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3ICRANet, Dipartimento di Fisica, Università di Roma La Sapienza, I-00185 Roma, Italy
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We study the thermodynamics and the thermodynamic geometries of charged rotating Bañados-

Teitelboim-Zanelli black holes in (2þ 1)-gravity. We investigate the thermodynamics of these systems

within the context of the Weinhold and Ruppeiner thermodynamic geometries and the recently developed

formalism of geometrothermodynamics. Considering the behavior of the heat capacity and the Hawking

temperature, we show that Weinhold and Ruppeiner geometries cannot describe completely the thermo-

dynamics of these black holes and of their limiting case of vanishing electric charge. In contrast, the

Legendre invariance imposed on the metric in geometrothermodynamics allows one to describe the

charged rotating Bañados-Teitelboim-Zanelli black holes and their limiting cases in a consistent and

invariant manner.
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I. INTRODUCTION

An important characteristic of a black hole consists of its
thermodynamic features: a Hawking temperature propor-
tional to its surface gravity on the horizon and an entropy
proportional to its horizon area [1,2], satisfying the first
law of black hole thermodynamics [3]. However, it is still a
challenging problem to find the statistical origin of black
hole thermodynamics. As one knows, the divergence of the
heat capacity is an indication of a second-order phase
transition in ordinary thermodynamic systems. Using this
fact, Davies [4] argued that phase transitions appear in
black hole thermodynamics and the phase transition point
is the one where the heat capacity diverges [5].

On the other hand, several authors have proposed to
include geometric concepts in order to investigate the
properties of the equilibrium space of thermodynamic
systems. For instance, Weinhold [6] introduced in the
equilibrium space a Riemannian metric defined in
terms of the second derivatives of the internal energy U
with respect to entropy and other extensive variables
of a thermodynamic system. The Weinhold metric is given
by

gWij ¼ @i@jUðS; NrÞ: (1)

However, the geometry based on this metric seems to be
meaningless in the context of pure equilibrium thermody-
namics. In 1979, Ruppeiner [7] introduced a Riemannian
metric structure in thermodynamic fluctuation theory, and
related it to the second derivatives of the entropy. This
geometric structure was used to find the significance of the
distance between equilibrium states and to study the ther-
modynamics of equilibrium systems. It was observed by
Ruppeiner [8,9] that in thermodynamic fluctuation theory

the Riemannian curvature of the Ruppeiner metric
measures the complexity of the underlying statistical
mechanical model. The Ruppeiner metric is defined as

gRij ¼ �@i@jSðM;NrÞ; (2)

where S is the entropy, U denotes the energy and Nr are
other extensive variables of the system. The Ruppeiner
geometry is conformally related to the Weinhold geometry
[10,11] as

ds2R ¼ 1

T
ds2W; (3)

where T is the temperature of the system under considera-
tion. Equation (3) often provides a more convenient way to
compute the Ruppeiner metric.
One of the aims of the application of geometry in

thermodynamics is to describe phase transitions in terms
of curvature singularities and to interpret curvature as a
measure of thermodynamic interaction. Since the proposal
of Weinhold, many investigations have been carried out to
understand the thermodynamic geometry of various ther-
modynamic systems. TheWeinhold and Ruppeiner geome-
tries have been analyzed in a number of black hole families
to study phase space, critical behavior, and stability prop-
erties [12–22]. In some particular cases, it was found that
Weinhold and Ruppeiner geometries carry information
about the phase transitions structure. In fact, this is true
in the case of the ideal gas, whose curvature vanishes, and
the van der Waals gas for which the thermodynamic cur-
vature becomes singular at those points where phase tran-
sitions occur. Unfortunately, the obtained results are
contradictory in the case of black holes. For instance, for
the Kerr black hole the Weinhold metric predicts no phase
transitions at all [15] whereas the Ruppeiner metric, with
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a very specific thermodynamic potential, predicts phase
transitions which are compatible with the results of
standard black hole thermodynamics [18]. Nevertheless,
a change of the thermodynamic potential affects the
Ruppeiner geometry in such a way that the resulting
curvature singularity does not correspond to a phase tran-
sition. Another example is provided by the Bañados-
Teitelboim-Zanelli (BTZ) black hole thermodynamics for
which the curvature of the equilibrium space turns out to be
flat [19–21]. This flatness is usually interpreted as a con-
sequence of the lack of thermodynamic interaction.
However, if one applies an invariant approach the resulting
manifold is curved [23].

