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Auxiliary fields representation for modified gravity models
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We consider tensor-multiscalar representations for several types of modified gravity actions. The first
example is the theory with the action representing an arbitrary smooth function of the scalar curvature R
and IR, the integrand of the Gauss-Bonnet term and the square of the Weyl tensor. We present a simple
procedure leading to an equivalent theory of a space-time metric and four auxiliary scalars and especially
discuss the calibration of a cosmological constant and the condition of the existence of de Sitter-like
solutions in the case of an empty universe. The condition for obtaining a smaller number of independent
scalar fields is derived. The second example is the Eddington-like gravity action. In this case we show, in
particular, the equivalence of the theory to general relativity with the cosmological constant term, with or

without use of the first-order formalism, and also discuss some possible generalizations.
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I. INTRODUCTION

Recently, there has been considerable interest in the
f(R) theories described by the action

Sp= f d*x/=gf(R), (1)

where f(R) is some differentiable function, see [1] for
recent reviews. It is well known that under the condition
f"(R) # 0, the theory is dynamically equivalent to the
scalar-tensor theory of gravity with the potential depending
on the form of the function f(R). Our purpose is to discuss
this equivalence in a slightly different framework. As an
application of our method we will be able to generalize the
equivalence theorem to the more general case when the
action depends on a function of many variables, f(X'), with
X' being, e.g., R, (IR, Gauss-Bonnet integrand E, and/or
other quantities. Let us note that quantum corrections to
general relativity [GR] (coming from the semiclassical
approach to quantum gravity or from the string theory)
can be modeled by such a function to some extent. Another
advantage of the method that we present here is that it can
be used, also, for other theories, e.g., for Eddington-like
models. Last, but not least, our method is a bit more
explicit and simple than the previously known ones, e.g.,
[2-8]. All considerations will be presented for the D = 4
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case in order to make them more explicit, but they can be
more or less straightforwardly generalized for an arbitrary
D # 2 case.

In the present paper we will mainly follow the
Lagrangian approach, but it is worthwhile to mention that
there are also some recent papers treating f(R) [9] and even
more general f(R,,,g) [10] theories within the canonical
formalism. Earlier, the discussion of stability issues for a
while class of higher-derivative theories has been presented
in [11] at both classical level and also for the Wheeler-
DeWitt equation. In general, the equivalence of two theo-
ries at the classical level does not imply their equivalence at
the quantum level. The quantum treatment of higher-
derivative and scalar-tensor theories is not a trivial issue,
hence here we only present a short discussion of it.

The paper is organized as follows. In Sec. II we consider
the simplest case of the theory (1) and describe a simple
way of mapping it into a metric-scalar (scalar-tensor)
model. The content of this section is mainly not original,
we just give a bit more simple form of the known trans-
formations. One of relatively new aspects of our consid-
eration is the procedure to fix the cosmological constant
term in the metric-scalar representation of the theory. We
also check this procedure by using the de Sitter (dS)-like
exponential solution. In Sec. III we address gravity theories
of a rather generic form, in which the action contains an
arbitrary function of various scalar, curvature-dependent
invariants, such as the scalar curvature R, the Gauss-
Bonnet term, the square of the Weyl tensor, and others.
We develop a systematic approach to map such theories
into the metric-multiscalar models. One of the new
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elements of our consideration is that it includes the case
when the initial theory has such Hamiltonian constraints
that the number of independent auxiliary scalars is smaller
than the number of initial curvature-dependent invariants.
The condition for this to occur is obtained. Section IV is
devoted to the formulation of general conditions for the
existence of exponential solutions in the theories investi-
gated in Sec. III. In Sec. V we consider the theory which is
based on the string low-energy effective action of gravity,
up to the third order in curvature invariants. In this case one
cannot construct an equivalent scalar-tensor representation
at the level of action or general equations of motion for the
metric field. However, this problem can be perfectly ad-
dressed for the much more restricted case of a homoge-
neous and isotropic cosmological solution. In Sec. VI we
apply our method of constructing equivalent theories to the
wide class of the Eddington-like gravity theories. It is
shown how to construct dual theories for such gravity
theories, including both the second order and Palatini
formalisms. In the latter case the auxiliary tensor field
can be interpreted as a space-time metric. In Sec. VII we
discuss the equivalence between different representations
of the theory (1) and its generalizations at the quantum
level. Finally, in Sec. VIII we draw our conclusions.

II. EQUIVALENCE OF f(R) AND
METRIC-SCALAR THEORY

Let us start from a simple pedagogical example of the
theory (1) and find its metric-scalar (scalar-tensor) dual.
Consider the theory described by the action

5, = f dxJ=ZIR — V() ®)

The theory (2) describes a dynamical scalar ¢, despite that
there is no kinetic term for ¢ in the action. One can
establish the relation between the theories (1) and (2).
The equation of motion that follows from the variation of
¢ in (2) has the form

dv
R=V =—. 3
() 4y (3)
After solving (3) with respect to ¢ and substituting this
solution ¢ = ¢ (R) back into (2), we obtain the action (1)
with

#(R) - R = V(§(R)) = f(R). “

This means that the equivalence of the two actions is
dynamical, i.e., it holds on to extremal curves of the field
. Later on we shall confirm the validity of this procedure
through the equations of motion for both metric and ¢, i.e.,
in a way similar to the one of [5].

Our next step will be to find the relation between the
functions V(i) and f(R). Taking the derivative d/dR of
Eq. (4), we arrive at the relation
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%+ RY'(R) — V'(d) ' (R) = f'(R). 5

In this formula we assume that ¢ = /(R) and R = R(¢).
Using (3), Eq. (5) immediately reduces to the very simple
relation

= f'(R), (6)

indicating that the function R = V’(¢) is nothing else but
the inverse to the function ¢ = f/(R).

Finally, we arrive at the following receipt for deriving
the potential V(i) for a given f(R).

(a) Calculate ¢ = f'(R) and invert it, obtaining
R = V(). Note that the possibility of such inversion
requires f"(R) # 0.

