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We present time-dependent solutions in the higher-dimensional gravity which are related to super-

gravity in the particular cases. Here, we consider p-branes with a cosmological constant and the

intersections of two and more branes. The dynamical description of p-branes can be naturally obtained

as the extension of static solutions. In the presence of a cosmological constant, we find accelerating

solutions if the dilaton is not dynamical. In the case of intersecting branes, the field equations normally

indicate that time-dependent solutions in supergravity can be found if only one harmonic function in the

metric depends on time. However, if the special relation between dilaton couplings to antisymmetric

tensor field strengths is satisfied, one can find a new class of solutions where all harmonic functions

depend on time. We then apply our new solutions to study cosmology, with and without performing

compactifications.
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I. INTRODUCTION

The dynamical brane systems in supergravity (and more
general intersecting brane systems) have attracted growing
interests in recent years since they can be used to con-
struct the cosmological model under the compactifications
in string theory. The simplest dynamical solution to
Einstein equations in supergravity is a p-brane in an
asymptotically time-dependent background, obtained in a
system composed of gravity, a scalar field and an antisym-
metric form field strength. In such a solution, a naked
singularity is formed at the places where the warp factor
vanishes. Such a solution can be naturally constructed as an
extension of a static p-brane solution. This construction
has a natural interpretation in terms of D-branes and has
served as an important example in string theory. In the
absence of the time dependence, a brane system is super-
symmetric. Solutions can also be constructed by lifting the
Maki-Shiraishi solutions [1] to higher dimensions. These
models have interesting effects that can spoil asymptotic
flatness and supersymmetry even if they hold in static
solutions; much attention has been paid on determining
conditions to obtain a supersymmetric solution (for ex-
ample, see [2,3]). A close cousin of the above solution is
a p-brane with a cosmological constant. For a single
2-form field strength, this is an asymptotically Milne uni-
verse. The examples relevant for us are the multicentered
Kastor-Traschen solutions [4]. Some of these develop-
ments have been motivated by de Sitter compactifications
in the four-dimensional effective theory. Borrowing these
results, we acquire a few novel insights about the physics.

In a p-brane model, the dynamics can be characterized
by the warp factor which is given in terms of the linear
combination of the linear functions of time and the har-
monic function in the space transverse to the brane. This
function contains information about the dynamics of the
underlying model, but this has not been fully exploited yet.
See [5–8] for an example of determination of such a
function. Since a warp factor arises from a field strength,
the dynamics of a system composed of nbranes can be
characterized by n warp factors arising from n field
strengths [9–16]. In such a system, some of branes can
naturally intersect. However, for M-branes and D-branes,
among these warp factors only one function can depend on
time. These harmonic functions of D-brane model are
related to the string coupling constant in string theory.
They have been studied from many points of view; for
recent discussion, see [17,18].
The purpose of the present paper is to make this result

more transparent and to generalize it. We will consider
solutions with more general couplings of dilaton to the
field strengths. In the classical solution of a p-brane in a
D-dimensional theory, the coupling to dilaton for field
strength includes the parameter N. Though there are clas-
sical solutions for particular values of N, the solutions of
N � 4 models are no longer related to D-branes and M-
branes. The dynamical solutions for N ¼ 4 were also
developed independently in [5,6,8]; the property of cos-
mological evolution had in essence been introduced earlier
[7,19]. For any number of dimension, we will show that
the time-dependent solutions can be obtained for N � 4
by extending the ansatz. The case of N � 4 gives new
intersecting brane solutions that all warp factors arising
from field strengths can depend on time if the number N
has the appropriate values. There are also the dynamical*masato.minamitsuji@kwansei.ac.jp
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intersecting solutions that one has N ¼ 4, the others have
N � 4. As a simple example, we will study the dynamical
intersecting solution in a class of the six-dimensional
Romans supergravity [20,21] with a vanishing cosmologi-
cal constant. We will also see that the effect of a cosmo-
logical constant often changes the picture radically,
in particular, triggering the accelerating expansion of
the Universe. This can only happen when the scalar field
vanishes, since a nonzero scalar field is an obstruction to
accelerating expansion. Our results will also be interesting
for cosmological applications of string theories.

The dynamical solutions in the six-dimensional
Nishino-Salam-Sezgin (NSS) supergravity [22–26] have
been investigated in [27–31], including applications to
brane world models. A particular construction of dynami-
cal solutions was discussed recently in this context and
then applied to brane world models in [27] or 1-brane
collision [32]. In the present paper, the dynamical 0-brane
solution in the NSS model will be derived as a special case
and used to study the possibility of brane collisions, which
in the special case of p-branes has been originally dis-
cussed in [33].

If one drops the requirement of N ¼ 4 in the coupling to
dilaton for field strengths, the solutions obtained in an
Einstein-Maxwell model are a special case of a larger class
of dynamical solutions that lead to de Sitter spacetime.
In Sec. II, we describe this larger class and apply it to
construct brane world models in the five-dimensional the-
ory. In Sec. III, we characterize the intersecting brane
system that arises two kinds of form fields without the
condition of N ¼ 4. In Sec. IV, we perform explicit calcu-
lations illustrating how the dynamical solutions of n kinds
of intersecting brane system arise from the condition of
N � 4. These examples are inspired by and generalize an
example considered in Sec. 2 of [6] as well as the detailed
analysis of cosmological models in [27]. Section V is
devoted to concluding remarks.

II. DYNAMICAL SOLUTIONS WITH
A COSMOLOGICAL CONSTANT

A. Theory

We will start from the D-dimensional theory, for which
the action in the Einstein frame contains the metric gMN ,
the dilaton �, the cosmological constant �, and the anti-
symmetric tensor field of rank (pþ 2), Fðpþ2Þ

S ¼ 1

2�2

Z �
ðR� 2e���Þ � 1D � 1

2
d� ^ �d�

� 1

2 � ðpþ 2Þ! e
�c�Fðpþ2Þ ^ �Fðpþ2Þ

�
; (1)

where � is constant, �2 is the D-dimensional gravitational
constant, � is the Hodge operator in the D-dimensional
spacetime, Fðpþ2Þ is the (pþ 2)-form field strength, and c,

� are constants given by

c2 ¼ N � 2ðpþ 1ÞðD� p� 3Þ
D� 2

; (2a)

� ¼
�þ if p-brane is electric

� if p-brane ismagnetic:
(2b)

Here, N is a constant. The field strength Fðpþ2Þ is given by
the (pþ 1)-form gauge potential Aðpþ1Þ

Fðpþ2Þ ¼ dAðpþ1Þ: (3)

In this section, we focus on dimensions of D> 2. In
D ¼ 10 and D ¼ 11, the cases of � ¼ 0 and N ¼ 4 of the
theory (1) correspond to supergravities. The bosonic part of
the action of D ¼ 11 supergravity includes only 4-form
(p ¼ 2) without the dilaton, since c ¼ 0 automatically.
For D ¼ 10 and N ¼ 4, the constant c is precisely the
dilaton coupling for the Ramond-Ramond (pþ 2)-form in
the type II supergravities. The dynamical solutions for the
case of N ¼ 4 have been already discussed in [32]. The
bosonic part of the six-dimensional NSS model [22–24] is
given by the expression (1) with �> 0. In this section, we
will discuss the dynamical solution for N � 4.
After varying the action with respect to the metric, the

dilaton, and the (pþ 1)-form gauge field, we obtain the
field equations

RMN ¼ 2

D�2
e���gMNþ1

2
@M�@N�þ 1

2 � ðpþ2Þ!e
�c�

�
�
ðpþ2ÞFMA2���Apþ2

FN
A2���Apþ2 � pþ1

D�2
gMNF

2
ðpþ2Þ

�
;

(4a)

d�d�� �c

2 � ðpþ2Þ!e
�c�Fðpþ2Þ ^�Fðpþ2Þ

�2�e����1D¼ 0; (4b)

d½e�c� �Fðpþ2Þ�¼ 0: (4c)

To solve the field equations, we assume that the
D-dimensional metric takes the form

ds2 ¼ haðx; zÞq��ðXÞdx�dx� þ hbðx; zÞuabðZÞdzadzb;
(5)

where q��ðXÞ is a (pþ 1)-dimensional metric which de-

pends only on the (pþ 1)-dimensional coordinates x�, and
uabðZÞ is the (D� p� 1)-dimensional metric which de-
pends only on the (D� p� 1)-dimensional coordinates
za. Here, X space represents the world volume directions,
while Z space does the space transverse to the p-brane. The
parameters a and b are given by

a ¼ � 4ðD� p� 3Þ
NðD� 2Þ ; b ¼ 4ðpþ 1Þ

NðD� 2Þ : (6)

The form of the metric (5) is a straightforward general-
ization of the case of a static p-brane system with a dilaton
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coupling [5,34]. Furthermore, we assume that the scalar
field � and the gauge field strength Fðpþ2Þ are given by

e� ¼ h2�c=N; (7a)

Fðpþ2Þ ¼ 2ffiffiffiffi
N

p dðh�1Þ ^�ðXÞ; (7b)

where �ðXÞ denotes the volume (pþ 1)-form,

�ðXÞ ¼ ffiffiffiffiffiffiffi�q
p

dx0 ^ dx1 ^ � � � ^ dxp: (8)

q is the determinant of the metric q��.

B. Asymptotically milne solution

Firstly, we consider the Einstein Eqs. (4a) with c � 0.
We assume that the parameter � is given by

� ¼
�
�N þ 2ðD� p� 3Þ

D� 2

�
ð�cÞ�1: (9)

Using the assumptions (5) and (7), the Einstein equations
are given by

R��ðXÞ� 4

N
h�1D�D�hþ 2

N

�
1� 4

N

�
@� lnh@� lnh

� 2

D�2
�q��h

�2

�a

2
q��

�
h�14X h�

�
1� 4

N

�
q��@� lnh@� lnh

�
�a

2
q��h

�4=N�14Z h¼ 0; (10a)

h�1@�@ah¼ 0; (10b)

RabðZÞ�b

2
h4=Nuab

�
h�14X h�

�
1� 4

N

�
q��@� lnh@� lnh

�

�b

2
uabh

�14Z h� 2

D�2
�uabh

�2þ4=N ¼ 0; (10c)

where D� is the covariant derivative with respect to the

metric q��,4X and4Z are the Laplace operators on X and

Z, respectively. Similarly, R��ðXÞ and RabðZÞ are the Ricci
tensors associated with the metrics q�� and uab, respec-

tively. From Eq. (10b), we see that the function h must be
in the form

hðx; zÞ ¼ h0ðxÞ þ h1ðzÞ: (11)

With this form of h, the other components of the Einstein
Eqs. (10a) and (10c) are rewritten as

R��ðXÞ � 4

N
h�1D�D�h0 þ 2

N

�
1� 4

N

�
h�2@�h0@�h0

� 2

D� 2
�q��h

�2 � a

2
q��

�
�
h�1 4X h0 �

�
1� 4

N

�
h�2q��@�h0@�h0

�
� a

2
q��h

�4=N�1 4Z h1 ¼ 0; (12a)

RabðZÞ � b

2
h4=Nuab

�
�
h�1 4X h0 �

�
1� 4

N

�
h�2q��@�h0@�h0

�

� b

2
uabh

�1 4Z h1 � 2

D� 2
�uabh

�2þ4=N ¼ 0: (12b)

Under the assumption (7b), the Bianchi identity is auto-
matically satisfied. The equation of motion for the gauge
field (4c) becomes

