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Blackfolds in (anti)-de Sitter backgrounds
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We construct different neutral blackfold solutions in Anti-de Sitter and de Sitter background spacetimes
in the limit where the cosmological constant is taken to be much smaller than the horizon size. This
includes a class of blackfolds with horizons that are products of odd-spheres times a transverse sphere, for
which the thermodynamic stability is also studied. Moreover, we exhibit a specific case in which the same
blackfold solution can describe different limiting black hole spacetimes therefore illustrating the
geometric character of the blackfold approach. Furthermore, we show that the higher-dimensional
Kerr-(Anti)-de Sitter black hole allows for ultraspinning regimes in the same limit under consideration
and demonstrate that this is correctly described by a pancaked blackfold geometry. We also give evidence
for the possibility of saturating the rigidity theorem in these backgrounds.
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I. OPENING REMARKS

Recent research has revealed that the phase structure of
higher-dimensional black hole spacetimes is far more com-
plex and vast' than what was a priori thought. Since only in
special cases with a high degree of symmetry exact ana-
Iytic black hole solutions can be obtained, one is forced to
develop new approaches and methodologies in order to
probe the intricate space of possible solutions. In particu-
lar, if one restricts to asymptotically flat black holes with
D — 2 commuting Killing vectors in four or five dimen-
sions and to gravity theories which have an integrable
sector, it is possible to exploit the existent symmetries
and develop solution generating techniques. On the other
hand, if the spacetime has fewer symmetries, D = 6 or
different asymptotics, exact analytic methods are harder to
establish.

An approximate analytic method for constructing black
hole solutions in any spacetime dimension D = 5 and for a
wide class of backgrounds was recently developed in [3,4].
The method, called the blackfold approach, is based on a
world-volume effective theory that describes how to bend
the world volume of a black brane in a given background
spacetime. A systematic scan of the landscape of black
holes in D = 5 was initiated in [5S] where large classes of
neutral stationary black holes in a Minkowski background
were uncovered, exhibiting novel horizon topologies.
These include helical black strings and black rings, black
odd-spheres, for which the horizon is a product of a large
and a small sphere, and nonuniform black cylinders. It was
also shown how the blackfold description correctly recov-
ers the ultraspinning Myers-Perry (MP) black holes as
ellipsoidal even balls. Earlier works in which the blackfold
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methodology was applied include [6—8] while recently the
method was used to find the thermal generalization of the
Blon solution [9] by means of the extension of the black-
fold method to charged black branes [10].

The purpose of this paper is then to begin a systematic
scan of similar blackfolds as those found in [5] but con-
sidering instead embeddings in an (A)dS background. The
case of thin black rings in (A)dS space was earlier consid-
ered in Ref. [7] following the construction of thin black
rings in flat space [6]. The former will be shown to be part
of a larger family of odd-sphere (A)dS blackfolds, just as
the latter were shown in [5] to be part of a family of odd-
sphere blackfolds in a Minkowski background. The ther-
modynamics of the odd-sphere (A)dS blackfolds will be
obtained and used in order to analyze the thermodynamic
stability.

In parallel with [3,5] we will also consider the case of
ellipsoidal even-ball blackfolds in (A)dS. For the AdS
case, depending on the value of QL (with L the (A)dS
scale), the resulting blackfold solution can be related to
either the ““ultraspinning” limit of the higher-dimensional
Kerr-AdS black hole found in [7] or to a new ultraspinning
limit found in this paper. We also show that for the dS case
only the latter limit is relevant. We then turn to a study of
helical black rings in (A)dS, which, like helical rings [5] in
Minkowski space, provide evidence for the possibility of
saturating the rigidity theorem in (A)dS.

There are several motivations for our study. First of all, it
is interesting to see if and how the new families of asymp-
totically flat blackfold solutions found in [5] generalize to
different backgrounds, in this case (A)dS. More generally
it provides a wider arena in which to apply the blackfold
method and compare to exactly known neutral (A)dS
black hole solutions, such as the higher-dimensional
Kerr-(A)dS black holes [11,12] (henceforth denoted by
Kerr-(A)dS,). Also, as remarked above, constructing exact
black hole spacetimes in (A)dS backgrounds is generally
harder then in asymptotically flat spaces. In such cases, this
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makes the use of an alternate method, like the blackfold
approach, even more pertinent if one wishes to discover
new horizon topologies.

Another point worth mentioning is that knowledge
of possible black hole phases can provide indications
about classical instabilities and new inhomogeneous
(“pinched”) phases. The prototypical example of this is
the proposed connection [6] (see also [13]) between MP
black holes [14] and black rings through a merger transi-
tion involving pinched black holes [15] with spherical
horizon topology. The emergence of this new stationary
phase is related to the onset of the ultraspinning Gregory-
Laflamme (GL) instability of MP black holes found in
Ref. [15]. Indeed, this has been verified in [16] by numeri-
cal analysis. As a consequence, analysis of (A)dS black-
folds can likewise be used to argue for possible mergers
and connections between different black hole phases.

Finally black hole geometries in (A)dS backgrounds are
interesting in view of the AdS/CFT correspondence, nota-
bly the fluid/gravity correspondence [17] which provides a
fluid-dynamical description of AdS black holes. The stud-
ies in [18] have, however, not found evidence for new types
of large AdS black objects. Interestingly though, plasma
rings and plasma balls, including pinched plasma balls,
have turned up in the study of hydrodynamic solutions
in a theory with a confining vacuum [19]. Such solutions
correspond to large rotating black holes and black rings in
the dual Scherk-Schwarz compactified AdS, space. The
analysis of [7] and of the present paper does not pertain to
large AdS black objects, nor does it involve Scherk-
Schwarz compactification. Nevertheless, it is perhaps pos-
sible to extend the results on AdS blackfolds to make a
connection with these fluid-dynamical descriptions.

The outline of this paper is as follows. In Sec. II, we give
a general overview of the basic principles of the blackfold
approach and set up the necessary formalism and nota-
tional conventions for what follows. In Sec. III, we initiate
our search for new horizon topologies in (A)dS spacetime,
constructing a wide class of blackfolds whose horizon
topology is the product of odd-spheres times a transverse
sphere. These geometries generalize the thin (A)dS black
rings of Ref. [7] and are thermodynamically unstable in
AdS, although they can be stable for certain values of the
parameters in dS spacetime. In Sec. I'V, we focus on singly-
spinning blackfolds with pancaked geometries, while in
Appendix A we deal with the multispinning case. We find
that these even-ball (A)dS blackfolds can be identified with
two limits of the Kerr-(A)dS, black hole. One of these
limits was previously found in [7], while the other de-
scribes a new ultraspinning limit of Kerr-(A)dS, black
holes in which the cosmological constant is taken to be
small compared to the transverse section of the horizon
(see Appendix B for this limit in the general multispinning
case). Our analysis predicts that Kerr-(A)dS,, black holes
in D = 6 suffer from an ultraspinning GL-type instability
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when ;L > 1. This is in agreement with the recent nu-
merical analysis of Ref. [20] for the singly-spinning case in
AdS. In Sec. V, we look for exotic topologies such as
helical black rings in (A)dS. We find equilibrium condi-
tions for these helical rings and, more generally, evidence
of black hole solutions that saturate the rigidity theorem
in any background with spherical symmetry. Finally, in
Sec. VI, we summarize and discuss the results found in this
paper and give directions for future work.

II. BRIEF TOUR ON THE BLACKFOLD METHOD

In this section, we give a general overview of the black-
fold approach and outline the basics of the blackfold
formalism developed in [3,4], which the reader should
consult if further clarification is needed. We also write
down our conventions for the metric of the backgrounds
under consideration.

