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Consistent description of kinetic equation with triangle anomaly
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We provide a consistent description of the kinetic equation with a triangle anomaly which is compatible
with the entropy principle of the second law of thermodynamics and the charge/energy-momentum
conservation equations. In general an anomalous source term is necessary to ensure that the equations for
the charge and energy-momentum conservation are satisfied and that the correction terms of distribution
functions are compatible to these equations. The constraining equations from the entropy principle are
derived for the anomaly-induced leading order corrections to the particle distribution functions. The
correction terms can be determined for the minimum number of unknown coefficients in one charge and
two charge cases by solving the constraining equations.
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I. INTRODUCTION

The experiments at the Relativistic Heavy Ion Collider
(RHIC) at Brookhaven National Laboratory (BNL) pro-
vide several pieces of evidence that the quark gluon plasma
(QGP) may have been generated and is strongly coupled or
nearly a perfect fluid (called sQGP), contrary to the con-
ventional picture of the QGP as a weakly interacting gas of
quarks and gluons (for reviews, see e.g. [1-3]). Relativistic
hydrodynamics [4-7] is a useful tool to describe the
space-time evolution of the fireball formed in heavy ion
collisions. The RHIC data for collective flows have been
well described by the ideal and dissipative hydrodynamics
[8-15].

The correspondence of relativistic hydrodynamics to
charged black branes was investigated by AdS/CFT duality
[16,17]. A new term associated with the axial anomalies
was found in the first order dissipative hydrodynamics (see,
e.g., Ref. [18] about holographic hydrodynamics with
multiple/non-Abelian symmetries, or Ref. [19] in Sakai-
Sugimoto model). Recently the new term has been derived
in hydrodynamics with a triangle anomaly [20]. A similar
result was also obtained in the microscopic theory of the
superfluid [21]. This problem is closely related to the so-
called Chiral Magnetic Effect (CME) in heavy ion colli-
sions [22-25]. When two energetic nuclei pass each other a
strong magnetic field up to 10'® G is formed, which breaks
local parity via axial anomaly. This effect may be observed
through charge separation. Hydrodynamics in an external
background field can be used to pin down the CME in real
time simulation. However the anomalous term in the
charge current breaks the second law of thermodynamics
unless new terms of vorticity and magnetic field are intro-
duced in the charge and entropy currents [20].

In this paper, we try to provide a consistent description
of the kinetic equation with a triangle anomaly. We will
derive the kinetic equation to the next to leading order
as well as the leading order correction to the particle
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distribution function arising from anomaly. These results
are compatible with the entropy principle of the second
law of thermodynamics and the charge/energy-momentum
conservation equations.

This paper is organized as follows. In Sec. II, we will
derive constraining equations from the entropy principle
for the correction terms in distribution functions in the
most simple case with one charge and one particle species
(without antiparticles). In Sec. III, we will show that an
anomaly source term is necessary in general to ensure that
the equations for the charge and energy-momentum con-
servation are satisfied and that the correction terms of
distribution functions are compatible to these equations.
In Sec. IV and V, we will solve the constraining equations
to obtain the correction terms of distribution functions in
the one-charge (with antiparticles) and two-charges
cases. Finally, we summarize and make conclusions in
Sec. VI. We adopt the convention for the metric tensor
g"’ = diag(+, —, —, —).

II. CONSTRAINING DISTRIBUTION FUNCTION
WITH ANOMALY COMPATIBLE TO SECOND
LAW OF THERMODYNAMICS

In this and the next sections we will consider the most
simple case with one charge and one particle species
(without antiparticles). The relativistic Boltzmann equa-
tion for the on shell phase space distribution f(x, p) in a
background electromagnetic field ¥, = d,A, — d,A, is
given by

0 0
pﬂ(w - QFWa—pV)f(x, p=cfl

where the charge of the particle is Q = = 1. Here p denotes
the on shell 4-momentum satisfying p?> = m? where m is
the particle mass. We note that C[f] contains a normal
collision term Cy[f] and a source term from anomaly