Recently, the formalism of geometrothermodynamics
(GTD) was developed in order to unify in a consistent
manner the geometric properties of the phase space and
the space of equilibrium states [24–26]. Legendre invari-
ance plays an important role in this formalism. It has been
shown that there exist thermodynamic metrics that cor-
rectly describe the thermodynamic behavior of the ideal
and the van der Waals gas. In fact, for the ideal gas the
curvature vanishes whereas for the van der Waals gas the
curvature is nonzero and diverges only at those points
where phase transitions take place. Moreover, there exists
a thermodynamic metric with nonvanishing curvature
which correctly describes the thermodynamic properties
of black holes [27].

In fact, the problem of using Weinhold or Ruppeiner
metrics in equilibrium space is that the results can depend
on the choice of thermodynamic potential, i. e., the results
are not invariant with respect to Legendre transformations
[28,29]. These results indicate that, in the case of black
holes, geometry and thermodynamics are compatible only
for a specific thermodynamic potential. However, it is well
known that ordinary thermodynamics does not depend on
the thermodynamic potential, i.e., it is invariant with re-
spect to Legendre transformations. GTD incorporates
Legendre invariance into the geometric structures of the
phase space and equilibrium space so that the results do not
depend on the choice of thermodynamic potential. The
phase transition structure contained in the heat capacity
of black holes [30] becomes completely integrated in the
scalar curvature of the Legendre-invariant metric so that a
curvature singularity corresponds to a phase transition.

In the present work we investigate the Weinhold and
Ruppeiner geometries of charged rotating BTZ (CR-BTZ)
black holes. We show that both geometries are curved,
indicating the presence of thermodynamic interaction.
However, in the limiting case of vanishing electric charge
certain inconsistencies appear. We also use GTD to derive
a Legendre-invariant metric for the CR-BTZ black holes.
Our main result is that GTD correctly describes the ther-
modynamics of the CR-BTZ black holes and that no in-
consistencies appear in the limiting cases of vanishing
electric charge.

This paper is organized as follows. In Sec. II, we review
some known facts about CR-BTZ black holes and present
the main features of their thermodynamics. In Sec. III, we
examine the Weinhold and Ruppeiner geometries of the
CR-BTZ black hole. We review and apply 3-dimensional
GTD in Sec. IV. Finally, the last Section contains the
conclusions. Throughout this paper we use the units in
which c ¼ ℏ ¼ 8G ¼ 1.

II. THE CHARGED ROTATING BTZ BLACK HOLE

The charged rotating BTZ black hole solutions [31–34]
in (2þ 1) spacetime dimensions are particular solutions to
the field equations derived from the action [35] (see also
[36] for a critical review)

I ¼ 1

2�

Z
dx3

ffiffiffiffiffiffiffi�g
p �

Rþ 2�� �

2
F��F

��

�
: (4)

The Einstein field equations are given by

G�� ��g�� ¼ �T��; (5)

where T�� is the energy-momentum tensor of the electro-

magnetic field:

T�� ¼ F��F��g
�� � 1

4
g��F

2: (6)

The corresponding line element for the CR-BTZ solution is

ds2 ¼ �fðrÞdt2 þ dr2

fðrÞ þ r2
�
d�� J

2r2
dt

�
2
; (7)

with lapse function:

fðrÞ ¼ �Mþ r2

l2
þ J2

4r2
� �

2
Q2 lnr: (8)

Here M and J are the mass and angular momentum,
respectively, and Q is the charge carried by the black
hole. The horizons of the CR-BTZ metric correspond to
the roots of the lapse function fðrÞ. Depending on these
roots there are three cases for the CR-BTZ configuration
[37,38]: Two distinct roots r� determine the standard CR-
BTZ black holes; two repeated real roots correspond to a
single horizon that determines an extreme black hole; the
absence of real roots implies that no horizon exists and the
configuration corresponds to that of a naked singularity.
We shall investigate the first case in this work.
In terms of the exterior horizon radius rþ, the black hole

mass and the angular momentum are given, respectively,
by

M ¼ r2þ
l2

þ J2

4r2þ
� �

2
Q2 lnðrþÞ; (9)

and

J ¼ 2rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M� r2þ

l2
� �

2
Q lnðrþÞ

s
; (10)
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with the corresponding angular velocity on the horizon

� ¼ 2r2þ
@M

@J

��������r¼rþ
¼ J

2r2þ
¼ 1

rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M� r2þ

l2
� �

2
Q lnðrþÞ

s
:

(11)

The Hawking temperature T at the black hole horizon is

T ¼ 1

4�

df

dr
¼ 1

4�

�
2rþ
l2

� J2

2r3þ
� �

2

Q2

rþ

�
; (12)

and the electric potential is given by

� ¼ @M

@Q

��������r¼rþ
¼ ��Q lnrþ: (13)