(b) Integrate over ¢:

V() = Qq + [0 " R(p)dy. )

One has to note that an arbitrary integration constant €}, in
(7) exactly corresponds to the constant fy = f(R = 0)
component of the integrand of Eq. (1), which is indeed
lost when we take the derivative f'(R). Furthermore, in
order to fix the constant (),, one can use the following
simple consideration. By using (4) we arrive at

V() =Ry — f(R), where y = f'(R).  (8)

Remember that when placed into the covariant action, ()
can not be regarded as an irrelevant constant, because it is
multiplied by the metric-dependent factor ,/—g. As far as
(7) should be equal to (8), one can then fix ). Later one
we will additionally check the validity of this procedure for
a cosmological dS-like solution.

The prescription given above enables one, in principle,
to find the potential function V() for a given f(R). Let us
check the results of this simple procedure at the level of the
equations of motion. Taking variation of Eq. (1) with
respect to the metric, we obtain

fI(Rp,V - %Rg,uy) + %g,uV(Rfl - f) - v,uvvf/
+ g,uVDf = 0. 9

Performing the same operation for (2), we arrive at

¢(R;LV - %Rg,uv) = _%g/.LVV(lp) + V,LVV%& - g'uyljl/j
=0. (10)

One can verify that the equivalence between (9) and (10)
holds if the relation

FR=F _ V()
f P
is satisfied. It is easy to check that the solution of this
equation has the form (6).
Consider some particular example for the procedure

described above. The simplest case leading to the linear
equations ¥ = f'(R) is

(1)
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f(R) =0 — KR + %R? (12)
Using our previous results, one can easily arrive at
¢(R)=f'(R)=—K2+aR:>V'(¢)=R=¢ZK2. (13)
Integrating (13) we get

V(¢)=QO+2£:+%. (14)

Finally, in order to fix the integration constant, one has to
put y = —«? + aR back into (14) and compare it to (12).
This procedure gives us

15)

One can perform a simple verification of the described
procedure for fixing ). For this end, we will now derive the
dS-like solution for both theories (1) and (2) in case of (12).
The metric of our interest is

ds* = g, dx*dx" = dr* — az(t)( ! - + rzdﬂ),

1—k

a(r) = exp{o(r)} and afterwards we will set o (1) = Hyt. It
is easy to obtain the equation for o for the theory (2),

188,

i S —20’2 + //+2 1
% o 6e 72k + o'

+ 290" +20729) — 4V() = 0. (16)

Here the prime stands for the derivative with respect to the
conformal time, e.g.,
do do
/! — —
o =—=a(t)—,
dn @ dt

while the derivative with respect to the physical time 7 is
denoted as a dot. It terms of the physical time and adopting

k = 0, we obtain the relation
— 12HZ ¢ — 9Hyp — 3¢ = 2V. (17)

Using ¢ = —«* + aR and taking into account R = —12H}
for the FRW metric, we get
V = 6H2k> — 6H2aR (18)
and finally
O = 6H2K2. (19)

On the other hand, starting from
5, — f d'xJ=Ef(R) = f d‘w——g[n — R+ %Rz],
(20)

we arrive at the equation
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1
—— L =40 — 6k%*727(20"% + 207")
J—g 6o

+ 18ae % (20" — 120"%0") = 0. (21)
It is straightforward to check that the solution o = Hyt =
— In(Hy|n|) corresponds, again, to the relation (19).

Finally, for the sake of completeness, let us address the
possibility of using conformal transformation to deal with
the metric-scalar theory. It is a well-known fact that the
theory (2) can be easily mapped into another one with
the standard form of the scalar kinetic term. We will give
the corresponding treatment here just for completeness and
refer the reader to the review in [12] for further details and
(numerous, indeed) references.

Let us start from the conformal transformation

Cuv = Buv = &uv - €2V (22)

in the action (2). Simple calculation yields the following
result:

Sclguve®, ¥1= f d*x/=g{e*’[R — 6(Vo)> — 601c]

— ATV ()}, (23)
where (Vo)? = g#”9,00,0. Let us choose o such that
ye*? = —k>. Then the first term >’ R coincides with
the Einstein-Hilbert term, also the third term —6¢162"Da
becomes a total derivative which does not affect the equa-
tions of motion. In order to provide the standard form of the
kinetic term, we take

¢ = 2\3ko, then y = —«* exp{—\/_%}. (24)
K

The output looks like

1
Sminl & ©1= fd“x\/—g{—KzR +8" 009,90 - U(so)},

(25)
where the two potentials are related as
prl
Ulp) = e* V() = WV(l//)- (26)

Equations (22), (24), and (26) are nothing but the change of
variables in the action (2) which transform it into the action
(25). Therefore, we do not need to check the equivalence
between two actions by other means, e.g., examining the
equations of motion. Finally, let us note that the multiscalar
case can be, in principle, also treated by the conformal
transformation, but this transformation is not so easy as in
the one-scalar case [13].
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III. MODIFIED GRAVITY THEORY
OF A MORE GENERAL FORM

We have presented a useful and simple prescription of
mapping theories (1) into theories (2) at the classical level.
This method can be generalized to the gravitational actions
which are more general than (1). However, as we will see in
what follows, in this case one needs more scalar fields.
Some similar results has been recently obtained in [14,15],
but the derivation there looks rather different.

The method may be especially useful for working out
the dS-type solutions and, therefore, is applicable for test-
ing various models of modified gravity, including the ones
corresponding to quantum corrections. Consider the
following gravitational action:

_ [ d*x/~gf(R, OR, C, ), 27

where E=E—%0R, E=R’,,; —4R.; + R* is the
Gauss-Bonnet topologlcal term (Euler density) and C? =
R .5 — 2R: 5 + (1/3)R? is the square of the Weyl tensor.
In view of the cosmological applications, it proves more
useful to consider E rather than E.

We start by introducing a generalization of the action (1),
= f d*x/~—gf(X,) whereX;=R,0R E C>* (28)

in case of the action (27), but the number of invariants can be
easily extended. For thisend we set i = 1, ..., N. Consider
the dual action

5, = [ dx J=gIX T — V()] (29)

where repeated indices imply summation, as usual. Let us
follow the same scheme which we applied in the previous
section. The equations for the ¢* have the form

aV
Xi = F
b

We put them into (29), demanding equivalence to the action
(28),

Sy = [d“x\/—_{:,b’

(30)

v} = [a=zreo.
G31)

gl

Assuming
fX) = X' = V(") (32)
and taking partial derivatives with respect to X in (32), we
arrive at
] 5.9 9V ooyt ]
OL _ ey x 2 VIV, g O (3
X, axi Yt 9X, .0
where we used Eq. (30). Equations (30) and (33) show that
we always have
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_avV(y) af(X)
T g, and 1//1(—7- (34)

After all, the prescription for deriving V(i) is very similar
to the one described in the previous section and looks as
follows:

k — of(X).
(a) calculate ¢~ = X,

(b) solve these equations and find X;(¢) = - tJ/k ;

(c) integrate the last relations and find V(i;) up to the
additive constant;

(d) fix this constant by the requirement that the actions
coincide in the corresponding limit (typically zero
curvature).

