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Non-Gaussianities of single field inflation with nonminimal coupling
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We investigate the non-Gaussianities of inflation driven by a single scalar field coupling nonminimally
to the Einstein Gravity. We assume that the form of the scalar field is very general with an arbitrary sound
speed. For convenience, we take the subclass that the nonminimal coupling term is linear to the Ricci
scalar R. We define a parameter u = €,/ €y, where €, and €, are two kinds of slow-roll parameters, and
obtain the dependence of the shape of the 3-point correlation function on w. We also show the estimator
Fy in the equilateral limit. Finally, based on numerical calculations, we present the non-Gaussianities of
nonminimal coupling chaotic inflation as an explicit example.
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L. INTRODUCTION

The inflation theory is one of the most successful theo-
ries of modern cosmology. Having a period of very rapidly
accelerating expansion, it can not only solve many theo-
retical problems in cosmology, such as flatness, horizon,
monopole, and so on, but also gives the right amount
of primordial fluctuations with nearly scale-invariant
power spectrum, which fits the data very well in structure
formation [1-3].

There are many ways to construct inflation models, one
of which is to introduce a scalar field called “inflaton” ¢
(see [2,3]). Moreover, one may expect that inflaton could
have nonminimal coupling to the Ricci scalar R. The most
usual coupling form is R¢?, which was initially studied for
the new inflation scenario [4] and chaotic inflation scenario
[5]. Later, various models were taken on and deeply inves-
tigated. With a nonminimal coupling term, inflation can be
easily obtained and an attractor solution is also available
[5]. Perturbations based on nonminimal coupling inflation
are discussed in [6], where the coupling term may give rise
to corrections on power spectrum which can be used to fit
the data or constrain the parameters. Nonminimal cou-
plings can be extended to multifields, see [7], or kinetic
term coupling [8]. The constraints from observational data
were also performed, e.g. in [9], where the authors claimed
that for nonminimal coupling chaotic inflation models, a
tiny tensor to scalar ratio will be obtained. Other applica-
tions of nonminimal coupling inflation include the realiza-
tion of warm inflation [10] and the avoidance of the
so-called “n” problem [11] in the framework of string
theory [12]. One can also see Refs. [13,14] for compre-
hensive reviews of nonminimal coupling theories.

The non-Gaussianity of the primordial perturbation has
been widely acknowledged to be an important probe in the
early Universe [15-21]. Experimentally, more and more
accurate data allow us to study the nonlinear properties of
the fluctuation in cosmic microwave background and large
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scale structure [22-24]; Theoretically, the redundancy of
inflation models requires more information than those of
linear perturbations only to have them distinguished. The
non-Gaussianity of the fluctuations was first considered in
[25], and it was further shown in [26] that the canonical
single field slow-roll inflation can only give rise to a
negligible amount of non-Gaussianity. To get large non-
Gaussianity new inflation models must be found. A partial
list of references includes multifield models [27], k infla-
tion [28], Dirac-Born-Infeld-type inflation [29], curvaton
scenario [30], ghost inflation [31], warm inflation [32],
non-Bunch-Davies vacuum scenario [33], bounce scenario
[34], island cosmology [35], loop correction [36], non-
commutativity [37], string gas scenario [38], cosmic string
[39], “end-in-inflation” scenario [40], Ekpyrotic scenario
[41], vector field [42], Horava theories [43], and so on and
so forth [44].

In this paper, we investigate the non-Gaussianity of
inflation driven by a general single field P(X, ¢) coupling
nonminimally to the Einstein gravity. Some specific ex-
amples of non-Gaussianities of the nonminimal coupled
field has been studied in, e.g. [46], and non-Gaussianity
generated by modified gravity is expected to have effects
that can be tested by cosmic microwave background an-
isotropies [47]. By taking a subclass of linear coupling, we
calculated various shapes depending on the ratio between
two slow-roll parameters, €, and €4, which describe the
evolution of cosmic expansion and the nonminimal correc-
tion, respectively. The power spectrum will deviate from
scale invariance due to the existence of nonminimal cou-
pling [14], and the shape of the 3-point correlation function
is correspondingly affected. In this paper we find that
for different (red or blue) tilts of the power spectrum, the
shape will include different parts which will obtain differ-
ent amplitudes of non-Gaussianities. However, since we
have only calculated up to leading order in the slow-roll
parameter, this conclusion has not been very clear as of yet.
Nevertheless, if it can be verified after completely consid-
ering all the orders, one can find the relations between the
2- and 3-point correlation functions, which can be used to
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constrain nonminimal coupling models. This will be one of
our future works.

