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With accumulation of high statistics data at BESIII, one may study many new interesting channels.

Among them, J=c ! B� �Bþ �B�B ! �B �B processes may provide valuable information of the radiative

decays of the excited baryons B�ðN�;��;��;��Þ, and may shed light on their internal quark-gluon

structure. Our estimation for the branching ratios of the nucleon excitations N�ð1440Þ, N�ð1535Þ and
N�ð1520Þ from the reaction J=c ! N� �pþ �N�p ! p �p�, indicates that these processes can be studied at

BESIII with 1010J=c events. Explicit theoretical formulas for the partial wave analysis (PWA) of the

J=c ! B� �Bþ �B�B with B� ! B� and �B� ! �B� within covariant L-S Scheme are provided.
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I. INTRODUCTION

Baryons BðN;�;�;�; � � �Þ and their excited states
B�ðN�;��;��;��; � � �Þ are complex systems of confined
quarks and gluons. Excited baryons are sensitive to details
of quark confinement [1], which is poorly understood
within the fundamental theory of strong interactions—
Quantum Chromodynamics (QCD). Thus, understanding
their structure and determining their properties (masses,
decay widths, branching ratios, spins, parities, electro-
magnetic form factors, magnetic moments, polarizabil-
ities) will provide a better understanding of how
confinement works in baryons. Concerning the internal
quark-gluon structure of baryons there are various
proposed configurations: (a) the classical constituent
three quark ðqqqÞ states; (b) qqqg hybrid states [2];
(c) diquark-quark states [3,4]; (d) meson-baryon states
[5–8]; (e) pentaquark with diquark clusters [9–13], etc.
A series of new experiments on excited nucleon N� phys-
ics with electromagnetic probes have been started at mod-
ern facilities such as TJNAF [14], ELSA [15], GRAAL
[16], SPRING8 [17] and BEPC [18,19]. In last few years
these facilities provided a considerable amount of precise
data for various excited nucleon production and decay
channels and opened a great opportunity to make quanti-
tative investigations of the baryon structure. To extract
properties of N� resonances partial wave analysis (PWA)
is necessary. In this paper, we first show that the radiative
decays of baryons can be studied at BESIII with expected
1010 J=c events. Then we provide PWA formulas within
covariant L-S Scheme [20] for multistep chain processes
J=c ! B� �Bþ �B�B ! �B �B with B�ðN�;��;��;��; � � �Þ.
Because electromagnetic transition rates of excited bary-
ons to their respective ground states offer a stringent test
on the quark model dynamics [21,22], it is therefore

highly desirable to study the electromagnetic decay rates
from excited baryon states in order to refine the quark
model description of the baryons. To date, very few
electromagnetic transition rates have been measured for
the excited baryon resonances [23]. For a detailed dis-
cussion of the experimental and theoretical status of the
excited baryons and their electromagnetic decays, see the
review by Landsberg [21].

II. ESTIMATION OF BRANCHING RATIOS
FOR J=c ! B� �Bþ �B�B ! B �B�

In hadron spectroscopy, the ground states of the hadron
spectrum are now well understood. However, the excited
states still prove a significant challenge. The first excited
state N�ð1440ÞP11 with positive parity JP ¼ 1=2þ, and
the adjacent excited state N�ð1535ÞS11 with negative parity
JP ¼ 1=2�, as well asN�ð1520ÞD13 with J

P ¼ 3=2�, have
been identified by using various techniques. Although
these four-star resonances are within the energy region
of many modern research facilities, their properties in-
cluding radiative decays are still not well determined.
Previous BES experiments already clearly observed these
resonances in J=c ! p �p�, �pn�þ þ c:c:, �pp�0 [18,19].
With 2 orders of magnitude and higher statistics at BESIII,
the radiative decays of these N� may also be studied in
J=c ! �p �p. In fact, this decay channel has already been
studied by the BESII experiment. A strong narrow peak,
Xð1860Þ, near the threshold in the invariant mass spectrum
of proton-antiproton pairs was observed [24]. The branch-
ing ratio for J=c ! �p �p is about 3:8� 10�4 [23], among
which the contribution of J=c ! �Xð1860Þ ! �p �p is
about 7:0� 10�5 [24]. The PWA formulas for determining
quantum numbers of intermediate resonances decaying to
p �p are given in Ref. [25]. Because of limited statistics and
a large background from J=c ! �pp�0 channel, no obser-
vation of N� ! p� was reported.*dulat98@yahoo.com
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Based on the branching ratios for the reaction J=c !
N� �pþ �N�p measured by BESII [19] and branching ratios
of N� ! p� given by PDG [23], we give the estimation
of branching ratios for the reaction J=c ! N� �pþ �N�p !
p �p� through the intermediate N� ¼ pð938Þ, N�ð1440Þ,
N�ð1535Þ and N�ð1520Þ states, as shown in Table I.

In the estimation of the contribution from the off shell
nucleon pole, we use the following effective Lagrangian
for the vertex �pp [26]:

L �pp ¼ �e �c pð��A� � �p

2mp

���@�A�Þc p; (1)

where �p ¼ 2:739 and mp are the proton magnetic mo-

ment and mass, respectively. The following off shell form
factor is assumed:

F ¼ �4

�4 þ ðp2
N� �m2

N� Þ2 ; (2)

where � ¼ 0:8 GeV, pN� and mN� are the N� four mo-
mentum and mass. Here we also use the experimental
photon energy cut condition E� > 25 MeV. Because of

the zero width of proton, the main contribution for J=c !
p �p ! p �p� is from the low energy photon, for example,
the branching ratio will be reduced to 6:7� 10�6 for the
photon energy cut E� > 100 MeV. The contribution from

the off shell proton pole contribution is well separated from
N� contributions on the Dalitz plot.

Because of flavor SU(3) symmetry, the excited hyperons
are produced at a similar rate, so the typical branching ratio
for the J=c ! B� �Bþ �B�B ! �B �B processes is about
10�7 � 10�6. With expected 1010J=c events and much
improved photon detection at BESIII, these processes can
definitely be studied in order to provide unique information
on the structure of various excited nucleon and hyperon
states, and to give substantial insight into the nonperturba-
tive aspects of the QCD.

III. FORMALISM

Now we present the necessary tools for the construction
of the covariant L-S scheme for the B� �BMð �B�BMÞ and
B�B�ð �B� �B�Þ couplings. The partial wave amplitudes U��

i

in the covariant L-S scheme can be constructed by using

pure orbital angular momentum covariant tensors ~tðLbcÞ
�1����Lbc

,

covariant spin wave functions c (�) or � (�), metric
tensor g��, totally antisymmetric Levi-Civita tensor 	��
�

and momentum of the parent particle.
For a given hadronic decay process a ! bc, in the L-S

scheme on hadronic level, the initial state is described by
its four momentum p� and its spin state Sa; the final state

is described by the relative orbital angular momentum state
of bc system Lbc and their spin states (Sb, Sc). The spin
states (Sa, Sb, Sc) can be well represented by the relativ-
istic Rarita-Schwinger spin wave functions for particles of
arbitrary spin [27–30]. The spin- 12 wave function is the

standard Dirac spinor uðp; SÞ or vðp; SÞ and the spin-1
wave function is the standard spin-1 polarization four-
vector "�ðp; SÞ for a particle with momentum p and spin
projection S:

X
S¼0;�1

"�ðp; SÞ"��ðp; SÞ ¼ �g�� þ
p�p�

p2
� �~g��ðpÞ;

(3)

with p�"�ðp; SÞ ¼ 0, which states that the spin-1 wave

function is orthogonal to its own momentum. Here the
Minkowsky metric tensor has the form

g�� ¼ diagð1;�1;�1;�1Þ: (4)

Spin wave functions for particles of higher spins are
constructed from these two basic spin wave functions
with C-G coefficients ðJ1; J1z; J2; J2zjJ; JzÞ as

"�1�2����n
ðp; n; SÞ ¼ X

Sn�1;Sn

ðn� 1; Sn�1; 1; Snjn; SÞ"�1�2����n�1
ðp; n� 1; Sn�1Þ"�n

ðp; SnÞ (5)

for a particle with integer spin n � 2, and

u�1�2����n

�
p; nþ 1

2
; S

�
¼ X

Sn;Snþ1

�
n; Sn;

1

2
; Snþ1jnþ 1

2
; S

�
"�1�2����n

ðp; n; SnÞuðp; Snþ1Þ (6)

for a particle with half integer spin nþ 1
2 of n � 1. For an antiparticle with half integer spin nþ 1

2 of n � 1, one has

TABLE I. The mass (MeV), widths (MeV), and branching ratios (10�6) for J=c ! N� �pþ
�N�p ! p� �p through intermediate N� states.

mN� � BrðJ=c ! N� �pþ �N�pÞ BrðN� ! p�Þ BrðJ=c ! p� �pÞ
938 210� 224 [23] 19:8� 21:0
1440 300 133� 354 [19] 350� 480 [23] 0:046� 0:170
1535 150 92� 210 [19] 1500� 3500 [23] 0:138� 0:735
1520 115 34� 154 [19] 4600� 5600 [23] 0:156� 0:862
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v�1�2����n
ðp; nþ 1