Calf), CLf1 = Colf]+ Calf]. We assume that C4[f] is at
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most of the first order, a small quantity. The necessity for
the source term is to make the charge conservation equa-
tion hold:

9,j* = —CE*B, = —CE - B. )

Here j* is the charge current and E* = u,F*” and
B, = %ewaﬁu”F"‘B are electric and magnetic field vec-
tors, respectively, where u, is the fluid velocity and
€pvap = —etvaB = —1 1 for the order of Lorentz indices
(uwvapB) is an even/odd permutation of (0123). However,
the presence of the source term should not influence the
energy-momentum conservation:

9, TH" = F""j,. 3)

One can verify that the equilibrium solution of the
distribution function,

1
exp[ Bu, (p* — QF*"x,) — BQuo] — ¢’

satisfies the collisionless Boltzmann equation (1) in an
external field for constant 8 = 1/T (T is the local tem-
perature), u,, and p, (local chemical potential without
electromagnetic field). Here e = 0, =1 for Boltzmann,
Bose and Fermi distributions, respectively. When B, u,
and u are not constants but functions of space-time, the
Boltzmann equation (1) is not satisfied automatically. Note
that we can absorb —Qx,u, F*” = Qx - E into u so that
fo has the form of an equilibrium distribution function:

1
elwp=0wW/T _ o’

Jfo= 4)

folx, p) = )

where u = pug — x - E.

We assume that the distribution function f in presence of
an anomaly is a solution of the Boltzmann equation with
collision terms in Eq. (1), where B, u,, and u are functions
of space-time. Generally f(x, p) can be written in the
following form:

1
e p=0m)/T+x(xp) —

= folx, p) + f1(x, p),

(6)

where f(x, p) is given in Eq. (5) and f(x, p) is the first
order deviation from it:

filx, p) = —folx, p[1 + efolx, p)lx(x, p).  (7)

It is known that a magnetic field is closely related to a
charge rotation characterized by vorticity. So we introduce
into the distribution function terms associated with the
vorticity-induced current w, =1€,,,pu”3%u? and the
magnetic field 4-vector B,, which are assumed to be of
the first order, which provide a leading order correction to
the particle distribution function. For simplicity we will
neglect viscous and diffusive effects throughout the
paper, then the ordinary form in the current scheme for
x(x, p) reads

f&x p) =
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x(x, p) = A(p)p - w + Ag(p)p - B, (®)

where A(p) and Agz(p) are functions of w, T, and u - p and
have mass dimension —2 and —3, respectively. We will
show that A(p) and Az(p) must depend on momentum
otherwise they will contradict the entropy principle from
the second law of thermodynamics.

Using Eq. (6) we can decompose the charge and entropy
currents and the stress tensor into equilibrium values and
the leading order (first order) corrections as j* = j§ + j',
St =Sy + S and TH = T{" + T1*" with

) =0 f [dp]p* fo. (x, p)

S = [Laplp (o)
$tG) = = [Laplp* v/ Gorf. v
To 1 (x) = f[dp]p“p”fo,l(x, p).
where we have defined [dp] = d, ;52— (d, is the
degeneracy factor), (fo) = foln(fy) — e(1 + efy) X

In(1 + efy) and '(fo) = In[fo/(1 + ef)] = —(u-p —
Qu)/T. Inserting f, into the above formula, we obtain the
charge and entropy currents and the stress tensor in equi-
librium, j§ = nut, S§ = su* and T} = (e + P)u*u” —
Pgt”, with the energy density &, the pressure P, the
particle number density n and the entropy density s =
(e + P —nu)/T. Using Egs. (7)—~(9), we obtain

= ot + £pBH,
T" = DT(u" w” + u’ w*) + DgT(u"B” + u’B*),  (10)