This paper is organized as follows: Section II briefly
reviews the preliminaries and basic equations of the gen-
eral nonminimal coupling single field inflation. We study
the non-Gaussianities of the general nonscalar field with
linear coupling in Sec. III, which is the main part of the
paper. We first study the perturbed action of the system up
to third order, and obtain the mode solution at the quadratic
level. After that, we calculate various shapes of the 3-point
correlation functions using the mode solution. We also
study their equilateral limit and relation with slow-roll
parameters at their leading order. In the last part of this
section, we present the non-Gaussianities of nonminimal
coupling chaotic inflation as an explicit example using
numerical calculations. Sec. IV is the conclusion and
discussions.

II. PRELIMINARY

To begin with, let us consider the most general action of
a single scalar field with nonminimal coupling

5= % [ A s TR B) + 2P, )], (D)

where X = — %gwa#(ﬁam is the kinetic term and the
metric g, = diag[—1, a*(1), a*(1), a*(t)] with a(r) the
scale factor of the Universe. For the background evolution,
one can vary the action (1) with respect to the field ¢ and
the metric g, to get the equation of motion for ¢:

2)
and the Einstein equations
3., =T, 3)
where
3 = 0fr8ur = VuVifr + frRuw — 380 (D)
Ty = PxV,4V,¢ + Py, )

with V, being the covariant derivative with respect to the
metric g, and (1 =V, V¥,

The evolution of the Universe can be described by the
slow-roll parameter

€ =——, (6)

where H = a/a is the Hubble parameter and the dot
denotes the time derivative. In the inflation case, we
require that €, be small. Moreover, we can define two
more parameters following Ref. [26]:

S = XPy + 2X2Pyy, 7)
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A= X?*Pyx +3X3Pyxx, (8)

which will be used in later parts of the paper.

To study non-Gaussianities, we adopt the usual conven-
tion of using the Arnowitt-Deser-Misner metric [48] as
follows:

ds* = —N?df* + hij(dxi + Nidt)(dx/ + N'dt), (9)

where N(x) and N;(x) are the lapse function and the shift
vector, respectively. It is useful to decompose the action (1)
into the 3 + 1 form, saying

2

1 y
S=— | dtd® hN{ I:R(3)+K»-K’/—K2+—a hK
2[ X\/_ f ij N\/E [('\/_ )

2 . -
— = _9,(WhKN! +hhiia .N), ] +2P(X, }
N/ ( iN), ¢ X, ¢)
(10)
The extrinsic tensor K;; is defined as
1 .
K;; = ﬁ(hij — ViN; = V;N)), (11)

where V; is the covariant derivative with respect to the
metric &;; and its indices can be raised and lowered by £;;.
The contraction K = K. The three-dimensional Ricci sca-
lar R® is computed from the metric h;;j. From this action,
we are able to obtain the equations of motion for N and N;
(constraint equations) as

S 2fR|iKinij - K*+ L31(\/711()

VAN

1 . y
— —=—8,(VhKN' + ﬁhlfajzv)]

VhN
2K . 2

+ 2 (0,fx — N'oifr) — —=0,
N(tfR lfR) \/il_ J

+ 2P —2Pyv*N~2 =0, (12)

(Vhh'ia,fr)

Vi(frK") = BV (fgK) — RV (N719,fx)
+ hIV(NTIN' fr) + h 9 frK
—a 2N"'Pyvdi¢p =0, (13)

respectively, where v = ¢ — N'd;¢. Moreover, a gauge
choice is needed to eliminate the redundant degrees of
freedom. Here we choose the uniform density (comoving)
gauge, where the perturbations of the scalar field and
metric take the following form:

8¢ = O, hlj = 0262{6”‘- (14)
We also need to expand the constraining variables N and
N;. It is only needed to expand them up to the (n — 2)-th
order when we calculate n-th order perturbation [26]. So
here we expand them to first order as follows:
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N=1+a, N, =N, + a4, 'N; =0, (15)

where «, N; and ¢ are in the first order of e.