Furthermore, using the fundamental postulate of black hole
thermodynamics, the entropy of the CR-BTZ black hole is
defined as

S ¼ 4�rþ: (14)

In terms of this entropy, the corresponding thermodynamic
fundamental equation and the temperature for the CR-BTZ
black hole are given, respectively, by

M ¼
�
S

4�l

�
2 þ

�
2�J

S

�
2 � �Q2

2
ln

S

4�
; (15)

and

T ¼
�
@M

@S

�
J;Q

¼ S

8�2l2
� 8�2J2

S3
� �Q2

2S
: (16)

The thermodynamic quantities T, S, J, Q and M obey the
first law of thermodynamics

dM ¼ TdSþ�dJ þ�dQ: (17)

An important quantity for the analysis of the thermody-
namic properties is the heat capacity of the CR-BTZ black
hole [37], CJ;Q ¼ ð@M=@TÞJ;Q, which is given by

CJ;Q ¼ S
S4 � 4�3l2Q2S2 � 64�4l2J2

S4 þ 4�3l2Q2S2 þ 192�4l2J2
; (18)

or using the horizon radius rþ as coordinate, by

CJ;Q ¼ 4�rþ
4r4þ � �l2Q2r2þ � l2J2

4r4þ þ �l2Q2r2þ þ 3l2J2
: (19)

Furthermore, the capacitances ~CS;Q ¼ ð@J=@�ÞS;Q and
~CS;J ¼ ð@Q=@�ÞS;J can also contain important information

about the thermodynamic behavior of black holes [39].
From the fundamental equation (15), we obtain

~CS;Q ¼ S2

4�2
; ~CS;J ¼� 1

� lnðS=4�Þ ¼ � 1

� lnrþ
: (20)

From expressions (12) and (14) we conclude that the
condition

S4 � 4�3l2Q2S2 � 64�4l2J2 > 0 (21)

must be satisfied in order for the temperature to be positive
definite, a requirement which follows from the standard
laws of black hole thermodynamics. From the above con-
dition and the expression (18), it follows that the heat
capacity is always positive definite. This is an important
observation which implies that a CR-BTZ black hole with
a positive definite temperature must be a thermodynami-
cally stable configuration. In fact, a change of sign of the
heat capacity is usually associated with a drastic change of
the stability properties of a thermodynamic system; a
negative heat capacity represents a region of instability
whereas the stable domain is characterized by a positive
heat capacity.
It is worth mentioning that the heat capacity is a regular

function for all real positive values of the exterior horizon
radius. In fact, the denominator of the expression (19) is
always positive and, consequently, CJ;Q is a regular

function, except in the pathological case where S ¼ J ¼
Q ¼ 0. On the other hand, in black hole thermodynamics,
divergences of the heat capacity are associated with
second-order phase transitions. This implies that a CR-
BTZ black hole cannot undertake a phase transition asso-
ciated with a divergence of the heat capacity. However, the

capacitance ~CS;J becomes singular for a black hole with

horizon radius rþ ¼ 1, at which the electric potential �
vanishes. This indicates the presence of a second-order
phase transition. In fact, since the heat capacity can be
written as CJ;Q ¼ ð T

ð@2M=@S2ÞÞJ;Q, a second-order phase tran-
sition takes place if the condition ð@2M=@S2Þ ¼ 0 is sat-

isfied. Therefore, for the capacitance ~CS;J ¼ ð 1
ð@2M=@Q2ÞÞS;J

we can consider by analogy the singularity situated at
ð@2M=@Q2Þ ¼ 0 as a second-order phase transition.
The above observations demonstrate that the CR-BTZ

black hole is a completely stable thermodynamic system
with no phase transition structure following from the heat
capacity CJ;Q. The only second-order phase transition can

occur for the horizon radius rþ ¼ 1 at which the capaci-

tance ~CS;J diverges. In this work, we will use this fact in

order to test different geometric descriptions of the ther-
modynamics of the CR-BTZ black hole. Figure 1 shows for
selected values of J, Q and l the behavior of heat capacity
and temperature for a charged black hole (solid line) and
for a neutral black hole (dotted line). The comparison of
both curves shows that the charge essentially increases the
value of the horizon radius at which the heat capacity and
the temperature vanish. As the value of the horizon radius
increases the contribution of the charge decreases. Finally,
for very large values of the horizon radius the heat capaci-
ties and the temperatures coincide, indicating that the
contribution of the charge is negligible.
One would expect that the limiting case T ! 0 or,