One can note that this procedure can be applied also to
the non-Riemannian generalizations of GR, including the
theory of gravity with torsion.

Let us consider an example of how the equivalent
metric-scalar theory can be achieved. We start from the
action (27) with the function

where F(R) is an arbitrary function of scalar curvature,
which will be fixed later on. The equivalent action is

= F(R) - E, (35)

5, = j dx"EWIR + xE— V(i Y)  (36)

Let us follow the prescription described above. The
equations
af
OE

= x = F(R),

af .~
SR U =EF®R) ()

can be solved with respect to the two scalar fields,

A
R = g(y), E= =>F=—"_. (38)
g F/(R) Fi(g(x)
On the other hand, we have inverse functions
oV - oV P
R=_—=2zg) E= (39)
oy X ax  Figl)
Then

V(i x) = [ cOOdY + 6100 =100+ bg(x)  (@0)

and

_ 1
V(, x) = [dX—Fg(g(X)) + g2(¥)

A

If we compare the two forms of the potential function (40)
and (41), it becomes clear that g(y) satisfies the functional
equation
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dx
=|—=_ 42
s = [ Flst) | C 42)
and, moreover,
82(¢) — Cy = g1(x) = C, = const. (43)

It does not look possible to advance further, so let us take
a more concrete form of F(R). Consider first a very simple
case f(R, E) = —Q + RE. Making the same steps as in the
general case, we obtain

FR =R=x=R  gX)=x
Using (40) and (41), one obtain

F'(R) = 1.

Vg, x) =g1(x) + ¢x = ¢de+ g2(¥)

= ¢x + &)

It is easy to see that in this case g;(y) = g,(¢) = C, so
we get

V(g x) = dx+C.

Finally, inserting the relations y = R and # = E into (44),
one can easily verify that C = (). This result can be also
checked by inspecting exponential solutions in the two
cases. We avoid to bother the reader with the details of
this verification, but just note that its output is positive.
Consider a bit more complicated example when

(44)

f(RE)y=0Q — k*R + BE]n(l + Rﬁ), (45)

0

where B is some constant and Ry is a reference value for
the scalar curvature. The expression (45) can be seen as a
part of the renormalization group corrected vacuum action,
where the renormalization group parameter u? is associ-
ated to the scalar curvature (see, e.g., [16] for further
details and references).

Following the footsteps of the previous examples, we
derive

IRE _ R L R—Ro(ev/f —

o X ,81n<1+R0>:>R Ry(eX 1) (46)
and
OfRE _ ,_ BE _ , = Ry 2y, x/B
T W R+ R KX =E B(¢+K)€X.

(47)

At the next stage we find
aV(y,
VWD — R Vi K10 + Rt = Rods
aV(y, _
WX~ = v,

X

= () + RopeX'P + kK*RyeX/P.
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Using these two expressions it is easy to figure out that
g1(x) = K*RoyeXP + C and  g,(ih) = —Royy + C.
Finally, we arrive at the potential

V(i ) = Rop(eX/P — 1) + kK2RyeX/P — QO — kR,
(48)

where the constant C = —() — k’R, has been fixed
following the same method which we used in the previous
cases.

One can consider more complicated expression for the
covariant Lagrangian,

f(REC*)=Q—-«k’R+ BEIn(l + Rﬁ)
0

+ B,C? 1n<1 + 5) (49)
Ry
At this point one can make an important observation. From
the first sight, the equivalent Lagrangian for this case
should have three auxiliary fields, because there are three
structures R, E and C2. At the same time, the problem of
reducing the theory (49) is essentially equivalent to the one
of the theory (45), with the BE traded by the combination
BE + B,C?. Obviously, in this case we need only two
auxiliary fields and not three of them. In other words, in
this case the number of necessary auxiliary fields is smaller
than the one which could be thought by just counting the
number of the structures X; in the starting action. This
example shows that it would be interesting to have a
general criteria for establishing an exact number of neces-
sary auxiliary fields for a given initial function f(X;).
The problem of our interest is very close to the one
which is typical for the transition from Lagrange to
Hamiltonian formalism in the theory with constraints
[47] (see, e.g., the well-known books in [18,19] for intro-
duction purposes). Indeed, it is analogous to the passage
from the Lagrangian description, with no explicit depen-
dence on the coordinates, to the Hamiltonian one. In
this case f(X’) and X'¢; — V(¢;) play the roles of the
Lagrangian and the Hamiltonian, respectively, where the
“momenta’” are defined by

_
lvlli - oxi”

(50)

Finally, the quantities of {X', X2, X3} play the roles of
“velocities.” For the specific case of Eq. (49), these equa-
tions have the form

_ ., BE+ B
U= —k +7RO+R , (51)
R
by = Bln(l +R—0)’ (52)

084028-5



RODRIGUES et al.

R
vy =pin(1+2) (53)
Ry
from what we directly infer the presence of a constraint,
which is a dependence relation between the i; given by

b =B, — Bs=Lix —Bx1 =0. (54

Since the constraint ¢(i;) comes directly from the defini-
tion of the momenta, it is classified as a primary constraint
[18,19]. We note that the equation ¢(i;) = 0 defines a
surface in the space {{/, {», ¥/5}. It should be stressed that
this constraint only represents a restriction in the momenta
space, while in the “velocity” space {X', X?, X3} the con-
straint does not lead to any restrictions, since if the ¢, are
written as functions of the X*, the constraint ¢(i;) be-
comes the function ¢(i;(X*)), which is identically null.

If this were a typical Hamiltonian problem, one would
evaluate the evolution of the primary constraints (e.g., the
single one in the example considered above) in search for
further constraints. However our present problem is sim-
pler, because it does not involve any dynamics. Hence only
the constraints with no relation to dynamics are relevant
here, which are the primary ones.