4Z h1�ðZÞ ¼ 0; (13)

where we have used (11), and �ðZÞ is defined by

�ðZÞ ¼ ffiffiffi
u

p
dz1 ^ � � � ^ dzD�p�1: (14)

Hence, the gauge field equation gives

4Z h1 ¼ 0: (15)

Let us next consider the scalar field equation. Substituting
Eqs. (7) and (11) into Eq. (4b), we obtain

2

N
�ch4=N�b

�
h�1 4X h0 �

�
1� 4

N

�
h�2q��@�h0@�h0

þ h�1 4Z h1

�
� 2�h�2�a� ¼ 0: (16)

Because of Eq. (15), we are left with

4X h0 ¼ 0;

1

N

�
1� 4

N

�
q��@�h0@�h0 þ ð�cÞ�1�� ¼ 0:

(17)

Let us go back to the Einstein Eqs. (12). If Fðpþ2Þ ¼ 0,

the function h1 becomes trivial. On the other hand, for
Fðpþ2Þ � 0, the first term in Eq. (12a) depends on only x

whereas the rest on both x and y. Thus Eqs. (12) together
with (15) and (17) give
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R��ðXÞ ¼ 0; D�D�h0 ¼ 0; (18a)

2

N

�
1� 4

N

�
@�h0@�h0 þ a

2

�
1� 4

N

�
q��q

��@�h0@�h0

� 2

D� 2
�q�� ¼ 0; (18b)

RabðZÞ þ b

2

�
1� 4

N

�
h�2þ4=Nuabq

��@�h0@�h0

� 2

D� 2
�uabh

�2þ4=N ¼ 0: (18c)

The Eqs. (17) and (18b) give N ¼ 2. Then, the Eqs. (18b)
and (18c) are written by

@�h0@�h0 ¼ � 4

c2ðD� 2Þ�q��; (19a)

RabðZÞ � 4p

c2ðD� 2Þ�uab ¼ 0; (19b)

respectively. If one solves these Eqs. (18) with Eq. (15), the
solution of the present system is given by Eqs. (5) and (7)
with (11).

For a nonvanishing cosmological constant, Eq. (18c)
implies that the (D� p� 1)-dimensional space Z is
an Einstein manifold. The (D� p� 1)-dimensional flat
space is allowed only for p ¼ 0. Equation (19a) implies
that the (pþ 1)-dimensional metric q��ðXÞ is expressed as
a product of two vectors. Hence, for p � 0, the determi-
nant of the metric q��ðXÞ becomes zero, which is not

permissible. In the following, we will discuss the solution
of p ¼ 0 case. We find that Eqs. (15), (18), and (19b)
reduce to

hðt; zÞ ¼ h0ðtÞ þ h1ðzÞ; h0 ¼ Atþ B; 4Zh1 ¼ 0;

(20a)

RabðZÞ ¼ 0; (20b)

where A is defined by A � � ffiffiffiffiffiffiffi
2�

p
and B is constant

parameter. Thus, there is no solution for �< 0. For the
special case

uab ¼ 	ab; (21)

where 	ij is the (D� 1)-dimensional Euclidean space

metric, the solution for h is obtained explicitly as

hðt; zÞ ¼ Atþ Bþ h1ðzÞ; (22)

where the harmonic function h1 is found to be

h1ðzÞ ¼
XL
‘¼1

M‘

jz� z‘jD�3
for D � 3; (23a)

h1ðzÞ ¼
XL
‘¼1

M‘ lnjz� z‘j for D ¼ 3: (23b)

Here, jz� z‘j ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz1 � z1‘Þ2 þ ðz2 � z2‘Þ2 þ � � � þ ðzD�1 � zD�1

‘ Þ2
q

, and

M‘ð‘ ¼ 1 � � �LÞ are mass constants of 1-branes located
at z‘. The behavior of the harmonic function h1 is classi-
fied into two classes depending on the dimensions D, i.e.
D> 3, and D ¼ 3.
For D ¼ 3, the harmonic function h1 diverges both

at infinity and near 0-branes. In particular, because
h1 ! �1, there is no regular spacetime region near
branes. Hence, such solutions are not physically relevant.
The original theory is ill-defined. In the following, we will
focus on the case D> 3.
Assuming�> 0, and introducing a new time coordinate


 by





0
¼ ðAtþ BÞ1=ðD�2Þ; 
0 ¼ ðD� 2Þ

A
; (24)

we find the D-dimensional metric (62) as

ds2 ¼
�
1þ

�




0

��ðD�2Þ
h1

��ðð2ðD�3ÞÞ=ðD�2ÞÞ

�
�
�d
2 þ

�
1þ

�




0

��ðD�2Þ
h1

�
2
�




0

�
2
uabdz

adzb
�
:

(25)

For h1 ! 0, the spacetime approaches an isotropic and
homogeneous universe, whose scale factor is proportional
to 
, i.e., the D-dimensional Milne universe. This is real-
ized in the limit 
 ! 1, which is guaranteed by a scalar
field with the exponential potential. The D-dimensional
spacetime becomes inhomogeneous for h1 � 0. The power
exponent of the scale factor is always larger than that in
the matter or radiation-dominated era. It is interesting to
note that in the case of D ¼ 6, p ¼ 0 with �> 0, Eq. (25)
describes the cosmological solution in the NSS model with
the vanishing 3-form field strength. The late time evolution
has a scaling behavior. Note that the scaling solution in
the NSS model obtained in Ref. [30] has the similar time
dependence, although in this case the 2-form field strength
is magnetic.
The D-dimensional spacetime is regular in the region of

h > 0, but has curvature singularities where h ¼ 0, since�
diverges there. The physical spacetime exists only inside
the domain restricted by

hðt; zÞ � Atþ Bþ h1ðzÞ> 0: (26)

To see the detailed dynamics of spacetime, let us illus-
trate the case of two 0-branes, which are sharing the same
charge M and located at z ¼ ð�L; 0; � � � ; 0Þ. Here, we
focus on the period of t > 0. For the period of t < 0, the
spacetime dynamics is obtained simply by reversing evo-
lution of the case of t > 0.
In the case of A > 0, for t � 0 the metric is always

regular. The metric (5) implies that the transverse dimen-
sions expand asymptotically as ~
, where ~
 is the proper
time of the coordinate observer. However, it is observer-
dependent. As we mentioned before, it is static near branes,
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and the spacetime approaches a Milne universe in the far
region (jzj ! 1), which expands in all directions isotropi-
cally. Defining

z? ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz2Þ2 þ � � � þ ðzD�1Þ2

q
; (27)

the proper distance at z? ¼ 0 between two branes is
given by

dðtÞ ¼
Z L

�L
dz1

�
Atþ M

jz1 þLjD�3
þ M

jz1 �LjD�3

�ðð1Þ=ðD�2ÞÞ

¼ ðML2Þðð1Þ=ðD�2ÞÞZ 1

�1
d�

��
ALD�3

M

�
tþ 1

j�þ 1jD�3

þ 1

j�� 1jD�3

�ðð1Þ=ðD�2ÞÞ
; (28)

which is a monotonically increasing function of t.
Next, we discuss the case of A < 0. Initially (t ¼ 0), all

of the region of (D� 1)-dimensional space is regular
except at z ! 1. As time evolves, the singular hypersur-
face erodes the z-coordinate region. As a result, only the
region near 0-branes remains regular. When we watch this
process on the ðz1; z?Þ plane, the singular circle appears at
infinity. It eventually approaches 0-branes and finally the
regular spatial region splits into two isolated throats sur-
rounding each 0-brane. The proper distance d between two
branes, given by Eq. (28), is now a monotonically decreas-
ing function of t. At a glance, it could realize brane
collisions. However, since a singularity appears between
two branes before the distance vanishes, a regular brane
collision cannot be realized.

C. Asymptotically de Sitter solution

Next, we consider the solution with a trivial dilaton
which is the case of c ¼ 0 and hence � ¼ 0. The scalar
field becomes constant because of the ansatz (4b), and the
scalar field Eq. (17) is automatically satisfied. In terms of
c ¼ 0, Eq. (2a) give

N ¼ 2ðD� p� 3Þðpþ 1Þ
D� 2

: (29)

In this case, the field equations are reduced to

R��ðXÞ¼0; RabðZÞ¼0; (30a)

hðx;zÞ¼h0ðxÞþh1ðzÞ; (30b)

D�D�h0¼0;

@�h0@�h0þ 2ðpþ1ÞðD�p�3Þ2
ðD�2Þðð1�pÞDþp2þ4p�1Þ�q��¼0;

(30c)

4Z h1¼0: (30d)

We will focus on the solution of p ¼ 0, since from
Eq. (30c) it turns out that the solution for p � 0 is not
permissible. Then Eq. (30c) gives

h0 ¼ c1tþ c2; (31)

where c2 is an integration constant and c1 is given by

c1 ¼ �ðD� 3Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2�

ðD� 1ÞðD� 2Þ

s
: (32)

Thus, there is no solution for �< 0. If the metric uabðZÞ
is assumed to be Eq. (21), the function h1 is given by
Eq. (23). Now we introduce a new time coordinate 
 by

c1
 ¼ lnt; (33)

where we have taken c1 > 0 for simplicity. The
D-dimensional metric (5) is then rewritten as

ds2 ¼ �ð1þ c�1
1 e�c1
h1Þ�2d
2

þ ð1þ c�1
1 e�c1
h1Þ2=ðD�3Þ

� ðc1ec1
Þ2=ðD�3ÞuabðZÞdzadzb: (34)

Equation (34) implies that the spacetime describes an
isotropic and homogeneous universe if h1 ¼ 0. In the limit
when the terms with h1 are negligible, which is realized in
the limit 
 ! 1 and for c1 > 0, we find a D-dimensional
de Sitter universe. The solution (34) has been discussed
by [1]. Furthermore, for D ¼ 4, the solution is found by
Kastor and Traschen [4].

D. Application to the brane world

The asymptotically de Sitter solution in the case of
D ¼ 5 is now applied to construct a cosmological brane
world. We start from the general metric

ds2 ¼ �dðT; �Þ2dT2 þ fðT; �Þ2d�2 þ aðT; �Þ2d�2
ð3Þ;

(35)

where d�2
ð3Þ denotes a unit 3-sphere. � and T denote the

dimensionless coordinates of the extra space and time. For
a given background spacetime, applying the standard copy
and paste method, it is possible to construct a cosmological
3-brane world embedded into a five-dimensional bulk as in
the Randall-Sundrum model [35]. For simplicity, we im-
pose the Z2-symmetry across the brane world volume.
A cosmological brane world evolves along a trajectory

specified by an affine parameter 
, ðT; �Þ ¼ ðTð
Þ; �ð
ÞÞ.
The induced metric on the brane world is then given by the
closed Friedmann-Robertson-Walker metric with the scale
factor a

ds2ðindÞ ¼ �d
2 þ aðTð
Þ; �ð
ÞÞ2d�2
ð3Þ; (36)

where we imposed

� dðTð
Þ; �ð
ÞÞ2 _T2 þ fðTð
Þ; �ð
ÞÞ2 _�2 ¼ �1: (37)

A dot denotes a derivative with respect to 
, which is
interpreted as the cosmic proper time.
The trajectory of the brane world is through the

junction conditions. Here, we focus on the Israel conditions
given by
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1

2
�2 �� ¼ �3�

�
1

f

a;�
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2 _�2

q
þ f

d

a;T
a

_�

�
; (38a)

1

2
�2 �p ¼ �

��
2
a;�
a

þ d;�
d

�
1

f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2 _�2

q

þ f;� _�2 þ €�fffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2 _�2

q þ f

d

�
2
a;T
a

þ 2f;T
f

�
_�

�
; (38b)

where �� and �p represent the total energy density and
pressure, obtained by varying the brane world action.
From now on, we focus on the energy density equation,
Eq. (38a). Note that � ¼ þ1 denotes the normal vector
pointing the direction of increasing � (and � ¼ �1 vice
versa).