equivalently, C ! 0 corresponds to an extreme black
hole with only one horizon of radius, say, r�. To analyze
this question it is necessary to find the domain of parame-
ters for which the equation fðrÞ ¼ 0 allows only one
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positive real root, and to calculate the value of T for this
domain. However, the equation fðrÞ ¼ 0 cannot be solved
analytically because of the presence of the logarithmic
term lnr. An alternative procedure consists in solving the
equation T ¼ 0 for r2 to obtain

r2 :¼ r2� ¼ �l2Q2

8
ð1þ �Þ; � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 16J2

�2l2Q4

s
; (22)

and introducing this solution into the equation fðrÞ ¼ 0 to
obtain the value of the mass at this radius, i. e.,

M ¼ �Q2

4

�
�� lnð1þ �Þ � ln

�l2Q2

8

�
; (23)

where we replaced J2 by using the definition of the auxil-
iary parameter �. Now the question is whether the last
expression represents a physical mass, i.e. whether it is
positive. A numerical analysis shows that for any value
�> 1, a condition that follows from the definition of �,
there always exists a combination of values for Q and l
such that M is positive. Figure 2 shows an example of the
behavior of the mass for a fixed value of the parameter l.
We conclude that the limit T ! 0 indeed corresponds to an
extreme black hole.
Notice that the above numerical analysis is necessary

only if the solution must correspond to a black hole with
positive mass. If this condition is not imposed, a simpler
analysis is possible. Indeed, since the only solution of the
equation f0ðrÞ ¼ 0 is r ¼ r� and fðrÞ is a smooth function
for r 2 ð0;1Þ with limr!0;þ1fðrÞ ¼ þ1, the equation

fðrÞ ¼ 0 has only one solution for an extreme black hole
r ¼ rebh if and only if f0ðrebhÞ ¼ 0. On the other hand,
since T ¼ 0 if and only if f0ðrÞ ¼ 0, it follows that any
black hole with T ¼ 0 is extremal.

III. WEINHOLD AND RUPPEINER GEOMETRIES

Now we construct the thermodynamic geometry of the
CR-BTZ black hole by using the Weinhold metric (1). In
this case the extensive variables are Nr ¼ fJ;Qg so that the
general Weinhold metric becomes

FIG. 2 (color online). The mass M of an extreme CR-BTZ
black hole with horizon radius r� ¼ �l2Q2ð1þ �Þ=8 as a func-
tion of the charge Q and the angular parameter �> 1. Here, we
chose l ¼ 1 as a representative value. The plane M ¼ 0 is
plotted to visualize the region where M> 0.

FIG. 1. Behavior of the heat capacity and temperature as functions of the event horizon radius rþ of a CR-BTZ black hole with
Q ¼ 2, J ¼ 1 and l ¼ 1. Temperature and heat capacity vanish at rþ � 1:79. The unstable region ðCJ;Q < 0Þ corresponds to an

unphysical region with negative temperature. To illustrate the contribution of the charge we include the plots (dotted curves) for the
case of the nonstatic BTZ black hole with Q ¼ 0 [23,44].
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ds2W ¼
�
@2M

@S2

�
dS2 þ

�
@2M

@J2

�
dJ2 þ

�
@2M

@Q2

�
dQ2 þ 2

�
@2M

@S@J

�
dSdJ þ 2

�
@2M

@J@Q

�
dJdQþ 2

�
@2M

@Q@S

�
dQdS; (24)

and in the special case of the CR-BTZ black hole we have

ds2W ¼
�

1

8�2l2
þ 24�2J2

S4
þ �Q2

2S2

�
dS2 þ 8�2

S2
dJ2 � � ln

�
S

4�

�
dQ2 � 32�2J

S3
dSdJ � 2

�Q

S
dSdQ: (25)

The corresponding scalar curvature is given by

RW ¼ l2r2þ½�4r4þð1þ 2 lnrþ þ 4 lnr2þÞ þ �l2Q2ð9þ 2 lnrþÞr2þ þ J2l2ð1þ 2 lnrþÞ�
½�4r4þ lnrþ � �Q2l2ðlnrþ þ 2Þr2þ þ J2l2 lnrþ�2

: (26)

The general behavior of the scalar curvature for the
Weinhold geometry is illustrated in Fig. 3. We see that
the thermodynamic curvature is regular for all positive
values of the horizon radius. At the value rþ � 1:79
(with l ¼ 1, J ¼ 1, Q ¼ 2Þ, at which the temperature
vanishes, the scalar curvature is RW � 0:0527. Moreover,
it is positive and regular in the interval 0:185< rþ < 1:79,
a region where the temperature is negative, and in the
interval 1:79 � rþ < 2:4, a region where the temperature
is positive. This means that the Weinhold thermodynamic
curvature cannot differentiate between a CR-BTZ black
hole with positive temperature and a similar configuration
with negative temperature.