III. THE NON-GAUSSIANITY CALCULATION

Since it is very complicated to consider the full types
of nonminimal coupling theory, in this paper we will
only pick up a subclass where the Ricci scalar is coupled
linearly to the scalar field, saying f(R, ¢) = Rfx(¢). This
type of nonminimal coupling is often referred to as
scalar-tensor theory [49] or linear coupling [50]. For the
nonlinear coupling case, the constraint equations are listed
in Appendix A and the solutions will be postponed to
future studies.

A. Up to third-order action
Considering all the equations from (12) to (15) in the

linear coupling case, one can get
1 277 -2 " Vi
54 fro0°N' + a “2f poH + fro)d'a
—2a72fpod'{ =0, (16)

4a> + 12Hfrol — 12H froar — 4a™ 2 froHO* ¢
—4a 2 fp0%l — (12aH — 6 + 2a720%¢) fro = 0,
(7)

where f g is the background value of f and for the current
case fro = fr- The equations above give the specific
solution at first order in {:

Ni=0,
_ 2fro
2froH + fro’ (18)
= —2fro . g+a23f}e02+4f1e02 -2}

2froH + 2fro (froH + fro)
We define 6 = § In(fgoa?), so it will be followed that

e? = 1/2a and § = H + fR" . Note that when fry— 1,

the system will return to the mlnlmal coupling case and 6
coincides with the Hubble parameter. It is also convenient
to rewrite « and ¢ in terms of 6 as

{ 19)

= [3a2<1 - %)2 + a49726_202i|8_2§'.

Hereafter, we will use this parameter for convenience
throughout the paper.

Expanding the action (10) to third order of { and sub-
stituting Eq. (19) into the action, one can get the expanded
action in each order:
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1
So=3 f dtd3xd3(fy + 2Py), (20)

S =0, 2

H?> _H : 2
S, = f dtd3xaez‘9{3(? - 25 + 1)§2 + aze—”E%

+ a_2<% -1+ )(ag)z} (22)

S

w0

1 H HX\ 3
=_ [dtdeae29{+6(+2—. -1- 2){
2 0 6%) 6

_ H H2 72 =2 H_ 2
+18< 2§+1+¥>§g +2a (5 1)5(9()
+2 ‘Zag(az) —4a7H34 - 9oy

3a=*£0;0,d70"p — a—“gaiaﬂ//aiaw
—3a @y + oS

1 ' Vel
+3 f dtd3xa3{62§§ — 23 +20) E} 23)

This process is very straightforward, but rather tedious.
The physical meaning of each equation is easy to under-
stand: The zeroth-order expansion (20) is just the back-
ground part of the original action (1) where subscript “0”
denotes the background value; the first-order expansion
(21) is just the background equation of motion. The sec-
ond- and third-order expansions only deviate from the
general relativity case due to the difference in the parame-
ter @ from H, which will coincide when fz, — 1. However,
as will be seen below, this deviation causes very different
results of non-Gaussianity in our case from that of GR.

B. Quadratic part: Mode solution

First of all, let us consider the solution of the second-
order action (22). This is the most important and kernel
step in the calculation of the bispectrum, which will be
performed later. The second-order action can be written as

H> _H : -
S, = fdtd3xaez‘9{3(.—2 —2—+ 1)52 + clzefwﬁg.—2
0 0 0
H
n a*Z(g - )(ag)Z}

fd7d3xe { (——ZI;-F l) L2(7)

’2(7) (—— 1+ aaz)k2 2(7)} (24)

+ a?e 2
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where in the second step we have used conformal time
T=[ % and transformed the variable (7, X) into its

Fourier form, namely,

dk . -
(7, X) = ,[\/EE[ME(T)a,;e_’k'X + uZ(T)al%re’k'x]. (25)

It is convenient to define another variable v, as
vy = zu(7), where

.

to let the equation of motion for v, be in a canonical form,
which is

2
3e20(% - 1)2 L o2 (26)

92

1"
vl + (c§k2 - Z—)vk =0. 27)

Z

Here the effective sound speed squared 2 is defined as
c2=(6>—H6—6)/|3(H — 0)2 + fra2l, and thus one
"Eg +1-

In the 1nﬂat10n period, the Hubble parameter changes
slowly so as to have fast enough expansion. Here in order

to solve the equation above, we need to introduce another
parameter:

can have z = &

€ =~ 75 (28)

which describes the variation of fz, with respect to time.
In the case where €, [see Eq. (6)] and €4 are both small
and €; < €;(i = h, #), we can take the leading order of ¢,
and €4 so that Eq. (27) becomes

2+
v+ (czkz - 'LLT—ZM)v,; -0, (29)

where u = €,/ €, is the ratio of the two slow-roll parame-
ters. The solution of Eq. (29) can be presented in form of
the Hankal function

V(1) = CyesklT|H (i (12)) (5Kl T]), (30)

where C is an undetermined constant denoting the ampli-
tude of the solution. In deriving this, the approximation of
slow-varying sound speed ¢; << 1 is also taken.