A. Basic philosophy

A blackfold is essentially a thin black brane whose
world volume spans a curved submanifold of a back-
ground spacetime, and the blackfold theory developed in
Refs. [3,4] describes how to bend the world volume of a
black brane in a given background. The blackfold approach
is an effective theory that captures the existence of black
objects for which the horizon is characterized by (at least)
two widely separated length scales such that near any small
enough region around the blackfold its geometry looks like
that of a boosted flat black brane. In particular, in the case
of neutral uniform black branes, to which we restrict
ourselves in this paper, the near-horizon metric is to lead-
ing order described by

0 dr?
ds?)*brane = (yab + r_(,:uaub>d0'ad0'b + m + rzdﬂi_H’
2.1)

where 0%, a = 0... p are the world volume coordinates.
Thus the local adjustable parameters are the horizon thick-
ness ry(0?) and p independent spatial components of the
velocity field (o), i = 1... p. The induced metric 7y,
depends also on o via the embedding coordinates X* (o)
of the brane. The condition that the blackfold is locally
a flat black brane requires more formally that ry < R,
where the scale R is determined by the smallest intrinsic
or extrinsic curvature radius of the world volume, i.e. the
curvature of the world volume cannot be felt locally.
Since in this paper we will be concerned in applying
these ideas to blackfolds in (A)dSp=s backgrounds, which
naturally introduces its own length scale set by the cosmo-
logical constant A, we consider blackfolds in the regime

ro(0®) < min(R, |A|~1/2), (2.2)

so that neither the curvature of the world volume nor the
curvature set by the (A)dS radius are felt locally at the
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blackfold. This implies, in particular, that locally the black-
fold is still described by the asymptotically flat neutral
black brane solution of (2.1). In the regime under consid-
eration, Ref. [7] considered the blackfold construction of
thin rotating black rings in (A)dS space with horizon
topology S' X SP~3. Here, we will find more general
classes of stationary solutions. In order to do so, we review
the necessary formalism below.

B. Short review of the blackfold equations

A blackfold is specified by a set of collective coordinates
XH*(o®) that describe the embedding of the p +
1-dimensional world volume WI,H of a black p-brane
into a specific D-dimensional background spacetime,
where the world volume W1)+1 is spanned by the set of
coordinates o“. Here the total spacetime dimension D and
p are related as D =n + p + 3, with n = 1 being the
number of spatial dimensions of the transverse space to
the blackfold. The effective stress tensor 7#”, supported on
Wp+ 1, encodes the degrees of freedom associated with the
scale of the thickness of the p-brane, which are integrated
out. To leading order this stress tensor is of perfect fluid
form. Conservation of the stress tensor is equivalent to the
system [4]

TH"KY,, = O(extrinsic equations), (2.3)

D,T* = O(intrinsic equations), 2.4)

where D, stands for the covariant derivative with respect to
the induced metric on the world volume vy,,, T is the
world-volume energy-momentum tensor, and K, are the
components of the extrinsic curvature tensor (second fun-
damental form).>

For stationary blackfolds, to which we restrict ourselves
in this paper, the intrinsic equations are automatically
satisfied by aligning the fluid velocity field u* with a
background Killing vector field k that generates the isome-
tries of the world volume Wp+1' In general, if ¢ is a
timelike Killing vector generator of the asymptotic time
translations of the background and y; are spacelike ones
generators of asymptotic rotations, then k takes the form

k =&+ 0. (2.5)

One can then define the redshift factor Ry between infinity
and the blackfold world volume and the proper radii R;
of the orbits generated by y; along the world volume as
the norm of this set of commuting Killing vectors on the

world volume:
R; = VX?'WPW

RO = v _§2|Wp+1’

*We refer to Appendix A of Ref. [4] for the details on how to
compute these quantities from a specific embedding X*(o%).

(2.6)

PHYSICAL REVIEW D 83, 084039 (2011)

It follows from this that k can be expressed in a more
convenient way as

k = R1 - V2, 2.7)
where the velocity field V is defined as
= RI(Z)ZQ%R%. (2.8)
The horizon thickness r, can then be written as
nie) ="M @, @)

where « is the surface gravity.

C. Action and physical quantities

Given the solution (2.7), (2.8), and (2.9) of the intrinsic
equations for stationary solutions, it was shown in Ref. [4]
that the extrinsic Eqgs. (2.3) can be integrated to an action

1[XA(er,)] = fw aaP N YL

Pl

= BfB dV,)Rolk|", (2.10)

where 7 is the determinant of the induced metric 7y, B
is an integration constant (that we will henceforth omit),
and B, is the spatial part of the blackfold world volume
W,,H. The physical properties of the resulting blackfold
solutions can then be easily computed. The total mass M
and angular momenta J; read

_ Q4
n dV Rn+1
167G <2K) f ()

X (1 — v2)ln= 2)/2)(n +1-V?, (.11

_ Qg
) n o 0. Rn 1 1 — 2\((n— 2)/2)R2
T 167G <2K) " f AV Ry~ (1= V%)

(2.12)
while the entropy is given by

Q( +1) n+l
y dVi R — V22 (213
=746 (2K) [ VipRyT (L= VA (213)

Furthermore, the total integrated tension [5] takes the form

_ Qe
n dV Rn+1
167G <2K) / (p)

X (1 — v2)ln= 2)/2>(p —(n+pV3h (214

Using the explicit expressions (2.11), (2.12), (2.13), and
(2.14) and also that T = 5 one finds that these physical
quantities satisfy the Smarr relation’

3This relation was first derived in [21] for flat black branes of
vacuum gravity in D dimensions.
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(D—-3M=(D - 2)<ZQ,J,- + TS) +T. (2.15)

For asymptotically flat black hole solutions of the vacuum
Einstein equations the tension 7° [21] must vanish (see
[5]), but this is generally not true in an (A)dS, background.
In fact, for the thin black rings constructed in [7] this is not
the case, nor, as we will see, for any of the other A(dS)
blackfold solutions found in this paper.

We furthermore note that all the solutions found in this
paper and in [5] not only obey the Smarr relation (2.15), but
we also empirically observe the following relation for the
Gibbs free energy G

G=M—ZQ,-J,-—TS=T—S. (2.16)
- n
The origin of this relation is explained in the recent paper

[22], which also provides a more general derivation of the
Smarr relation (2.15).

D. (A)dS; metric conventions

In this work, we will make use of the Anti-de Sitter
metric written in terms of two different coordinate
systems. We first write the metric for global AdS,, space-
time in the form

2
ds?> = = V(r)d* + % + 203,

g , (2.17)
0=r=o0 , V(r)=l+%.

It will also be convenient to work with a metric that high-
lights the existent U(1) symmetries of the background
spacetime. This new metric can be obtained by introducing
a new radial coordinate p defined as

r= - (2.18)

thus bringing the AdSp metric (2.17) into homogenous
(spatially conformally flat) coordinates

ds*> = —F(p)d* + H(p)~'(dp* + p*dQ} _,) ,
(2.19)
O0=p=2L ,

F(p)=(if—@2 , H(p)=(1 p )2. (2.20)

4L
412

The AdS radius L is related to the cosmological constant A
by

_(D=2)D-1)
-
and thus the range of validity (2.2) of the results in this
paper can be recast as ry << min(R, L). The dS;, metric in

A , (2.21)
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both coordinate systems can be obtained by performing
a Wick rotation such that L — iL in the metrics (2.17) and
(2.19).

II1. BLACKFOLDS WITH ODD-SPHERE
HORIZON TOPOLOGY

In Ref. [5], the blackfold approach was used to con-
struct a class of novel black holes in D-dimensional flat
spacetime with horizon topology

!
(de:oddsp“) X Sn+1 ’ Z Pa = P- (31)
a=1

This class contains not only the family of thin black rings
with horizon topology S! X s"*! but also single (and the
product of) odd-spheres with $?**! horizon geometry. In
this section, we generalize these results to (A)dS, space-
time, and furthermore study the thermodynamic stability of
these new solutions.