We now investigate the limiting case of a vanishing
charge. The additional extensive variable in this case is
Nr ¼ fJg so that the Weinhold metric reduces to

ds2W ¼
�

1

8�2l2
þ 24�2J2

S4

�
dS2 � 32�2J

S3
dSdJ þ 8�2

S2
dJ2;

(27)

and the corresponding scalar curvature becomes

RW ¼ 16
�2l2S6

ðS4 � 64�4J2l2Þ2 : (28)

We see that there exists a true curvature singularity at the
value S4 ¼ 64�4J2l2 that, according to Eq. (21) with
Q ¼ 0, corresponds to the limit of vanishing temperature
or, equivalently, to the extreme black hole limit. This result
shows that the Weinhold thermodynamic curvature in this
case correctly describes the transition from a region with
positive and well-defined temperature to a region with an
unphysical negative temperature. This is in contrast to what
we obtained in the case of a charged black hole in which
the Weinhold thermodynamic curvature is not able to
recognize the transition to an extreme black hole with
zero temperature.
Let us now consider the Ruppeiner geometry. A direct

computation of the Ruppeiner metric (2) cannot be per-
formed because it is not possible to rewrite explicitly the
fundamental equation (15) in the form S ¼ SðM; J;QÞ.
Nevertheless, indirect methods of computation are avail-
able. Indeed, if we assume the invariance of the line
element under a change of thermodynamic potential, the
relationship (3) can be used to derive the Ruppeiner metric
from the Weinhold metric. Then, we obtain

ds2R ¼ dS2

S
þ �

T

�
8�

S2

�
2J

S
dS� dJ

�
2 þ

�
Q

S
dS� dQ

�
2

�
�
1þ ln

S

4�

�
dQ2

�
: (29)

A second indirect and equivalent method to compute the
components of the Ruppeiner metric consists in applying
the chain rule for partial derivatives. For instance, from
the definition of the temperature given in Eq. (16) one

obtains that gRMM ¼ �ð @2S
@M2ÞJ;Q ¼ �ð@ð1=TÞ@M ÞJ;Q ¼ 1

T3 ð@T@SÞJ;Q.
This means that gRMM ¼ 1

T3 g
W
SS or, using the appropriate

FIG. 3. Thermodynamic curvature for the Weinhold (RW) ge-
ometry as a function of the event horizon radius, rþ, of the CR-
BTZ black hole. Here, the free parameters are chosen as Q ¼ 2,
J ¼ 1 and l ¼ 1. The curvature is completely regular in the
entire domain of rþ.

THERMODYNAMIC GEOMETRY OF CHARGED ROTATING . . . PHYSICAL REVIEW D 83, 084031 (2011)

084031-5



coordinates in the corresponding line elements,
gRMM ¼ 1

T g
W
MM as stated in Eq. (3). The remaining metric

components can be calculated in a similar manner. For

instance, gRJJ ¼ �ð@2S
@J2

ÞM;Q ¼ � @
@J ð 1

@J=@SÞM;Q ¼ ð@J@SÞ�3 �
ð@ð@J=@SÞ@S ÞM;Q, and gRQQ ¼ �ð@2S

@Q2ÞM;J ¼ ð@Q@SÞ�3ð@ð@Q=@SÞ
@S ÞM;J,

etc. None of these computations requires the explicit use
of the equation S ¼ SðM; J;QÞ.

The thermodynamic curvature scalar RR of the metric
(29) turns out to be nonzero, i.e., the space of its thermo-
dynamic equilibrium states is nonflat. The explicit form of
RR cannot be written in a compact form. Therefore, we
perform a numerical analysis of its behavior and the result
is illustrated in Fig. 4.

The singularity located at rþ � 1:79 represents the limit
for which the heat capacity vanishes and the temperature
becomes negative. This shows that the Ruppeiner thermo-
dynamic curvature describes correctly the behavior of the
CR-BTZ black hole.