2
; SÞ ¼ X

Sn;Snþ1

ðn; Sn; 12 ; Snþ1jnþ 1

2
; SÞ"�1�2����n

ðp; n; SnÞvðp; Snþ1Þ: (7)

For a process a ! bþ c, if there exists a relative orbital angular momentumLbc between the particle B and c, then the

orbital angular momentumLbc state can be represented by covariant tensor wave functions ~t
ðLÞ
�1����L , which are the same as

for the meson decay [20,29,31]

~t ð0Þ ¼ 1; (8)

~t ð1Þ� ¼ ~g��ðpaÞr� � ~r�; (9)

~t ð2Þ�� ¼ ~r�~r� � 1

3
ð~r � ~rÞ~g��; (10)

~t ð3Þ��
 ¼ ~r�~r�~r
 � 1

5
ð~r � ~rÞð~g��~r
 þ ~g�
~r� þ ~g
�~r�Þ; (11)

~tð4Þ��
� ¼ ~r�~r�~r
~r� � 1

7
ð~r � ~rÞð~g��~r
~r� þ ~g�
~r�~r� þ ~g
�~r�~r� þ ~g��~r�~r
 þ ~g��~r
~r� þ g
�~r�~r�Þ

þ 1

35
ð~r � ~rÞ2ð~g��~g
� þ ~g�
~g�� þ ~g
�~g��Þ; (12)

~tð5Þ��
�� ¼ ~r�~r�~r
~r�~r� � 1

9
ð~r � ~rÞð~g��~r
~r�~r� þ ~g�
~r�~r�~r� þ ~g
�~r�~r�~r� þ ~g��~r�~r
~r� þ ~g��~r
~r�~r� þ g
�~r�~r�~r�

þ ~g��~r
~r�~r� þ ~g��~r
~r�~r� þ ~g��~r
~r�~r� þ ~g�
~r�~r�~r�Þ þ 1

63
ð~r � ~rÞ2ð~g��~g
�~r� þ ~g�
~g��~r� þ ~g
�~g��~r�

þ ~g��~g
�~r� þ ~g�
~g��~r� þ ~g
�~g��~r� þ ~g��~g��~r
 þ ~g��~g��~r
 þ ~g��~g��~r
 þ ~g
�~g��~r� þ ~g��~g
�~r�

þ ~g�
~g��~r� þ ~g
�~g��~r� þ ~g��~g
�~r� þ ~g�
~g��~r�Þ; (13)

� � �

~tðLÞ�i1
�i2

����iL
¼ ~r�i1

~r�i1
� � � ~r�iL

þ X½L=2	
l¼1

XL
i1<i2<���<i2l¼1

ð�~r � ~rÞl
ð2L� 1Þð2L� 3Þ � � � ð2L� 2lþ 1Þ

1

2ll!

� ð~g�i1
�i2

~g�i3
�i4

� � � ~g�i2l�1
�i2l

þ�i1 ; �i2 ; � � ��i2l permutation; ð2lÞ!termÞ
ð~r�1

~r�2
� � � ~r�i1�1

~r�i1þ1
� � � ~r�i2�1

~r�i2þ1
� � � ~r�i2l�1

~r�i2lþ1
� � � ~r�L

Þ; (14)

where r ¼ pb � pc is the relative four momentum of
the two decay products in the parent particle rest frame;
ð~r � ~rÞ ¼ �r2; ½L=2	 ¼ n when L ¼ 2n and L ¼ 2nþ 1;
and

p
�
a ~t

ð1Þ
� ¼p

�
a ~t

ð2Þ
��¼p

�
a t

ð3Þ
��
¼0; ~g��ðpaÞ¼g���p�

a p�
a

p2
a

:

In the L-S scheme, we need to use the conservation relation
of total angular momentum

S a¼SbþScþLbc or �SaþSbþScþLbc¼0: (15)

Besides, the parity should be conserved, which means

�a ¼ �b�cð�1ÞL; (16)

where�a,�b and�c are the intrinsic parities of particles a,
b and c, respectively. From this relation, one knows
whether L should be even or odd. Then from Eq. (15)
one can figure out how many different L-S combinations
there are, which determines the number of independent
couplings.
Comparing with the pure meson case [29], here we need

to introduce the concept of relativistic total spin of two
fermions. For the case of a as a vector meson, b as excited
baryons ðB�Þ with spin nþ 1

2 and c as antibaryons (
�B) with

spin- 12 , the total spin of bc (Sbc) can be either n or nþ 1.

The two Sbc states can be represented as

PROPOSAL AND THEORETICAL FORMALISM FOR . . . PHYSICAL REVIEW D 83, 094032 (2011)

094032-3



c ðnÞ
�1����n

¼ �u�1����n
ðpb; SbÞ�5vðpc; ScÞ; (17)

�ðnþ1Þ
�1����nþ1

¼ �u�1����n
ðpb; SbÞ

�
��nþ1

� r�nþ1

ma þmb þmc

�

� vðpc; ScÞ þ ð�1 $ �nþ1Þ þ � � �
þ ð�n $ �nþ1Þ (18)

for Sbc of n and nþ 1, respectively. As a special case of
n ¼ 0, we have

c ð0Þ ¼ �uðpb; SbÞ�5vðpc; ScÞ; (19)

�ð1Þ
� ¼ �uðpb; SbÞð�� � r�

ma þmb þmc

Þvðpc; ScÞ: (20)

Here the r� term is necessary to cancel out the

p-dependent component in the �u��v expression.

For the case of a as a vector meson, b as excited
antibaryons ð �B�Þ with spin nþ 1

2 and c as baryons ðBÞ
with spin- 12 , the above equations can be written as

c CðnÞ
�1����n ¼ � �uðpc; ScÞ�5v�1����n

ðpb; SbÞ; (21)

�Cðnþ1Þ
�1����nþ1

¼ �uðpc; ScÞð��nþ1
� r�nþ1

ma þmb þmc

Þ
� v�1����n

ðpb; SbÞ þ ð�1 $ �nþ1Þ þ � � �
þ ð�n $ �nþ1Þ (22)

for Sbc of n and nþ 1, respectively. As a special case of
n ¼ 0, we have

c Cð0Þ ¼ � �uðpc; ScÞ�5vðpb; SbÞ; (23)

�Cð1Þ
� ¼ �uðpc; ScÞð�� � r�

ma þmb þmc

Þvðpb; SbÞ: (24)

For the case of a as excited baryons (B�) with spin
nþ 1

2 , b as baryons (B) and c as a meson, one needs to

couple �Sa and Sb first to get Sab � �Sa þ Sb states,
which are

�ðnÞ
�1����n ¼ �uðpb; SbÞu�1����n

ðpa; SaÞ; (25)

�ðnþ1Þ
�1����nþ1

¼ �uðpb; SbÞ�5 ~��nþ1
u�1����n

ðpa; SaÞ
þ ð�1 $ �nþ1Þ þ � � � þ ð�n $ �nþ1Þ (26)

for Sab of n and nþ 1, respectively, and

�ð0Þ ¼ �uðpb; SbÞuðpa; SaÞ; (27)

�ð1Þ
� ¼ �uðpb; SbÞ�5 ~��uðpa; SaÞ (28)

with ~�� ¼ ~g��ðpaÞ��.

For the case of a as excited antibaryons ð �B�Þ with
spin nþ 1

2 , b as an antibaryon ð �BÞ and c as a meson, as

before one needs to couple �Sa and Sb first to get
Sab � �Sa þ Sb states, which are

�CðnÞ
�1����n

¼ �v�1����n
ðpa; SaÞvðpb; SbÞ; (29)

�Cðnþ1Þ
�1����nþ1

¼ �v�1����n
ðpa; SaÞ�5 ~��nþ1

vðpb; SbÞ
þ ð�1 $ �nþ1Þ þ � � � þ ð�n $ �nþ1Þ (30)

for Sab of n and nþ 1, respectively. As a special case of
n ¼ 0, we have

�Cð0Þ ¼ �vðpa; SaÞvðpb; SbÞ; (31)

�Cð1Þ
� ¼ �vðpa; SaÞ�5 ~��vðpb; SbÞ: (32)

IV. PARTIALWAVE AMPLITUDES

We consider the following process:

J=c ! B� �Bþ �B�B ! �B �B: (33)