Before proceeding towards the determination of the
potential V, we remark here on the relation between the

and the presence of constraints. First, if the Hessian is
nonsingular, the inverse function theorem guarantees that
(at least locally) one can use the definition (50) to express
the X* as a function of the ¢, and thus no constraint is
expected. However the Hessian can turn out to be degen-
erate. For instance, in the case of (49), this 3 X 3 matrix is a
singular matrix of rank two (for R # —R), namely

-EB+CB, B B
?f o\ 1
(axfaxf)_(R+R0)z B 0 0| 535
B 0O 0

Therefore, it has a single independent zero mode (i.e., an
eigenvector whose corresponding eigenvalue is zero).
Indeed,

V:(O Bi —B) (56)

can be promptly identified as the single linearly indepen-
dent zero mode of the Hessian (55). Let us note that we
choose to work with the zero modes that multiply the
Hessian matrix by the left.

To conclude this introductory part, we note that each
independent zero mode generates an independent con-
straint. In particular, by multiplying the zero mode » on
both sides of the definition (50), one finds the same con-
straint (54). Afterwards we will show that each indepen-
dent constraint leads to an independent zero mode of the
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Hessian matrix. We note that this simple relation between
zero modes and constraints does not have a counterpart in
general Hamiltonian problems with constraints, in particu-
lar, since the corresponding zero modes may depend on
“coordinates” there (in the present problem, we are con-
sidering the analogous Hamiltonian problem in which the
Lagrangian only depends on the velocities X?).

In the presence of constraints, one cannot use the first
relation of (34) to find V, since this relation is not valid in
the presence of constraints. Namely, consider the variation
of V in the constraint surface (i.e., in the surface ¢ = 0),

ax
= X5, (57)

OV = (X' = ) = X'au + (4 = )X

In the last step above, we used the definition of the mo-
menta (50). The previous equation shows that V can be
written as a function of i alone, even if constraints are
present. Thus, using the last equality,

(aal‘p/i ~ X’)B ) (58)

Now, using the Theorem 1.2 of [19], we find the extension
of the first relation of (34) to the constrained case,

) aV Jd
X' = + /\mﬂ. (59)
Ay, Iy,
In this formula A, are Lagrange multipliers and ¢,,, with
m=1,2, ..., M, are all the constraints of the model under

consideration. In the particular case of (49) we have a
single constraint, i.e., M = 1. The introduction of these
multipliers is necessary since the relation between the X;
and the * has to be extended in order to become
invertible.

Now we are in a position to discuss the method of
constructing potential V(¢;) in the case of a theory with
constraints. The integration method which was employed
previously can be extended to this case. For instance, in the
example of f(R, E, C?) theory (49) one can solve the
definition of ¢; and arrive at

R = Ry(eX/F — 1), (60)

E=%e)(/'3(¢ + KZ)—ﬁcz. (61)

B
Hence, from (54) and (59) we find

Ry(eX/B — 1) = % (62)
R av
Eoex/ﬁ(l’//—{—;(z)—%cz:a"‘)lﬁ], (63)
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oV
X1

The first equation can be straightforwardly integrated, but
the second cannot, since we do not know how to express
both C? and A as functions of the ;. Nevertheless, the
Lagrange multiplier is still free, thus we can set it in such a
way that the C? term disappear, namely A = —C?/p.
Consequently, the third Eq. (64) becomes

A%
Ix1

After that the expression for V can be integrated, and
V(i;) can be found using procedures similar to that used
in the unconstrained case. One should note that the number
of auxiliary fields in this procedure is smaller than the
number N of the X; structures in the initial f(X;) theory.
For example, in the (49) case, albeit we started from the
f(X;) which depends on three independent quantities, the
corresponding potential V only depends on the two inde-
pendent scalar fields.

The form of the potential V can have some impact on the
physical consequences of a given theory f(X;). Hence,
before concluding this example, we present V in a more
general form. Let us start, as usual, from the simple ex-
ample. In Eq. (60) we have made a choice of selecting the
particular expression of R as a function of y and y;. At the
same time one can express R in a more general form,

=

AB. (64)

= 0.

(65)

Ry
R = X/ﬁ—1-|- Xi/Bi — 1
B fe s~ 1)

where ¢ is an arbitrary real number different from —1. The
choice in (60) corresponds to ¢ = 0. From the more gen-
eral version (51) and (65) one can easily obtain
. + «?
BE + B,C* = ROM(@Y/B + Eex1/By),
E+1

Now, instead of attempting a direct integration of V (as in
the nonconstrained case), we express it on the constraint
surface ¢ = 0, as

V=yX'—f

= X — [Q — K2R,

(66)

(eX/B — 1) + &(ex1/Br — 1)

E+1
+ Ex + Cz)(l:l (67)
B 5 eX/,B—1+§(eX1/ﬁ1 —1)_
= Ro(¢ + k%) £+ 1 QO (68)
= Ro(p + K*)(eXP — 1) — Q. (69)

As one should expect, on the constraint surface V is
independent on the value of ¢. Nevertheless, a choice of
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¢ =1 or £ =0, for instance, might have computational
advantages one over the other. Continuing the integration
of V as in the previous method, it is straightforward to
check that the final answer is given by (69).

With the experience which we just gained from the
example considered above, it is not hard to guess that, in
general, there is a straight relation between the number of
independent zero modes of the Hessian and the number of
constraints. Consider the case in which there are M
independent constraints given by

¢m(¢’i) = O;

with m = 1,2, ..., M. We assume that the constraints are
expressed such that the gradients of the constraints are
linearly independent on the constraint surface (for more
details, see the regularity conditions on how to express the
constraints [19]).

Since the primary constraints ¢,,(¢) are identically null
when expressed as functions of the X ! variables,

0% f
aXioXxJ

(70)

D6, _ 990

] = 0.
X! AP

(71)

Then, for each independent constraint ¢,,(;) there is
a corresponding independent zero mode of the Hessian
given by

; P
v), =—. 72
0 = 5" 72)
In other words, upon transforming a Lagrangian given by
f(X),withi = 1,2, ..., N, into an equivalent one given by
;X" — V(i,), the number of independent auxiliary scalar
fields that appear in the potential V(i;) is equal to the rank

of the Hessian of f(X?).
In particular, if f depends on R and E only, the condition
of the degeneracy of the Hessian matrix reduces to

fRRfEE_fzzeE =0.