The derivative of the scale factor with respect to the
cosmic proper time is given by

_a ¼ ��f _�þ �T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f2 _�2

q
; (39)

where we defined

�� :¼ a;�
f

; �T :¼ a;T
d

: (40)

Replacing _� with _a through Eq. (39) and squaring the
energy density component of (38a), we obtain the gener-
alized Friedmann equation for a. In the j�Tj 	 j��j limit,

where the time dependence rules the spatial one, the cos-
mological equation reduces to

_a2

a2
þ 1

a2

 �4 ��2

36
þ �2

T þ 1

a2
: (41)

Similarly, in the j�Tj � j��j limit, where the spacetime is

approximately static, the cosmological equation reduces to

_a2

a2
þ 1

a2

 �4 ��2

36
� �2

� � 1

a2
: (42)

1. Brane world supported by the tension

One possibility is to support the brane world by tension.
Decomposing �� ¼ �þ �, where � and � denote the
tension and matter energy density localized on the brane,
respectively, we obtain

_a2

a2
þ 1

a2

 1

3
�eff þ �2

4

3
�þOð�2Þ: (43)

Here, we assumed � � �. The four-dimensional effective
cosmological constant (not exactly constant, of course) and
the gravitational constant are given by

�eff :¼ 1

12
�4�2 þ 3ð�2

t þ 1Þ
a2

; �2
4
:¼ 1

6
�4�; (44)

for j�Tj 	 j��j, and

�eff :¼ 1

12
�4�2 � 3ð�2

� � 1Þ
a2

; �2
4
:¼ 1

6
�4�; (45)

for j�Tj � j��j. �eff is composed of the tension part and

the bulk part. For j�Tj 	 j��j, from Eq. (38a) assuming

�T > 0, to obtain a positive gravitational constant, namely,

a positive tension, we have to impose _� > 0 for � ¼ �1

and _� < 0 for � ¼ þ1. For j�Tj � j��j, similarly from

Eq. (38a) assuming �� > 0, to obtain a positive gravita-

tional constant, we have to impose � ¼ �1.

2. Brane world supported by the induced gravity

The other possibility is to support the brane world
induced gravity term [36]

�� ¼ �þ�2GðindÞ
0
0 ¼ �� 3�2

�
_a2

a2
þ 1

a2

�
; (46)

where GðindÞ�� is the Einstein tensor associated with the

brane world metric Eq. (36). We will see that the parameter
� plays the role of the four-dimensional Planck scale in the
high density region. We then obtain for j�Tj 	 j��j,�

_a2

a2
þ 1

a2

�
�
¼ 2

�4�4

�
1þ �4�2

6
�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �4�2

3
�� �4�4ð�2

T þ 1Þ
a2

s �
; (47)

and for j�Tj � j��j,�
_a2

a2
þ 1

a2

�
�
¼ 2

�4�4

�
1þ �4�2

6
�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �4�2

3
�þ �4�4ð�2

� � 1Þ
a2

s �
; (48)

where in both cases (þ ) and (� ) denote two independent

branches. Here, in the first limit, if _� > 0, we take � ¼ þ1
for the (þ)-branch and � ¼ �1 for the (�)-branch (for
_� < 0 vice versa). In the second limit, we take � ¼ þ1 for
the (þ)-branch and � ¼ �1 for the (�)-branch.
Let us discuss the cosmological behaviors in high and

low energy density limits, respectively. In both limits, we
recover the ordinary cosmological equation in the high
density region, where the term linear in � dominates others

�
_a2

a2
þ 1

a2

�
�

 1

3�2
�; (49)

where clearly the four-dimensional gravitational con-
stant is given by ��1. Thus, in this region, the standard
Friedmann equation is recovered due to the induced
gravity term. On the other hand, in the low density region,
if j�Tj 	 j��j,
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�
_a2

a2
þ 1

a2

�
�
’ 2

�4�4

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �4�4ð�2

T þ 1Þ
a2

s �
; (50)

and if j�Tj � j��j,
�
_a2

a2
þ 1

a2

�
�
’ 2

�4�4

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �4�4ð�2

� � 1Þ
a2

s �
: (51)

In the first limit, for

ffiffiffiffiffiffiffiffiffi
�2
Tþ1

p
a � 1

�2�2 , ð _aaÞþ 
 2
�2�2

(ignoring the 1
a2

term compared to the constant part) and

ð _aaÞ� 
 j �T

a j. In the second limit, for
j1��2

�
jð1=2Þ

a � 1
�2�2 ,

ð _aaÞþ 
 2
�2�2 and there is no regular behavior in the

(�)-branch. The (þ)-branch has the expansion rate of the
self-accelerating solution given by Dvali, Gabadadze, and
Porrati (DGP) [36]. However, this branch is known to
suffers a ghost instability [37]. On the other hand, the
(�)-branch does not contain any pathology.

3. Brane world in the asymptotically de Sitter spacetime

We apply our formulation to the case of the asymptoti-
cally de Sitter solution (34) in D ¼ 5. Here, we have to
assume that the harmonic function h1 found in (23a) is
given by the contribution of a single brane with a mass M.
Then, in D ¼ 5, the asymptotically de Sitter solution
reduces to

ds2 ¼ M

�
1þ e�T

�2

�
eTd�2 � c�2

1

�
1þ e�T

�2

��2
dT2

þM�2

�
1þ e�T

�2

�
eTd�2

ð3Þ; (52)

where c1 ¼
ffiffiffiffiffiffiffi
2
3 �

q
is given by Eq. (32) (we assume c1 > 0).

The dimensionless coordinates run �1< T <1 and
0< �<1. Since the combination in the round bracket
is always positive, no curvature singularity appears.
Comparing with (35), d, f and a read

d :¼ c�1
1

�
1þ e�T

�2

��1
;

f :¼ Mð1=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e�T

�2

s
eðT=2Þ;

a :¼ Mð1=2Þ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e�T

�2

s
eðT=2Þ;

(53)

and we find

�T ¼
ffiffiffiffiffiffiffiffiffiffi
c21M

q
ðT; �Þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

ðT; �Þ2
s

;

�� ¼ ðT; �Þ2
1þ ðT; �Þ2 < 1;

(54)

where ðT; �Þ :¼ eðT=2Þ�. We then define

FðÞ :¼ �T

��

¼ ðc21MÞð1=2Þ�ðÞ; �ðÞ :¼ ð1þ 2Þ3=2
22

:

(55)

Here, �ðÞ takes minimum at  ¼ ffiffiffi
2

p
, where �ð ffiffiffi

2
p Þ ¼

3ð3=2Þ
4 ’ 1:299. Therefore, as long as c21M> 16

27 , we always

obtain �T > ��. In particular, for both limits of  	 1 and
0<  � 1, �T 	 ��, irrespective of c21M. Thus, the

cosmological equation can be described by Eq. (41) with
�T

a ¼ c1
2 .

If the brane world is supported by the tension, from (41)
the effective cosmological and gravitational constants read

�eff 
 1

12
�4�2 þ 3c21

4
; �2

4
:¼ 1

6
�4�: (56)

To obtain a positive gravitational constant, we impose

� ¼ �1 for _� > 0 and � ¼ þ1 for _� < 0. In addition, the
bulk volume is not finite in the direction of increasing �, as

seen from
ffiffiffiffiffiffiffi�g

p ¼ c1M
2�3e2Tð1þ e�T

�2 Þ. Thus, to obtain

the localized graviton on the brane world at low energy,
� must have an upper bound 0< �< �0, where �0 is the

position of the brane world. Thus, we also impose _� > 0.
Then, the effective cosmology is the �CDMtype one.
If the brane world is supported by the induced gravity,

we obtain

�
_a2

a2
þ 1

a2

�
�
¼ 2

�4�4

�
1þ �4�2

6
�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �4�2

3
�� �4�4

�
c21
4
þ 1

a2

�s �
: (57)

To ensure the regular cosmological behavior at the low
energy density, here we impose c1 <

2
�2�2 . In the high

density region, as shown in Eq. (49), the four-dimensional
cosmological equation is recovered. In the low density
region,

�
_a2

a2
þ 1

a2

�
�
’ 2

�4�4

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �4�4

�
c21
4
þ 1

a2

�s �
: (58)

If c1 � 2
�2�2 , ð _aaÞþ 
 2

�2�2 and ð _aaÞ� 
 c1
2 . The latter shows

that the healthy (� ) branch, as well as the (þ)-branch can
give accelerating solutions in the later times. The result is
similar to a higher-dimensional extension of DGP [38].
Although this property looks fascinating, in order to ex-
plain the cosmic acceleration of today, we have to require
that the bulk cosmological constant becomes very tiny as

�ð1=2Þ ’ 10�42 GeV. Therefore, for any reasonable choice
of the five-dimensional Planck scale, as TeV scale, the
huge fine-tuning for � cannot be avoided.
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III. THE INTERSECTION OF TWO BRANES
IN D-DIMENSIONAL THEORY

A. Theory

In this section, we consider a D-dimensional theory
composed of the metric gMN, dilaton �, and two antisym-
metric tensor fields of rank (pr þ 2) and (ps þ 2):

S ¼ 1

2�2

Z �
R � 1� 1

2
d� ^ �d�

� 1

2

1

ðpr þ 2Þ! e
�rcr�Fðprþ2Þ ^ �Fðprþ2Þ

� 1

2

1

ðps þ 2Þ! e
�scs�Fðpsþ2Þ ^ �Fðpsþ2Þ

�
; (59)

where �2 is the D-dimensional gravitational constant, � is
the Hodge operator in the D-dimensional spacetime,
Fðprþ2Þ and Fðpsþ2Þ are (pr þ 2)-form, (ps þ 2)-form field

strengths, respectively. And cI, �IðI ¼ r; sÞ are constants
given by

c2I ¼ NI � 2ðpI þ 1ÞðD� pI � 3Þ
D� 2

; (60a)

�I ¼
�þ if pI - brane is electric

� if pI - brane is magnetic:
(60b)

Here, NI is constant. After varying the action with respect
to the metric, the dilaton, and the (pr þ 1)-form and
(ps þ 1)-form gauge fields, we obtain the field equations,

RMN ¼ 1

2
@M�@N�þ 1

2

e�rcr�

ðpr þ 2Þ!
�
ðpr þ 2ÞFMA2���Aðprþ2ÞFN

A2���Aðprþ2Þ � pr þ 1

D� 2
gMNF

2
ðprþ2Þ

�

þ 1

2

e�scs�

ðps þ 2Þ!
�
ðps þ 2ÞFMA2���Aðpsþ2ÞFN

A2���Aðpsþ2Þ � ps þ 1

D� 2
gMNF

2
ðpsþ2Þ

�
; (61a)

d � d�� 1

2

�rcr
ðpr þ 2Þ! e

�rcr�Fðprþ2Þ ^ �Fðprþ2Þ � 1

2

�scs
ðps þ 2Þ! e

�scs�Fðpsþ2Þ ^ �Fðpsþ2Þ ¼ 0; (61b)

d½e�rcr� � Fðprþ2Þ� ¼ 0; (61c)

d½e�scs� � Fðpsþ2Þ� ¼ 0: (61d)