The possible JP for B� is 1
2
�, 32

�, 52
�, 72

�. We denote the four

momenta of J=c , B�ð �B�Þ and � by p�, pB��ðp �B��Þ and q�.
The orbital spin tensor describing the first and second steps

will be denoted by ~TðLÞ
�1����L and ~t

ðlÞ
�1����l . For the process (33)

the general form of the decay amplitude is

M ¼ "�ðp; SJ=c Þe��ðq; S�ÞM��

¼ "�ðp; SJ=c Þe��ðq; S�Þ
X
i;j

U��
i;j ; (34)

where "�ðp; SJ=c Þ is the polarization four-vector of the

J=c ; e�ðq; S�Þ is the polarization four-vector of the pho-

ton; SJ=c and S� are the spin third components of J=c and

photon, respectively; U
��
i;j is the ith B� and �B�; jth partial

wave amplitude with complex coupling constants to be
determined by the experiment. The spin-1 polarization
four-vector "�ðp; SJ=c Þ for J=c with four momentum

p� satisfies the relation in Eq. (3). For J=c production

from eþe� annihilation, the electrons are highly relativis-
tic, with the result that SJ=c ¼ �1 for the J=c spin

projection takes the beam direction as the z-axis. This
limits SJ=c to þ1 and �1. Then one has the following

relation:X
SJ=c¼�1

"�ðp; SJ=c Þ"��0 ðp; SJ=c Þ ¼ ���0 ð��1 þ ��2Þ:

(35)

For the photon polarization four-vector, there is the usual
Lorentz orthogonality conditions. Namely, the polari-
zation four-vector e�ðq; S�Þ of the photon with momenta

q satisfies

q�e�ðq; S�Þ ¼ 0; (36)
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which states that spin-1 wave function is orthogonal to its
own momentum. The above relation is the same as for a
massive vector meson. However, for the photon, there is
the additional gauge invariance condition

X
S�

e��ðq; S�Þe�ðq; S�Þ ¼ �g�� þ
q�K� þ K�q�

q � K

� K � K
ðq � KÞ2 q�q�

� �gð??Þ
�� (37)

with K ¼ p� q and K�e� ¼ 0.
Although B�ð12�; 32�; 52�; 72�ÞB! couplings have the same

structure as the B�ð12�; 32�; 52�; 72�ÞB� couplings, the gauge

invariance requirement for the B�B� couplings reduces
the number of independent amplitudes. For example, the
partial wave amplitudes for the process B�ð32�Þ ! Bð12þÞ�
can be written as

M ¼ ðg1M�
1 þ g2M

�
2 þ g3M

�
3 Þe��ðq; S�Þ; (38)

where

M�
1 ¼ i�ð1Þ

� 	��
�~tð1Þ
 p̂B��;

M�
2 ¼ �ð2Þ��~tð1Þ� ;

M�
3 ¼ �ð2Þ

�

~tð3Þ�
�;

(39)

here p̂B�� ¼ pB��=mB� . Because of the gauge invariance
requirement

ðg1M�
1 þ g2M

�
2 þ g3M

�
3 Þq� ¼ 0; (40)

we get the relation

g2 ¼ � 3

5
ð~r � ~rÞg3 ¼ 3

5

ðm2
B� �m2

BÞ2
m2

B�
g3; (41)

which means that there are two independent partial wave
amplitudes. References [32,33] also provided basically
equivalent partial wave amplitude formulas for the vertex
B�B� in the spin-orbital approach. In order to be able to
compare our results with conventional helicity amplitudes
for the radiative decays of baryon resonances [23], we also
give the relation between our coupling constants and he-
licity amplitudes in the Appendix.

To compute decay width, we need an expression for
jMj2. Note that the square modulus of the decay amplitude,
which gives the decay probability of a certain configura-
tion, should be independent of any particular frame, that is,
a Lorentz scalar. Thus by using Eqs. (35) and (37), we have

d� ¼ ð2�Þ4
2MJ=c

jMj2d�3ðp;q�; pB; p �BÞ; (42)

where MJ=c is the mass of the J=c , and the general form

of the matrix element square is

jMj2 ¼ 1

2

X
SJ=c¼�1

X
S�¼�1

X
SB

X
S �B

j"�ðp; SJ=c Þe��ðq; S�ÞM��j2

¼ 1

2

X
�¼�1

X
SB

X
S �B

M��ð�gð??Þ
��0 ÞM���0

¼ 1

2

X
i;i0

X
j;j0

X2
�¼1

X
SB

X
S �B

U��
i;j ð�gð??Þ

��0 ÞU���0
i0;j0 ; (43)

and the standard Lorentz invariant 3-body phase space
element d�3 is given by

d�3ðp; q; pB; p �BÞ ¼ �4ðp� q� pB � p �BÞ
d3q

ð2�Þ32E�

� 2mBd
3pB

ð2�Þ32EB

2m �Bd
3p �B

ð2�Þ32E �B

: (44)

From (33) we see that B� and �B� are the intermediate
resonances decaying into B� and �B��, respectively, there-
fore we need to introduce into the amplitude the following
propagators denoted by GB� and G �B� [34,35]:

GB�

�
1

2

�
¼ fB

�
B�

X
SB�

uðpB� ; SB� Þ �uðpB� ; SB� Þ

¼ fB
�

B�

ðpB� þmB�Þ
2mB�

;

G �B�

�
1

2

�
¼ �f

�B�
�B�

X
S �B�

vðp �B� ; S �B� Þ �vðp �B� ; S �B� Þ

¼ �f
�B�
�B�

ðp �B� �m �B�Þ
2m �B�

;

(45)

G
��
B�

�
3

2

�
¼ fB

�
B�

X
SB�

u�ðpB� ; SB� Þ �u�ðpB� ; SB� Þ

¼ fB
�

B�

ðp �B� þmB� Þ
2mB�

P��
B�

�
3

2

�
;

G��
�B�

�
3

2

�
¼ �f

�B�
�B�

X
S �B�

v�ðp �B� ; S �B� Þ �v�ðp �B� ; S �B� Þ

¼ �f
�B�
�B�

ðpB� �m �B� Þ
2m �B�

P��
�B�

�
3

2

�
;

(46)

G
���
B�

�
5

2

�
¼ fB

�
B�

X
SB�

u��ðpB� ; SB� Þ �u�ðpB� ; SB� Þ

¼ fB
�

B�

ðpB� þmB� Þ
2mB�

P��
B�

�
5

2

�
;

G���
�B�

�
5

2

�
¼ �f

�B�
�B�

X
S �B�

v��ðp �B� ; S �B� Þ �v�ðp �B� ; S �B� Þ

¼ �f
�B�
�B�

ðp �B� �m �B� Þ
2m �B�

P��
�B�

�
5

2

�
;

(47)
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G���
�
B�

�
7

2

�
¼ fB

�
B�

X
SB�

u���ðpB� ; SB� Þ �u
�ðpB� ; SB� Þ

¼ fB
�
�B�

ðpB� þmB� Þ
2mB�

P���
�
B�

�
7

2

�
;

G
���
�
�B�

�
7

2

�
¼ �f

�B�
�B�

X
S �B�

v���ðp �B� ; S �B� Þ �v
�ðp �B� ; S �B� Þ

¼ �f
�B�
�B�

ðp �B� �m �B� Þ
2m �B�

P
���
�
�B�

�
7

2

�
;

(48)

where

fB
�

B� ¼ 2mB�

p2
B� �m2

B� þ imB��B�
;

�f
�B�
�B�

¼ 2m �B�

p2
�B� �m2

�B� þ im �B�� �B�
;

(49)

here mB� , m �B� and �B� , � �B� are the resonances masses and
widths;

P��
B�

�
3

2

�
¼ �g�� þ 1

3
���� þ 2

3

p�
B�p�

B�

m2
B�

þ 1

3mB�
ð��p�

B� � ��p�
B� Þ;

P��
�B�

�
3

2

�
¼ �g�� þ 1

3
���� þ 2

3

p�
�B�p�

�B�

m2
�B�

� 1

3m �B�
ð��p�

�B� � ��p�
�B� Þ;

P
���

B�= �B�

�
5

2

�
¼ 1

2
ð~g��~g� þ ~g�~g��Þ � 1

5
~g��~g� � 1

10
ð~�� ~��~g� þ ~�� ~�~g�� þ ~��~�~g� þ ~�� ~�~g��Þ;

P���
�

B�= �B�

�
7

2

�
¼ 4

9
����P

ð4Þ�����
�; (50)

and where

Pð4Þ�����
� ¼ 1

24
ð~g��~g�~g�
~g�� þ ð�;; 
; � permutation; 24 termsÞÞ

� 1

84
ð~g��~g�~g�
~g�� þ ð�;�; �; � permutation; �; ; 
; � permutation; 72 termsÞ

þ 1

105
ð~g��~g�� þ ~g��~g�� þ ~g��~g��Þð~g�~g
� þ ~g�
~g� þ ~g��~g
Þ: (51)

For the different partial wave amplitudes, we use the following notation and label our amplitudes:

ðSB� �B= �B�B; LB� �B= �B�B; SB�B= �B� �BÞ; (52)

where SB� �B= �B�B ¼ SB� þ S �B or S �B� þ SB; LB� �B= �B�B is the relative orbital angular momentum between B� and �B or �B� and
B; SB�B= �B� �B ¼ �SB� þ SB or�S �B� þ S �B. By considering the parity and angular momentum conservations in the following
we provide all relevant covariant amplitudes for the process (33). In these amplitudes, 1, 2 and 3 denote the three final state
particles B, �B and �.