A. Black S%*1 folds in AdS,

The first step for constructing a stationary blackfold
solution is to embed the spatial world volume B,
p = 2k + 1 into the background space. In this case, we
want to wrap the spatial world volume on a S?**!-sphere
embedded into a (2k + 2)-dimensional spatially confor-
mally flat subspace of AdS, spacetime (2.19). The appro-
priate part of the background metric can be conveniently
expressed as

k+1
dS%k+2 = H(p)71<dp2 +p? Z(d:“% + :U“lzd(ﬁ,z)),
i=1

(3.2)

so that the S?**! is parameterized by k + 1 Cartan angles
¢, and k independent director cosines u;. It is then natural
to choose a gauge in which the world volume By, is
specified by the embedding scalar p = R({u,}) and the
spatial worldvolume coordinates

{/.Li,izl,...,k}, {¢l,l:1,,k+1}

In order to construct the action for these blackfolds,
one needs the induced metric on the world volume. In
terms of the Cartan angles and director cosines, this metric
takes the form

(3.3)

. L Bik\ 5
ds%k+l = HR(u)™! Z ((51'1' + #)R(Mly
i=1 k+1
+ aiR(Mi)ajR(Mj))dMidﬂj

k+1
+ H(R(u) " 'R(w;)* Y. pld .
i=1

(3.4)
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Since, in order to have a stationary blackfold, the corre-
sponding Killing vector must generate isometries of the
world volume, the horizon Killing vector takes the form

F k+1 9
k =—+

Py ; Qg (3.5)

The redshift factor R, and the proper radii R; of
the orbits generated by % are given, respectively, by

Ry = F(R(n;)) and R; = HR(u;))""PR(w;), while
the velocity field (2.8) becomes

R(u)? '

2 _ i 20)2

V(w)® = (1 1 Ry Z i 5 (3.6)
4L 7 1=

We recall that the functions F and H entering the back-
ground metric are defined in (2.20).

For simplicity we restrict to round odd-spheres, so that
we take the scalar R to be constant. Furthermore, we are
interested in the maximally symmetric case for which the
§%*1_gphere is rotating with equal angular velocity () in
all £k + 1 directions ¢; It follows that the action (2.10)
reduces to an R-dependent potential of the form

I[R] = Q(M/F(R)H(R)‘(P/z)RP(F(R)

— Q2H(R)"'R»)"/2), 3.7
where p = 2k + 1 and €}, is the area of the $**!-sphere.
A nicer form of the action can be obtained by performing
the inverse transformation between the coordlnate systems

(2.17) and (2.18). Thus deﬁmng R=R/(1 - ) the ac-
tion (3.7) above becomes®
I[R] = Q,)RyR? (R} — Q>R?)"/2), (3.8)

where now Ry, =+ V(R), with V defined in (2.17).
Varying this action with respect to R, we obtain the equi-
librium condition for ()

1+R?> p+R*n+p+1)

Q2=
R? (n+p +R2(n+p+1)

(3.9

where we have defined the dimensionless parameter
R = %. It is straightforward to check that the limit
L — oo gives the result obtained in [5] for S**! folds
constructed in a Minkowski background and that the spe-
cial case of a black ring in AdS;, (p = 1) agrees with the
one obtained in [7]. It should also be noted that the inverse
of the relation (3.9) above in terms of R is single valued for
a fixed value of () and is valid for all values of L.

*“In fact, in this highly symmetrical case we could have simply
used the form of the metric (2.17) and obtained this action
straight away.
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B. Physical properties and thermodynamic stability

The physical properties for the odd-sphere AdS black-
folds are straightforwardly obtained using Egs. (2.11),
(2.12), (2.13), and (2.14). Setting V(,) = RP()(, for the

volume of the $%**!-sphere, we find

Q
M = -t Vip) (1 + R2)¥2(1 + n + p),

1
167G G-10

Q(n+1)V(p) nH‘/RZ + (n+ p)(1+ R2)

" (3.11)

\/ n(l + R?)
47Tr0 (1+ R?)(n+ p) +R?

X y(p + Rn+ p+ D)((n+ p) + R2n + p + 1)),
(3.12)

0,=0 , Lk L (3.13)

i=1,..

Moreover, the total tension 7 becomes

Qan)V.
T = - =21+ RY R+ p + ),
(3.14)

showing explicitly that in AdS spacetime this quantity is
not necessarily zero. The physical quantities above can
be shown to satisfy the Smarr relation (2.15) and the
relation (2.16).

In order to study the thermodynamic stability of these
blackfolds, one needs to compute the specific heat at
constant angular momenta C; and the spectrum of
the isothermal differential moment of inertia tensor €V,

given by
as . aJ!
C,=T|— , Vo= .
! (GT)J ¢ (39.,-)T

In the present case, the tensor €” is diagonal and has

all its diagonal elements equal to each other, so € = e.
The condition for thermodynamic stability reads (see

e.g. [23])

(3.15)

c,>0 |, spec(e'/) >0, (3.16)

where ““spec* denotes the spectrum of eigenvalues. We
will now proceed by computing these quantities for two
different cases:

(i) Flat case (L — oo limit)

n+
e~ _QunVprgt VS e+ )
/ 4G (p+1)

, (3.17)
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Qi Vipre(p + Dn + p)R?
167G '

Since both C; < 0 and € < 0 we conclude that %!
folds in a Minkowski background are thermody-
namically unstable. This is expected since asymp-
totically flat black hole solutions generally show this
type of behavior.

(i1) AdS case (finite L)

€ =

(3.18)

Qi Viprg™!

C1(1 +R)(n+p+1)

C, =
J C
1+ R?)(n+ p)+R?
[ )(n + p) ’ (3.19)
n
with C,= (p(n+ p)+2R*(n> +2np +n+

p(p+2)+R¥n+p+1)2n+p+3), C,=
4G(p(p+ D(n+ p) +R%2(n+ p+ D(n(p +2)+
pBp +4)+C3), C3=R*n+ p+ 1)2n(p+
2)+ pBp +8) +3)+ (p+3)R(n + p + 1)%,
and
~ QueyViprgDs

D,

+R’(n+p+1)
X1+ R2R% [P (R
(1+R?(n+ p) +R?

+ (n+ p)(1 + R?)),

€ =

(3.20)

with, D; = (p(p + )(n+ p) + R*(n + p + 1) X
(n(p+2)+ p@Bp+4)+D;), D, =167G(1 +
R?>)(p(n + p) +2pR%>(n+ p+ 1) + (1 + p)(1+
n+ pRY, Dy=R*n+p+ 1)2np+2) +
pBp+8) +3)+(p+3)R°(n+ p+ 1> By
taking a closer look at C,, we see that since
L > 0 the denominator is always positive while all
other terms C;, Cy are positive, hence C; is always
negative due to the negative overall minus sign.
Similarly, by looking at the expression for € we
conclude that all terms D;, D,, Dj are positive,
and hence € is Dy, D,, D3 negative for all values
of L. Therefore these blackfolds are thermodynami-
cally unstable. This is also to be expected since
small black holes in AdS spacetime are known to
be unstable.

C. The general product of odd-spheres in AdS;

The class discussed above is part of a larger one in which
the spatial world volume B, is a product of / round odd-
spheres embedded as in Sec. III A above. We label the
different spheres by an index a = 1, ...,/ and denote R,
as the corresponding (constant) radius of each S”«, where
p. 1s an odd integer. For the sake of simplicity we choose
for each sphere the angular velocity associated with each

PHYSICAL REVIEW D 83, 084039 (2011)

Cartan angle direction to be equal

+1
QW = @ Vi=1,...,p“2 . 32D
To embed B, we consider a conformally flat

(p + I)-dimensional subspace of AdS;, with the metric

l
ds’,, = H(p)™' > (dp2 + p2dQ3) ,

a=1
1 l
PP=2ri . PP
a=1 a=1

Again, we choose the Cartan angles and director cosines of
each SP«-sphere as the spatial world volume coordinates
and take p, = R, as the embedding scalars. The transverse
space is (n + 2 — I) dimensional; hence, we require that
[=n+2.

Defining R?> = Y/ _, R2, the action (3.7) can be gener-
alized to an R,-dependent potential

(3.22)

I{RY] = 11} _, Q, WF(R)RYH(R)~ "/ (F(R)
I
—HR)™' Y (QWR)H)"2. (3.23)
a=1

R
4L1?