The principal difference between the behavior of solutions
in this special case and in the general one has been already
noticed when studying small inhomogeneous perturbations
on a Friedmann-Robertson-Walker (FRW) background
[14].

A relevant general observation is that we only need the
potential V computed on the constraint surface, since in
general [19]

(73)

V="Vl]4—o+ A, (74)
where V|, is the potential on the constraint surface, but
the (“primary’’) constraint ¢ identically vanishes when
expressed as a function of {X’}. Thus, it does not make
any difference whether one uses either f = X', — V or

=Xy = Vl]yo.
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IV. EXAMPLE: CONDITIONS FOR
EXPONENTIAL INFLATION

As an illustration of the equivalence theorem from the
previous section, let us formulate the conditions for the
existence of a strictly exponential cosmological solution.
Consider the action

Seq = jd4x\/—_g{ \R + ,0R + 5C?
 pu(E=30R) =V g v w0 09)

and the metric

ds? = g, dx*dx" = a*(n)(dn* — dP?),
a(n) = 7™, (76)

where
2

1 — kr?

di? = + 2d0* + Psin20dgt. (T7)

The conformally transformed metric has the form

uv = diag(l, - 7

_7](}"2, _}’2, —rzsinzﬁ). (78)

In this section we will restrict our attention to the spatially
flat k = O case. Then an exponential solution produces the
de Sitter space-time (it is not so for k # 0).

Let us consider the variational derivatives 8.,/ ;.

J
R - a—wlv(lﬂlr o s, hg) =0,

d
UR — —= V(i ¥, 3, =0,
TV s ) )

c? —ai%vw,, Yo, s r4) = O,
2 0
(E - ng) g VW v g =0

Furthermore, we need the equation for the metric, which
can be obtained by taking the derivative of the action
with respect to o, 8S.,/80 = 0. This gives
_ 33*40'(40.13 1,0/2 _ 2¢/2/0./2 _ 41/1/20'10'// + 1,0/2/”
+4ylo" +2¢h0") — 3e 27 (Y + 20" ¢
+ 2400’ + 20 p) + 2e Yl
= 2V(¢1, by, Y3, 9ha) = 0. (80)
If we assume that there exists an exponential (in terms of

physical time) solution a = aye®’, it can be inserted into
the Eqgs. (80) with the following output:
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J J

WV, Yy

I, A,

oV oV

27 0 and —— =24H* 1)
i3 dihy 0

Furthermore, the equation for the conformal factor has the
form

— 4V — 24H3 4\ — 18Ho iy — 645 — 124, H}
— T8H2 {5 + 36H i, + 615, + 24H3 i,
+ 44H2 {4 + 24Ho i = 0. (82)

Finding dS-like solutions in this way implies resolving the
system of Eqgs. (81) and (82), but it is not clear whether this
can be done in a general form. It should be noted that the
right-hand side of Egs. (81) and (82) are valid only assum-
ing that we have already used some (unknown) solutions
for the auxiliary scalars i/ there.

Let us try another approach for de Sitter solutions.
Consider first, as a warm-up exercise, the theories with
the actions (1) and (2). We know from Sec. II that (1) and
(2) are equivalent, provided that the functions ¢ = f}(R)
andR = V{l/ () are inverse functions. Let us use this fact to
obtain the criterion of the dS-like solution for the theories
(1) and (2). The dS solution means, in the new frame, that

R,u,V = %Rg,ugv and R,uVaB = %R(g,u,aguﬁ’ - gvagp,,B)r
also R = const. (83)

How can we see whether the solution of the form (83) is
possible or not for the given theory? In case of (1) one can
take variation with respect to the metric, 8g,,, = h,,,, and
arrive at the equation

- R,qu}? + (vp,vv - g,u,vlj)fﬁe =0. (84)

Inserting (83) into the last equation, we arrive at the well-
known algebraic equation which roots R = const give us
dS solutions of f(R) gravity:

%guuf_%Rg,qu;?:O:)RfRzzf (85)

Now we can do the same for the (2) version of the same
theory. The equations equivalent to (84) in this case have
the form

%g,u,v((pR - V) - l)l/R,LLV =0,

Inserting (83) into (86), we arrive at the algebraic equation
for constant values of ¢ at all possible dS solutions:

YVl =2V. (87)

uvs

18

also R=1V,. (86)

It is fairly easy to see that Eq. (87) is nothing else but
the mapping of the final relation in Eq. (85). For this end
one has to just use our main relations ¢ = f%(R) and
R =V, () in (85).
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One can note that the relation (87) plays exactly the
same role for the theory (2) as the relation (85) does play
for the theory (1).

The next task is to obtain similar relations for the theories
(28) and (29). One can immediately notice that under the
conditions (86) we have X; = (DR =0 and X5 = C> = 0.
Therefore, the existence of the solution of the form (86)
concerns only the dependence of f(X;) on X, and X, in one
case and the dependence of V(i;) on ¢, and ¢4 in another
case. In all cases we can also consider E instead of E.

First we deal with Eq. (28). In taking variations of the
metric we have to remember that after that we shall inte-
grate by parts and then use the conditions (86). Therefore,
all covariant derivatives, either acting on the variation of
the metric A, or on curvature tensor components, can be
safely neglected. In this way we obtain

1
88, = [d“m/__g{ihf +frOR+ fip- 5hE}- (88)

Some very simple calculations give

5hR|dS = _iRh, and BhEldS = _%th = _%Eh, (89)

where we denoted i = hf,. Then, for all dS solutions of
this theory, the constant invariants R and E, related by the
consistency condition E = R*/4 in this case, should also
satisfy the ““on-shell” algebraic equation

[ =1iRfk + Ef}.

The last equation is a direct generalization of (85) and has
the same theoretical status for the more general theory (28)
as (85) has for the theory (1). It follows from the expres-
sions presented in, e.g., [14,20] (though we have been
unable to find a paper where it was written explicitly).

The next step is to obtain the extension of Eq. (87) for
the more general case of the theory (29). We take all three
necessary variations and get

(90)

58, oV
22 g R=V] =,
oY ooy
55, Vv
22 _gsp=v =20
oy YAy,
55, 1
=0==-(V— ¢R — Y,4E
5, s 2( o Y 4E)

1 1
g PeR =S UE oD
It is easy to see from Eq. (91) that one equation for constant
values of ;, i = 1, 2, 3, 4, at the de Sitter solutions (83)
has the same form (87) [with ¢ instead of ¢ and V
depending on all ;] even if the Gauss-Bonnet and other
terms are present (of course, this does not mean that these
terms play no role here).