For J=c ð1�Þ ! B�ð12þÞ �Bð12�Þ þ �B�ð12�ÞBð12þÞ ! �Bð12þÞ �Bð12�Þ, we find two independent covariant amplitudes for

a vector meson J=c ð1�Þ decaying into the B�ð12þÞ �Bð12�Þ and �B�ð12�ÞBð12þÞ states, and one independent covariant amplitude

for excited baryon resonances B�ð12þÞ and �B�ð12�Þ decaying into �Bð12þÞ and � �Bð12�Þ. All in all we get the following two

covariant amplitudes with two independent coupling constants gi;a and gi;b which are determined by the experiment:

(1, 0, 1)

U��
i;1 ¼ gi;a

�X
SB�

i�ð1Þ
 �ð1Þ�~tð1Þð13Þ
	

�
�p̂B��f
B�
B� �X

S �B�
i�Cð1Þ��Cð1Þ


~tð1Þð23Þ
	

�
�p̂ �B��
�f
�B�
�B�

�
; (53)

(1, 2, 1)

U��
i;2 ¼ gi;b

�X
SB�

i�ð1Þ
 �ð1Þ

� ~Tð2Þ��
ðB�2Þ ~t

ð1Þ
ð13Þ
	

�
�p̂B��f
B�
B� �X

S �B�
i�Cð1Þ

� �Cð1Þ


~Tð2Þ��
ð �B�1Þ ~t

ð1Þ
ð23Þ
	

�
�p̂ �B��
�f
�B�
�B�

�
: (54)

(Note that these are according to Eq. (52), where we labeled our amplitudes as (1, 0, 1) and (1, 2, 1).)
For J=c ð1�Þ ! B�ð12�Þ �Bð12�Þ þ �B�ð12þÞBð12þÞ ! �Bð12þÞ �Bð12�Þwe get the following two covariant amplitudes with

two independent coupling constants gi;a and gi;b which are determined by the experiment:
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(0, 1, 1)

U��
i;1 ¼ gi;a

�
� 2

3
CB�B�

X
SB�

�ð1Þ�c ð0Þ ~Tð1Þ�
ðB�2Þf

B�
B� �

2

3
C �B� �B�

X
S �B�

c Cð0Þ�Cð1Þ� ~Tð1Þ�
ð �B�1Þ �f

�B�
�B�
þX

SB�
�ð1Þ

 c ð0Þ ~Tð1Þ�
ðB�2Þ~t

ð2Þ�
ð13Þ fB

�
B�

þX
S �B�

c Cð0Þ ~�Cð1Þ
 Tð1Þ�

ð �B�1Þ~t
ð2Þ�
ð23Þ �f

�B�
�B�

�
; (55)

(1, 1, 1)

U��
i;2 ¼ gi;b

�
� 2

3
CB�B�

X
SB�

i�ð1Þ��ð1Þ
� ~Tð1Þ

ðB�2Þ�	
����p̂�f

B�
B� þ 2

3
C �B� �B�

X
S �B�

i�Cð1Þ
� �Cð1Þ� ~Tð1Þ

ð �B�1Þ�	
����p̂�

�f
�B�
�B�

�

þX
SB�

i�ð1Þ
 �ð1Þ

� ~Tð1Þ
ðB�2Þ�~t

ð2Þ�
ð13Þ 	����p̂�f

B�
B� �X

S �B�
i�Cð1Þ

� �Cð1Þ


~Tð1Þ
ð �B�1Þ�~t

ð2Þ�
ð23Þ 	����p̂�

�f
�B�
�B�
: (56)

One may note that for J=c ! B� �Bþ �B�B ! �B �B with JPðB�ð �B�ÞÞ ¼ 3
2
�, 52

�, 72
�, we get the six covariant amplitudes

for i-th B�ð �B�Þ with five independent coupling constants gi;aJ=c , g
i;b
J=c , g

i;c
J=c , g

i;a
� and gi;b� , which are determined by the

experiment. Thus for J=c ð1�Þ ! B�ð32þÞ �Bð12�Þ þ �B�ð32�ÞBð12þÞ ! �Bð12þÞ �Bð12�Þ we get the following six covariant

amplitudes:

(1, 0, 1)

U��
i;1 ¼ gi;aJ=cg

i;a
�

�X
SB�

i�ð1Þ
 c ð1Þ�~tð1Þð13Þ
	

�
�p̂B��f
B�
B� �

X
S �B�

ic Cð1Þ��Cð1Þ


~tð1Þð23Þ
	
�
�p̂ �B��

�f
�B�
�B�

�
; (57)

(1, 2, 1)

U��
i;2 ¼ gi;bJ=cg

i;a
�

�X
SB�

i�ð1Þ
 c ð1Þ

� ~Tð2Þ��
ðB�2Þ ~t

ð1Þ
ð13Þ
	

�
�p̂B��f
B�
B� �

X
S �B�

ic Cð1Þ
� �Cð1Þ


~Tð2Þ��
ð �B�1Þ ~t

ð1Þ
ð23Þ
	

�
�p̂ �B��
�f
�B�
�B�

�
; (58)

(2, 2, 1)

U��
i;3 ¼ gi;cJ=c g

i;a
�

�
�X

SB�
�ð1Þ

 �ð2Þ
��	���� ~Tð2Þ�

ðB�2Þ�p̂�	
�
�~tð1Þð13Þ
p̂B��f

B�
B� �X

S �B�
�Cð2Þ

�� �Cð1Þ
 	���� ~TCð2Þ�

ð �B�1Þ�p̂�	
�
�~tCð1Þð23Þ
p̂ �B��

�f
�B�
�B�

�
;

(59)

(1, 0, 2)

U
��
i;4 ¼ gi;aJ=cg

i;b
�

�
� 3

5
CB�B�

X
SB�

�ð2Þ�c ð1Þ�~tð1Þð13Þf
B�
B� � 3

5
C �B� �B�

X
S �B�

c Cð1Þ��Cð2Þ�~tCð1Þð23Þ �f
�B�
�B�
þX

SB�
�ð2Þ


c
ð1Þ�~tð3Þ
�ð13Þ fB

�
B�

þX
S �B�

c Cð1Þ��Cð2Þ



~tð3Þ
�ð23Þ �f
�B�
�B�

�
; (60)

(1, 2, 2)

U
��
i;5 ¼ gi;bJ=c g

i;b
�

�
� 3

5
CB�B�

X
SB�

�ð2Þ�c ð1Þ
� ~T

ð2Þ��
ðB�2Þ ~t

ð1Þ
ð13Þf

B�
B� � 3

5
C �B� �B�

X
S �B�

c Cð1Þ
� �Cð2Þ� ~Tð2Þ��

ð �B�1Þ ~t
ð1Þ
ð23Þ �f

�B�
�B�

�

þX
SB�

�ð2Þ

c

ð1Þ
� ~T

ð2Þ��
ðB�2Þ ~t

ð3Þ
�
ð13Þ fB

�
B� þX

S �B�
c Cð1Þ

� �Cð2Þ



~T
ð2Þ��
ð �B�1Þ ~t

ð3Þ
�
ð23Þ �f

�B�
�B�

�
; (61)

(2, 2, 2)

U��
i;6 ¼ gi;cJ=cg

i;b
�

�
� 3

5
CB�B�

X
SB�

i�ð2Þ��ð2Þ
�� ~T

ð2Þ�
ðB�2Þ�~t

ð1Þ
ð13Þ	

����p̂�f
B�
B� þ

3

5
C �B� �B�

X
S �B�

i�Cð2Þ
�� �Cð2Þ� ~Tð2Þ�

ð �B�1Þ�~t
ð1Þ
ð23Þ	

����p̂�
�f
�B�
�B�

�

þX
SB�

i�ð2Þ

�

ð2Þ
�� ~T

ð2Þ�
ðB�2Þ�~t

ð3Þ
�
ð13Þ 	����p̂�f

B�
B� �

X
S �B�

i�Cð2Þ
�� �Cð2Þ



~T
ð2Þ�
ð �B�1Þ�~t

ð3Þ
�
ð23Þ 	����p̂�

�f
�B�
�B�

�
: (62)

For J=c ð1�Þ ! B�ð32 �Þ �Bð12�Þ þ �B�ð32þÞBð12þÞ ! �Bð12þÞ �Bð12�Þ we get the following six covariant amplitudes:
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(1, 1, 1)

U
��
i;1 ¼ gi;aJ=c g

i;a
�

�
� 2

3
CB�B�

X
SB�

i�ð1Þ�c ð1Þ
� ~Tð1Þ

ðB�2Þ�	
����p̂�f

B�
B� þ 2

3
C �B� �B�

X
S �B�

ic Cð1Þ
� �Cð1Þ� ~Tð1Þ

ð �B�1Þ�	
����p̂�

�f
�B�
�B�

þX
SB�

i�ð1Þ
 c ð1Þ

� ~Tð1Þ
ðB�2Þ�~t

ð2Þ�
ð13Þ 	����p̂�f

B�
B� �

X
S �B�

ic Cð1Þ
� �Cð1Þ


~Tð1Þ
ð �B�1Þ�~t

ð2Þ�
ð23Þ 	����p̂�

�f
�B�
�B�

�
; (63)