Introducing new scalars R, as R, = R,/(1 — %) the pre-

vious action can be put in a simpler form

! n/2
1{RY] = Hﬁ,zlﬂ(mRoRib(Ré - Z(Q@Ra)z) ,
a=1
(3.24)

where Ry = 1 — 5—;, with R? = ¥'! | R2. Varying this ac-
tion with respect to each of the scalars R, gives rise to [
coupled equations for each of the angular velocities (.

The equilibrium condition can then be found to be

1+R%2 p,+Rin+p+1)
RZ2 (n+p +R*n+p+1)

Q@) = (3.25)
where we have defined R, = R, /L. It easy to check that in
the limit L — oo the above condition agrees with that of
[5], while the particular case [ = 1 agrees with (3.9).

The physical properties for these blackfolds are also
easily computed. In fact, the expressions for M, S, T, T
coincide with those in (3.10), (3.11), and (3.14), for a
single odd-sphere if we define the volume of B, as
Vip = I1,V(,,), while the angular momenta and angular
velocities read

pO—
, +1
Pa

X\(pa + R2(n+ p+ 1)((n + p) + R2(n + p + 1)).
(3.26)
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The Smarr relation (2.15) and the relation (2.16) can also
be verified for this case.

D. Black S%**! folds in dS,

The equilibrium condition for odd-sphere blackfolds in a
de Sitter background dS, can be easily obtained from
those in (3.9) by performing the Wick rotation L — iL,
leading to

_l—R2 R*n+p+1)—p
R> R)n+p+1)—(n+p)

0? (3.27)
Since ()2 might become negative for certain values of the
parameters we must impose the condition (0> = 0, which
implies that the ratio R should be constrained to the region

_I_
TP _R=iv.|—P <R (329
n+p+1 n+p+1

Hence black S?**! folds in dS;, do not exist for all values
of R. Moreover, a static solution always exists if’

R2=—7"

T E—— 3.2
n+p+1 (3-29)

The physical properties of these solutions can be ob-
tained from those given in Sec. III A by taking into account
the same Wick rotation. A general analysis of the thermo-
dynamic stability of these blackfolds for all values of the
parameters is altogether cumbersome; therefore, we ana-
lyze in detail two particular cases.

(i) Black RingindSs (n =1, p = 1).

In this case an equilibrium value for () exists if

2 1
-=R=1Vv—=<R. 3.30
\[3 V3 30

o - Q) Vis)3r3yme(R? = 16 — 23R? + 20R?)
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Then the specific heat C; and the spectrum of € can
be computed to be

3r3\/s(— 1 + R?)(=7R? + 9R*)
4G(1 - 6(R? + RY) ’
(3.31)

C; = QpVy)

e=00 Vvl —R?
" ro(2R —R3)3(1 — 6R? + 6R%)
16Gmv/2 —9R?2 + 9R*(1 —4R? + 6R* — 3R6)’
(3.32)

A detailed analysis leads us to the conclusion that
black rings in dS5 spacetime are thermodynamically
stable if

2 1

——==R=—. 3.33
1+\/E 1/34_\/5 ( )

(ii) Black S3 foldindS; (n =1, p = 3).
An equilibrium value for €} can be found to exist if

4 3
—=R=1V4=-<R
J; \/;

The specific heat and the spectrum of €’ are
given by

(3.34)

) 3.35

! 4G(6 — 20R? + 15R%) (3.35)
Qo) VR rg(4 — 5R?)*V1 — R*(6 — 20R? + 15R*)y /50— + 1

€= (3.36)

167G(1 — R2)(6 — 15R? + 10R*)v/12 — 35R? + 25R*

Hence, black S? folds in dS are thermodynamically stable

only if
\ﬁsRS 6
5 10 — V10

(3.37)

>The case for which R = 1 leads to a blackfold with vanishing
horizon and vanishing physical properties.

It would be interesting to examine the form of the
stability criteria for the general case and understand the
physical origin of the range of stability observed for these
odd-sphere dS blackfolds.

IV. ULTRASPINNING AND “ULTRASPINNING”
KERR-(A)dS;, BLACK HOLES AS BLACKFOLDS

Blackfold solutions in flat space with B, an even-
dimensional ellipsoidal ball have been shown to exist in
Refs. [3,5]. These have event horizon with SP~2 topology
due to the fact that the transverse S"! is nontrivially
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fibered over the ellipsoid, becoming zero size at the bound-
ary. In fact, the physical properties of these even-ball
blackfolds have been shown to exactly reproduce those
of ultraspinning MP black holes [15].

Despite the fact that ultraspinning regimes have not been
found for spinning black holes in AdS, it has been pointed
out in [7] that the Kerr-AdS,, black hole with an appro-
priate choice of mass and rotation parameters m, a has an
“ultraspinning” regime which shares many of the same
properties with the ultraspinning regime of the MP black
hole. As an example, the transverse and parallel size of the
horizon of the single spinning Kerr-AdS;, black hole in
D = 6 behave in the limit a — L as

rr + a*\1/2 — a’
[y ~ry, l||~(+,:, ) , ::El_ﬁ; 4.1

where r, is the event horizon radius. For fixed mass the
ratio ll—'l‘ diverges like ~Z~(P=1/20=5) '‘meaning that the
horizon pancakes out along the plane of rotation. Thus
this limit could in principle be captured by an even-
dimensional ellipsoidal ball B,, in particular, a disk
in the case of one plane of rotation. Moreover, the
Kerr-AdSp,  solution has a Bogomol'nyi-Prasad—
Sommerfeld (BPS) bound J = LM [24] restricting the
rotation parameter in such a way that a = L. Thus it is
clear that at fixed mass M and fixed L one cannot simply
take @ — oo and obtain an ultraspinning limit as in the
asymptotically flat case since the bound would be violated.
However, as we will show below, it is possible to take a
limit in which a — o0 and simultaneously taking L — o
while keeping the ratio £ constant. This limit amounts to
considering a very thin black hole compared to the scale L,
set by the cosmological constant, while keeping a of the
same order of magnitude as L, i.e., making the black hole
simultaneously thin compared to the parallel section of the
horizon. Thus the resulting limit is not asymptotically flat.
Furthermore, we will show that this limit can also be
captured by the same blackfold B,,.

In this section, we will start by solving the action for a
world volume with even-dimensional ball geometry in an
AdS, background and compute the physical properties of
these solutions. Subsequently we will identify the proper-
ties of this solution with both the ultraspinning and ‘‘ultra-
spinning” regimes of the Kerr-(A)dS,, black hole. At the
end of this section, we will generalize these results to a dS,
background.

A. Even-ball blackfolds in AdS )

The starting point for constructing these blackfolds is to
consider a planar 2k fold embedded into a (2k + 1)-
dimensional spatially conformally flat subspace of AdSj),
which can be equipped with the metric

PHYSICAL REVIEW D 83, 084039 (2011)

k D—2(k+1)
A3 = HE) (42 + g+ ptagd+ 3 ax)
i=1 j=1

k D—2(k+1)
p2 = Zplz + Z x;.
i=1 j=1

4.2)

It is then natural to choose the embedding of B, as

2=2Zp)x;=0,j=1,...,D—2k+1),
' . 4.3)
{pi =0 ¢i =0yl = 1""’k}’

with the function Z(p;) to be determined. The Killing
vector field that generates the isometries of the world-
volume is of the form

LI P wh
a4 o, '
Thus the action (2.10) takes the simple form
k k
112(p)) = 04y [ TTdpio [TR41+ 3,205
i=1 j=1
k n/2
< (&3 - ¥ maz)"”, (4.5)
i=1

where R, = +/F(p) and R, = /H(p) 'p;. Varying this
action with respect to Z(p;) and analyzing the resulting
equation leads to the conclusion that Z = 0 is a blackfold
solution. In the asymptotically flat case [5], any plane
Z = const. is a valid solution, while in the present case
due to the AdSp potential only Z = 0 is a solution.