To solve the field equations, we assume that the
D-dimensional metric takes the form

ds2 ¼ harr h
as
s q��ðXÞdx�dx� þ hbrr h

as
s �ijðY1Þdyidyj

þ harr h
bs
s wmnðY2Þdvmdvn þ hbrr h

bs
s uabðZÞdzadzb;

(62)

where q�� is a (pþ 1)-dimensional metric which depends
only on the (pþ 1)-dimensional coordinates x�, �ij is the
(ps � p)-dimensional metric which depends only on the
(ps � p)-dimensional coordinates yi, wmn is the (pr � p)-
dimensional metric which depends only on the (pr � p)-
dimensional coordinates vm and finally uab is the
(Dþ p� pr � ps � 1)-dimensional metric which de-
pends only on the (Dþ p� pr � ps � 1)-dimensional
coordinates za. The parameters aIðI ¼ r; sÞ and
bIðI ¼ r; sÞ in the metric (62) are given by

aI ¼ � 4ðD� pI � 3Þ
NIðD� 2Þ ; bI ¼ 4ðpI þ 1Þ

NIðD� 2Þ : (63)

The D-dimensional metric (62) implies that the solu-
tions are characterized by two functions, hr and hs, which
depend on the coordinates transverse to the brane as well as
the world volume coordinate. For the configurations of two
branes, the powers of harmonic functions have to obey the
intersection rule, and then split the coordinates in three

parts. One is the overall world-volume coordinates, fxg,
which are common to the two branes. The others are
overall transverse coordinates, fzg, and the relative
transverse coordinates, fyg and fvg, which are transverse
to only one of the two branes. The field equations of
intersecting branes allow for the following three kinds
of possibilities on pr- and ps-branes in D dimensions
[8,39,40].
(I) Both hr and hs depend on the overall transverse

coordinates: hr ¼ hrðx; zÞ, hs ¼ hsðx; zÞ.
(II) Only hs depends on the overall transverse coordi-

nates, but the other hr does on the corresponding
relative coordinates: hr ¼ hrðx; yÞ, hs ¼ hsðx; zÞ.

(III) Each of hr and hs depends on the cor-
responding relative coordinates: hr ¼ hrðx; yÞ,
hs ¼ hsðx; vÞ.

In the following, we consider intersections where each
participating brane corresponds to an independent har-
monic function in the solution and derive the dynamical
intersecting brane solution in D dimensions satisfying the
above conditions.

B. Case (I)

We first consider the case (I). Under our classification,
the D-dimensional metric ansatz Eq. (62) now explicitly
becomes
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ds2 ¼ harr ðx; zÞhass ðx; zÞq��ðXÞdx�dx� þ hbrr ðx; zÞhass ðx; zÞ�ijðY1Þdyidyj þ harr ðx; zÞhbss ðx; zÞwmnðY2Þdvmdvn

þ hbrr ðx; zÞhbss ðx; zÞuabðZÞdzadzb: (64)

We also assume that the scalar field � and the gauge field strengths Fðprþ2Þ, Fðpsþ2Þ are given by

e� ¼ h2�rcr=Nr
r h

2�scs=Ns
s ; (65a)

Fðprþ2Þ ¼ 2ffiffiffiffiffiffi
Nr

p d½h�1
r ðx; zÞ� ^�ðXÞ ^�ðY2Þ; (65b)

Fðpsþ2Þ ¼ 2ffiffiffiffiffiffi
Ns

p d½h�1
s ðx; zÞ� ^�ðXÞ ^�ðY1Þ; (65c)

where �ðXÞ, �ðY1Þ, and �ðY2Þ denote the volume (pþ 1)-form, (ps � p)-form, (pr � p)-form respectively

�ðXÞ ¼ ffiffiffiffiffiffiffi�q
p

dx0 ^ dx1 ^ � � � ^ dxp; (66a)

�ðY1Þ ¼ ffiffiffiffi
�

p
dy1 ^ dy2 ^ � � � ^ dyps�p; (66b)

�ðY2Þ ¼
ffiffiffiffi
w

p
dv1 ^ dv2 ^ � � � ^ dvpr�p: (66c)

Here, q, �, w are the determinant of the metric q��, �ij, wmn, respectively. Let us first consider the gauge field
Eqs. (61c) and (61d). Under the assumptions (65b) and (65c), we find

d½h4�=Ns
s @ahrð�ZdzaÞ ^�ðY1Þ� ¼ 0; (67a)

d½h4�=Nr
r @ahsð�ZdzaÞ ^�ðY2Þ� ¼ 0; (67b)

where �Y1
, �Y2

denote the Hodge operator on Y1, Y2 respectively, and � is defined by

� ¼ pþ 1� ðpr þ 1Þðps þ 1Þ
D� 2

þ 1

2
�r�scrcs: (68)

Then, the Eq. (67a) leads to

h
4�=Ns
s 4Z hr ¼ 0; (69a)

@�h
4�=Ns
s @ahr þ h4�=Ns

s @�@ahr ¼ 0; (69b)

where 4Z is the Laplace operators on the space of Z. On the other hand, it follows from (67b) that

h4�=Nr
r 4Z hs ¼ 0; (70a)

@�h
4�=Nr
r @ahs þ h

4�=Nr
r @�@ahs ¼ 0: (70b)

For � ¼ 0, the Eq. (69) gives

4Z hr ¼ 0; @�@ahr ¼ 0; (71a)

and the Eq. (70) reduces to

4Z hs ¼ 0; @�@ahs ¼ 0: (72a)

The relation � ¼ 0 is consistent with the intersection rule [6,8,41–44].
Next, we consider the Einstein Eq. (61a). Using the assumptions (62) and (65), the Einstein equations are given by
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R��ðXÞ � 4

Nr

h�1
r D�D�hr � 4

Ns

h�1
s D�D�hs þ 2

Nr

@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�

þ 2

Ns

@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

�
� 1

2
q��h

�4=Nr
r h�4=Ns

s ðarh�1
r 4Z hr þ ash

�1
s 4Z hsÞ

� 1

2
q��

�
arh

�1
r 4X hr � arq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ ash

�1
s 4X hs

� asq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
¼ 0; (73a)

h�1
r @�@ahr ¼ 0; (73b)

h�1
s @�@ahs ¼ 0; (73c)

RijðY1Þ � 1

2
h4=Nr
r �ij

�
brh

�1
r 4X hr � brq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ ash

�1
s 4X hs

� asq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
� 1

2
�ijh

�4=Ns
s ðbrh�1

r 4Z hr þ ash
�1
s 4Z hsÞ ¼ 0; (73d)

RmnðY2Þ � 1

2
h
4=Ns
s wmn

�
arh

�1
r 4X hr � arq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ bsh

�1
s 4X hs

� bsq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
� 1

2
wmnh

�4=Nr
r ðarh�1

r 4Z hr þ bsh
�1
s 4Z hsÞ ¼ 0; (73e)

RabðZÞ � 1

2
h4=Nr
r h

4=Ns
s uab

�
brh

�1
r 4X hr � brq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ bsh

�1
s 4X hs

� bsq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
� 1

2
uabðbrh�1

r 4Z hr þ bsh
�1
s 4Z hsÞ ¼ 0; (73f)

where we have used the intersection rule � ¼ 0, and D� is the covariant derivative with respect to the metric q��, 4X

is the Laplace operators on X space, and R��ðXÞ, RijðY1Þ, RmnðY2Þ, and RabðZÞ are the Ricci tensors associated
with the metrics q��ðXÞ, �ijðY1Þ, wmnðY2Þ and uabðZÞ, respectively.

We see from Eqs. (73b) and (73c) that the warp factors hr and hs must take the form

hrðx; zÞ ¼ h0ðxÞ þ h1ðzÞ; hsðx; zÞ ¼ k0ðxÞ þ k1ðzÞ: (74)

With this form of hr and hs, the other components of the Einstein Eqs. (73) are rewritten as

R��ðXÞ � 4

Nr

h�1
r D�D�h0 � 4

Ns

h�1
s D�D�k0 þ 2

Nr

@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�

þ 2

Ns

@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

�
� 1

2
q��ðarh�1

r 4Z h1 þ ash
�1
s 4Z k1Þ

� 1

2
q��

�
arh

�1
r 4X h0 � arq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ ash

�1
s 4X k0

� asq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
¼ 0; (75a)

RijðY1Þ � 1

2
h4=Nr
r �ij

�
brh

�1
r 4X h0 � brq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ ash

�1
s 4X k0

� asq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
� 1

2
�ijh

�4=Ns
s ðbrh�1

r 4Z h1 þ ash
�1
s 4Z k1Þ ¼ 0; (75b)

RmnðY2Þ � 1

2
h4=Ns
s wmn

�
arh

�1
r 4X h0 � arq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ bsh

�1
s 4X k0

� bsq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
� 1

2
wmnh

�4=Nr
r ðarh�1

r 4Z h1 þ bsh
�1
s 4Z k1Þ ¼ 0; (75c)

RabðZÞ � 1

2
h4=Nr
r h4=Ns

s uab

�
brh

�1
r 4X h0 � brq

��@� lnhr

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
þ bsh

�1
s 4X k0

� bsq
��@� lnhs

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
� 1

2
uabðbrh�1

r 4Z h1 þ bsh
�1
s 4Z k1Þ ¼ 0: (75d)
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Finally we should consider the scalar field equation.
Substituting Eqs. (65) and (74) and the intersection rule
� ¼ 0 into Eq. (61b), we obtain

�rcrh
4=Nr
r h4=Ns

s

�
h�1
r 4X h0 � q��@� lnhr

�
��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

��

þ �scsh
4=Nr
r h

4=Ns
s

�
h�1
r 4X k0 � q��@� lnhs

�
��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

��
þ �rcrh

�1
r 4Z h1 þ �scsh

�1
s 4Z k1 ¼ 0: (76)

Thus, the warp factors hr and hs should satisfy the
equations

4X h0 þ q��@�h0

��
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs

�
¼ 0;

4Z h1 ¼ 0; (77a)

4X k0 þ q��@�k0

��
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr

�
¼ 0;

4Z k1 ¼ 0: (77b)

Combining these, we find that these field equations
lead to

R��ðXÞ ¼ 0; RijðY1Þ ¼ 0; RmnðY2Þ ¼ 0;

RabðZÞ ¼ 0; (78a)

hr ¼ h0ðxÞ þ h1ðzÞ; hs ¼ k0ðxÞ þ k1ðzÞ; (78b)

D�D�h0 ¼ 0;

�
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs ¼ 0;

4Z h1 ¼ 0; (78c)

D�D�k0 ¼ 0;

�
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr ¼ 0;

4Z k1 ¼ 0: (78d)

If Fðprþ2Þ ¼ 0 and Fðpsþ2Þ ¼ 0, the functions h1 and k1
become trivial, and the D-dimensional spacetime is no
longer warped [7,19].