(2, 1, 1)

U
��
i;2 ¼ gi;bJ=cg

i;a
�

�
� 2

3
CB�B�

X
SB�

�ð1Þ��ð2Þ�� ~Tð1Þ
ðB�2Þ�f

B�
B� � 2

3
C �B� �B�

X
S �B�

�Cð2Þ���Cð1Þ� ~Tð1Þ
ð �B�1Þ� �f

�B�
�B�

þX
SB�

�ð1Þ
 �ð2Þ�� ~Tð1Þ

ðB�2Þ�~t
ð2Þ�
ð13Þ fB

�
B� þ

X
S �B�

�Cð2Þ�� ~�Cð1Þ
 Tð1Þ

ð �B�1Þ�~t
ð2Þ�
ð23Þ �f

�B�
�B�

�
; (64)

(2, 3, 1)

U
��
i;3 ¼ gi;cJ=cg

i;a
�

�X
SB�

� 2

3
CB�B��

ð1Þ��ð2Þ
��

~T
ð3Þ���
ðB�2Þ fB

�
B� � 2

3
C �B� �B�

X
S �B�

�Cð2Þ
�� �Cð1Þ� ~Tð3Þ���

ð �B�1Þ
�f
�B�
�B�

þX
SB�

�ð1Þ
 �ð2Þ

��
~T
ð3Þ���
ðB�2Þ ~tð2Þ�ð13Þ fB

�
B�

þX
S �B�

�Cð2Þ
�� �Cð1Þ


~Tð3Þ���
ð �B�1Þ ~tð2Þ�ð23Þ �f

�B�
�B�

�
; (65)

(1, 1, 2)

U
��
i;4 ¼ gi;aJ=cg

i;b
�

�
�X

SB�
�ð2Þ

�c
ð1Þ
� 	���� ~Tð1Þ

ðB�2Þ�p̂�	
�
�~tð2Þ�ð13Þ
p̂B��f

B�
B� �X

S �B�
c Cð1Þ

� �Cð2Þ
� 	���� ~Tð1Þ

ð �B�1Þ�p̂�	
�
�~tð2Þ�ð23Þ
p̂ �B��

�f
�B�
�B�

�
;

(66)

(2, 1, 2)

U
��
i;5 ¼ gi;bJ=c g

i;b
�

�X
SB�

i�ð2Þ
��

ð2Þ�� ~Tð1Þ
ðB�2Þ�	

�
�~tð2Þ�ð13Þ
p̂B��f
B�
B� �

X
S �B�

i�Cð2Þ���Cð2Þ
�

~Tð1Þ
ð �B�1Þ�	

�
�~tð2Þ�ð23Þ
p̂ �B��
�f
�B�
�B�

�
; (67)

(2, 3, 2)

U
��
i;6 ¼ gi;cJ=c g

i;b
�

�X
SB�

i�ð2Þ
��

ð2Þ
��

~T
ð3Þ���
ðB�2Þ 	�
�~tð2Þ�ð13Þ
p̂B��f

B�
B� �X

S �B�
i�Cð2Þ

�� �Cð2Þ
�

~T
ð3Þ���
ð �B�1Þ 	�
�~tð2Þ�ð23Þ
p̂ �B��

�f
�B�
�B�

�
: (68)

For J=c ð1�Þ ! B�ð52þÞ �Bð12�Þ þ �B�ð52�ÞBð12þÞ ! �Bð12þÞ �Bð12�Þ we get the following six covariant amplitudes:

(2, 2, 2)

U
��
i;1 ¼ gi;aJ=cg

i;a
�

�
� 3

5
CB�B�

X
SB�

i�ð2Þ�c ð2Þ
��	���� ~T

ð2Þ�
ðB�2Þ�p̂�~t

ð1Þ
ð13Þf

B�
B� þ 3

5
C �B� �B�;

X
S �B�

ic Cð2Þ
�� �Cð2Þ�	���� ~Tð2Þ�

ð �B�1Þ�p̂�~t
ð1Þ
ð23Þ �f

�B�
�B�

þX
SB�

i�ð2Þ

c

ð2Þ
��	���� ~T

ð2Þ�
ðB�2Þ�p̂�~t

ð3Þ
�
ð13Þ fB

�
B� �X

S �B�
ic Cð2Þ

�� �Cð2Þ

 	���� ~T

ð2Þ�
ð �B�1Þ�p̂�~t

ð3Þ
�
ð23Þ �f

�B�
�B�

�
;

ð3; 2; 2Þ
U

��
i;2 ¼ gi;bJ=c g

i;a
�

�
� 3

5
CB�B�

X
SB�

�ð2Þ��ð3Þ��� ~Tð2Þ
ðB�2Þ��~t

ð1Þ
ð13Þf

B�
B� �

3

5
C �B� �B�

X
S �B�

�Cð3Þ����Cð2Þ� ~Tð2Þ
ð �B�1Þ��~t

ð1Þ
ð23Þ �f

�B�
�B�

þX
SB�

�ð2Þ

�

ð3Þ��� ~Tð2Þ
ðB�2Þ��~t

ð3Þ
�
ð13Þ fB

�
B� þ

X
S �B�

�Cð3Þ����Cð2Þ



~Tð2Þ
ð �B�1Þ��~t

ð3Þ
�
ð23Þ �f

�B�
�B�

�
; (69)
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(3, 4, 2)

U��
i;3 g

i;c
J=cg

i;a
�

�
� 3

5
CB�B�

X
SB�

�ð2Þ��ð3Þ
���

~Tð4Þ����
ðB�2Þ ~tð1Þð13Þf

B�
B� �

3

5
C �B� �B�

X
S �B�

�Cð3Þ
����

Cð2Þ� ~Tð4Þ����
ð �B�1Þ ~tð1Þð23Þ �f

�B�
�B�

þX
SB�

�ð2Þ

�

ð3Þ
���

~Tð4Þ����
ðB�2Þ ~tð3Þ
�ð13Þ fB

�
B� þX

S �B�
�Cð3Þ

����
Cð2Þ



~Tð4Þ����
ð �B�1Þ ~tð3Þ
�ð23Þ �f

�B�
�B�

�
; (70)

(2, 2, 3)

U
��
i;4 ¼ gi;aJ=c g

i;b
�

�
�X

SB�
�ð3Þ

��c
ð2Þ
��	���� ~T

ð2Þ�
ðB�2Þ�p̂�	

�
�~t
ð3Þ��
ð13Þ
 p̂B��f

B�
B� �X

S �B�
c Cð2Þ

�� �Cð3Þ
��	

���� ~T
ð2Þ�
ð �B�1Þ�p̂�	

�
�~t
ð3Þ��
ð23Þ
 p̂ �B��

�f
�B�
�B�

�
;

(71)

(3, 2, 3)

U��
i;5 ¼ gi;bJ=cg

i;b
�

�X
SB�

i�ð3Þ
���

ð3Þ��� ~Tð2Þ
ðB�2Þ��	

�
�~tð3Þ��ð13Þ
 p̂B��f
B�
B� �

X
S �B�

i�Cð3Þ����Cð3Þ
��

~Tð2Þ
ð �B�1Þ��	

�
�~tð3Þ��ð23Þ
 p̂ �B��
�f
�B�
�B�

�
; (72)

(3, 4, 3)

U��
i;6 ¼ gi;cJ=c g

i;b
�

�X
SB�

i�ð3Þ
���

ð3Þ
���

~Tð4Þ����
ðB�2Þ 	�
�~tð3Þ��ð13Þ
 p̂B��f

B�
B� �X

S �B�
i�Cð3Þ

����
Cð3Þ
��

~Tð4Þ����
ð �B�1Þ 	�
�~tð3Þ��ð23Þ
 p̂ �B��

�f
�B�
�B�

�
: (73)

For J=c ð1�Þ ! B�ð52�Þ �Bð12�Þ þ �B�ð52þÞ �Bð12þÞ ! �Bð12þÞ �Bð12�Þ we get the following six covariant amplitudes:

(2, 1, 2)

U��
i;1 ¼ gi;aJ=c g

i;a
�

�X
SB�

i�ð2Þ
�c

ð2Þ�� ~Tð1Þ
ðB�2Þ�	

�
�~tð2Þ�ð13Þ
p̂B��f
B�
B� �X

S �B�
ic Cð2Þ���Cð2Þ

�
~Tð1Þ
ð �B�1Þ�	

�
�~tð2Þ�ð23Þ
p̂ �B��
�f
�B�
�B�

�
; (74)

(2, 3, 2)