St = —%(f(u“ + £,BM) + (Dw* + DyBM),
where
1
£=—07} Egg JUapXp-up = mYio(1 + efo)a(p),

£5 =013 =30 [ [dp]l(p- u — m21fo(1 + efo) Ag(p),
I3
T

=7 [plp- w2 = m2Yp- s + efAp)
st
T
=7 [Lap w2 = m2Xp-) o1 + efAs(p),
Y

On the other hand, &, &5, D and Dy as functions
of w and T can be determined by the second law of

D=_

DB=_
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thermodynamics or the entropy principle together with
Egs. (2) and (3). We find that 9, (su® + S{°) cannot be
positive definite unless we make a shift to introduce a new
entropy current S¥ as follows:

Sk =su# + S* — (Dw* + DyB*)

= suk — Z(§0k + EgB)

1
= ?(Pu“ — wj* + u,T*) — (Dw* + DgB*). (12)
We will use the thermodynamic relation
3, (Pur) = jba, i — To"o uu, (13)
and the identities

By A !
ubu'd, w) = Eaﬂw
uturo B, = 9,B* — 2w"E,,
© w p (14)

J, w* = —

u P(na)“EM + "9, P),

1
_ _ A

d,B* =20w’E, s P(nBAE + B”GMP),
to evaluate o MS’“ . We have used the shorthand notation
= wu/T in Eq. (13). Following the same procedure as in

Ref. [20], we obtain

- 2D
98" = wﬂ[gssaﬂ,a —3,D + - Pa“P]
+BH| 50,1 aD+DBaP
L wPs o p
1 2nD
+E-w[—§SS+ - —2DB]
T e+ P
1 Ma  nDp
+E-B|=&5+C=+ } 15
[T B T €e+P (15
where we have defined
DTn DpTn
S =—5-& =5 & (06

For the constraint 9 MS”“ = 0 to hold, we impose that all
quantities inside the square brackets should vanish. We
finally obtain

1wl 1 u?
D=-C—, Dp==-C—,
37T Boarr
£=— sT u? £, = —C sT a7
e+ P’ B e+ P’

Using Egs. (16) and (17), one can verify that the values of
£55 and &3° are identical to Ref. [20]. The difference
between our values in Eq. (17) and those in Ref. [20] arises
from the fact that we do not use the Landau frame, while
the authors of Ref. [20] do. By equating Eq. (11) and (17),
we obtain equations for A and Ap
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0 =—¢ J3 = —DT,

(18)
QU = €5 I3} = —DyT.

Equation (18) forms a complete set of constraints for A and
Ap. We note that A and Az must depend on momentum in
general. If A and Ay are constants, we would obtain

3 &g I
£ 5B _ o 19
DT DgT QJ31 (19)

which contradicts Eq. (17) from the entropy principle.
We can expand A(p) and Ag(p) in powers of u - p:

Ap) = D Ai(u - p), DA p). (20)
i=0

i=0
So we obtain the following expressions:

nl Z/\ ‘]H—n 1>

i=0

Ag(p) =

“—ZAmM 1)

for n = 2, 3. Here the functions J,,, are integrals defined in
Ref. [7,11]:
1 3p
Juo = (—1)4 - p)? —m*)e
0= OV iy [ Gt P
X (u- p)" 2 fo(1 + efo). (22)

Using Egs. (20) and (21) in Eq. (18), we can constrain the
coefficients A; and AZ. If we expand both A(p) and Az(p)
to the first power of u - p, we can completely fix the
coefficients Aq; and A§, from Eq. (18) since we have
two equations for A and two for A,

(& 2N-(5) e

whose solutions to A are

Ao\ _ I <—§J41+DTQJ31 9
<’\1) Oy Jy — J5)\ &J31 — DTQJy ) 24)

The equations and solutions for A§, are in the same form
as Egs. (23) and (24) with replacements Aq; — /\g 1
&— épand D — Dyp.