The solution (30) can be split into two limits cor-
responding to the sub-Hubble and super-Hubble regions,
respectively. In the super-Hubble region, we can take the
limit to be
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C
%~cmea¢§@wmeﬂ
2

C
b ekl 02)
I(—p+3)
C C
= - (e,klT)# !+ ——— (e kI 7)™+, 31)
T+ A

and from the relation v, = zu,;(r) one has

e fc { C
up = S (c,klrl) !
g |E€ +1- | F( + 2)
C
+ —(csklrl)”‘}
T(—p+3)
1/2H
D ke e + 112

C

2ut1 +
R e
where fro(—1) denotes the value of fry at 7= 1 and fgo
can be parameterized as fry = fro(—1)|7|*!~#). In deriv-
ing these equations we also used the approximation
7= —1/(aH) + O(e;,). The solution contains a constant
mode and a decaying mode, the latter of which is irrelevant
and should be discarded. In the sub-Hubble region, we can
take the limit as

2 . )
v — C\/;ekalflezw#ﬂ)’ (33)

where we also discarded the +(u + %) branch. On the other
hand, one can use WKB method to calculate the sub-
Hubble solution of Eq. (29), which is

iH
V8cik?

Comparing Egs. (33) and (34) at 7 — —o0, one can deter-
mine the coefficient C as

Xh(cg

v = ek (1 + w) + 2ickt]. (34)

C= e inm/2), (35)

ek

With this in hand, we can have the exact solution of u i n
both super-Hubble and sub-Hubble limits. Substituting
this back to (32), we get the final form of the super-
Hubble solution:

L ,LLI/ZH
Cafl (=)t ke + = VAT (—p + )
W [ p—itum/2) (36)
cik
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It is a time-independent mode and thus can be applied to far
future where 7 = 0. From this we can also obtain the power
spectrum of £, which is

¢ = 2
Tk = ﬁlu,;l
_ wH?
87 fro(—Des KA ey + p — 1T (—p + 1)
(37
and the spectrum index is n,= ;T:’Zk +1=2(1—p)+1.

One can see from this that the power gets a red spectrum
(n; <1) when p > 1 while a blue spectrum (n, > 1) will
be obtained at u < 1. Moreover, the constraints that the
primordial spectrum must be nearly scale invariant requires
that |u — 1| ~ O(e).

Furthermore, using Eq. (33), the sub-Hubble solution
can be solved as

iﬁ'—[e_e,ul/2
AR, + - 11
X e~ w(1 + ) + 2ic, k]
iHu!/?
23R ey + 11
X ek (1 + w) + 2ic k)
iHu'?

2R R (Dl + 11
X e ek u(l + wlrlt ! = 2icgklr|#], (38)

and
|

o o= [d3p1d3p2d3p3

nt (2,”_)9

g(t) ﬁl)((tr ﬁ?,){(tr ﬁ:’:)
0’2

—3[a2e 23 + 3(6 — H)?]

@ﬂ%%@+ﬁ,+@m&ﬂm%ﬂ%z+zn+aé—Hﬂ
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iHMl/ch/zklﬂeicsllle
V2fi (= Dley + p = 11172

where we keep only the leading order terms in terms of €.
The results above will be useful for our analysis of non-
Gaussianity in the next paragraph (i.e., Sec. II1C).