U��
i;2 ¼ gi;bJ=cg

i;a
�

�X
SB�

i�ð2Þ
�c

ð2Þ
��

~Tð3Þ���
ðB�2Þ 	�
�~tð2Þ�ð13Þ
p̂B��f

B�
B� �

X
S �B�

ic Cð2Þ
�� �Cð2Þ

�
~Tð3Þ���
ð �B�1Þ 	�
�~tð2Þ�ð23Þ
p̂ �B��

�f
�B�
�B�

�
; (75)

(3, 3, 2)

U
��
i;3 ¼ gi;cJ=c g

i;a
�

�
�X

SB�
�ð2Þ

��
ð3Þ
���	

���� ~T
ð3Þ��
ðB�2Þ�p̂�	

�
�~t
ð2Þ�
ð13Þ
p̂B��f

B�
B� �

X
S �B�

�Cð3Þ
����

Cð2Þ
� 	���� ~T

ð3Þ��
ð �B�1Þ�p̂�	

�
�~t
ð2Þ�
ð23Þ
p̂ �B��

�f
�B�
�B�

�
;

(76)

(2, 1, 3)

U��
i;4 ¼ gi;aJ=cg

i;b
�

�
� 4

7
CB�B�

X
SB�

�ð3Þ�
�c ð2Þ�� ~Tð1Þ
ðB�2Þ�~t

ð2Þ
ð13Þ
�f

B�
B� �

4

7
C �B� �B�

X
S �B�

c Cð2Þ���Cð3Þ�
� ~Tð1Þ
ð �B�1Þ�~t

ð2Þ
ð23Þ
� �f

�B�
�B�

þX
SB�

�ð3Þ

�c

ð2Þ�� ~Tð1Þ
ðB�2Þ�~t

ð4Þ
��
ð13Þ fB

�
B� þ

X
S �B�

c Cð2Þ���Cð3Þ

�

~Tð1Þ
ð �B�1Þ�~t

ð4Þ
��
ð23Þ �f

�B�
�B�

�
; (77)

(2, 3, 3)

U��
i;5 ¼ gi;bJ=cg

i;b
�

�
� 4

7
CB�B�

X
SB�

�ð3Þ�
�c ð2Þ
��

~Tð3Þ���
ðB�2Þ ~tð2Þð13Þ
�f

B�
B� � 4

7
C �B� �B�

X
S �B�

c Cð2Þ
�� �Cð3Þ�
� ~Tð3Þ���

ð �B�1Þ ~tð2Þð23Þ
� �f
�B�
�B�

þX
SB�

�ð3Þ

�c

ð2Þ
��

~Tð3Þ���
ðB�2Þ ~tð4Þ
��ð13Þ fB

�
B� þX

S �B�
c Cð2Þ

�� �Cð3Þ

�

~Tð3Þ���
ð �B�1Þ ~tð4Þ
��ð23Þ �f

�B�
�B�

�
; (78)
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(3, 3, 3)

U
��
i;6 ¼ gi;cJ=c g

i;b
�

�
�4

7
CB�B�

X
SB�

i�ð3Þ�
��ð3Þ
���	

���� ~T
ð3Þ��
ðB�2Þ�p̂�~t

ð2Þ
ð13Þ
�f

B�
B��

4

7
C �B� �B�

X
S �B�

i�Cð3Þ
����

Cð3Þ�
�	���� ~T
ð3Þ��
ð �B�1Þ�p̂�~t

ð2Þ
ð23Þ
� �f

�B�
�B�

þX
SB�

i�ð3Þ

��

ð3Þ
���	

���� ~T
ð3Þ��
ðB�2Þ�p̂�~t

ð4Þ
��
ð13Þ fB

�
B�þ

X
S �B�

i�Cð3Þ
����

Cð3Þ

�	

���� ~T
ð3Þ��
ð �B�1Þ�p̂�~t

ð4Þ
��
ð23Þ �f

�B�
�B�

�
: (79)

For J=c ð1�Þ ! B�ð72þÞ �Bð12�Þ þ �B�ð72�ÞBð12þÞ ! �Bð12þÞ �Bð12�Þ we get the following six covariant amplitudes:

(3, 2, 3)

U
��
i;1 ¼ gi;aJ=cg

i;a
�

�X
SB�

i�ð3Þ
��c

ð3Þ��� ~Tð2Þ
ðB�2Þ��	

�
�~t
ð3Þ��
ð13Þ
 p̂B��f

B�
B� �

X
S �B�

ic Cð3Þ����Cð3Þ
��

~Tð2Þ
ð �B�1Þ��	

�
�~t
ð3Þ��
ð23Þ
 p̂ �B��

�f
�B�
�B�

�
; (80)

(3, 4, 3)

U
��
i;2 ¼ gi;bJ=cg

i;a
�

�X
SB�

i�ð3Þ
��c

ð3Þ
���

~T
ð4Þ����
ðB�2Þ 	�
�~t

ð3Þ��
ð13Þ
 p̂B��f

B�
B� �X

S �B�
ic Cð3Þ

����
Cð3Þ
��

~T
ð4Þ����
ð �B�1Þ 	�
�~t

ð3Þ��
ð23Þ
 p̂ �B��

�f
�B�
�B�

�
; (81)

(4, 4, 3)

U��
i;3 ¼ gi;cJ=cg

i;a
�

�
�X

SB�
�ð3Þ

���
ð4Þ
����	

���� ~Tð4Þ���
ðB�2Þ� p̂�	

�
�~tð3Þ��ð13Þ
 p̂B��f
B�
B�

�X
S �B�

�Cð4Þ
�����

Cð3Þ
��	

���� ~Tð4Þ���
ð �B�1Þ� p̂�	

�
�~tð3Þ��ð23Þ
 p̂ �B��
�f
�B�
�B�

�
; (82)

(3, 2, 4)

U��
i;4 ¼ gi;aJ=cg

i;b
�

�
� 5

9
CB�B�

X
SB�

�ð4Þ�
��c ð3Þ��� ~Tð2Þ
ðB�2Þ��~t

ð3Þ
ð13Þ
��f

B�
B� �

5

9
C �B� �B�

X
S �B�

c Cð3Þ����Cð4Þ�
�� ~Tð2Þ
ð �B�1Þ��~t

ð3Þ
ð23Þ
�� �f

�B�
�B�

þX
SB�

�ð4Þ

��c

ð3Þ��� ~Tð2Þ
ðB�2Þ��~t

ð5Þ
���
ð13Þ fB

�
B� þ

X
S �B�

c Cð3Þ����Cð4Þ

��

~Tð2Þ
ð �B�1Þ��~t

ð5Þ
���
ð23Þ �f

�B�
�B�

�
; (83)

(3, 4, 4)

U
��
i;5 ¼ gi;bJ=cg

i;b
�

�
� 5

9
CB�B�

X
SB�

�ð4Þ�
��c ð3Þ
���

~T
ð4Þ����
ðB�2Þ ~tð3Þð13Þ
��f

B�
B� � 5

9
C �B� �B�

X
S �B�

c Cð3Þ
����

Cð4Þ�
�� ~Tð4Þ����
ð �B�1Þ ~tð3Þð23Þ
�� �f

�B�
�B�

þX
SB�

�ð4Þ

��c

ð3Þ
���

~T
ð4Þ����
ðB�2Þ ~t

ð5Þ
���
ð13Þ fB

�
B� þX

S �B�
c Cð3Þ

����
Cð4Þ

��

~T
ð4Þ����
ð �B�1Þ ~t

ð5Þ
���
ð23Þ �f

�B�
�B�

�
; (84)

(4, 4, 4)

U
��
i;6 ¼gi;cJ=cg

i;b
�

�
�5

9
CB�B�

X
SB�

i�ð4Þ�
���ð4Þ
����	

���� ~T
ð4Þ���
ðB�2Þ� p̂�~t

ð3Þ
ð13Þ
��f

B�
B�

þ5

9
C �B� �B�

X
S �B�

i�Cð4Þ
�����

Cð4Þ�
��	���� ~Tð4Þ���
ð �B�2Þ� p̂�~t

ð3Þ
ð23Þ
�� �f

�B�
�B�
þX

SB�
i�ð4Þ


��i�
ð4Þ
����	

���� ~Tð4Þ���
ðB�2Þ� p̂�~t

ð5Þ
���
ð13Þ fB

�
B�

�X
S �B�

i�Cð4Þ
�����

Cð4Þ

��	

���� ~Tð4Þ���
ð �B�2Þ� p̂�~t

ð5Þ
���
ð23Þ �f

�B�
�B�

�
:

(85)

For J=c ð1�Þ ! B�ð72�Þ �Bð12�Þ þ �B�ð72þÞBð12þÞ ! �Bð12þÞ �Bð12�Þ we get the following six covariant amplitudes:
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(3, 3, 3)