For massless fermions and small &, the results are

2 2 A A
N=—CGier, N=cGl, ap=20 ar=lL
r r M M
(25)
where G; and G, are two constants, G| =

6075007724“(5)/(dgG0) and G, = 1260776/(dgG0) with
G, = 455625/(3)£(5) — 4978. We notice that the D terms
in Eq. (24) are negligible, so the solutions are proportional

to &.
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III. COLLISION AND ANOMALOUS
SOURCE TERMS

In this section we will show that a general form of
A(p) and Ag(p) are compatible to the charge and energy-
momentum conservation in Eqs. (2) and (3). We will also
derive equations for the collision and anomalous source
terms. For simplicity we consider the single charge case
without antiparticles.

The charge conservation in Eq. (2) can be derived from
the Boltzmann equation (1) as

d3
auj“(x) = /ﬁpﬂaﬂf@ p)

(277-)3Ep 8p,, (2 )3E
d*p
Clf] 26
where have used the identity
d*p of
— d* pO(pe)d(p* — m>)p*F,,

TR ol KL G s

d

=— | d4p—

[ Pap,
X [0(po)d(p* — m*)p#F,,1f = 0.
(27)

Then the momentum integral of the collision term
must obey

—CE- B, (28)

d3
[ 5 )i’E clf] =

so that Eq. (2) can hold. The energy and momentum
conservation in Eq. (3) can be derived from the
Boltzmann equation (1) as

d3p
9, THY = Kp?y
g f (2w)3E,,p Prouf
dp
Qm )3E

af )
f amE, "V
— pouj, f o )g pClf] (29)

where we have used
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&’p af
fz—PVPaFaﬁ—
E, Ipg
— d4 0( )5( 2 _ 2) Vpa | af
PO po)o(p m=)p-p-rap

9 .
= - fa"‘p5[6'(100)5(192 = mA)p"p*Foplf = F"j,.
B

(30)
Then we require that the collision term must satisfy
dp
p’CLf1=0, (€2))
[ 27)’E,
so that Eq. (3) can hold.
We can expand C[f] to the second order as
ClfI=Clfo + fit fal+Clfl=Ci+C (32)
where we have used the property Cy[fo] = 0, and defined
dC
C,=— fi+Car
df f=fo
dC 1 d*C 59
Cy=—2 +-=2 2+ Cpp-
2 = af f=fof2 2 df? :0f1 A2
Note that the general form for the normal part of C; is
‘Z—i? fi=H)(u-p)p-w+Hy(u-p)p-B. When
=Jo

inserting the distribution function (6) into Boltzmann
equation (1) and using Eq. (32), we obtain the Boltzmann
equations to the first and second order:

P (50~ Fuvg)fo =0 (34)

Jd d
pM(ax" w a—p,,)fl = (. (35)

From Egs. (33) and (34) we can determine the anomalous
source term of the first order:

Cay=—H)(u-p)p-w—H,(u-p)p-B
= foll + efo)p#d,l(u-p— po)/Tl (36)

By evaluating the left-hand sides of Eq. (35), we can fix C,
as follows:

= fol + efo){=[(1 + 2efo)Ad, ' (fo) + (8, M)]p* pw, — [(1 + 2efo)Apd, ' (fo) + (8,,Ap)lp* p”B,

dA
+ [—B(l + 2efp)A + d(Tp)

+ Agp"F,,BY — Ap*p’d, @, — Agp*p”d,B,}.

dA
]P“PVE;L‘UV + ApHF 0" + I:_B(l + 2efo)Ap + d(TBp)]P”PVEuBV

(37)
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Taking momentum integrals for Eqgs. (34) and (35), we
obtain the divergences of charge currents to the first and
second order:

8, () = [ [dplc, — f [dplCy,  (38)

8,/ (x) = f [dp]Cs. (39)

where we have used the property

/[a’ 19% dCy

= [ [dp)lH, (- p)p - w
=/o

+H, (u-p)p-B]=0. (40)