In the limiting case of a vanishing charge, it is possible
to rewrite the fundamental equation (9) as S ¼ SðM; JÞ in
the following manner

S ¼ 4�rþ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Ml2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� J2

M2l2

s �vuut
; (30)

so that the Ruppeiner metric can be computed by using the
definition (2). Then

ds2R ¼ � �l2

ðr2þ � r2�Þ3
½rþðr2þ þ 3r2�Þðl2dM2 þ dJ2Þ

� 2lr�ð3r2þ þ r2�ÞdMdJ�; (31)

where

r2� ¼ l2M

2

0
@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� J2

l2M2

s 1
A: (32)

A straightforward calculation shows that the curvature of
this metric vanishes identically, indicating the absence of
thermodynamic interaction, i.e., the thermodynamic vari-
ablesM and J do not generate thermodynamic interaction.
This is a peculiar result because, as we have seen above, the
Ruppeiner geometry correctly describes the thermody-
namic behavior of the CR-BTZ black hole. This implies
that only the charge Q acts as a source of thermodynamic
interaction in the Ruppeiner geometry. It seems that there
is no specific reason for the existence of this difference
between thermodynamic variables of this particular black
hole configuration.

IV. GEOMETROTHERMODYNAMICS OF
THE CR-BTZ BLACK HOLE

In order to describe a thermodynamic system with n
degrees of freedom, we consider in GTD the thermody-
namic phase space which is defined mathematically as a
Riemannian contact manifold ðT ;�; GÞ, where T is a
(2nþ 1)-dimensional manifold, � defines a contact struc-
ture on T and G is a Legendre-invariant metric onT . The
space of equilibrium states is an n-dimensional
Riemannian manifold ðE; gÞ, where E � T is defined by
a smooth mapping ’: E ! T such that the pullback
’�ð�Þ ¼ 0 and a Riemannian structure g is induced natu-
rally in E by means of g ¼ ’�ðGÞ. It is then expected in
GTD that the physical properties of a thermodynamic
system in a state of equilibrium can be described in terms
of the geometric properties of the corresponding space of
equilibrium states E [24].
To be more specific we introduce in the phase space T

the set of independent coordinates ZA ¼ ð�; Ea; IaÞ with
A ¼ 0; . . . ; 2n and a ¼ 1; . . . ; n, where � represents the
thermodynamic potential, and Ea and Ia are the extensive
and intensive thermodynamic variables, respectively.
Consider the Legendre-invariant Gibbs 1-form

�G ¼ d�� �abI
adEb; �ab ¼ diagð1; . . . ; 1Þ: (33)

The pair ðT ;�Þ is called a contact manifold [40] if T is
differentiable and � satisfies the condition � ^ ðd�Þn �
0. Legendre invariance [41] guarantees that the geometric
properties of G do not depend on the thermodynamic
potential used in its construction.
The smooth mapping ’: E ! T is given in terms of

coordinates as ’: fEag � fZAg ¼ f�ðEaÞ; Ea; IaðEaÞg.

FIG. 4. Thermodynamic curvature, RR, of the Ruppeiner ge-
ometry as a function of the event horizon, rþ, for a CR-BTZ
black hole with J ¼ l ¼ 1, Q ¼ 2. The only singularity is
located at rþ � 1:79.
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Consequently, the condition ’�ð�Þ ¼ 0 can be written as
the expressions

@�

@Ea
¼ �abI

b; d� ¼ �abI
adEb; (34)

which in ordinary thermodynamics correspond to the first
law of thermodynamics and the conditions for thermody-
namic equilibrium, respectively. In thermodynamics�ðEaÞ
is known as the fundamental equation from which all the
equations of state of the system can be derived [42]. The
second law of thermodynamics is implemented in GTD as
the convexity condition @2�=@Ea@Eb 	 0. Furthermore,
the Gibbs-Duhem identity can be expressed as � ¼
�abI

aEb and �abE
adIb ¼ 0.

For the geometric description of the thermodynamics of
the CR-BTZ black hole in GTD, we first introduce the
seven-dimensional phase space T with coordinates M, S,
J, Q, T, � and �, a contact 1-form

� ¼ dM� TdS��dJ��dQ; (35)

which satisfies the condition � ^ ðd�Þ3 � 0, and a
Legendre-invariant metric

G ¼ ds2
T

¼ ðdM� TdS��dJ��dQÞ2
þ TSð�dTdSþ d�dJþ d�dQÞ: (36)

This particular metric is a special case of a metric used in
[23] to describe the region of positive temperature of the
BTZ black hole.