The other three algebraic “on-shell” equations follow
from (81) by excluding H (still to be found) and using the
relation between R and E for a dS solution:
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oV Vv 170V \2
oo =2 (2N (@2
I 0 4(6%) ©2)

V. STRING-INSPIRED CASE

oV
— =0,
I

Now let us try to generalize the consideration given
above to more general gravitational actions containing
more complicated terms constructed from the scalar cur-
vature R, the Ricci tensor R v and the Riemann tensor
R, ,ap- In general, the corresponding theories can not be
reduced to the metric-scalar models. For example, the
waa p-type actions involve higher derivatives not only in
the spin-zero sector but also in the spin-two one. Hence one
can expect that the reduction to second order equations
would require introduction of tensor compensating fields.
This is definitely true in general, however there is an
interesting possibility yet. Let us consider a special
space-time metric with a restricted number of degrees of
freedom, such as the cosmological FRW one. In this case
we have only one component of the metric—the scale
(conformal) factor, which depends on a single variable
(e.g. conformal time). Then we meet a much simpler
situation than in the general case, because the tensor struc-
ture of the f(R,,,p) action becomes irrelevant. It might
happen that the reduction to the metric-scalar theory will
be possible in this case. Indeed, this reduction concerns
only the dynamics of the conformal factor of the metric.
After this dynamics is described in terms of an appropriate
metric-scalar theory, one has to explore other, more com-
plicated aspects (e.g., metric perturbations) in the frame-
work of the original higher-derivative theory. However, the
equivalence with the metric-scalar model may be a useful
tool for dealing with a homogeneous and isotropic cosmo-
logical solution. Therefore, it deserves our attention.

Let us consider an effective low-energy action of (super)
string theory (see, e.g., [21]) depending only on metric. For
the sake of simplicity we assume that the dilaton and
effective fermionic degrees of freedom (after compactifi-
cation to d = 4, because we are interested in the four-
dimensional physics here) are all in the vacuum state and
only metric possesses dynamical behavior. This assump-
tion is perfectly consistent with the known form of the
gravitational interaction which corresponds to GR, the
theory where only massless graviton is propagating.

In the lowest, first order in the string parameter o', we
meet the standard Einstein-Hilbert action for gravity. In the
next order in o’ we meet a set of higher-derivative terms,
namely

RZ

2 e R2, and R~

(93)

Zwiebach noticed 25 years ago (see also consequent in-
vestigation of the problem in [23]) that the choice of the
background string metric can be always done in such a way
that the higher-order corrections do not generate unphys-
ical propagating massive ghosts—a typical phenomenon
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for a wide class of higher-derivative gravity theories
[24,25]. In the second order in o/, the ghosts do not show
up if the higher-derivative terms (93) enter the following
combinations:

E=R

2 g — 4R, + R, R (94)

Possible metric reparametrizations in the O(a'?) order
have the form

Suv g;u/ = 8uv + al(le,uV + szg,LLV) +-0, (95)

where x|, are arbitrary parameters. The same procedure
can be used in higher orders. The above transformations
can change coefficients (in particular eliminate com-
pletely) of all those terms which depend on the Ricci tensor
or on the scalar curvature R, only those terms which are
constructed exclusively from the Riemann tensor may not
be modified. The next question is what are the physical
constraints for those terms which can be modified. As we
have already seen above, the R? term can be traded for a
scalar field. The first term in the last expression is nothing
else but the integrand of the Gauss-Bonnet topological
invariant (Euler characteristics) of the space-time mani-
fold. It is remarkable that this term does not influence the
dynamics of the universe. Hence, one can completely
eliminate the relevant O(R?) corrections to the string ef-
fective action by means of the metric reparametrization. At
the same time, this procedure is not uniquely defined. If we
require the absence of unphysical ghosts, we may eliminate
or not the relevant R? term depending on our own will. The
related ambiguity may affect the cosmological solutions
[26] and can not be fixed without experimental verification
(see also the corresponding discussion for the case of
the gravity with dilaton and torsion in [23,27]). The
R + R2-type action corresponds to the choice of the metric
parametrization described above.

In the next order in «’, we meet corrections which are
cubic in curvature tensor and also the R[JR-type terms.
Since the latter term generically leads to the appearance of
a ghost scalar [7,28], we investigate the most general
metric parametrization in this given order of the former
term only. The corresponding effective action has the form

S3 = '/-d4\/_g{)C1R3 + XzRRMVRMV + X3RRMV&BRMVHB

+ 4R, R"RY + x5R,,,0gRPPPRA |3, (96)

praP

Let us now consider the possibility of reduction of the
above theory (96) to the metric-scalar model in case of the
special conformally flat metric g,,,, = §,,,a*(n). Here 7 is
the conformal time and g ,,, is the time-independent homo-
geneous and isotropic metric (78). For our purposes it is
better to use the variable o(7), defined in (76). The trans-
formation rules for the curvature scalar and tensors has the
form

R = ¢ 2[R — 6(Vo)? — 60c), (97)

PHYSICAL REVIEW D 83, 084028 (2011)
R,, = R;w — 2(@%«;) — gw(ﬁa) + 2(vM0')(ﬁV0')
—22,,(Vo)?, (98)

Ryuvap = [Ryuvap+ (Zuplar — 8ualp,) (Vo)
+(@uVu Vo —5,,V,Vgo+gg,V,V,0
—gﬂﬁﬁaa) + (gaﬂv,,a'vﬁo—ngﬂa'vﬁa'
—gﬁﬁyavawrgﬁﬁﬂa%a)]. (99)

For the metric of interest we arrive at the relations for the
nonzero components of the above curvatures

R =¢"%[R— 60" —60"] (100)
R,, = —3d, Rij = §i;GR — 0" —207), (101)
I P
Ryige = —e ”‘_T”gip (102)
Rijy = > GR — o™)(Zug ;i — 8ugjn):

where R = —6k = const.
Using the relations (100)—(102), after some algebra we
can rewrite the elements of the action (96) in the form