In what follows, we will focus on the case of singly-
spinning blackfolds (k = 1) with angular momentum along
the ¢, direction and deal with the general case in
Appendix A. In this case, the world volume velocity field
is given by

V(ip) =

> Q, (4.6)
417
where R =R, ) =, and p = p,. Since V cannot
exceed the speed of light V = 1, we find that p is bounded
by the maximum value

Pmax = 2L(LO —VL202? — 1),

The other value for p at which V = 1, which has a plus
sign in front of the square root, can be discarded since
in this coordinate system [see (2.19)] spatial infinity is
reached at p = 2L.

Since the argument of the square root in (4.7) must be
positive definite, we obtain a constraint

a=(L*0%"L

4.7)

0=a=1 ,

(4.8)

In terms of the parameter o defined above we can now
distinguish three different situations:
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(1) a = 0.In this case pp.x — é . This is the asymptoti-
cally flat space case, and so we correctly recover the
ultraspinning MP black hole where p,.x ~ a, so that
the blackfold has the shape of a disc with radius a
(see [3,5]).

(i) a = 1. In this case p,x — 2L, so the disc extends
all the way to spatial infinity. As we show below,

this corresponds to the ‘“‘ultraspinning” limit taken
in [7] where a — L.

(i) 0 < a < 1. In this case p.« < 2L, so that the disc
is cut at some value of p and does not reach spatial
infinity. As we will see below, this corresponds to a
new ultraspinning limit of the Kerr-AdS, black
hole.

Before taking these limits it is useful to compute the
physical properties of this blackfold. These are easily
obtained using the Egs. (2.11), (2.12), (2.13), and (2.14),
yielding

Q(sz) P ( D1 —a) 1
= —, (4.9
877G (l—a)z( 2 )Qz (4.9)
_Qpoy M1
87G (1 —a) Q3
(4.10)
S Q(D 2) ;{T—l 1
4G (1-a) O
Q ~n
T =—a- 2 & @.11)

837G (1 — a)? Q2

where we have defined 7, = 5-. It is worthwhile to notice
that the tension 7 vanishes only if @ = 0, in agreement
with the flat space result. Also, when « lies within the
region 0 < a =1 the tension is nonzero and hence the
blackfold does not describe an asymptotically flat
solution. Moreover, it is straightforward to check that the
quantities above satisfy the Smarr relation (2.15) and the
relation (2.16).

We also note that by defining r = p/(1 — %) the thick-
ness ry becomes

ro = %\/1 — 201 - a), (4.12)

so that in terms of this coordinate we now have
Fmax = Pmax/(1 — 2 '"“X) The thickness remains finite for
all values of a since when o« =1 and r,, — o,
Ry — o0 but ry — 0. Thus the blackfold is always in the
regime ry << L.

We will now proceed to identify the physical properties
of the disc blackfold given above with those corresponding
to the two different limits of the Kerr-AdS,, black hole.

PHYSICAL REVIEW D 83, 084039 (2011)

1. a = 1: the “ultraspinning” limit
This limit was found in Ref. [7] and amounts to taking
a— L, and hence Q) — 1, a— 1 while keeping f =

finite, i.e., sending m — 0. The resulting metric

2m
L*(1—a)?
near the rotation axis can be expressed in appropriately

rescaled coordinates as
ds? = S/~ 5))( (1 - )de (1 ——’a )_ldfz
PP pp=5
+ fzdﬂzD_4 + do? + 02d¢>2), (4.13)

where E is given in (4.1). This metric describes the
geometry of a flat black membrane with an overall con-
formal factor. Its physical properties can be summarized
as follows:

M= ‘Z<DG2> AL (4.14)

. Q;DGz) - r&jj , T:’jﬁ?f, (4.15)
:%ﬂp , Q:% , (4.16)
. (2;;)(1/(0 ) @

It is easy to check that with the identification 7, = r, and
using 0 = L' the blackfold physical properties (4.9),
(4.10), and (4.11) found above exactly reproduce the prop-
erties (4.14), (4.15), and (4.16) of this “ultraspinning” limit
(note that n = D — 5). To see this one also needs to use the
fact that our blackfold is a valid solution only in the regime
L > r,, i.e., the entropy becomes®

_Qpy
4G (1 — a)

(4.18)

Moreover a straightforward computation shows that the
thickness for this solution behaves like ry(6) = r cosé.
However, since in this limit m — 0, it follows from (4.17)
that this implies r — 0 and thus r, — 0. This is actually a
prediction from the blackfold side since by taking
Eq. (4.12) we see that in the case o = 1, ry = r, except
when r — rp., in which case rq = 0; therefore, such
solution would only be regular if r, =0, Vr.

2. 0 = a < 1: the ultraspinning limit

This limit resembles very closely that of the ultraspin-
ning MP black hole. To see this, start with the metric of the
singly-spinning Kerr-AdSy, black hole [11] in spheroidal

®In fact, as a — L, the horizon size r approaches zero and
hence S — 0. The tension 7 remains finite in this limit.
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coordinates (1,1, 0, d, QOp_4) (see Appendix B for
the multispin case). The ultraspinning limit of the
Kerr-AdS,, black holes is defined as

a — 00 [ — o m — oo,

(4.19)

> s

keeping a = a*/L? and 4 = 2m/a® fixed. Consider in
this limit the metric near the axis of rotation by defining
a new coordinate o = a sinf which remains finite as the
axis is approached, i.e. as § — 0. Then the metric takes the
form of that of a flat black membrane

_ a A \!
ds? = —<1 — —rD75>dt2 + (1 — —rD75) dr? + rdeZD_4

1

-

(do? + o*dd?).

+ . (4.20)
The difference between this metric and the flat space case
(a = 0) resides in the last term, which is multiplied by the
factor (1 — @)~ In fact, since we are free to rescale the

coordinate o by a factor of /(1 — @)~!, we can eliminate
the factor in front of the line-element of the two-plane
(o, ¢). However, we are only allowed to do this if
0=a <1 since if « =1 the metric diverges and if
a > 1 the metric changes signature. In summary, the limit
above is only valid if « lies within the range 0 = a <1 as
claimed in the discussion below (4.8).

The physical properties of the Kerr-AdS, solution in the
limit (4.19) can be easily obtained from [25]

g Qf(;z) o4 . ‘f 3 T = i;j, (4.22)
- ooy ﬁcﬂ Coa-l oy
. <2a_rf)<1/(nfs>>. 4

It is then seen that with the identification 7, = r, and
using Q = a~!, we can reproduce from the blackfold
approach [Egs. (4.9), (4.10), and (4.11)] the thermody-
namic quantities given in (4.21), (4.22), and (4.23).
Furthermore, the thickness of this black membrane is given
by r¢(6) = r, cosf. By looking at Eq. (4.12) and defining a
new coordinate 6 = arcsin(rQ)+/1 — @) the two expres-
sions for the thickness exactly match.

We note that the resulting metric does not represent an
asymptotically flat solution. This is clear from the fact that
there is a nonvanishing tension, as seen in (4.11). Another
way is by looking at the quantum statistical relation that
these black holes must satisfy, this relation reads [25]

M—TS =0, =TIp, (4.25)

PHYSICAL REVIEW D 83, 084039 (2011)
where the Euclidean action 7, in this limit reduces to

_ L Qoo
Prar(-a)

We can see that there is a factor of (I — @)~! in the
expression above, and one may check that only for
a =0 does one recover the Euclidean action for the
asymptotically flat case.” This limit thus represents an
asymptotically AdS, solution.

The existence of the ultraspinning limit of Kerr-AdS,,
black holes described above provides nontrivial informa-
tion on the stability properties of these black holes. In the
asymptotically flat case, Ref. [15] showed that ultraspin-
ning MP black holes become membranelike suggesting
that these should exhibit a GL-type instability [26],® as
confirmed in [16]. Similarly, our analysis thus predicts that
Kerr-(A)dS,, black holes for D = 6 suffer from an ultra-
spinning GL-type instability when (L > 1. This is in
agreement with the recent numerical analysis of Ref. [20]
for the singly-spinning case in AdS. More generally, it
follows from Appendix B that in the multispin case there
is an ultraspinning GL instability when ;L > 1.