I71#, (39)

d .. _
EME(T)_

C. Cubic part: Non-Gaussianities

According to “in-in”’ formalism [51], the 3-point corre-
lation function is characterized in the interaction picture as

(1¢(r, k)E(r k)L (T, k)l
— T f LA k) R £ Bs), HE ()], (40)

where Hﬁn is the third-order interaction Hamiltonian and

T is the time-ordering operator. From the third-order
action (23), the third-order Hamiltonian can be written as

3
Hi, [dtd%cae”{[a e (3 +2)1) +3(0— H)z]g

2
—3[a?e 23 +3(6 — H)Z] Z{

—a- (%— 1+ 02) L) — a6~ [3a2(1 —%)2

+ a49_267292]§'(8§)2 + 2a*4|:3a2<1 - %)2

+ a49*2e—2"2]§'a§ax}, 41)

or, if changed to momentum space,

(@ P Bt Bs)
053

—a_2<%—1+ )(m BC( pOL( )L By)

. H . .
- a—4ef1[3a2(1 _ 5)2 + a4a*2e-202]<ﬁ2 B B B By)

H\2 . :
+ 2a74[3a2(1 - 5) +a*072e 22 (p, - p3) L, Pt o) x(t, 133)} -

There are five terms of third order, each containing a long prefactor. Using Eq. (40), we can calculate their contributions to
non-Gaussianities. Neglecting the detailed calculation process, we only give the final results of the contributions to non-

Gaussianities from each term as follows:
The contribution from &3:
E +2A

— 61 U (0)uk (O)uk (0)[ —dT(27T)35%(Zk )—u (T)— (7')— ( 7)

) lgi(u ~ P fro(=1)
7

The contribution from ¢

> d
T ug (O)Ml22 (O)MIE3 (0) f_w |T|1—2.U-d7'(277)3 83(Zki)Eu*—E1 (T)Eu*—/;z (T)EM*_E3 (1) +cc, (43)
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s
61 715, Ot O O f —dr(zw)*53(zk )[u O () L () + 2perms]

N 12 fro(=1)
2H2

0 -
- > - -2 393 . * gk IR
u l(O)ukz(O)uk}(O) [_m |7 2*dr(2m)* 8 ( Ei k’)l:u—il (1) dTu_EZ(T) dTu_E3(T) + Zperms] +c.c,
(44)
The contribution from £(87)?:

9; (i — D fgo(—1)

e ug, (0)”1?2(0)”123(0) '/7000 |7| 24 dr(27)> 53<le,)[(l§2 . 123)”:;1(7')”:;2(7)”:;3(7) + 2perms] + c.c.,

(45)

The contribution from £(9¢)%:

6i (w = 1) fro(=1)
M3H2

u, Oz, Oz (0) [ |T|'*Zﬂdr(zwpa-*(za)[(zéz K)o () () () + 2perms]
—2i 32H4 ug, (0)uk (O)uk (O)[ —d7(277)353(2k )[(kz k3)—u : (T)u P ( u *;ES(T) + 2perms] + c.c., (46)

The contribution from £9d y:

.(M_1)4fR0(_1) 0 ) 3 a3 > EZ'EB d * % d *
~ 181t D O, O O L,o'T' bdr(2m)s (Zk)[ e (T)uilzz(’r)auila(r)+5perms]
. 22 122‘123 d % « d «
2y s O O 0 [ e (3 [ B (W ) )+ Sperns |

S U ug, (0)ug (O)ug (0)[ —d7(27r)353<2k)|:9 ks d

d M
WA H? (T)M (T)EM_ES(T)+5perms]+c.c.

(47)

In all of the contributions above, we can substitute the explicit forms of % ”Z into the equation above to get a lot of

integrals with 7. It is straightforward, but the result is rather boring and page-wasting, so we have listed them in
Appendix B. Actually, it has nine terms differing from each an order of 7 sequentially, plus permutations and complex
conjugates. At the end we will compile all these terms coming from contributions of all the terms in the Hamiltonian
according to their indices in a clearer form in order to make our study more readable.

D. The shapes of bispectrum

From Egs. (43)-(47) and also (B1)—(B5), we can integrate them out to have different shapes. Since the power-law
indices of 7 in each integration depend on the value of w, one may worry that for indices less than —1, the infrared (IR)
divergence will occur. However, that is not the case. As has already been shown in Sec. III B, the mode solution is frozen
outside of horizon and there will be no more IR evolution. Actually, the IR divergences will all be canceled with each other,
and we do not see any real singularity, though it is tedious to check analytically and even difficult numerically. The same
argument can be found in Chen and Wang (J. Cosmol. Astropart. Phys., 2010) as cited in Ref. [28] of this paper.
Furthermore, we can replace the value of u; at far future 7 = 0 to that at a horizon-crossing time. Taking these into
consideration, we first write down all the possible shapes of the bispectrum. Here we define