Let E be a three-dimensional subspace of T with coor-
dinates Ea ¼ ðS;Q; JÞ, a ¼ 1, 2, 3, defined by means of a
smooth mapping ’: E ! T . The subspace E is called the
space of equilibrium states if ’�ð�Þ ¼ 0, where ’� is the
pullback of ’. Furthermore, a metric structure g is natu-
rally induced on E by applying the pullback on the metric
G of T , i.e., g ¼ ’�ðGÞ. It is clear that the condition
’�ð�Þ ¼ 0 leads immediately to the first law of thermo-
dynamics of black holes as given in Eq. (17). It also implies
the existence of the fundamental equationM ¼ MðS;Q; JÞ
and the conditions of thermodynamic equilibrium,
Eqs. (11)–(13). Moreover, the induced metric

g ¼ ds2E ¼ ’�ðGÞ

¼ S
@M

@S

�
� @2M

@S2
dS2 þ @2M

@J2
dJ2 þ @2M

@Q2
dQ2

�
(37)

determines all the geometric properties of the equilibrium
space E. In the above expression we used the Euler identity
to simplify the form of the conformal factor. In order to
obtain the explicit form of the metric it is only necessary to
specify the thermodynamic potential M as a function of S,
J and Q as given in Eq. (15). Another advantage of the
use of GTD is that it allows us to easily implement dif-
ferent thermodynamic representations of the fundamental

equation, given as M ¼ MðS;Q; JÞ; S ¼ SðM;Q; JÞ; Q ¼
QðS;M; JÞ or J ¼ JðS;M;QÞ and redefine the coordinates
in T and the smooth mapping � in such a way that
the condition ’�ð�Þ ¼ 0 generates on E the corresponding
fundamental equation in the S� , Q� , or the
J-representation, respectively. The results obtained with
different representations of the same fundamental equation
are completely equivalent. To simplify the notation, in
Eqs. (36) and (37) and in the rest of this work, we use G
and g to denote the line elements ds2

T
and ds2E, respec-

tively, as it is usual in standard textbooks on mathematical
physics (see, for instance, [43], p. 285).
For the CR-BTZ black hole, using the fundamental

equation M ¼ MðS; J;QÞ given in Eq. (15), the thermody-
namic metric can be written as

g ¼ S4 � 64�4J2l2 � 4�3l2Q2S2

8�2l2S2

�
�
�

1

8�2l2
þ 24�2l2

S4

þ �Q2

2S2

�
dS2 þ 8�2

S2
dJ2 � � ln

S

4�
dQ2

�
: (38)

The corresponding thermodynamic curvature turns out to
be nonzero and is given by

RGTD ¼ 2l4r4þ
D1D2

�
1

ln2rþ
þ 1

D1D
2
2

�
N1

lnrþ
þ N0

��
(39)

where

D1 ¼ 4r4þ þ �l2Q2r2þ þ 3l2J2;

D2 ¼ 4r4þ � l2J2 � �l2Q2r2þ;
(40)

N0¼ 4½6J6l6þ23�J4l6Q2r2þþ l4J2ð15�2l2Q4þ8J2Þr4þ
þ4�l4Q2ð14J2þ�2Q4l2Þr6þþ4l2ð�2Q4l2�40J2Þr8þ
�16�Q2l2r10þ þ128r12þ �; (41)

N1 ¼ 2½�15J6l6 � 6�J4l6Q2r2þ � 3l4J2ð�2l2Q4 � 20J2Þr4þ
þ 128�J2l4Q2r6þ � 4l2ð4J2 � 5�2l2Q4Þr8þ
þ 96�Q2l2r10þ þ 64r12þ �: (42)

We see from the expression for the scalar curvature that the
curvature singularities can be situated at those values of the
parameters where D1 ¼ 0, D2 ¼ 0 or lnrþ ¼ 0. For real
values of the parameters the condition D1 ¼ 4r4þ þ
�l2Q2r2þ þ 3l2J2 ¼ 0 cannot be satisfied. In fact, this
term appears in the denominator of the heat capacity (19)
and determines the absence of phase transitions of the CR-
BTZ black hole that could be associated with divergencies
of the heat capacity. Singularities determined by the roots
of the equation D2 ¼ 4r4þ � l2J2 � �l2Q2r2þ ¼ 0 coin-
cide with the points where T ¼ 0 or, equivalently, where
the heat capacity (19) vanishes. This implies that the non-
physical region of negative temperatures is isolated from
the allowed region with positive temperatures by a true
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curvature singularity. The third singularity located at
lnrþ ¼ 0 corresponds to a critical point that is not deter-
mined by the heat capacity (19). In fact, at rþ ¼ 1 capaci-

tance ~CS;J given in Eq. (20) diverges, indicating the

presence of a second-order phase transition. The singular
behavior of the GTD scalar curvature is illustrated in Fig. 5.