(4.26)

B. Even-ball blackfolds in dS,

In this section, we want to generalize the results of
Sec. IVA to a dSp background. By performing a Wick
rotation L — iL the action (4.5) takes the same form but
now with different functions F(p), H(p) which transform
accordingly. Z = 0 is still a valid blackfold solution and
the velocity field attains the velocity of light at a maximum
value of

P = 2L(—LQ + VL2Q2 + 1).

There is thus no upper bound on the parameter
a = (L?Q?%)7!, and hence a is free to take any value in
the interval

(4.27)

a=0. (4.28)

In terms of a, we can now distinguish two different

regimes:
(1) a = 0. This is the flat space case as noted previously
in Sec. IVA.

(ii) a > 0. In this case p. = 2L, and so the disc is cut
at some value of p in general but reaching the
cosmological horizon when « — oo and hence
Q = 0, for which case the solution is static.” As
we will see below, this case (a > 0) correspionds to
the ultraspinning limit of the Kerr-dS, black hole.

We have not mentioned here any ‘‘ultraspinning” re-

gime. This is because the Kerr-dS; does not show such

"To compare this result with the one obtained in [3] note that
the parameter w in [3] is related to m by u = 2m.

8See [27] for a review on the GL instability.

“We are grateful to Roberto Emparan for pointing this out to us.
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special behavior when a — L. To see this it suffices to
look at Eq. (4.1) and keep in mind that the ratio
,l—'L'~ Z-((D=D/2(D=5) remains finite since now = = 1 +
«, so that the event horizon does not pancake out along the
plane of rotation.

The ultraspinning limit of the Kerr-dS, black hole can
be obtained by performing the same Wick rotation on the
metric (4.20)

A

s A 2 A 2102
ds = <1 ﬁ)dt +<1 ﬁ) dr +rdQD,4

1
+ ——(do? + o*dd?).

4.2
1+« (4.29)

It is then obvious that this metric is valid for all values of
a = 0. Moreover, it is also a straightforward exercise to
show that the physical properties of this solution matches
those of the even-ball blackfold. Finally, as in the AdS
case, it follows that Kerr-dS, black holes for D = 6 have
an ultraspinning GL instability.

V. RINGS AND HELICES

In [5], blackfold solutions were found in D = 5 with
exotic horizons and a single axial U(1) isometry. These
helical black rings and helical black strings constitute the
first examples of asymptotically flat black holes that satu-
rate' the rigidity theorem [29]. In this section, we address
the question whether helical rings can be attained as well in
(A)dS), spacetime. We will show that solutions describing
helical rings with these symmetries, which are valid in
the regime ry << L, can also be constructed in these
backgrounds. On the other hand, the question wether
or not helical strings can be constructed in these back-
grounds remains open as it would require a different start-
ing point from that of an asymptotically flat black brane
[see Eq. (2.1)].

A. Helical black rings in (A)dS,

In order to construct the action for these blackfolds it is
convenient to write the metric of a (D — 1)-dimensional
spatially conformally flat subspace of (A)dS, spacetime in
such a way that all its U(1)N symmetries are explicit

N D—(2N+1)
dsh_, = H(p)*'(Z(p,2 +plded) + Y dxf),
i=1 =1
N D—(N+1)
pPP=>pi+ > 2 (5.1)
i1 i=1

where we have the constraint n = (2N — 1). To embed the
black 1-fold world volume B; we set x; =0, V and

10Ref. [28] found evidence for another example, in the context
of time-independent perturbations at the onset of instabilities of
higher-dimensional black holes.
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choose the set of scalars p, = R; and the spatial world
volume coordinate ¢ such that

{¢i=nia"0§0'§277,i=1,--~;N}y (5.2)

where we assume without loss of generality that n; = 0.
The numbers n; must be integers in order for the ring to
close up on itself and the smallest of them (7,,;,) must be
coprime with all the remaining ones to avoid multiple
covering of the ring. The Killing vector field must be
such that all the U(1)" symmetries generate the isometry
of the world volume, giving

g U 9
k=—+5YQ, —.
at ,Zi "0,

The ratios between the angular velocities must be rational
such that

(5.3)

Q; n;
— ==, Vi, j, 54
Q1 n
and hence we can simply set [Q);] = Qn;. The action then
takes the simple form
I[{R}] = 27R\R(R} — R*Q?)"/?, (5.5)

with R} = F(p), R>=H(p) 'YN n?R? and p*>=

N | R?. The general form of the action (5.5) was given
in Ref. [3]. The action depends on the single scalar R with
R, a function of R, which should be taken into account
when varying as well as the fact that the variation should be
orthogonal to the helix. As a result one single equation is
found.

A more convenient action to work with can be obtained
by making the following redefinition

(5.6)

The action (5.5) then takes the same form but now with
R2="V(r), R =3V n?R? and r> = 3V | R?. Varying
this with respect to R leads to [5]

=R_§1+(n+1)”;’l’j§§ 57)

2 dlnR
R n+1+ TR

QZ

In the case at hand for AdS, the solution becomes

=1+R2(1+R2)(n+2)—(n+1)

QZ
R? 1+R»n+2)—1 '’

(5.8)

where we have defined R? = L=2¥Y | R?. This agrees
with the result for planar black rings n; = 1, Vi of (3.9)
with p = 1. The equilibrium condition for helical rings
and planar rings is exactly the same but with a more
complicated expression for R in the former case. The
only difference resides in the fact that in the planar case
specifying R immediately specifies R, for these back-
grounds while for the helical case one needs to specify R
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and R, independently since the latter is a function of
¥ | R?. Note that it follows from (5.8) that static helical
black rings can exist in dS;, provided

RZ—

=a i (59

which is the same condition as for static planar rings
in dSp and hence independent of the integers n;.
Accordingly, (5.9) can also be obtained from (3.29) in the
special case of p = 1.

We now proceed by describing the physical quantities of
the helical AdS black rings

Q(n+1) n c
M=7E4wuma+wwzgﬁﬁ,(mm

Q n+tl) ,
ég (1 +R3)(n +2) — 1)

Ji:t

n.R2, (5.11)

><\/1_(1+R2)(n+2)—1

_WQ(H+1) 1 (1+R2)(n+2)—1 N 210
S_72G regt , izzlniRi-

(5.12)

These quantities agree with the ones computed in [5] for
helical rings in flat space (when taking L — o0) and with
the ones computed in [7] for planar rings in (A)dS
(when taking n; = 1, Vi). For completeness, we also
give the tension for these helical rings

QO N
T = ——é’g” (n +2)r(1 + R2)1/2R% 'Z n?R2.
i=1

(5.13)

As expected, the tension vanishes only in the asymptoti-
cally flat case when R — 0. It can be shown that these
physical properties satisfy the Smarr relation (2.15) and the
relation (2.16).

B. Helical rings in different backgrounds

We would now like to give a few comments on helical
rings in different background geometries. In fact it seems
likely that helical rings can exist in any spherically sym-
metric background of the form (2.17) since these can al-
ways be put into coordinates for which the potential "V (r)
is constant along the ring. As a matter of a fact, Eq. (5.7)
first derived in [5] holds for any 1 fold assuming only the
existence of a background timelike and spacelike Killing
vector, hence, a valid solution should exist for such back-
grounds. This leads us to the following conjecture.

PHYSICAL REVIEW D 83, 084039 (2011)

Conjecture 5.1.— Neutral helical black ring solutions
exist in any background with spherical symmetry in the
regime ry << |A|71/2),

As an example of a different spherically symmetric
background we take the Schwarzschild-Tangherlini solu-
tion in D dimensions (Schp) as the background and try to
construct a helical black Saturn.'' The Sch;, metric can be
written as in (2.17) but with

Vin-1- (2

By  performing  the

MSrSoo,

(5.14)

transformation r=(1+

;:)"Ti)(z/ (0=3) p one can bring the Schwarzschild metric to
the form (2.19) with

D-3
(1 — £5=)? b=3y2
F(p)ZL,Hf H(p):<1+fD73)’
(1 +£5=) P
G M((D—3)/2))(2/ P <o, (5.15)

Using the embedding (5.2) the action reduces to (5.5)
but with R} = V(r) given by (5.14). The solution can be
obtained from (5.7) and reads

_ A-—m") 1 -m""H2—-m+ 1%+ (n+1)?