With Eq. (9) and identities in Eq. (14), the left-hand side of
Eq. (39) can be evaluated as

2n§) B-E nép
+P e+ P

,u]l (x) w * E(sz

oot )
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We see that 9, Jj&(x) is not vanishing but of the second
order though it is superficially a first order quantity. This
is very important otherwise it would lead to a,,j{ (x) =
—CE - B and give rise to incompatible results for &, &g, D,
Dy with Ref. [20]. Therefore we should keep in mind that it
is the full charge current that satisfies charge conservation
equation (2). We note that the expression of d,,j (x) in
Eq. (42) also gives the momentum integral of the anoma-
lous source term of the first order:

[[dp]CAl =-w- E(2§-B - 2”5) _B- E<C _ nés )

+ P €+ P
M(aM§ - +§P #P)
- B"(%fs - ff,,a#P)- (43)

For the energy and momentum conservation we obtain

P
+ B*( 9 Ja,P 41
( ‘fB + P M ) ( ) . o
0,Tg" — F"™j,, = f [dplp”Ci, (44)
In order for Eq. (2) to be satisfied, it is required that
d,.J¢ (x) must have the form
9,Jo(x) =—CB-E—9,ji(x)
2
=—w-E<2§B— "5)—B-E<C——”§B> ,
et P et P 8, T — Frujl — f [dp]p*C. (45)
2¢
M — >
w <8M§ o P(‘MP)
_ B/L( 0,65 — B 9, P). (42) With Egs. (9) and (14), we can evaluate the left-hand side
e+Pp of Eq. (45) as
|
v 1 2DTn
0TI = F"*jj, = 0'IDTé - u+u- 9(DT)] + B'[DpTé - u+u- 9(DpT)] + u{w - EQDT = =)
DpT 2DT
B 4w - [8(DT) — 0P+ B [a(DyT) - Y+ ou”)
+ DpT(u- dB” + B - du”) — F"*({w,, + &5B)), (46)

where one can verify that each term in the right-hand side
is of second order. The left-hand side of Eq. (44) is then
given by

9,167 — Fej0 = —(0,T1" = F**j,),  (47)

which is also a second order quantity though
p’C,=p p“(ax—#—FW,a )fo is superficially of first
order. One might questlon the validity of Eq. (14)
which follows a,T§" — F*#j% =0, but it is not a

problem here since this equation really holds at the first

order or the leading order and is not true at the
second order. It is essential that the energy-momentum
equation (3) holds for the full quantities 7#” and j,,
and not for TQ1 and ] ! separately, otherwise the
results would be contradlctory to those of Ref. [20]
following the entropy principle of the second law of
thermodynamics.

We now obtain the momentum integral of p”C,
from Egs. (44) and (45) with a, Ty — F"*j%! given by
Egs. (46) and (47).
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IV. ONE CHARGE WITH
PARTICLE/ANTIPARTICLE

We now consider a one-charge case but add antiparticles
to the system. We will calculate A(p) and Ag(p). Since
there are particles and antiparticles, we recover the index
Q = *1 in particle distribution function, f — f¢ and
for1— foQ,l- In Eq. (9), summations over Q should be
added. In Eq. (11) we also have to add the index Q to J\,
and J25: JA — J4C and J¢ — J2#C (n = 2, 3), and add
summations over Q into the formula of &, &z, D, Djp.
Inserting fOQ into Eq. (9), we obtain the charge and entropy
currents and the stress tensor in the equilibrium, j{)’“ = nu*,
Sht=su* and Ty” = (e + P)u*u” — Pg*”, with the
particle number density n = 3 ,0n,, the energy density
€ = Y p€p, the pressure P = ¥, P, and the entropy den-
sity s = 3 p59 = (€ + P —nu)/T. The solutions to &,
&g, D, Dg are the same as in Eq. (17). Then Eq. (18) is
modified to

A S~
J21+ _121 =-¢

Ag,t _ qAp—
J21 J21 - §B’

I+ 0t =-Dr, )

Ag,+ Ag,— __
1t 4 gl T = —DyT.