Let us now consider the limiting case of vanishing
charge. The geometrothermodynamic metric reduces to

g ¼ S4 � 64�4J2l2

8�2l2S2

�
�
�

1

8�2l2
þ 24�2l2

S4

�
dS2 þ 8�2

S2
dJ2

�
;

(43)

and the corresponding scalar curvature can be written as

RGTD ¼ 256l4�4S8

ðS4 þ 192�4J2l2Þ2ðS4 � 64�4J2l2Þ : (44)

The behavior of this scalar and the temperature is depicted
in Fig. 6. It follows that in general a curvature singularity
appears when the condition S4 � 64�4J2l2 ¼ 0 is satisfied
which, according to Eq. (16) with Q ¼ 0, corresponds to a
zero temperature. We conclude that the invariant metric
proposed in GTD correctly describes the limiting case of a
neutral BTZ black hole.

V. CONCLUSIONS

In this work, we analyzed the thermodynamics and
the thermodynamic geometry of the CR-BTZ black hole.
By considering the behavior of the heat capacity and the
Hawking temperature, we found that this black hole con-
figuration is free of phase transitions and stable. In fact, the
instability region is characterized by a nonphysical nega-
tive temperature. Moreover, we performed a numerical
analysis which shows that in the limiting case of zero
temperature the black hole becomes extreme.

FIG. 5. Thermodynamic curvature of the CR-BTZ black hole
(RGTD) as a function of event horizon rþ. A typical behavior is
depicted for the specific values Q ¼ 2, J ¼ l and l ¼ 1.

FIG. 6. Behavior of the scalar curvature in GTD and temperature as functions of the event horizon radius rþ ¼ S=4� of a neutral
rotating BTZ black hole with J ¼ 1 and l ¼ 1. The curvature singularity coincides with the point of zero temperature.
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We analyzed the thermodynamic geometry based on the
Weinhold metric and found that the corresponding thermo-
dynamic curvature is free of singularities in the entire
equilibrium manifold. This result is not in accordance
with the analysis of the behavior of the heat capacity and
the Hawking temperature that indicates the presence of an
unphysical region with negative temperature for rþ � 1:79
(the additional parameters are chosen as l ¼ 1, J ¼ 1 and
Q ¼ 2). We conclude that Weinhold geometry does not
describe correctly the thermodynamic geometry in this
specific case. However, in the limiting case of a vanishing
electric charge there exists a true curvature singularity that
is located at the point where the temperature vanishes. It is
not clear why the presence of an electric charge cannot be
handled correctly in the context of the Weinhold thermo-
dynamic metric.

Although it is not possible to calculate directly the
Ruppeiner metric, it can be derived from the Weinhold
metric by using a conformal transformation with the
inverse of the temperature as the conformal factor. A
numerical analysis of the Ruppeiner thermodynamic cur-
vature shows that it is smooth and well-behaved in the
region rþ > 1:79, with a true curvature singularity situ-
ated at rþ � 1:79. This is exactly the value of the horizon
radius at which the Hawking temperature vanishes. We
interpret this result as indicating that the Ruppeiner ge-
ometry correctly describes the thermodynamics of the
CR-BTZ black hole. However, in the limiting case of
vanishing electric charge the Ruppeiner metric turns out
to be flat. Since a vanishing thermodynamic curvature is
usually interpreted as indicating the absence of thermo-
dynamic interaction, it is not clear why Ruppeiner
geometry correctly describes the thermodynamics of
the CR-BTZ black hole but fails in the limiting neutral
case.

Finally, we analyzed the properties of a Legendre-
invariant metric proposed in the context of
GTD. In this case, the curvature can be calculated explic-
itly and it turns out that it possesses a true curvature
singularity at those points where the Hawking temperature
vanishes, and at the horizon radius rþ ¼ 1where a second-
order phase transition is located. In the entire region where
the CR-BTZ black hole corresponds to a stable thermody-
namic system with no phase transition structure, the ther-
modynamic curvature of GTD is described by a smooth
function of all the thermodynamic variables. In the limiting
case of vanishing electric charge, the metric proposed in
GTD is also able to correctly describe the thermodynamic
properties of the black hole configuration in the sense that
it is finite and smooth in the region where the black hole is
stable, but possesses a true curvature singularity at the
point where the temperature vanishes. Since the
Weinhold and Ruppeiner metrics are not invariant with
respect to Legendre transformations, we conclude that
the Legendre invariance imposed in the context of GTD
is an important property to describe geometrically the
thermodynamics of black holes without intrinsic
contradictions.
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