1. The case of 1
Nr
þ 1

Ns
¼ 1

4

As a special example, let us consider the case

q�� ¼ ���; �ij ¼ 	ij; wmn ¼ 	mn;

uab ¼ 	ab;
1

Nr

þ 1

Ns

¼ 1

4
; hr ¼ hs;

(79)

where ��� is the (pþ 1)-dimensional Minkowski

metric and 	ij, 	mn, 	ab are the (ps � p)-, (pr � p)- and

(Dþ p� pr � ps � 1)-dimensional Euclidean metrics,
respectively. This physically means that both branes have

the same total amount of charge. The solution for hr and hs
can be obtained explicitly as

hrðx; zÞ ¼ A�x
� þ BþX

‘

M‘

jz� z‘jDþp�pr�ps�3
; (80a)

hsðx; zÞ ¼ hrðx; zÞ; (80b)

where A�, B, C, M‘ and Mc are constant parameters, and

z‘ and zc are constant vectors representing the positions
of the branes. Since the functions coincide, the locations
of the brane will also coincide.
Let us consider the intersection rule in the

D-dimensional theory. For pr ¼ ps and Nr ¼ Ns ¼ 8,
the intersection rule � ¼ 0 leads to

p ¼ pr � 4: (81)

Then, we get the intersection involving two pr-brane

pr \ pr ¼ pr � 4: (82)

Equation (82) tells us that the numbers of intersection for
pr < 4 are negative, which means that there is no inter-
secting solution of these brane systems. Since p is positive
or zero, the number of the total dimension must beD � 10.

2. The case of 1
Nr
þ 1

Ns
� 1

4

If we consider the case 1
Nr
þ 1

Ns
� 1

4 , the field equations

can be satisfied only if there is only one function
hIðI ¼ r or sÞ depending on both za and x�, and other
functions are either dependent on za or constant.
In the case of 1

Nr
þ 1

Ns
� 1

4 , if @�k0 ¼ 0, from Eq. (77)

we obtain ð1� 4
Nr
Þ � q��@�h0@�h0 ¼ 0 with �Xh0 ¼ 0.

Thus, in this case it is clear that there is no solution for
h0ðxÞ such as @�h0 � 0 unless Nr ¼ 4. Then we consider

the case

q�� ¼ ���; �ij ¼ 	ij; wmn ¼ 	mn;

uab ¼ 	ab; Nr ¼ 4;
(83)

where ��� is the (pþ 1)-dimensional Minkowski

metric and 	ij, 	mn, 	ab are the (ps � p)-, (pr � p)- and

(Dþ p� pr � ps � 1)-dimensional Euclidean metrics,
respectively. For @�hs ¼ 0, the solution for hr and hs
can be obtained explicitly as

hrðx; zÞ ¼ A�x
� þ BþX

‘

M‘

jz� z‘jDþp�pr�ps�3
; (84a)

hsðzÞ ¼ CþX
c

Mc

jz� zcjDþp�pr�ps�3
; (84b)

where A�, B, C, M‘ and Mc are constant parameters, and

z‘ and zc are constant vectors representing the positions of
the branes. Thus, in our time-dependent generalization of
intersecting brane solutions, only D-, NS-branes as well
as M-branes can be time dependent in the D ¼ 11 and
D ¼ 10 supergravities.
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Note that the conditions on the intersection � ¼ 0
(see Eq. (68)) have now potentially more solutions, since
p can now take also the value p ¼ �1 (thus defining an
intersection on a point in Euclidean space). There is also a
single brane solution which only exists in the Euclidean
formulation is the (� 1)-brane, or D-instanton for
@�k0 ¼ 0. The intersections for the (� 1)-brane

(D-instantons) in NI ¼ 4 are given by [8,42,44]

Dð�1Þ \ Dp ¼ 1

2
ðp� 5Þ; (85a)

Dð�1Þ \ F1 ¼ 0: (85b)

We then consider the NSS model among the theories
of D ¼ 6. The couplings of the 3-form (pr ¼ 1) and the
2-form (ps ¼ 0) field strengths to the dilaton are given by

�rcr ¼ � ffiffiffi
2

p
, �scs ¼ � 1ffiffi

2
p , respectively. From Eq. (60a),

this case is realized by choosing Nr ¼ 4 and Ns ¼ 2.
However, the number of the intersections dimensions is
�1, according to the intersection rule � ¼ 0. Though
meaningless in ordinary spacetime, these configurations
are relevant in the Euclidean space, for instance represent-
ing instantons.

Similarly, for the N ¼ 4g class of the six-dimensional
Romans theory [20], following the classification in
Ref. [21], the coupling of the 3-form and of the 2-form

field strengths to the dilaton are given by �rcr ¼ � ffiffiffi
2

p
,

�scs ¼ 1=
ffiffiffi
2

p
, respectively. The number of the intersecting

dimensions is zero from the intersection rule. On the other

hand, for theN ¼ ~4g class, the number of the intersecting
dimension becomes�1 as for the NSSmodel and therefore
the solution is classically meaningless.

C. Case (II)

We next consider the case (II). For this class, the
D-dimensional metric ansatz (62) gives

ds2 ¼ harr ðx; yÞhass ðx; zÞq��ðXÞdx�dx�
þ hbrr ðx; yÞhass ðx; zÞ�ijðY1Þdyidyj
þ harr ðx; yÞhbss ðx; zÞwmnðY2Þdvmdvn

þ hbrr ðx; yÞhbss ðx; zÞuabðZÞdzadzb: (86)

We also take the following ansatz for the scalar field� and
the gauge field strengths:

e� ¼ h2�rcr=Nr
r h

2�scs=Ns
s ; (87a)

Fðprþ2Þ ¼ 2ffiffiffiffiffiffi
Nr

p d½h�1
r ðx; yÞ� ^�ðXÞ ^�ðY2Þ; (87b)

Fðpsþ2Þ ¼ 2ffiffiffiffiffiffi
Ns

p d½h�1
s ðx; zÞ� ^�ðXÞ ^�ðY2Þ; (87c)

where �ðXÞ, �ðY1Þ, and �ðY2Þ are defined in (66).
Since we use the same procedure as in Sec. III B, we

can derive the intersection rule � ¼ 0 from the field equa-
tions. For � ¼ 0, it is easy to show that the field equations
reduce to

R��ðXÞ ¼ 0; RijðY1Þ ¼ 0; RmnðY2Þ ¼ 0;

RabðZÞ ¼ 0; (88a)

hr ¼ h0ðxÞ þ h1ðyÞ; hs ¼ k0ðxÞ þ k1ðzÞ; (88b)

D�D�h0 ¼ 0;

�
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs ¼ 0;

4Y1
h1 ¼ 0; (88c)

D�D�k0 ¼ 0;

�
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr ¼ 0;

4Z k1 ¼ 0; (88d)

where 4Y1
is the Laplace operators on the space of Y1.

If Fðprþ2Þ � 0 and Fðpsþ2Þ � 0, the functions h1 and k1 are

nontrivial. There is no dynamical solution for 1
Nr
þ 1

Ns
¼ 1

4

because we can not take both functions to be equal.
In the case of 1

Nr
þ 1

Ns
� 1

4 , as in the case (I), if @�k0 ¼ 0

there is no solution for h0ðxÞ such as @�h0 � 0 unless

Nr ¼ 4. Let us consider the following case in more detail:

q�� ¼ ���; �ij ¼ 	ij; wmn ¼ 	mn;

uab ¼ 	ab; Nr ¼ 4;
(89)

where ��� is the (pþ 1)-dimensional Minkowski metric

and 	ij, 	mn, 	ab are the (ps � p)-, (pr � p)-, and

(Dþ p� pr � ps � 1)-dimensional Euclidean metrics,
respectively. For @�hs ¼ 0, the solution for hr and hs
can be obtained explicitly as

hrðx; yÞ ¼ A�x
� þ BþX

‘

M‘

jy� y‘jps�p�2
; (90a)

hsðzÞ ¼ CþX
c

Mc

jz� zcjDþp�pr�ps�3
; (90b)

where A�, B, C, y‘, zc, M‘ and Mc are constant parame-

ters. Thus, in our time-dependent generalization of inter-
secting brane solutions, only D-, NS-branes as well as M-
branes can be time dependent in the D ¼ 11 and
D ¼ 10 supergravities.

D. Case (III)

Finally we consider the case (III). For this class, the
D-dimensional metric ansatz (62) reduces to

ds2 ¼ harr ðx; yÞhass ðx; vÞq��ðXÞdx�dx�
þ hbrr ðx; yÞhass ðx; vÞ�ijðY1Þdyidyj
þ harr ðx; yÞhbss ðx; vÞwmnðY2Þdvmdvn

þ hbrr ðx; yÞhbss ðx; vÞuabðZÞdzadzb: (91)
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We also assume that the scalar field � and the gauge field
strengths are given as

e� ¼ h2�rcr=Nr
r h2�scs=Ns

s ; (92a)

Fðprþ2Þ ¼ 2ffiffiffiffiffiffi
Nr

p h
4=Ns
s d½h�1

r ðx; yÞ� ^�ðXÞ ^�ðY2Þ; (92b)

Fðpsþ2Þ ¼ 2ffiffiffiffiffiffi
Ns

p h4=Nr
r d½h�1

s ðx; vÞ� ^�ðXÞ ^�ðY1Þ; (92c)

where �ðXÞ, �ðY1Þ, and �ðY2Þ denote the volume
(pþ 1)-, (ps � p)-, and (pr � p)-forms, respectively.

Under the assumption, the field equations give the inter-
section rule � ¼ �2 [8,45]. This is different from the usual
rule applicable to the cases (I) and (II). Upon using the
intersection rule � ¼ �2, it is easy to show that the field
equations reduce to

R��ðXÞ ¼ 0; RijðY1Þ ¼ 0; RmnðY2Þ ¼ 0;

RabðZÞ ¼ 0; (93a)

hr ¼ h0ðxÞ þ h1ðyÞ; hs ¼ k0ðxÞ þ k1ðvÞ; (93b)

D�D�h0 ¼ 0;

�
1� 4

Nr

�
@� lnhr � 4

Ns

@� lnhs ¼ 0;

4Y1
h1 ¼ 0; (93c)

D�D�k0 ¼ 0;

�
1� 4

Ns

�
@� lnhs � 4

Nr

@� lnhr ¼ 0;

4Y2
k1 ¼ 0; (93d)

where 4Y1
and 4Y2

are the Laplace operators on the

spaces of Y1 and Y2, respectively. The functions h1
and k1 are nontrivial for Fðprþ2Þ � 0 and Fðpsþ2Þ � 0.

There is no dynamical solution for 1
Nr
þ 1

Ns
¼ 1

4 because

of hr � hs.
In the case of 1

Nr
þ 1

Ns
� 1

4 , as in the cases (I) and (II), if

@�k0 ¼ 0 there is no solution for h0ðxÞ such as @�h0 � 0

unless Nr ¼ 4. Now we consider the case

q�� ¼ ���; �ij ¼ 	ij; wmn ¼ 	mn;

uab ¼ 	ab; Nr ¼ 4;
(94)

where ��� is the (pþ 1)-dimensional Minkowski metric

and 	ij, 	mn, 	ab are the (ps � p)-, (pr � p)-, and

(Dþ p� pr � ps � 1)-dimensional Euclidean metrics,
respectively. For @�hs ¼ 0, the solution for hr and hs
can be obtained explicitly as

hrðx; yÞ ¼ A�x
� þ BþX

‘

M‘

jy� y‘jps�p�2
; (95a)

hsðvÞ ¼ CþX
c

Mc

jv� vcjpr�p�2
; (95b)

where A�, B, C, y‘, vc, M‘ and Mc are constant parame-

ters. Thus, in our time-dependent generalization of inter-
secting brane solutions, only D-, NS-branes as well as M-
branes can be time dependent in D ¼ 11 and D ¼ 10
supergravities. There is also a single brane solution
which only exists in the Euclidean formulation is the
(�1)-brane, or D-instanton. The intersections for the
RR-charged D-instantons are thus given by

D ð�1Þ \ Dp ¼ 1

2
ðp� 9Þ: (96)

For D ¼ 6, we can construct the dynamical intersecting
brane solutions in the NSS and the Romans theories with a
vanishing cosmological constant. However, the number
of intersections involving the 1-brane and 0-brane are
p ¼ �3 for the NSS theory and p ¼ �2 for the
N ¼ 4g class of the Romans theory, respectively.
Therefore, both of them are classically meaningless.