Equation (21) now becomes

/\ ApQ _
Q = Z)l ‘It+n I Jn)ng - ZAFJIQJrn,l (49)

i=0
In the case of the minimal number of coefficients we can
completely fix the coefficients Ay; by solving following
system of equations:

oy 8J3\( Ao\ _ [ ¢
(0'.’31 O'J41 Al —DT ) (50)
where we have used the shorthand notation, 6J,, =
Jh —J, and o], = J}, + J,,. The solutions to A, are

nl
()lo) =l<_§(CfJ41)+DT(5J31)) 51
Ay A\ &(aJ3) — DT(8Jy) )
where A = (8J5;)(0Jy) — (0J3,)(8J3;). The equations
and solutions for A§, are in the same form as
Eqgs. (50) and (51) with replacements Ag; — /\gl,
§—>§B andD—’DB.
For massless fermions and small f&, we have
7
J3 = —GT,
0J31 15
5]21 =~ 7Tz/:LG,
7 4
oJy = Tﬂ-ﬂGTQ,

aJy = 9,(3)G,
oy ~ 2250(5)GT?,

8J3 = 36{(3)iGT,

77.2
A= ?GZG()TZIEL, (52)
where G = %L and G, = —84m2£(3) + 1125¢(5). The

solutions have very simple form:
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A A

N=CGE N=-cGl, =20 ar=lL
T r M M

(53)

where we have used two constants, G —%éf(s),

G, = 7,6y G . We notice that the D terms in Eq. (51) are

neghglble SO the solutions are proportional to £. Note that
the quantity 25 ~ fi? is also small and we have dropped it,

since nu = g T4,u,2 ande+P=4%e~d, 2T

V. WITH TWO CHARGES AND
PARTICLE/ANTIPARTICLE

As an example for the case of two charges, we consider
adding to the system the chirality or an axial U(1) charge to
particles. Then there are two currents, one for each chi-
rality, or equivalently, for the U(1)/U4(1) charge. For
simplicity we assume that there is an anomaly for the
axial-charge current but no anomaly for the charge one.
There are distribution functions for right-hand and left-
hand particles, ff;)(x, p) (a = R, L), with chemical poten-
tials pwgr; = @ * uy. As an extension to Eq. (8), the
corrections y,(x, p) in f2(x, p) are now y,(x, p) =
Aptw, + AgpptB,. Instead of right-hand and left-
hand quantities X,, we can equivalently use X =
Xr + X, and X4 = Xg — X, where X = A, A, &, &, n,
s, €, P, j,,. The distribution functions F9(x, p) satisfy two
separate Boltzmann equations of the following form:

P (55— OF s ) ) = Coolf 1 (S

The U(1)/U4(1) charge and entropy currents and the stress
tensor in equilibrium are given by j& = nu*, ji, = nyu*,
St = su* and T)" = (€ + P)utu” — Pgh”, with the par-
ticle number density n = ¥ ,,Ongo (@ = R, L; Q = *1),
the energy density € =3 €,0, the pressure P =
2.0Pa0, and the entropy density s=3 05,0 =

(6 +P— Zana/vLa)/T‘
Similar to Egs. (26) and (28), the U(1)/U4(1) charge
conservation in Eq. (2) can be derived as

aﬂj#(x) = f[dp](CR,+ —Cr+ TCpt+ — CL,+) =0
(55)

8,7 (x) = [ [dp)Crs — Ca — Cps +Cps)

~CE*B,, (56)

where we have used Eq. (27). The energy and momentum
conservation equation reads
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3,TH — F*kj,
= j [dplp"(Chs +Cro +Cpy +Co) =0, (57)

where we have used Eq. (30).
Similar to Eq. (11), we can express &,, £,5, D and Dp in
terms of A, and A, as