QZ
R (n + Hm""!

5

(5.16)
where we have defined the parameter m = ﬁ and used

the fact that in this case D = n + 4. One can go even
further and perform the same calculation for a general
potential of the form V(r) with r> = ¥  R?, the equi-
librium condition for () is given by the relation
R2 2R + (n + DRFZY, R?

i=1"%

R? / '
2R2(n + 1) + R243N | R?

where R} = V(r) and R} = 9,R3. This generalizes the
equilibrium condition obtained in [7] for planar rings in
backgrounds of this form.

2

(5.17)

VI. CONCLUDING REMARKS
AND FUTURE DIRECTIONS

Throughout the course of this work, we have used the
blackfold approach to scan for possible neutral black hole
solutions in (A)dS;, spacetime with new horizon topolo-
gies. We emphasize that the blackfold Eqgs. (2.3) and (2.4)
that we have solved are the zeroth order equations in which
the black brane is treated at the probe level. Using the

"'The black Saturn solution in five dimensions was constructed
in Ref. [30]. See also Refs. [5-7,13] for results on black Saturns
in higher dimensions.
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method of matched asymptotic expansion (MAE) one may
compute higher-order corrections in a perturbative series.
It may happen that backreaction makes it impossible for a
leading-order solution to remain stationary, and, with our
present knowledge, this has to be examined on a case-by-
case basis.

The next-to-leading order analysis has been successfully
performed for black rings [6] and black tori [5] in asymp-
totically flat space and black rings in (A)dS space [7]. In
fact, following [5] the analysis of [7] is probably easily
adapted to compute the next-to-leading order correction of
the black tori in (A)dS obtained in this paper (i.e. the case
pa = 1, Vain Sec. III B). It is an interesting open problem
to do this for the higher odd-sphere solutions of [5] and
those in (A)dS obtained in Sec. III. Finally, we note that
further evidence for the regularity of the solutions pre-
sented here follows from the fact that we have shown
that the even-ball blackfolds reproduce exactly the thermo-
dynamical properties of certain limits of the Kerr-(A)dS,
black hole, which is in itself a regular solution.

On the other hand, the usefulness of the blackfold ap-
proach also resides in its ability to exclude possible horizon
topologies, at least in the regime of widely separated scales
in which the effective theory is valid. Thus, when a par-
ticular embedding does not solve the blackfold equations
one may straight away affirm that such horizon geometry
cannot be that of a solution of Einstein equations, in the
theory and regime under consideration, without any need
of checking further corrections. For this reason the black-
fold method is an excellent tool for probing new stationary
black hole solutions since besides giving a space of pos-
sible geometries, it allows one to exclude with little effort a
large number of other topologies.'?

These “‘impossible” geometries, when determined, are
truths of the theory and hence can be stated as theorems.
An example of this is the uniform black cylinder found in
[5], which can be easily shown not to be a solution of the
blackfold equations in global (A)dS. But not only can the
blackfold approach ascertain such statements, it can also
provide a great deal of intuition as to why certain geome-
tries are not possible and as to which ones are more likely
to exist. In the case of the uniform black cylinder, the
physical reason for it not being a solution is that, contrary
to Minkowski space, in global (A)dS there is no extra
translational symmetry. However, the construction of
nonuniform black cylinders is a rather more difficult task
to accomplish in these backgrounds and remains an open
problem.

We also would like to give a few remarks on the geo-
metric character of this methodology. A blackfold solution
provides a possible geometry for the event horizon of a
black hole spacetime. Bearing this in mind, it is then not

!2possible horizon topologies have been considered from alter-
nate points of view in [31,32].
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surprising that there could be different spacetimes which in
some appropriate limit could be captured by the same
blackfold solution. However, a blackfold solution is not
merely of geometric character as it is also supplemented
with well defined physical properties, hence, a given space-
time has to not only match its geometric properties but also
its physical ones. An example of this is the construction of
even-ball (A)dS blackfolds in Sec. IV where to leading
order the horizon is extended along the plane z = 0 and we
could identify it according to the values of the parameter «,
with an ultraspinning and an “‘ultraspinning” limit of the
Kerr-(A)dS,, black hole.

We note that it does not follow from the above that these
are necessarily the only two possible identifications that
one can make with these even-ball blackfolds. As a matter
of fact, the case @ = 1 could in principle have another
possible identification, namely, that of another limit of the
Kerr-(A)dS;, spacetime, which near the axis of rotation
looks like a rotating black hyperboloid membrane [7], with
metric

d 2
45 = — F(dt — Lsinh(or/2)dep) + 27
f(r)
L2 r
+ T(] + F)(daz +sinh’od¢?) + r’dQ;,_,,
(6.1)
where

5 2

m 6.2)

T sy T

This is the metric obtained by taking ¢ — L as in the
“ultraspinning” case but instead of requiring the mass to
be finite, one requires the horizon size to be finite. This
means that the physical properties of this solution are the
same as in the “‘ultraspinning” case (4.14), (4.15), (4.16),
and (4.17) but now the parameter & diverges. The BPS
bound J = ML is not violated since both J and M diverge
with a constant ratio J/ML — 1. For small values of m
(and hence r, < L with r, = 2%) the metric above (for
D = 6) actually reduces to the metric (4.13) near o = 0.
However, the thickness for this solution varies as
ro(o) = ry cosf with r, # 0 since now m # 0. But we
have seen from (4.12) that the thickness must remain
constant and equal to zero if a = 1, so that this limit
cannot be captured by the same blackfold solution.

This could have been foreseen since the metric (6.1) is a
solution of Einstein equations with a cosmological con-
stant, meaning that at least near the axis the Kerr-(A)dS,
solution in this limit is not locally flat, so it can not be
reproduced by the blackfold approach using (2.1) as the
starting point. Nevertheless, applying MAE to the case
under consideration would then give a metric which ac-
cording to a set of parameters would describe the two
distinct ultraspinning limits, and since all these regimes
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found here are limits of the Kerr-(A)dS, black hole the
resulting metric from the MAE procedure would most
likely describe (i) a specific sector of the Kerr-(A)dS,
spacetime or (ii) a more general solution in the (A)dS,
background, which englobes all the possible limits
that reproduce the geometric and physical properties of
these blackfolds. Such investigation would be a worthy
endeavor.

We finally mention briefly several other open problems
that deserve further study. First of all, following [6,7,13] it
would be interesting to study in more detail the connection
between different phases for black objects in (A)dS.
Furthermore, the possibility of describing large black ob-
jects in (A)dS with the blackfold approach would be im-
portant to pursue. Another open direction would be to
consider charged blackfolds in (A)dS using the methods
developed in [10,22]. We also stress that the utility of the
blackfold approach is not only restricted to describing
novel classes of stationary black holes, but also enables
analyzing their dynamics (stability and time-evolution) in
specific physical situations [4,33]. This would be worth-
while to examine further for (A)dS blackfolds. In particu-
lar, it would be interesting to analyze in more detail using
the blackfold approach the GL instability predicted from
our results for the ultraspinning Kerr-(A)dS;, black holes.
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APPENDIX A: MULTI-SPIN KERR-(A)dS;, BLACK
HOLES AS BLACKFOLDS

In this Appendix, we generalize the even-ball (A)dS
blackfold construction of Sec. IVA, which focused
on the case of a spinning disc, to include the multi-
spinning case.

In this case, the (2k) ball rotates rigidly in k independent
two-planes and the total velocity is given by

V= (1+ 4L2 ) ,’mez

The boundary of the ball is given by the locus where
V =1, which is solved by

(AD)

ZQZ 21— a;) = (A2)

N 2
where we have defined r; = p;/(1 — %) and
a; = (Q2L%)~!. According to the parameters a; we can
distinguish three different cases:
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(i) «; = 0, Vi. This corresponds to the even-ball black-
fold construction of the ultraspinning MP black hole
constructed and discussed in Refs. [3,5].
(i) a; =1, Vi. This corresponds to the
ning” limit Q; — L~! given in [7].

