryon and
entropy densities, as suggested by the Clausius-Clapeyron
equation [38].

Finally two more remarks:
(i) From Figs. 5–7 and 9, we see that the end point of the

mixed phase is not depending on the global asym-
metry of the system and on the symmetry term of the
used hadron interaction. This is consistent with the
reduced effect of the symmetry energy at high tem-
peratures and low densities; see Fig. 8.

(ii) Isospin effects appear to still be relevant in the
region just below the end point, T � ð50–80Þ MeV
and �B � ð2–4Þ�0, accessible in the transient com-
pression stage of heavy-ion collisions at intermedi-
ate energies.

The latter point is interesting even because, in that phase
diagram zone, the NJL and MIT-Bag results are very
similar, for similar bag constants BMIT ’ Beff [38]. This
makes more reliable the observed isospin effects.

IV. SUMMARY

In this work, we investigate the hadron-quark phase
transition in isospin asymmetric matter. We use a two-
EoS approach, as in all previous calculations. The novelty
of this study is to insert chiral restoration effects on the
quark masses using the three-flavor NJL model for inter-
acting quarks, instead of the MIT-Bag model. We obtain
the binodal surface of a first-order hadron-quark phase
transition in the region of �B > 2�0 and temperature T
less than about 80 MeV, available in heavy-ion experi-
ments in the near future.

The calculated results show that the onset density of the
phase transition is lowered with the increasing asymmetry
parameter 	, a property possible to be probed in the new
planned facilities—for example, FAIR at GSI-Darmstadt
and NICA at JINR-Dubna—with realistic asymmetries for
stable beams; see [37].
The phase diagrams at high density are like the ones

given by the MIT-Bag model with an appropriate bag
constant, since the chiral symmetry is restored and the
quark masses approach the current values. But, the dy-
namical quark mass becomes more and more important
with the reduction of baryon number density and the
increase of temperature, causing a reduction of the effec-
tive bag constant. The resulting effect is more relevant just
in the region T � ð50–80Þ MeV and �B � ð2–4Þ�0, avail-
able with the new planned facilities, where some suggested
important observables may be found as the signals of
hadron-quark phase transition in the future.
The most interesting effect of the use of a consistent

chiral quark mass dynamics is the appearance of a kind
of critical end point for the first-order transition,
around T ’ 80 MeV and �B ’ 2�0 or �B ’ 900 MeV.
Furthermore, the obtained phase diagram exhibits a region
with confinement but chiral restored symmetry, as ex-
pected for the quarkyonic matter [74].
At variance with the results with the MIT-Bag quark

EoS, the phase diagram at lower density and higher tem-
perature cannot be derived from the Gibbs conditions in the
hadron NJL model, which means only considering chiral
dynamics is not enough. This conclusion stimulates new
efforts with the inclusion of both chiral dynamics and a
confinement mechanism, able to describe the quark phase
in the region just above the suggested critical end point.
In any case, reliable results have been obtained in

the interesting region T � ð50–80Þ MeV and �B �
ð2–4Þ�0, which will undergo the test of experiments in a
near future.
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