U��
i;1 ¼gi;aJ=c g

i;a
�

�
�4

7
CB�B�

X
SB�

i�ð3Þ�
c ð3Þ
���	

���� ~Tð3Þ��
ðB�2Þ�p̂�~t

ð2Þ
ð13Þ
f

B�
B�þ

4

7
C �B� �B�

X
S �B�

ic Cð3Þ
����

Cð3Þ�
	���� ~Tð3Þ��
ð �B�1Þ�p̂�~t

ð2Þ
ð23Þ
 �f

�B�
�B�

þX
SB�

�ð3Þ

�ic

ð3Þ
���	

���� ~T
ð3Þ��
ðB�2Þ�p̂�~t

ð4Þ
��
ð13Þ fB

�
B��

X
S �B�

ic Cð3Þ
����

Cð3Þ

�	

���� ~T
ð3Þ��
ð �B�1Þ�p̂�~t

ð4Þ
��
ð23Þ �f

�B�
�B�

�
; (86)

(4, 3, 3)

U��
i;2 ¼ gi;bJ=cg

i;a
�

�
� 4

7
CB�B�

X
SB�

�ð3Þ�
�ð4Þ���� ~Tð3Þ
ðB�2Þ���~t

ð2Þ
ð13Þ
f

B�
B� �

4

7
C �B� �B�

X
S �B�

�Cð4Þ�����Cð3Þ�
 ~Tð3Þ
ð �B�1Þ���~t

ð2Þ
ð23Þ
 �f

�B�
�B�

þX
SB�

�ð3Þ

��

ð4Þ���� ~Tð3Þ
ðB�2Þ���~t

ð4Þ
��
ð13Þ fB

�
B� þ

X
S �B�

�Cð4Þ�����Cð3Þ

�

~Tð3Þ
ð �B�1Þ���~t

ð4Þ
��
ð23Þ �f

�B�
�B�

�
; (87)

(4, 5, 3)

U
��
i;3 ¼ gi;cJ=cg

i;a
�

�
� 4

7
CB�B�

X
SB�

�ð3Þ�
�ð4Þ
����

~T
ð5Þ�����
ðB�2Þ ~tð2Þð13Þ
f

B�
B� �

4

7
C �B� �B�

X
S �B�

�Cð4Þ
�����

Cð3Þ�
 ~Tð5Þ�����
ð �B�1Þ ~tð2Þð23Þ
 �f

�B�
�B�

þX
SB�

�ð3Þ

��

ð4Þ
����

~T
ð5Þ�����
ðB�2Þ ~tð4Þ
��ð13Þ fB

�
B� þ

X
S �B�

�Cð4Þ
�����

Cð3Þ

�

~T
ð5Þ�����
ð �B�1Þ ~tð4Þ
��ð23Þ �f

�B�
�B�

�
; (88)

(3, 3, 4)

U��
i;4 g

i;a
J=cg

i;b
�

�
�X

SB�
�ð4Þ

��%c
ð3Þ
���	

���� ~Tð3Þ��
ðB�2Þ�p̂�	

�
�~tð4Þ��%ð13Þ
 p̂B��f
B�
B�

�X
S �B�

c Cð3Þ
����

Cð4Þ
��%	

���� ~Tð3Þ��
ð �B�1Þ�p̂�	

�
�~tð4Þ��%ð23Þ
 p̂ �B��
�f
�B�
�B�

�
; (89)

(4, 4, 4)

U
��
i;5 ¼ gi;bJ=cg

i;b
�

�X
SB�

i�ð4Þ
��%�

ð4Þ���� ~Tð3Þ
ðB�2Þ���	

�
�~t
ð4Þ��%
ð13Þ
 p̂B��f

B�
B� �X

S �B�
i�Cð4Þ�����Cð4Þ

��%
~Tð3Þ
ð �B�2Þ���	

�
�~t
ð4Þ��%
ð23Þ
 p̂ �B��

�f
�B�
�B�

�
;

(90)

(4, 5, 4)

U
��
i;6 ¼ gi;cJ=cg

i;b
�

�X
SB�

i�ð4Þ
��%�

ð4Þ
����

~T
ð5Þ�����
ðB�2Þ 	�
�~t

ð4Þ��%
ð13Þ
 p̂B��f

B�
B� �

X
S �B�

i�Cð4Þ
�����

Cð4Þ
��%

~T
ð5Þ�����
ð �B�1Þ 	�
�~t

ð4Þ��%
ð23Þ
 p̂ �B��

�f
�B�
�B�

�
:

(91)

Note that where

c ðnÞ
�1����n

¼ c ðnÞ
�1����n

ðpB� ;SB� ;p �B;S �BÞ; �ðnþ1Þ
�1����nþ1

¼�ðnþ1Þ
�1����nþ1

ðpB� ;SB� ;p �B;S �BÞ; �ðnÞ
�1����n

¼�ðnÞ
�1����nþðpB� ;SB� ;pB;SBÞ;

�ðnþ1Þ
�1����nþ ¼�ðnþ1Þ

�1����nþðpB� ;SB� ;pB;SBÞ; c CðnÞ
�1����n ¼ c CðnÞ

�1����nðp �B� ;S �B� ;pB;SBÞ; �Cðnþ1Þ
�1����nþ1 ¼�Cðnþ1Þ

�1����nþ1ðp �B� ;S �B� ;pB;SBÞ;
�CðnÞ

�1����n
¼�CðnÞ

�1����n
ðp �B� ;S �B� ;p �B;S �BÞ; �Cðnþ1Þ

�1����nþ1
¼�Cðnþ1Þ

�1����nþ1
ðp �B� ;S �B� ;p �B;S �BÞ:

and

CB�B� ¼ �ðm2
B� �m2

BÞ2
m2

B�
; C �B� �B� ¼ �ðm2

�B� �m2
�B
Þ2

m2
�B�

:

For the reaction J=c ! p �p ! �p �p we get following two covariant amplitudes with two independent coupling
constants gp;a and gp;b which are determined by the experiment:
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(1, 0, 1)

U
��
p;1 ¼ gp;a

�X
Sp�

��
p��ð1Þ�fp

�
p� �X

S �p�
�Cð1Þ��C�

�p� f
�p�
�p�

�
; (92)

(1, 2, 1)

U
��
p;2 ¼ gp;b

�X
Sp�

��
p��

ð1Þ
� ~T

ð2Þ��
ðp�2Þ f

p�
p� �

X
S �p�

�Cð1Þ
� �C�

�p� ~T
ð2Þ��
ð �p�1Þ �f �p�

�p�

�
: (93)

Here we use p� and �p� as intermediate states instead of p and �p; one can read fp
�

p� and �f �p�
�p� from Eq. (49), by setting �p� and

� �p� to zero; moreover

��
p� ðpp; Sp; pp� ; Sp� Þ ¼ �e �uðpp; SpÞ

�
�� � i

�N

2mN

���p3�

�
uðpp� ; Sp� Þ;

�C�
�p� ðp �p� ; S �p� ; p �p; S �pÞ ¼ �e �vðp �p� ; S �p� Þ

�
�� � i

�N

2mN

���p3�

�
vðp �p; S �pÞ;

which are obtained from the effective Lagrangian of NN�
in Eq. (1).

V. CONCLUSION

To provide a consistent and complete picture of baryon
resonances, the various possible production and decay
channels need to be explored. With estimated branching
ratios for contribution of the N�ð1440Þ, N�ð1535Þ and
N�ð1520Þ to the process J=c ! �p �p, we propose to study
radiative decays of excited nucleon and hyperon states
through J=c ! B� �Bþ �B�B ! �B �B processes at BESIII.
We provide explicit partial wave amplitude formulas for
these processes where JP for B� is 1

2
�, 3

2
�, 5

2
�, and 7

2
�.

These formulas can be used to perform partial wave
analysis of forthcoming high statistics data from BESIII
on these channels to extract varied useful information on
the excited baryons. The BESIII can produce ground states
(N, �, �, �) and excited baryon states (N�,��,��,��) via
J=c ! B� �Bþ �B�B ! �B �B, as well as do further inves-
tigations into the dynamics of the excited baryons. We
hope that our knowledge about the structure of the excited
baryon resonances and the mechanisms of nucleon and
hyperon production will be clarified by the near future
studies at BESIII.
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APPENDIX: THE RELATION WITH
THE HELICITYAMPLITUDE

In this Appendix, we discuss the relation between am-
plitudes in the L-S and helicity formalism for B� ! B�.
From Ref. [36], the radiative decay width is related to the
helicity amplitudes A1=2 and A3=2 as

�� ¼ k2

4�

mB

mB�

8

2J þ 1
ðjA3=2j2 þ jA1=2j2Þ; (A1)

where k is the photon three momentum magnitude, and J is
the total spin of B�. Let us consider that the photon is
moving along the z-axis, and the photon is right-handed
polarized, in other words, the spin of the photon is along
the z-axis. A3=2 is the spin-3=2 helicity amplitude of the

initial B� in a state with jJ; 3=2> and final B in a state with
j1=2; 1=2> , and A1=2 denotes the spin-1=2 helicity am-

plitude of the B� with jJ; 1=2> and final B with
j1=2;�1=2> .
In the L-S Scheme the decay amplitude formulas for