(iii) 0 < a; <1, Vi. This corresponds to a new
ultraspinning limit of the Kerr-AdS, black hole
presented in Appendix B.

The physical properties of the even-ball blackfolds can

be computed from (2.11), (2.12), (2.13), and (2.14) and read

Qp-nt Lo n+1 1
= + —
SWGn(l—aj)(jle—a- 2 )17[(2?’
J

J
(A3)

13

ultraspin-

Q-]
;o Y11
! SWGn(l—a])l—al Qi’ ’
J

Q! 11
ST U(l —an?)

(A4)

__ OQpyfh o1
7= 87GT](1 - aj)(z = o k)l'[ ar (A5)
J

j=1 J

where 7, = n/2k. These expressions reduce to the
results (4.9), (4.10), and (4.11) for the for the singly-
spinning case. The quantities above can be shown to satisfy
the Smarr relation (2.15) and (2.16). The horizon thickness
1o is given by

(A6)

ro——\ll—ZQZ (1 — a)).

We can identify these even-ball blackfolds with two differ-
ent limits of the Kerr-AdS), as follows:

1. @; = 1, Vi: the “ultraspinning” limit

A detailed study of this limit has been presented in
Ref. [7]. The limit amounts to taking a; — L, Vi while
keeping 4 = ViR l-lk = finite. The resultlng metric gives a

i=1 =i
flat membrane with metric as in (4.13), where the horizon
size r, shrinks to zero. Its physical properties are the
same as for the ultraspinning case (B8)—(B10) in the limit
r. < L but now with a; = L, Vi. With the identifications

1
le—,Vi , f+:r+:<

2m\(1/D—2k=3)
; )

T . (A7)

the physical properties of this solution exactly match those
of the blackfolds (A3) and (A4).
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2.0 = a; <1, Vi: the ultraspinning limit
A careful calculation of this limit is given in
Appendix B. It amounts to taking k number of splns to
infinity while keeping the ratios «; = Z— and g = l-[

i=1 aj
finite. The resulting metric is presented in (B7) and has the
geometry of a flat black membrane near the axes of rota-
tion. With the identifications
1 2m
Ql‘zi’ vi 5 ?‘+:r+:<7 )

a; k 2

(1/D-2k-3)
14 )

(A8)

the physical properties (B8)—(B10) match precisely those
of the blackfolds (A3) and (A4).

APPENDIX B: THE ULTRA-SPINNING
KERR-(A)dS;, BLACK HOLE

In this Appendix, we take the ultraspinning limit of the
Kerr-(A)dS, black hole with an arbitrary number of spins
in D = 6. We focus here on the AdS case since we can
obtain its dS counterpart by performing a Wick rotation.

Defining N = T modulo 2 as the number of two
planes, € by the relation D = 2N + 1 + €, with € being
either 1 for even dimensions or O for odd dimensions, and
introducing N + € direction cosines u; obeying the con-
straint YN*€ u? = 1, the metric of this spacetime can
be convemently written in Boyer-Lindquist coordinates
as [12]

2 _ r 2 a; M d¢l
ds® = W(l +—2>dt +—<Wd Zl : )
p
N 2 2 2
r-+a Udr
+ ——— uide? +
izzl f:’(l' Ml ¢l V 2m
N+e 2 2
+ a? 1
> At -
P B=1 L°W(l + 5)
N+e 2 2
r+a 2
><( = ’M,dﬂz), (B1)
=1 =i
where
N+5M2 N+e
W = =, = r€ (r? + a),
& =, Z 2 +a l_[
(B2)
_ r? il — ai2
V=re 2(1+—>n(r2+a%) , :,=1—P.
i=1
(B3)

The horizon r, sits at the largest positive real root of
V —2m = 0. We assume that the parameters are chosen
in a such a way that a horizon exists. In fact a horizon
always exists for odd D if any two of the spin parameters a;
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vanish, while for even D its existence is guaranteed if only
one vanishes.

We now take an k& number of spin parameters a; to be
very large as compared to the remaining N — k ones, i.e.,

I=k+1,...,N
(B4)

aj—oo, j=1,...,k a; finite,

Furthermore, we take L to be of an equal magnitude
as compared to the a; parameters such that the ratios

a; = a;/L? remain constant, i.e.
L — oo, Ei—1-a; , =,—0. (B5)
Moreover, we take m — o such that the ratio j = 2%

ul
remains finite and define new coordinates o; = a;u; tl;at
remain finite as we approach w; — 0. The remaining u,
stay finite and satisfy Y, u? + u%,, = 1. In this limit, we
find that the metric function W behaves like W — 1 while

the remaining metric functions become
M
2 2)2 2
r°+a as
7"2 + az l—[( l) U J
= r<f Il l_[a2 V— re” 21_[(7’2 + alz)zl_[ajz-
l J
— €2
= re 2] l_[ aj,
J

U—r¢

(B6)

where we have assumed the summation convention over j
and /. The limiting metric then reads

ds® = —dr* + rde,LLN+1 + (r + az)(dﬂvlz + ,Lleng)

ar€ 2 P2ETI 5
+ " —(dt+a 2) 7dr
1 IMIQDI — ,LLI”Z -
1
+ 4 (dos + o3 ¢). (B7)

This limit looks just like the ultraspinning limit of the MP
black hole [15] except for the extra factor (1 — « j)*l in the
last term. Indeed since the parameters «; must lie within
the range 0 = «@; < 1, since otherwise the metric either
changes signature or diverges, we can rescale o; such that

g;— b ‘/(l —a;)” 10' and hence the metric above

will be that of a rotating black 2k-brane with rotation along
the spherical S?~2%*1) sections of the horizon.

The physical properties of this solution can be easily
computed from [25] with the result

_ Qpai (i 1 D—2k- 1)1_[612
877Gr[(1—aj) =1 2 ; 7’
J

J

(B8)
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Q AN—-K)—1+e a2
S (D 2)7' l_[ J 5 ,
4G A1 — a
J J (B9)
XN —k—1)+€
T = ,
41,
Q(sz)ﬂnai u 1
J; = ! LoQ=— B10
' 87TG]__[(1—aj)1—a,» "oa; (B10)
j
2m \(1/D—2k—3)
r+=(—’") . i=1,..,k (Bl

1%
J

These correctly reduce to the results (4.21), (4.22), (4.23),
and (4.24) for the singly-spinning case. The quantities in
(B8)—(B11) obey the quantum statistical relation

D—2
0 ) ,U~ l—[ %,

81‘[(1 (B12)

J

and thus only when a; = 0, Vj does one recover the flat
space result.
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We conclude this Appendix by noting that there are only
three ways of making the Kerr-AdS,, black hole ultraspin
in the sense that J — oo. This is obvious by looking at the
general expression for J;

Q(D )m a
47an _w '—‘t .

One way is to send a; — oo but keeping =, finite since
otherwise J; — 0. This can only be done by simultaneously
sending L — oo. Another way is to send a; — L leading to
E; — 0; if then one sends m — 0, J; remains finite and we
obtain the ‘“‘ultraspinning” limit of (4.13). If otherwise we
keep m finite, we obtain the rotating hyperboloid mem-
brane of (6.1). This limit has the consequence that the
horizon size is kept finite but the mass diverges, i.e.,
M — oo, and hence it is not ultraspinning in the sense
that J > M. A third possibility would be to naively send
m — oo, but this results in a black hole with infinite hori-
zon radius, which is senseless unless we simultaneously
send a; — o0 and L — oo and thus recover the limit taken
here. Moreover, since we have taken L — oo while keeping
r4 finite, the ultraspinning limit of the Kerr-(A)dS black
hole exists only in the regime r, << L and hence can be
fully captured by the blackfold approach.

J = (B13)
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