(L (r, k)L (T, k)L (r, k3)ly = (277)353(2721')3("1, ky, k3), (48)

where B(ky, ky, k3) are the shapes of non-Gaussianity. There are a total of 10 shapes at the leading order:
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2m)32SH? cosBumI'(Bu — 2)

B, .=
3u-3 = 82f3 ( l)cw 6(k1k2k3)ﬂ+2K3;L—2|6h +u— 1|3F3(_M _,_%)
21+ 21+
(04 mew? + #52H s — TR - 1w ) 6 - )5K) @)
N i>j s i
@323 H? cosBumIBu — 1)
By =

8 fao(— DS (kykoky)* K ey + o — 1IFT3(—p + )

<(L (“2(;;“) 6 — 1)2)(17[ DS kg + L (our+ LR o= 12)3kk). 60

i#j s i>]

2(27)32H? cos(3umI'(3
B3 = 2 61u—6 ) 3( pml G 33 ( (l_[ )(Zk k2 Zk?)—S(E +2)‘))’
82 fro(—Des™ P (kykaks)“ K3# €y + o — 1PT3 (= p + ) \2 =y i
(5D
Qm)¥2u’(u — (1 + p)H* cosQum)T(u — Z (52)
BT DR e+ 1P+
2732t — 1)1 2H*cosum)T
B, = 4EL 2) (,u M)+(2 ,U«)2 2u )3 (3#« Z (53)
Fro(— 1)(l'lk K 2ley + e — 1P (—p +9) G
B Q) (p* — 1)H4 cosum)I'(p)
R (D hikok) KM e+ — IPT(—p + D)
X (90 = D@ = 12 = @ TR — 90— 1P Tk + 2 (Zk,k,)Zk ) (54)
i>j i Cs i>j
B 202m)32H* cosQum)(w + 1)
“ 8 o~ DA kikaky ) K ey + g — 1P~ + )
1
((,u -1 (]‘[k )( (— - 1)(2u — DY kik; + —Zk2) 9(“ ! > (kk - ) (55)
i>j i#]
B 18(27)32( — 1)2H* cosQum)(w + 2) 56)
R g~ D e koky) KRl + p— 1IPT (e + )]
Qm)3 2321 + p)cos(dumI(5u — 4
Boy 5= o UL peosumlBe -9 1 ( S - Zk;‘), (57)
8 fro(— D™ “(kikakz)* T2K# ey + u — 1P (= + 3\ =5 ;
20273252 cos(dumI(5u — 1
By s = ' 8( )/ ? 2% cos(dumIl(Su — 3) ( Zk2k3 (l—[k )zk _zkikﬁ)'
82 fro(— s (kikoks)* T2K# B uley, + p — 1PT3 (—p + H\2 55 i iy 2
(58)
|
For the next step, we have to discard the terms that willbe ~ where © is the Heaviside step function defined as
divergent as the indices in the original integral becomes 0. for x<0
less than —1, and sum up all the convergent terms to give BOx) = { 1’ for x> O, (60)

the total shape. It depends on the value of w, obviously.
In the following we give the total shape for different values  and y for all the subscripts of B above. From this result, we

of u. The final result is can also divide all the shapes to four classes: (i) B, i,
B,-1, B,, B, : Since we assume that the slow-roll
B ol = Z®(y +1)B,, (59)  parameters €, and €, larger than 0, thus the parameter

p >0, and the indices of these shapes are larger than —1.
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So they will definitely contribute to By (ii) Bs, »,  these shapes are smaller than —1 and they will not con-
Bi, 3> Bsy—as Bs, s If w>1,1.e., the power spectrum  tribute to By,,; and (iv) B, ,: The indices of these shapes
gets a red index, the indices of these shapes are larger than  are at ““divide’ values. So when p > 1, they will contrib-
—1 and they will contribute to By,,; (iii) B, —3: If w <1,  ute to By, while when o < 1, they will not.

i.e., the power spectrum gets a blue index, the indices of We can also define the estimator through

B (ki kykz) = FNL{ @ k3 Tkl ?kz + 2perms} (61)
s,
5 Bk, kyk3) _40fR(= D Pley + o — 1PTH=p + )
FNL = 6 277_2 277_ é’ g‘z 2 i 2 2 4h ,(2M+1) 2 B(kl: k2, k3) (62)
yia fP fP + 2perms} 37 u’H ;(kikj)
i>j

for each shape listed above. The result is rather obvious by just substituting each shape into Eq. (6), so we will not list
them here for simplicity. We will only show the equilateral limits of these Fy;’s, of which k; = k, = k3 = k, in the
next paragraph (i.e., Sec. IITE).