B� ! B� are

�� ¼ k

2�

mB

mB�

1

2J þ 1

X
SB� ;SB;S�

jMj2

¼ k

2�

mB

mB�

1

2J þ 1
ðjMð3=2;1=2;1Þj2 þ jMð1=2;�1=2;1Þj2

þ jMð�1=2;1=2;�1Þj2 þ jMð�3=2;�1=2;�1Þj2Þ

¼ k

�

mB

mB�

1

2J þ 1
ðjMð3=2;1=2;1Þj2 þ jMð1=2;�1=2;1Þj2Þ:

(A2)

By comparing Eq. (A1) with Eq. (A2), we can have
the relation between the helicity and L-S amplitudes as
follows:
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jA3=2j2 ¼ 1

2k
jMð3=2;1=2;1Þj2

¼ 1

2k
jðg1M1ð3=2;1=2;1Þ þ g2M2ð3=2;1=2;1ÞÞj2; (A3)

jA1=2j2 ¼ 1

2k
jMð1=2;�1=2;1Þj2

¼ 1

2k
jðg1M1ð1=2;�1=2;1Þ þ g2M2ð1=2;�1=2;1ÞÞj2:

(A4)

As an example, now we calculate the MðSB� ; SB; S�Þ for
B�ð32Þ ! B�. From Eq. (40), the two dependent amplitudes

can be written as

M1 ¼ i�ð1Þ
� 	��
�~tð1Þ
 p̂B��	

�
�; (A5)

M2 ¼ � 2

3
ð~r � ~rÞ�ð2Þ��~tð1Þ� 	�� þ�ð2Þ

�

~tð3Þ�
�	��: (A6)

Before starting our calculation of MðSB� ; SB; S�Þ, we

should define wave functions of particles

�uðpB; 1=2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s �
1; 0;

k

EB þmB

; 0

�
; (A7)

�uðpB;�1=2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s �
0; 1; 0;

�k

EB þmB

�
; (A8)

uðmB� ; 1=2Þ ¼
1
0
0
0

0
BBB@

1
CCCA; uðmB� ;�1=2Þ ¼

0
1
0
0

0
BBB@

1
CCCA; (A9)

and

	�ðp�; 1; 1Þ ¼
�
0;�

ffiffiffi
2

p
2

;

ffiffiffi
2

p
2

i; 0

�
;

	ðmB� ; 1; 1Þ ¼
�
0;�

ffiffiffi
2

p
2

;�
ffiffiffi
2

p
2

i; 0

�
;

(A10)

	ðmB� ; 1; 0Þ ¼ ð0; 0; 0; 1Þ;

	ðmB� ; 1;�1Þ ¼
�
0;

ffiffiffi
2

p
2

;�
ffiffiffi
2

p
2

i; 0

�
;

(A11)

where B� is at rest, in other words, pB� ¼ ðmB� ; 0; 0; 0Þ,
pB ¼ ðEB; 0; 0;�kÞ and p� ¼ ðk; 0; 0; kÞ. By using Eqs. (5)
and (6), the different states of �ð1Þ

� and �ð2Þ
�� can be ob-

tained:

�ð1Þ
� ðSB� ¼ 1=2; SB ¼ �1=2Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s ffiffiffi
1

3

s
	�ðmB� ; 1; 1Þ; (A12)

�ð1Þ
� ðSB� ¼ 3=2; SB ¼ 1=2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s
	�ðmB� ; 1; 1Þ;

(A13)

�ð2Þ
��ðSB� ¼ 1=2; SB ¼ �1=2Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s ffiffiffi
3

p ð	�ðmB� ; 1; 1Þ	�ðmB� ; 1; 0Þ

þ 	�ðmB� ; 1; 0Þ	�ðmB� ; 1; 1ÞÞ; (A14)

�ð2Þ
��ðSB� ¼ 3=2; SB ¼ 1=2Þ

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s
ð	�ðmB� ; 1; 1Þ	�ðmB� ; 1; 0Þ

þ 	�ðmB� ; 1; 0Þ	�ðmB� ; 1; 1ÞÞ: (A15)

At last, we get the following amplitudes MðSB� ; SB; S�Þ:

M1ð1=2;�1=2; 1Þ ¼ 2kffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s
; (A16)

M1ð3=2; 1=2; 1Þ ¼ 2k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s
; (A17)

M2ð1=2;�1=2; 1Þ ¼ �24k3ffiffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s
; (A18)

M2ð3=2; 1=2; 1Þ ¼ 8k3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EB þmB

2mB

s
; (A19)

where we have used the following relations:

i	�abc ¼ �5ð���a�b�c � ���agbc þ ���bgac

� ���cgab � �a�bg�c þ �a�cg�b � �b�cg�a

þ g�agbc � g�bgac þ g�cgabÞ; (A20)

�5 ¼ 0 �0

�0 0

� �
; �0 ¼ I 0

0 �I

� �
;

�i ¼ 0 �i

��i 0

� �
; i ¼ 1; 2; 3:

(A21)

Now we list the relation between the square of the helicity
amplitudes and square of the coupling constants from our
amplitudes for B�ð12�; 32�; 52�; 72�Þ ! B� as follows:

M ¼ ga�M1 þ gb�M2; (A22)

B�
�
1

2

þ�
: M1 ¼ i�ð1Þ

� 	��
�	��~t
ð1Þ

 p̂B��; (A23)

jA1=2j2 ¼ EB þmB

2mB

4kjga�j2: (A24)
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B�
�
1

2

��
: M1¼�2

3
ð~r �~rÞ�ð1Þ

� 	��þ�ð1Þ
� 	��~tð2Þ��; (A25)

jA1=2j2 ¼ EB þmB

mB

16kjga�j2: (A26)

B�
�
3

2

þ�
: M1 ¼ i�ð1Þ

� 	��
�~tð1Þ
 p̂B��	
�
�; (A27)

M2 ¼ � 3

5
ð~r � ~rÞ�ð2Þ��	��~t

ð1Þ
� þ�ð2Þ

�

~tð3Þ�
�	��; (A28)

jA1=2j2 ¼ EB þmB

2mB

2

3
kjga� � 12gb�k

2j2; (A29)

jA3=2j2 ¼ EB þmB

2mB

2kjga� þ 4gb�k
2j2: (A30)

B�
�
3

2

��
: M1 ¼ � 2

3
ð~r � ~rÞ�ð1Þ�	�� þ�ð1Þ

� ~tð2Þ��	��;

(A31)

M2 ¼ i�ð2Þ
��	��
�	��~t

ð1Þ�

 p̂B��; (A32)

jA1=2j2 ¼ EB þmB

2mB

8

3
k3j � ga� þ 3gb�j2; (A33)

jA3=2j2 ¼ EB þmB

2mB

8k3j � ga� � gb�j2: (A34)

B�
�
5

2

þ�
: M1 ¼ � 3

5
ð~r � ~rÞ�ð2Þ��	��~tð1Þ� þ�ð2Þ

��~tð3Þ��
	�
;

(A35)

M2 ¼ i�ð3Þ
��	

��
�	��~t
ð3Þ�

 p̂B��; (A36)

jA1=2j2 ¼ EB þmB

2mB

32

5
k5j � ga� þ 4gb�j2; (A37)

jA3=2j2 ¼ EB þmB

2mB

64

5
k5j � ga� � 2gb�j2: (A38)

B�
�
5

2

��
: M1 ¼ i�ð2Þ

��	��
�	��~t
ð2Þ�

 p̂B��; (A39)

M2 ¼ � 4

7
ð~r � ~rÞ�ð3Þ��
	��~t

ð2Þ
�
 þ�ð3Þ

��

~tð4Þ��
�	��; (A40)

jA1=2j2 ¼ EB þmB

2mB

8

5
k3jga� � 16gb�k

2j2; (A41)

jA3=2j2 ¼ EB þmB

2mB

16

5
k3j � ga� þ 4gb�k

2j2: (A42)

B�
�
7

2

þ�
: M1 ¼ i�ð3Þ

��	
��
�	��~t

ð3Þ�

 p̂B��; (A43)

M2 ¼ � 5

9
ð~r � ~rÞ�ð4Þ��
�	��~t

ð3Þ
�
� þ�ð4Þ

��
�
~tð5Þ��
��	��;

(A44)

jA1=2j2 ¼ EB þmB

2mB

128

35
k5jga� � 20gb�k

2j2; (A45)

jA3=2j2 ¼ EB þmB

2mB

128

21
k5jga� þ 12gb�k

2j2: (A46)

B�
�
7

2

��
:

M1 ¼ � 4

7
ð~r � ~rÞ�ð3Þ��
	��~tð1Þ�
 þ�ð3Þ

��

~tð4Þ��
�	��;

(A47)

M2 ¼ i�ð4Þ
���	

��
�	��~t
ð4Þ��

 p̂B��; (A478)

jA1=2j2 ¼ EB þmB

2mB

512

35
k7j � ga� þ 5gb�j2; (A49)

jA3=2j2 ¼ EB þmB

2mB

512

21
k7j � ga� � 3gb�j2: (A50)
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