J—8R? = ¢?[R — 607 — 60"T, (103)

V78RR, ,R* = ?[iR* — 2R*(20" + 307)
+ 12RQ20"* + 40" 0 + 30'*)
— 72(0.1/3 + 20.//20./2 + 20.//0./4 + 0.16)]’

(104)

JTERR s RE7E = AR — 2R (" + 302)
+ 12RQ0"? + 20" o> + 30'*)
_ 72(0.//3 + 0.//20./2 + 0.//0./4 + 0./6)]

(105)

\/'_—g'RMVRVaRg — eZu’[%RS _ R2(0'” +20.12)
+3R(c" +20)*—6(50"P + 30"+ 60" " +40')],
(106)

/__gR,uvaBRa'Bp/\RMpA
= 2[IR? = 2R?” + 12R0™ — 24(0® + /9] (107)

The sufficient condition of the reduction to a metric-
scalar theory can be easily found by using analogy with the
J—gR? case considered in the previous sections. In the
general case this condition has the form
V=8 R + x,RR},, + x3RR?, .5
= R + y,0” + y;0°P, (108)

+ xR}, + xR, 8)
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where y;,3; are some additional arbitrary coefficients.
Thus, we obtain ten algebraic equations for the eight
variables x;,345 and y;,3. In fact, the number of the
variables can be immediately reduced to seven by noticing
that the coefficient x5 can not be made zero in the string-
induced gravity by means of the metric reparametrization,
while all other coefficients can [22]. Therefore, without
losing generality we can set x5 = 1. Now, as far as the
number of equations is much greater than the number of
independent variables, it is not certain that the solution of
these equations exist. As we shall immediately see, it exist
only for some particular, but the most relevant case. Let us
remember that our prime interest is the inflationary epoch,
where the space curvature is negligible. Then, as a first step
we can look for the solution in the simplest k = 0 case,
where R = 0 and the number of equations is even smaller
than the number of independent variables. In this case the
equations become

—y3 =216x; + 72x;y + 72x3 + 30x4 +24,  (109)
— 3yly; = 648x, + 144x, + 72x3 + 18x,,  (110)
— 3y2y§ = 648x; + 144x, + 72x3 + 36xy, (111)
- y% = 216x; + 72xy + 72x5 + 24x, — 24. (112)

Using the pairs of Egs. (110), (111), (109), and (112),
we obtain the relation

y3y2(y3 = y2) = (y3 = y2)% + y3y2 +y3) = 6x,. (113)

These equations can be satisfied only for y, = y; = y and
x4 = 0. Let us remark that the constraint y; = y, means
that possible dependence on the conformal factor for the
theories reducible to metric-scalar models can be only the
same as for the \/T§R3 case. All other choices are not
reducible. The general solution corresponds to

x 2 ¥ y?
X = 3 §+ﬁ X, 2x 1+%,
X3 =X, x5 =1,

(114)

where x, y are arbitrary parameters. It is easy to see that if
the constrains (114) are satisfied, we have the same reduc-
tion to a metric-scalar model as in the case of the higher-
derivative term

3
-2 4y TR3
S 216[dx1/ gR>.

At the level of the metric-scalar model we have, in the
string-induced case, exactly the same situation as in the
case of the term (115).

For the sake of completeness, we consider the more
complicated k # 0 case. An important observation is that
the constraints (114) must hold also for k # 0. Then ele-
mentary analysis shows that in this case there are no

(115)
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solutions of Eq. (108). Therefore, mathematically the re-
duction to the metric-scalar model can not be exact in the
general case, but only an approximate one. However the
quality of this approximation is indeed excellent because
the role of k during inflation is negligible.

VI. METRIC DUAL FOR THE
EDDINGTON-LIKE GRAVITY

As another illustration of the effectiveness of our
approach, consider the Eddington-like action of gravity
[29,30] (see also [31,32] and references therein),

SEdd = a/ﬂ|RMV|d4x.

Here and in what follows we use the notation |R,,| =
| det(R M,,)|, furthermore « is a dimensionless parameter
and R, is the (symmetric) Ricci tensor constructed from
the symmetric affine connection Ff‘w. The action (116) is
equivalent to the vacuum Einstein-Hilbert action with a
nonzero cosmological constant [31,33]. In what follows we
will show it is straightforward to achieve the same result by
using the method we have considered in the previous
sections. Moreover, in the known approaches [33,34], it
is common to consider the first-order formalism for gravity,
taking Ffw to be independent from the metric g,,. Our
method does not require this restriction and, moreover, R,
can be traded for any other symmetric tensor, e.g. to some
combination of the torsion fields (e.g., the one considered
in [27]). Of course, the corresponding model will not be
equivalent to the GR, but it can be mapped to a dual theory
in the same way as we will describe below.
The dual equivalent action should have the form

(116)

Seq = f d*x{J*" - R, — V(J*")}, (117)
where J#” is an auxiliary field. One can immediately note
that there is a unique functional form of the potential
function V(J) = V(J#”) which is compatible with the
covariance of the action (117). Indeed, the covariance
requires that J#” should be a tensor density and there

must be such symmetric tensor quantity &, such that

JE = JDDH, (118)

where ®#* - ®,, = &, and ® = |det(d,,)|. This rela-
tion (118) can be easily inverted, so we get

1
b = d )=_ -
det(d,,) det") and
1
OHY = ———— JH7, (119)
| det(J#7)|

As aresult, we arrive at V(J#¥) = k - V@, where k is some
constant. It is easy to see from the relations (119) that this
means
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k

JIdetT#]

Now let us see whether we can arrive at the same result
(117) and (120) by using the method described in the
previous sections. By taking derivative of the function

fR,,) = a,/lRWI and inverting it, we obtain

d A%
f and R,, = YTk

V(rr) = (120)

JHY = (121)

nv

The equivalence of the two formulations requires that
JH = J*"(Rop), R,y = R, (J*P) and, also, that

JE R, = V(I*) = ayfIR (122)

ol

Now, taking the partial derivatives 9/9J*” of the equality
(122), after some simple algebra we arrive at

o - 14
JHr = 2 IR, IR, (123)
where (R7!')#* means the matrix inverse to R,,. It is easy
to obtain the relation

a JH
2 JTdet 7))’

which shows that J#” is a tensor density. The correspond-
ing tensor field is defined through the relation (118). After
some small algebra, we arrive at the equation

2 A%

RMV = Zq)’l“, = aJ”'V'

(R Hrr = (124)

(125)

Finally, integrating this equation we get the expected result

-
o

a/] det(J#7)|

which is nothing else but Eq. (120) with k = 4/ .