E. Cosmology

Let us consider the dynamical solutions for the pr- and
ps-brane system which appears in the D-dimensional the-
ory. In this section, we apply the above solutions to the
four-dimensional cosmology. We assume an isotropic and
homogeneous three-space in the four-dimensional space-
time. We assume that the (pþ 1)-dimensional spacetime is
the Minkowski spacetime with q��ðXÞ ¼ ���ðXÞ, and

drop the coordinate dependence on X space except for
the time.
The D-dimensional metric (64) can be expressed as

ds2 ¼ �hdt2 þ ds2ð~XÞ þ ds2ðY1Þ þ ds2ðY2Þ þ ds2ðZÞ;
(97)

where we have defined

ds2ð~XÞ � h	PQð~XÞd�Pd�Q; (98a)

ds2ðY1Þ � hbrr h
as
s �ijðY1Þdyidyj; (98b)

ds2ðY2Þ � harr h
bs
s wmnðY2Þdvmdvn; (98c)

ds2ðZÞ � hbrr h
bs
s uabðZÞdzadzb; (98d)

h � harr h
as
s : (98e)

Here, 	PQð~XÞ is the p-dimensional Euclidean metric, and

�P denotes the coordinate of the p-dimensional Euclid

space ~X.
We focus on the case hr ¼ hs and 1

Nr
þ 1

Ns
¼ 1

4 and

set hr ¼ Atþ h1. The D-dimensional metric (97) can be
written as
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ds2 ¼
�
1þ

�




0

��2=ðarþasþ2Þ
h1

�
arþas

�
�d
2 þ

�




0

�
2ðarþasÞ=ðarþasþ2Þ

	PQð~XÞd�Pd�Q

þ
�
1þ

�




0

��2=ðarþasþ2Þ
h1

�
4=Nr

�




0

�
2ðarþasþ4=NrÞ=ðarþasþ2Þ

�ijðY1Þdyidyj

þ
�
1þ

�




0

��2=ðarþasþ2Þ
h1

�
1�4=Nr

�




0

�
2ðarþasþ1�4=NrÞ=ðarþasþ2Þ

wmnðY2Þdvmdvn

þ
�
1þ

�




0

��2=ðarþasþ2Þ
h1

��




0

�
2ðarþasþ1Þ=ðarþasþ2Þ

uabðZÞdzadzb
�
; (99)

where we have introduced the cosmic time 
 defined by





0
¼ ðAtÞðarþasþ2Þ=2; 
0 ¼ 2

ðar þ as þ 2ÞA : (100)

The D-dimensional metric (99) implies that the power of
the scale factor in the fastest expanding case is

ar þ as þ 1

ar þ as þ 2
¼ pr þ 1

Dþ pr � 1
< 1; for D> 2; (101)

for pr ¼ ps and Nr ¼ Ns ¼ 8. Then, it is impossible to
find the cosmological model that our Universe exhibits an
accelerating expansion.

We compactify dð� d1 þ d2 þ d3 þ d4Þ dimensions to
fit our Universe, where d1, d2, d3 and d4 denotes the

compactified dimensions with respect to the ~X, Y1, Y2

and Z spaces. The metric (97) is then described by

ds2 ¼ ds2ðMÞ þ ds2ðNÞ; (102)

where ds2ðMÞ is the (D� d)-dimensional metric and
ds2ðNÞ is the metric of compactified dimensions.

By the conformal transformation

ds2ðMÞ ¼ hBr ds
2ð �MÞ; (103)

we can rewrite the (D� d)-dimensional metric in the
Einstein frame. Here, B and C are

B ¼ �ðar þ asÞdþ d3 þ d4 þ 4ðd2�d3Þ
Nr

D� d� 2
: (104)

Hence the (D� d)-dimensional metric in the Einstein
frame is

ds2ð �MÞ ¼ hB
0

r ½�d
2 þ 	P0Q0 ð~X0Þd�P0
d�Q

0

þ h4=Nr
r �k0l0 ðY1

0Þdyk0dyl0

þ h1�4=Nr
r wm0n0 ðY2

0Þdvm0
dvn0

þ hrua0b0 ðZ0Þdza0dzb0 �; (105)

where B0 is defined by B0 ¼ �Bþ ar þ as, and ~X0, Y1
0,

Y2
0 and Z0 denote the (p� d1)-, (ps � p� d2)-,

(pr � p� d3)-, and (Dþ p� pr � ps � 1� d4)-
dimensional spaces, respectively.
For hr ¼ Atþ h1, the metric (105) is thus rewritten as

ds2ð �MÞ ¼
�
1þ

�




0

��2=ðB0þ2Þ
h1

�
B0�

�d
2 þ
�




0

�
2B0=ðB0þ2Þ

	P0Q0 ð~X0Þd�P0
d�Q

0

þ
�
1þ

�




0

��2=ðB0þ2Þ
h1

�
4=Nr

�




0

�
2ðB0þ4=NrÞ=ðB0þ2Þ

�k0l0 ðY1
0Þdyk0dyl0

þ
�
1þ

�




0

��2=ðB0þ2Þ
h1

�
1�4=Nr

�




0

�
2ðB0þ1�4=NrÞ=ðB0þ2Þ

wm0n0 ðY2
0Þdvm0

dvn0

þ
�
1þ

�




0

��2=ðB0þ2Þ
h1

��




0

�
2ðB0þ1Þ=ðB0þ2Þ

ua0b0 ðZ0Þdza0dzb0
�
; (106)

where the cosmic time 
 is defined by





0
¼ ðAtÞðB0þ2Þ=2; 
0 ¼ 2

ðB0 þ 2ÞA : (107)

For the Einstein frame, the power of the scale factor in the
fastest expanding case is also given by

B0 þ 1

B0 þ 2
< 1; for D> dþ 2; d > 0: (108)

Therefore, we cannot find the solution which exhibits an
accelerating expansion of our Universe.
We list the Friedmann-Lemaitre-Robertson-

Walker (FLRW) cosmological solutions with an
isotropic and homogeneous three-space for the solutions
(106) in Table I for p0-p1 brane system in the six-
dimensional Romans theory. The power exponents of the
scale factor of possible four-dimensional cosmological

models are given by að ~MÞ / 
�ð ~MÞ, where 
 is the cosmic

time, and að ~MÞ and aEð ~MÞ denote the scale factors of the
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space ~M in Jordan and Einstein frames with the exponents

carrying the same suffices, respectively. Here, ~M denotes
the spatial part of the spacetime M.

Since the time dependence in the metric comes from
only one brane in the intersections, the obtained expansion
law is simple. In order to find an expanding universe, one
may have to compactify the vacuum bulk space as well as
the brane world volume. Unfortunately we find that the
fastest expanding case in the Jordan frame has the power

�ð ~MÞ< 1=2, which is too small to give a realistic expan-

sion law like that in the matter-dominated era (a / 
2=3) or

that in the radiation-dominated era (a / 
1=2).
When we compactify the extra dimensions and go to the

four-dimensional Einstein frame, the power exponents are
different depending on how we compactify the extra di-
mensions even within one solution. For p0-p1brane in the
six-dimensional Romans theory, we give the power expo-
nent of the fastest expansion of our four-dimensional
Universe in the Einstein frame in Table II. We again see
that the expansion is too small. Hence, we have to conclude
that in order to find a realistic expansion of the Universe in
this type of models, one has to include additional ‘‘matter’’
fields on the brane.

IV. THE INTERSECTION OF nBRANES
IN D-DIMENSIONAL THEORY

A. Theory

Let us consider a gravitational theory with the metric
gMN , dilaton �, and antisymmetric tensor fields of rank
(pI þ 2), where I denotes the type of the corresponding
branes. The most general action for the intersecting-brane
system is written as

S ¼ 1

2�2

Z �
R � 1D � 1

2
d� ^ �d�

�X
I

1

2ðpI þ 2Þ! e
�IcI�FðpIþ2Þ ^ �FðpIþ2Þ

�
; (109)

where �2 is the D-dimensional gravitational constant, � is
the Hodge dual operator in the D-dimensional spacetime,
cI, �I are constants given by

c2I ¼ NI � 2ðpI þ 1ÞðD� pI � 3Þ
D� 2

; (110)

�I ¼
�þ for the electric brane
� for the magnetic brane:

(111)

The expectation values of fermionic fields are assumed to
be zero.
The field equations are given by

RMN ¼1

2
@M�@N�þ1

2

X
I

1

ðpIþ2Þ!e
�IcI�

�
�
ðpIþ2ÞFMA2���ApIþ2

FN
A2���ApIþ2 �pIþ1

D�2
gMNF

2
ðpIþ2Þ

�
;

(112a)

d�d�¼1

2

X
I

�IcI
ðpIþ2Þ!e

�IcI�FðpIþ2Þ ^�FðpIþ2Þ; (112b)

d½e�IcI� �FðpIþ2Þ�¼0: (112c)

B. Solutions

To solve the field equations, we assume the
D-dimensional metric of the form

ds2 ¼ �Aðt; zÞdt2 þ Xp
�¼1

Bð�Þðt; zÞðdx�Þ2

þ Cðt; zÞuijðZÞdzidzj; (113)

where uijðZÞ is the metric of the (D� p� 1)-dimensional

Z space which depends only on the (D� p� 1)-

dimensional coordinates zi. A, Bð�Þ and C are given by

A ¼ Y
I

½hIðt; zÞ�aI ;

Bð�Þ ¼ Y
I

½hIðt; zÞ�	ð�Þ
I ;

C ¼ Y
I

½hIðt; zÞ�bI ;

(114)

where the parameters aI, bI and 	ð�Þ
I are defined by

TABLE I. Intersections of 0-branes and 1-brane of the six-dimensional Romans theory with
Nr ¼ 4 for 1-brane and Ns ¼ 2 for 0-brane in the case (I) and (II) are shown. Time dependence
appears only in 1-brane.

Branes 0 1 2 3 4 5 ~M �ð ~MÞ �Eð ~MÞ
p0-p1 p1 � � Z �ðZÞ ¼ 1=3 �EðZÞ ¼ 2�d3

6�2d3�d4

p0 �
xN t v z1 z2 z3 z4

TABLE II. The power exponent of the fastest expansion in the
Einstein frame for p0-p1 brane of the six-dimensional Romans
theory is shown. ‘‘TD’’ in the table represents which brane is
time dependent.