Agt Ag—
'fa = _(J21 - J21 )7
DT = J3¢ " + I3 + T+ I
Aups T+ )\a -
‘faB = (J B 1B ))

—DyT =I5 + Jgfﬁv + 3 e

(58)

for a = R, L. We have the following first order corrections:

=i titi= D (f,0" +EpBH)=Ewt + £4BY,
a=R,L
In=Jr — i =g — €t + (Erp — EL3)B”

= &{po* + E4pBY,
TE = DT(uk 0" + u” 0*) + DT(utBY + u BX),

St== ¥ LLé0" + ")+ (Do + DyBY)
a=R,L
=— Y Big ok + £3B4) + (Do + DyB*). (59)
i=null, A
It can be verified that the entropy current in Eq. (59) cannot
satisfy 9,8* =0 unless C = 0. In order to ensure the
positivity of 9, §# in presence of an anomaly, one would
have to substract vector Q* = Dw* + DgB* from S*.
With U(1) and U, (1) charges, we have

Sio= st —QF = sut = Y (€0t + EupBY)
a=R,L

1
=—(Put — Y puji +u T) —
T a=R,L

(60)

In the same way as in Sec. II, the divergence of the entropy
current can be evaluated as

n;TD 2D
SM_(I)M[ Z (:)/“U,a< +P—§u)—8#D+6+—P8MP:|

a=R,L
_ niTDB
+B/L|: Z aMMd(E‘i‘P _ga3>_ay,DB
a=R,L
D D
e 3 (05%)
e +P SR e+P T
+ 2nD —ZDB] [ Z <n DB ‘faB)
e+P by e+P
D
Loty B], (61)
T €e+P

following Egs. (55)—(57). By imposing all quantities inside
the square brackets to vanish we can solve &,, &,5, D, Dp
as follows:

PHYSICAL REVIEW D 83, 094017 (2011)

£ = 2cuu(1-3 5)
R (B!
&g = CMA<1 - 2j_'up>,
£1n = Ca (1 26 +,u ;) (62)

DT = —Cuyp?,
DT = —Cpupp.

It is interesting to observe that for small u, w4, we obtain
very simple and symmetric solutions:

&y = C,U«Zy &g = Cly,
DpT = —Cpapm,
(63)

& =2Cupy,

Eap = Cp, DT = —Cu,p?,

which is identical to the result of Ref. [23,25]. Here we
have assumed that all integral constants are vanishing.
Note that Eq. (63) is the result of the entropy principle in
the hydrodynamic approach, which was also obtained in
Ref. [26-28].

Equivalently we can use & = (£ + £4)/2 and &, =
(& — £€4)/2 to determine A,, A,z (@ = R, L) via solving
a system of Eq. (58), where the first/second line (each has
three equations) is for Ag; /Agp ;. For a minimal number
of coefficients we can determine the values of these coef-
ficients completely, Ag ; and Agp ;g can be expanded to the
zeroth or first power of u - p. For example, if we expand A
to the zeroth power, then we have to expand A; to the
first power, and vice versa. Suppose we take the former
case, Ag = Agg and A, = Ay g + A (u - p), we can solve
Agyp as

Aro = —érom

5]21’
— L 1
ALO——KfL(oJmH (o7 - e )50, o4
1 J
AL fL(O'-]31) (DT fRa- 31)(5-]%1)

where A = (8J5)(aJ%) — (8J%)(aJ%)). The solutions to
Agp,rp take the same form as above with replacements
Ay — Ayg, €,— €, and D — Dy if we assume the
same expansion as Ag: Agp = Agpo and App = Ay po +
A (- p).