It is clear that the consideration presented above opens
the way for some interesting applications. One can, at the
first place, identify the auxiliary tensor quantity @, di-
rectly with the space-time metric g,,,, but this is not the
only one possible choice. Let us note that the real identi-
fication of the metric occurs when matter is introduced into
the theory. One can assume, for instance, that there is a
scaling relation ®,, = A - g, or even more complicated
one, like ®,, = B(x) - g,,, where the scalar field B(x)
depends on the space-time coordinates. The corresponding
generalization of the Eddington-like gravity theory looks
interesting and perhaps deserves further discussion. The
method presented here can be immediately extended to the
case when R, in the initial action (116) is traded for some
other tensor, e.g., for R, + Cg,,,. In this case the auxil-
iary field ®,, is naturally identified with the second
metric, and we arrive at the bimetric theory of gravity [31].

V(#r) = (126)
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VII. A BRIEF NOTE ON QUANTUM (NON)
EQUIVALENCE

In the previous sections (i.e., II, III, IV, and V ) we have
presented several examples of classically equivalent theo-
ries. It looks interesting to see what happens with this
equivalence at the quantum level. It is well known that
the quantum equivalence does not imply the quantum one.
One can find statements of this type in Refs. [9,11] and also
in [17]. Of course, classical equivalence leads to quantum
equivalence at the level of tree diagrams or imaginary parts
of one-loop diagrams which, in particular, describe crea-
tion of real particles and field perturbations by external
gravitational fields and do not need renormalization. That
is why primordial spectra of scalar and tensor perturbations
generated during inflation in f(R) gravity (1) [in the mod-
els which admit it, say, in the R + R? model [35])] coincide
with those for inflationary models with a nonminimally
coupled scalar field in the limit of a large negative coupling
[£] > 1, see, e.g., [36-38], since the latter models reduce
to the form (2) after neglecting the kinetic term of the
scalar field that is justified in this limit. Note that the Higgs
inflation [39] belongs to this class, too.

The problems of establishing general quantum equiva-
lence become much more complicated when taking into
account the need for renormalization. For the sake of
simplicity we consider the theories (1) and (2), but the
generalizations to other cases are indeed possible.

The quantum equivalence at the one-loop level means, at
the first place, that the relations like ¥ = f/(R) and R =
V'(i) do hold for the one-loop counterterms. In reality, this
is not necessary so, because these relation may also require
renormalization. Moreover, even if the one-loop divergen-
ces do satisfy this requirement, it is very unlikely that some
sort of relation between the two (classically equivalent)
theories will hold beyond one-loop approximation.

The main difficulty of discussing the equivalence of the
two formulations, e.g., (1) and (2), or (27) and (28)—is the
fact that the corresponding theories are not renormalizable.
At the same time, even one-loop divergences may be non-
equivalent, as it happens with the tensor-scalar model in
different conformal frames [40,41]. Indeed, the nonequi-
valence here means that one can not easily find an explicit
transformation which would link the two expressions for
one-loop counterterms in the two representations. At the
same time, since both theories are nonrenormalizable, one
can speak about certain qualitative equivalence in a sense
that, in both frames, the necessary counterterms have the
structure distinct from the one of the initial action.

One can view this from another perspective and compare
the UV completion of the two, classically equivalent,
theories. It is easier to perform such discussion for a
more general cases of the theories (27) and (28). The
theory (28) with “frozen” scalars ' is renormalizable
[25] (see also [42] for a more detailed introduction).
Therefore, in order to construct renormalizable theory
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out of (28), one has to complete the action by certain
second- and fourth-derivative terms constructed from the
scalars . In case of one-scalar field this completion has
been considered in [43] and more recently in [44] in
relation to inflation. The generalization to the many-scalar
case is obvious, but the output would be quite cumber-
some. The situation with the general higher-derivative
model (27) is much more complicated. First of all, there
is a very strong difference between polynomial and non-
polynomial functions f(X;). In the last case the problem of
quantum formulation is unclear (despite potentially inter-
esting, see, e.g., [45]). Contrary to that, in the polynomial
case the prescription for constructing renormalizable and
super-renormalizable theories of quantum gravity is known
[24]. If the highest power of curvature tensor in f(X;) is
N = 3, one has to introduce into Lagrangian all possible
covariant term of this dimension, including the additional
terms of the following form:

N—-2
> (ayR,, R + BRONT2R).
k=0

(127)

If the largest order coefficients ay_, and By_, are non-
zero, the theory is super renormalizable [48].

Now we are in a position to compare the renormaliz-
ability properties of the theories (27) and (28). The UV
completions described above correspond to the possible
counterterms and, in these two cases, these counterterms
are dramatically different. For example, the UV comple-
tion in the case of scalar-tensor theory (28) describes the
propagation of only two spin-2 states, namely, of graviton
and of the massive spin-2 ghost. At the same time the UV
completion of the theory (27) has (for N = 3) at least one
more spin-2 massive particle [24]. Thus, we can conclude
that the renormalization properties of the two classically
equivalent nonrenormalizable theories are, in general,
quite different. In particular, they have very distinct UV
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completions and, consequently, very distinct structure of
counterterms.

VIII. CONCLUSION

We have described in the previous sections how to
perform a mapping of a gravitational theory of the type
f(X') into a theory with auxiliary scalar fields. The number
of these fields is determined by the rank of the Hessian
matrix of f(X’). The scheme which we have described is
more general than the ones known before. In particular, it
enables one to deal with the constrained case and leads to
an auxiliary-field representations for the actions which
look like renormalization group corrected vacuum actions
in gravity theories like Eq. (49). On the top of this we have
formulated the general conditions for the exponential ex-
pansion of the Universe and extended the analysis for the
string-inspired case, where the treatment with auxiliary
scalars is possible only for a FRW-like solution. Finally,
we have shown that our approach is perfectly applicable to
the Eddington-like gravity models and to a wide class of
their extensions. Depending on the initial model, our ap-
proach shows either how the metric emerges in a theory
which had, initially, only affine connection, or leads to a
bimetric theories of gravity.
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