Branes TD dimðMÞ ~M ðd1; d2; d3; d4Þ �Eð ~MÞ Case

p0-p1 p1 5 Z (0, 0, 1, 0) 1=4 I & II
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aI ¼ � 4ðD� pI � 3Þ
NIðD� 2Þ ; bI ¼ 4ðpI þ 1Þ

NIðD� 2Þ ;

	ð�Þ
I ¼

�
aI for � 2 I
bI for � =2 I

;

(115)

and hIðt; zÞ, which depends on t and zi, is a straightforward
generalization of the harmonic function associated with the
brane I in a static brane system [42].

We also assume that the scalar field � and the gauge
field strength Fðpþ2Þ are given by

e� ¼ Y
I

h2�IcI=NI
I ; FðpIþ2Þ ¼ 2ffiffiffiffiffiffi

NI

p dðh�1
I Þ ^�ðXIÞ;

(116)

where XI is the space associated with the brane I, and
�ðXIÞ ¼ dt ^ dxp1 ^ � � � ^ dxpI is the volume (pI þ 1)-
form.
Let us assume [42]

A ðD�p�3Þ Yp
�¼1

Bð�ÞC ¼ 1;

A�1
Y
�2I

ðBð�ÞÞ�1e�IcI� ¼ h2I :

(117)

The Einstein equations Eq. (112a) then reduce to

X
I;I0

2

NI

�
	II0 � 2

NI0
MII0

�
@t lnhI@t lnhI0 þ 1

2

X
I

bI

��
1� 4

NI

�
@t lnhI �

X
I0�I

4

NI0
@t lnhI0

�
@t lnhI

� 1

2

X
I

�
4

NI

þ bI

�
h�1
I @2t hI � 1

2

Y
I0
h
�4=NI0
I0

X
I

aIh
�1
I 4Z hI ¼ 0; (118a)

X
I

h�1
I @t@ihI þ

X
I;I0

�
2

NI0
MII0 � 	II0

�
@t lnhI@i lnhI0 ¼ 0; (118b)

Y
J0
h
�aJ0
J0

X
�

Y
J

h
	ð�Þ
J

J

X
I

	ð�Þ
I

�
h�1
I @2t hI �

��
1� 4

NI

�
@t lnhI �

X
I0�I

4

NI0
@t lnhI0

�
@t lnhI

�

�Y
J0
h
�bJ0
J0

X
�

Y
J

h
	ð�Þ
J

J

X
I

	ð�Þ
I h�1

I 4Z hI ¼ 0; (118c)

RijðZÞ þ 1

2
uij

Y
J

h4=NJ

J

X
I

bI

�
h�1
I @2t hI �

��
1� 4

NI

�
@t lnhI �

X
I0�I

4

NI0
@t lnhI0

�
@t lnhI

�
� 1

2
uij

X
I

bIh
�1
I 4Z hI

�X
I;I0

2

NI

�
2

NI0
MII0 � 	II0

�
@i lnhI@j lnhI0 ¼ 0; (118d)

where RijðZÞ is the Ricci tensor of the metric uij, and MII0

is given by

MII0 � NINI0

16

�
aIaI0 þ

X
�

	ð�Þ
I 	ð�Þ

I0 þ ðD� p� 3ÞbIbI0
�

þ 1

2
�I�I0cIcI0 : (119)

Let us consider Eq. (118b). We can rewrite this as

X
I;I0

�
2

NI0
MII0 þ 	II0

@t@i lnhI
@t lnhI@i lnhI

�
@t lnhI@i lnhI0 ¼ 0:

(120)

In order to satisfy this equation for arbitrary coordinate
values and independent functions hI, the second term in the
square bracket must be constant:

@t@i lnhI
@t lnhI@i lnhI

¼ kI: (121)

Then in order for Eq. (120) to be satisfied identically, we
must have

2

NI0
MII0 þ kI	II0 ¼ 0: (122)

Using Eqs. (110), (115), and (119), we get

MII ¼
�
NI

4

�
2½ðpI þ 1Þa2I þ ðp� pIÞb2I

þ ðD� p� 3Þb2I � þ
1

2
c2I

¼ NI

2
: (123)

This means that the constant kI in Eq. (122) is kI ¼ �1,
namely

MII0 ¼ NI0

2
	II0 : (124)

It then follows from Eq. (121) that
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@t@i½hIðt; zÞ� ¼ 0: (125)

As a result, the warp factor hI must be separable as

hIðt; zÞ ¼ KIðtÞ þHIðzÞ: (126)

For I � I0, Eq. (124) gives the intersection rule on the
dimension �p of the intersection for each pair of branes I
and I0 ( �p  pI, pI0) [42,44–46]:

�p ¼ ðpI þ 1ÞðpI0 þ 1Þ
D� 2

� 1� 1

2
�IcI�I0cI0 : (127)

Let us next consider the gauge field. Under the ansatz
Eq. (116) for electric background, we find

dFðpIþ2Þ ¼ h�1
I ð2@i lnhI@j lnhI þ h�1

I @i@jhIÞdzi
^ dzj ^�ðXIÞ ¼ 0: (128)

Thus, the Bianchi identity is automatically satisfied. Also
the equation of motion for the gauge field becomes

d½@iHIð�ZdziÞ ^ �X�ðXIÞ� ¼ 0; (129)

where we used Eq. (126), and �X, �Z denotes the Hodge
dual operator on Xð� [IXIÞ and Z, respectively, and we
have used Eq. (117). Hence, we again find the condition
Eq. (126) and

4Z HI ¼ 0: (130)

We note that the roles of the Bianchi identity and field
equations are interchanged for magnetic ansatz [42,44], but
the net result is the same.

Let us finally consider the scalar field equation.
Substituting the scalar field and the gauge field in
Eq. (116), and the warp factor Eq. (126) into the equation
of motion for the scalar field Eq. (112b), we obtain

�Y
I00
h
�aI00
I00

X
I

1

NI

�IcI

�
h�1
I @2t KI �

��
1� 4

NI

�
@t lnhI

� X
I0�I

4

NI0
@t lnhI0

�
@t lnhI

�

þY
I00
h
�bI00
I00

X
I

1

NI

h�1
I �IcI 4Z HI ¼ 0: (131)

This equation is satisfied if

@2t KI ¼ 0; (132a)

4ZHI ¼ 0; (132b)X
I

1

NI

�IcI

��
1� 4

NI

�
@t lnhI�

X
I0�I

4

NI0
@t lnhI0

�
¼ 0: (132c)

Equation (132a) gives KI ¼ AItþ BI, where AI and BI are
integration constants.

(A): Let us first consider the case that we take all
functions to be equal:

hIðt; zÞ ¼ hðt; zÞ � KðtÞ þHðzÞ; NI ¼ NI0 ¼ N:

(133)

We can find the solutions if the function h and N satisfy

KðtÞ ¼ Atþ B; N ¼ 4‘; (134)

where ‘ denotes the number of the functions hI. Then the
remaining Einstein equations Eq. (118) are

RijðZÞ ¼ 0: (135)

Now we assume

uij ¼ 	ij; (136)

where 	ij is the (D� p� 1)-dimensional Euclidean

metric. In this case, the solution for h can be obtained
explicitly as

hðt; zÞ ¼ Atþ BþX
k

Qk

jz� zkjD�p�3
; (137)

where Qk’s are constant parameters and zk represents the
positions of the branes in Z space, zK is constant vector
representing the positions of the branes. Since the func-
tions coincide, the locations of the brane will also coincide.
This physically means that all branes have the same total
amount of charge at same position.
Let us consider the intersection rule in the

D-dimensional theory. If we choose pI ¼ ~p for all pI,
the intersection rule Eq. (127) leads to

�p ¼ ~p� 2‘: (138)

Then, we get the intersection involving two ~p-brane

~p \ ~p ¼ ~p� 2‘: (139)

Equation (139) tells us that the number of intersection for
~p < 2‘ is negative, which means that there is no intersect-
ing solution of these brane systems.
ForK ¼ 0 (A ¼ B ¼ 0), the metric describes the known

static and extremal multi-black hole solution with black
hole charges Qk [42–44].
(B): Next, we consider the case that there is only one

function hI depending on both zi and t, which we denote
with the subscript ~I, and other functions are either depen-
dent on zi or constant. We also assume N~I ¼ 4. Then, we
have

K~IðtÞ ¼ Atþ B~I; N~I ¼ 4; (140a)

KI ¼ BI; ðI � I~IÞ: (140b)

If we assume uij ¼ 	ij, the solution forHI can be obtained

explicitly as

HIðzÞ ¼ 1þX
k

QI;k

jz� zkjD�p�3
; (141)

where QI;k’s are constant parameters and zk represents the
positions of the branes in Z space. We can find the solution

COSMOLOGY IN p-BRANE SYSTEMS PHYSICAL REVIEW D 83, 086002 (2011)

086002-17



(140) for any NI. If we choose NI ¼ 4, the solutions have
already discussed in [6].

C. Cosmology

Let us consider the dynamical solutions for the pIbrane
system which appears in the D-dimensional theory.
In this section, we apply the above solutions to the
four-dimensional cosmology. We assume that the four-
dimensional spacetime is an isotropic and homogeneous
three-space, and either the world volume space or the
transverse space can be (a part of) our four-dimensional
Universe.

In what follows, we concentrate on the (D� p� 1)-
dimensional Euclidean space with uijðZÞ ¼ 	ijðZÞ, and

consider the case that all functions hI are equal to h and
all parameter of NI has the same value NI ¼ N ¼ 4‘,
where ‘ is the number of pI-brane. In this case, the
D-dimensional metric (113) can be expressed as

ds2 ¼ �hadt2 þX
�

h	
ð�Þ ðdx�Þ2 þ hb	ijðZÞdzidzj; (142)

where h is defined by (133) and the parameters a, b, 	ð�Þ
are given by

a ¼ �X
I

D� pI � 3

‘ðD� 2Þ ;

b ¼ X
I

pI þ 1

‘ðD� 2Þ ;

	ð�Þ ¼ X
I

	ð�Þ
I :

(143)

For K ¼ At, the metric (142) is thus rewritten as

ds2 ¼�
�
1þ

�




0

��ðð2Þ=ðaþ2ÞÞ
H

�
a
d
2

þX
�

�
1þ

�




0

��ðð2Þ=ðaþ2ÞÞ
H

�
	ð�Þ

�
�




0

�ðð2	ð�ÞÞ=ðaþ2ÞÞðdx�Þ2þ
�
1þ

�




0

��ðð2Þ=ðaþ2ÞÞ
H

�
b

�
�




0

�ðð2bÞ=ðaþ2ÞÞ
	ijðZÞdzidzj; (144)

where we have introduced the cosmic time 
 defined by





0
¼ ðAtÞðaþ2Þ=2; 
0 ¼ 2

ðaþ 2ÞA : (145)

Here, the H is defined by

HðzÞ ¼ 1þX
k

Qk

jz� zkjD�p�3
; (146)

where Qk’s are constant parameters and zk represents the
positions of the branes in Z space.