For massless fermions and small fig; (or equivalently
small & and fi ) we obtain
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T

oI5t ~ —GT,

JRL <~ 9/(3)G,
gJyH f() 15

oJ&E =~ 2257(5)GT?,
5J§iL = 7T2/._LR’LG,

77t
s = TMR,LGTz:

8J3i" = 36{(3)jix GT,

72
A= ?GZGOTZI'_LL: (65)

where G and G, are the same as in the former section. Then
the solutions to Ak ; are

3C w p+2u,

Apg ™ —— 3

3C +2 -2
/\Loz_ﬂg< S L G K MA>’

d, T Mty 1 O "
A ~14’7T4C JTA T IO A __3C 1 (66)
L1 dgG() T4 qu — ,LL/24, RB,0 dg T3;
I 3C 1 _3072C ppa
LB,0 dg T3’ LB,1 dgG() T6 ’

where G, = —%08477%’(3) and G5 = G%)llZS{(S). The
coefficient ratios of A,;/A; (i =0, 1) are proportional
to u times dimensionless factors:

Aro _ pt2uy
ARB,0 oty
A +2 -2
L _ ,u(G4'u Pa GS'M ~ :U“A)’ 67)
ALBo Mty M=y
ALt lezi
/\LB,l 15 ,U«z - ,U«i

Note that A; 51 << TAzpo ~ T Agp, S0 both Agr(p) and
Ap(p) can be constants at small & and i, limit. This
property is quite different from the one-charge case in
which Agz(p) must have momentum dependence in order
to comply with the entropy principle.

VI. DISCUSSIONS AND CONCLUSIONS

We have shown that induced terms related to the vor-
ticity and magnetic field in the charge and entropy
currents from a triangle anomaly can be derived in kinetic
theory by introducing correction terms to the phase space
distribution function at the first order. We demonstrated
that the anomalous source terms are necessary to
ensure that the equations for the charge and energy-
momentum conservation are satisfied and that the
correction terms of distribution functions are compatible
to these equations.

As examples for the correction terms of distribution
functions, we focus on the massless fermionic system in
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three cases for small w /T, with one charge [U(1)] and one
particle species (without antiparticles), with one charge
[U(1)] and particles/antiparticles, and with two charges
[U(1) X U,(1)]. In the latter two cases, the coefficients
for w and B terms in distribution functions are found to be
proportional to Cu/T? and C/T3, respectively. In the
two-charges case the coefficients can be constants or inde-
pendent of momentum, such a property is impossible for
the one-charge case since it is not allowed by the entropy
principle.

In the two-charges case, we assumed that there is an
anomaly for the axial-charge current but no anomaly for
the charge one. The coefficients of correction terms for
the charge/axial-charge currents and energy-momentum
tensor have a very simple and symmetric form at
small w/T and w,/T limit: & = 2Cuu,, &4 = Cu?,
ép~ Cuy, éap~Cu, DT = —Cuyp?, and DyT =
—Cpuyp. This means that similar to the CME an axial
anomaly can induce a residual charge current which is
proportional to the magnetic field and the axial chemical
potential [23].

We have a few comments about our results. In our
evaluation of the correction terms of distribution functions,
we have assumed that A(p) and Ag(p) are identical to
particles and antiparticles. Alternatively, we can assume
that they have an opposite sign for particles to antiparticles.
We cannot tell which case is correct due to lack of deeper
knowledge about these anomalous term at a microscopic
level. Similarly we have assumed that A(p) and Agz(p) have
different values for right-handed particles from left-handed
ones. One can also assume that they have the same or
opposite values for right-handed and left-handed particles.
In the current framework one cannot tell which is
correct. Such a situation is like what happens in an effec-
tive theory when many effective candidates point to a
unique microscopic theory. We also note that the solutions
to A(p) and Ag(p) given in this paper are for the cases
where the number of unknown coefficients in A(p) and
Ag(p) is equal to that of constraining equations. It is
possible that A(p) and Ag(p) can be expanded to higher
powers of (p-u) and then have larger number of
unknown coefficients than that of constraining equations.
In this case the constraining equations just provide con-
straints for A(p) and Agz(p) from the second law of
thermodynamics.
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