The D-dimensional metric (144) implies that the power
of the scale factor in the fastest expanding case is

b

aþ 2
¼

P
I
ðpI þ 1ÞP

I0
ðpI0 þ 1Þ þ ‘ðD� 2Þ< 1; for D> 2:

(147)

Then, it is impossible to find the cosmological model that
our Universe exhibits an accelerating expansion.
We compactify dð� P

�d� þ dzÞ dimensions to fit
our Universe, where d� and dz denotes the compactified
dimensions with respect to the relative transverse space, Z
spaces. The metric (113) is then described by

ds2 ¼ ds2ðMÞ þ ds2ðNÞ; (148)

where ds2ðMÞ is the (D� d)-dimensional metric and
ds2ðNÞ is the metric of compactified dimensions.
By the conformal transformation

ds2ðMÞ ¼ hBds2ð �MÞ; (149)

we can rewrite the (D� d)-dimensional metric in the
Einstein frame. Here, B is

B ¼ �
P
�
d�	

ð�Þ þ dzb

D� d� 2
: (150)

Hence, the (D� d)-dimensional metric in the Einstein
frame is

ds2ð �MÞ ¼ h�B

�
�hadt2 þX

�0
h	

ð�0 Þ ðdx�0 Þ2

þ hb	i0j0 ðZ0Þdzi0dzj0
�
; (151)

where x�
0
is the coordinate of (p� d� )-dimensional rela-

tive transverse space, and Z0 denote (D� p� 1� dz)-
dimensional spaces, respectively.
For K ¼ At, the metric (151) is thus rewritten as

ds2ð �MÞ ¼ �
�
1þ

�




0

��ðð2Þ=ðB0þ2ÞÞ
H

�
B0
d
2

þX
�0

�
1þ

�




0

��ðð2Þ=ðB0þ2ÞÞ
H

��Bþ	ð�0 Þ

�
�




0

�ðð2ð�Bþ	ð�0 ÞÞÞ=ðB0þ2ÞÞðdx�0 Þ2

þ
�
1þ

�




0

��ðð2Þ=ðB0þ2ÞÞ
H

�
B0þ1

�
�




0

�ðð2ðB0þ1ÞÞ=ðB0þ2ÞÞ
	i0j0 ðZ0Þdzi0dzj0 ; (152)

where B0 is defined by B0 ¼ �Bþ a, and the cosmic time

 is defined by





0
¼ ðAtÞðB0þ2Þ=2; 
0 ¼ 2

ðB0 þ 2ÞA : (153)

For the Einstein frame, the power of the scale factor in the
fastest expanding case is also given by
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B0 þ 1

B0 þ 2
< 1; for D> dþ 2; d > 0: (154)

Then, we cannot find the solution which exhibits an accel-
erating expansion of our Universe.

Next we consider the case that there is only one function
hI depending on both zi and t, which we denote with the
subscript ~I, and other functions are either dependent on zi

or constant. We also assume N~I ¼ 4. Then we have

ds2 ¼ �Y
I�~I

haII

�
1þ

�




0

��ðð2Þ=ða~Iþ2ÞÞ
H~I

�
a~I

d
2

þX
�

Y
I�~I

h
	ð�Þ
I

I

�
1þ

�




0

��ðð2Þ=ða~Iþ2ÞÞ
H~I

�
	ð�Þ
~I

�
�




0

�ðð2	ð�Þ
~I
Þ=ða~Iþ2ÞÞðdx�Þ2 þY

I�~I

hbII

�
1

þ
�




0

��ðð2Þ=ða~Iþ2ÞÞ
H~I

�
b~I

�
�




0

�ðð2b~IÞ=ða~Iþ2ÞÞ
	ijðZÞdzidzj; (155)

where the function H~I is defined by (141), and we have
introduced the cosmic time 
 defined by





0
¼ ðAtÞða~Iþ2Þ=2; 
0 ¼ 2

ða~I þ 2ÞA : (156)

The D-dimensional metric (155) implies that the power
of the scale factor in the fastest expanding case is

b~I

a~I þ 2
¼ pþ 1

Dþ p� 1
< 1; for D> 2: (157)

Then, it is impossible to find the cosmological model that
our Universe exhibits an accelerating expansion.

We compactify dð� P
�d� þ dzÞ dimensions to fit our

Universe, where d� and dz denotes the compactified di-
mensions with respect to the relative transverse space, Z
spaces. The metric (113) is then described by (148). By the
conformal transformation

ds2ðMÞ ¼ h
B~I
~I

Y
I�~I

hCI

I ds2ð �MÞ; (158)

we can rewrite the (D� d)-dimensional metric in the
Einstein frame. Here, B~I and CI are

B~I ¼ �
P
�
d�	~I

ð�Þ þ dzb~I

D� d� 2
; CI ¼ �

P
�
d�	

ð�Þ
I þ dzbI

D� d� 2
:

(159)

Hence, the (D� d)-dimensional metric in the Einstein
frame is

ds2ð �MÞ ¼ h
�B~I
~I

Y
J�~I

hJ
�CJ

�
�ha~I

Y
I�~I

haII dt
2

þX
�0
h
	ð�0Þ
~I

~I

Y
I�~I

h
	ð�0 Þ
I

I ðdx�0 Þ2

þ h
b~I
~I

Y
I�~I

hbII 	i0j0 ðZ0Þdzi0dzj0
�
; (160)

where x�
0
is the coordinate of (p� d� )-dimensional rela-

tive transverse space, and Z0 denote (D� p� 1� dz)-
dimensional spaces, respectively. For K~I ¼ At, the
(D� d)-dimensional metric in the Einstein frame is thus
written as

ds2ð �MÞ ¼ Y
I�~I

h�CI

I

�
�Y

I�~I

haII

�
1þ

�




0

��ðð2Þ=ðB0
~I
þ2ÞÞ

H~I

�
B0

~I
d
2 þX

�0

Y
I�~I

h
	ð�0 Þ
I

I

�
1þ

�




0

��ðð2Þ=ðB0
~I
þ2ÞÞ

H~I

��B~Iþ	ð�0 Þ
~I

�
�




0

�ðð2ð�B~Iþ	ð�0 Þ
~I

ÞÞ=ðB0
~I
þ2ÞÞðdx�0 Þ2 þY

I�~I

hbII

�
1þ

�




0

��ðð2Þ=ðB0
~I
þ2ÞÞ

H~I

�
B0

~I
þ1
�




0

�ðð2ðB0
~I
þ1ÞÞ=ðB0

~I
þ2ÞÞ

	i0j0 ðZ0Þdzi0dzj0
�
;

(161)

where B0
~I
is defined by B0

~I
¼ �B~I þ a~I, and the cosmic

time 
 is defined by





0
¼ ðAtÞðB0

~I
þ2Þ=2; 
0 ¼ 2

ðB0
~I
þ 2ÞA : (162)

For the Einstein frame, the power of the scale factor in the
fastest expanding case is also given by

B0
~I
þ 1

B0
~I
þ 2

< 1; for D> dþ 2; d > 0: (163)

Hence, we can not find the solution which exhibits an
accelerating expansion of our Universe.

V. DISCUSSIONS

In the first part of the paper, we have seen that dynamical
solutions of p-brane have several remarkable properties. If
the scalar and gauge fields are related to the functions hI
like (7), then by counting solutions of the Einstein equa-
tions, one would construct only the cosmological model of
decelerating expansion of our Universe. We recall that the
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cosmological constant leads to the accelerating expansion
which was described somewhat abstractly in Sec. II.

It appears that the exact forms of the field strengths are
given by the ansatz (7b), which depends on the dilaton
coupling parameter N. The N ¼ 4 case is apparently re-
lated to the classical solutions of string theory. We ob-
served that the dynamical solutions with N � 4 certainly
have many attractive properties. Firstly, these solutions
were obtained by replacing the time-independent warp
factor of the static solution with the time-dependent func-
tion. The warp factor forN � 4 is the same form as that for
N ¼ 4. Secondly, we could not obtain any analytic solution
of a single p-brane with time dependence of the warp
factor, if there is no cosmological constant because of the
ansatz of the gauge field. Since the field strength has the
component along the time coordinate, the time derivative
of the warp factor is not permissible in the field strength.
Hence, in the Einstein equations, the term of the time
derivative of the warp factor arises only from the Ricci
tensor, and cannot be compensated by the scalar and gauge
fields, except for N ¼ 4.

In the case of N � 4 with a flat transverse space to
the brane and a positive cosmological constant �> 0,
the Einstein equations give an asymptotically de Sitter
solution for a single 2-form field strength. To find the
solutions to the Einstein equations in this way, we need a
D-dimensional theory with vanishing dilaton in which the
cosmological constant is related to a field strength. This
is a generalization of Kastor-Traschen solution in four-
dimensional Einstein-Maxwell theory. We have simply
started with D-dimensional gravitational theory and intro-
duced the cosmological constant with a scalar field that
preserves time dependence. For the 0-brane in the NSS
model of D ¼ 6, an asymptotically Milne solution is ob-
tained. However, it cannot provide an accelerating uni-
verse. We have also applied the asymptotically de Sitter
solution of five dimensions to construct the brane world
model. We have employed the standard copy and paste
method to construct a cosmological 3-brane world, sup-
ported by either the tension or induced gravity, and em-
bedded into a five-dimensional bulk. We have derived the
effective gravitational equations via the junction condition,
and shown that the solution gives an accelerating expan-
sion on the 3-brane. However, in our model there is no
natural way to explain why the bulk cosmological constant
is so small.

In the second part of the paper, we have discussed the
time-dependent intersecting brane solutions. For NI ¼ 4,
which are the parameters in the coupling of the field
strengths to the dilaton, there is only one function hI
depending on both the time and coordinates of transverse
space. All the field strengths in the D ¼ 11 and D ¼ 10
supergravities have NI ¼ 4 couplings.

If all the branes have equal number of world volume
dimensions and the same charge, it is possible to get a

solution in which all functions hI depend on both the time
and the coordinates of overall transverse space. This turns
out to be the only situation where the parameters NI have
proper values within the framework of the intersecting
p-brane systems.
If at least one of branes has N~I ¼ 4, we can construct

the time-dependent solutions even if all other NI � 4.
In this case, only one time-dependent hI is obtained from
the brane of N~I ¼ 4. For instance, in the case of D ¼ 6
without a cosmological constant, we have obtained a
dynamical p0-p1 brane solution in a class of the Romans
theory. A dynamical intersecting brane system in this
class of the Romans theory was allowed only for the
1-brane.
Supposing that our four-dimensional spacetime is lo-

cated at a particular place of the extra spatial dimensions,
we have obtained expanding FLRW universes. The power
of the scale factor in these solutions, however, is too small
to give a realistic expansion law even in the case that all
functions hI depend on both the time and coordinates of
overall transverse space. This means that we have to
consider additional matter on the brane in order to get a
realistic expanding universe.
As we have observed, there is a serious difficulty in

obtaining an accelerating expansion from the dynamical
intersecting solutions. We have discussed the possible
solutions of field equations for given scalar and gauge
fields in Secs. III and IV. For a given choice of ansatz of
fields in the D-dimensional spacetime for the dilaton cou-
pling parameter cI, the functions hI in the metric have a
condition corresponding to the relation between the warp
factors associated to the parameter NI in the coupling
constant cI. In terms of the field equations, the functions
hI have a structure of the linear combination of the func-
tions h0ðtÞ and h1ðzÞ. The condition for the form of hI to be
harmonic function to the transverse space is not relevant to
the choice of NI. Though this result is really natural in the
viewpoint of the extension of the static solution, it prevents
us from obtaining an accelerating expansion because the
field equations lead to the function h0ðtÞ depending on the
linear function of time.
Of course, whether this makes sense depends on the

ansatz of fields associated with D-dimensional symmetry.
A more precise statement with respect to an accelerating
expansion in the p-brane system will be presented in the
near future.
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