E. The equilateral limit (k; = k, = k3 = k)

In this section, we can take the equilateral limit, namely, k; = k, = k3 = k, which gives simpler form of Fyy . Following
Sec. III D above, we have

(FNL)equil = [22m 5(277)3/22 COS(?’M’YT)F(?)/.L — 2)F(_,LL + %) (1 (3 2 M2(1 + M)
" 24 X 32 fro(— D) e + 1| 102

— 6 - 1)2), 63)

: 502m)3%3 cos@BumlBu — DI(—p + 1 2(1 +
(FNL)?,‘filz:kz_z“ Q2m)> "X cosGumI'Gu — DI'(—p +3) (6M2+M( M)

—12(u — 1)2), 64)
24 X 332 (D e H ey, + o — 1 c s (

s

52m)3 2 cosBumITGu)(—u + %) ( ( 1

(F )equﬂ — k272,u, - 1) - 2)\), (65)
N 12 X 3372 fro(= D2 H2e ey + o — 11\ N2

52m)¥ 2w (w = D1 + p)? cos@umT(n — 2T (—p + )

F equll _ , 66
(Fu)= 192 X 34 272e), + p — 1] (66)
cau _ 5@ pP(p — DA+ p)?cosQum)l(n — DI(—p +5)
(FnL) - ! (67)
NL 96 X 3+ 272le, + p — 1 ’
52m)32(u? = e cosQum)l(w)(—p + 1) w?
cqull s 2 —1)3 — _ 2 4 7
(Fy) e (300 = 107 = 30— 02 + 25, (68)
Mmol€p T M s
527322 cosuml(p + DI(—p + 1)
Fyp )il = — (3 = 18(n — DQRu — 1)), 69
(FnU)a X e + 5= 1] (e — D (v —DRu — 1) (69)
0 SQm(n = D2 cosum(n + 2T (—p + 1)
(P = z, (70)

32 X 34 22 2 le, + o — 1|
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(FNL)E(EES = ke

523232 (1 + p)cos@umI'(5u — 4I(—p + 3

PHYSICAL REVIEW D 83, 084022 (2011)

24 X 34722 (— 1) ulHA s Cley, + o — 1]

52m)¥2%2 cos(duml(Su — 3)M(—p +1)

(71)

(F NL)?}LUL = ke

and as same as the shape, we have for the total nonlinear
parameter

(Fxopa! = 3 00 + D(Fy )i (73)
-

From the result above we can see that (Fyy)®"! has a
slight running behavior due to the deviation of u from 1,
that is, due to the nonminimal coupling behavior. This is
different from the usual minimal coupling case which was
studied in [26] where the equilateral limit of Fyy is inde-
pendent of k. This is another result in this paper and will
later be confirmed with numerical calculations. One can
also obtain Fyy in the local limit (k; = ky > k3) and
folded limit (k; = 2k, = 2k3). Whichever limits they are
in, all the values of Fyy, with different indices can also be
divided into four classes by the same criteria used for
B(kl’ kZ’ k3)

F. An explicit example: Nonminimal coupled
chaotic inflation

In order to support our long analytical derivation, in this
section we focus on an explicit model of nonminimal
coupling inflation. For simplicity but without losing gen-
erality, we consider the chaotic inflation, of which the
potential has a quadratic form as V(¢) = A¢*/4, where
A is the coupling coefficients. Furthermore, we set the
nonminimal coupling term f(R, ¢) = g&= + £R}?, where
G is the Newtonian gravitational constant and ¢ is the
nonminimal coupling coefficient. This model is indeed
very interesting since with the presence of the nonminimal
coupling term, the coefficient A does not need to go to an
incredibly small value (Fakir and Unruh, [6]) to meet the
observational constraint, and this property has been used to
construct Higgs inflation models, which connects inflation
theory to particle physics in the standard model [52]. In
Higgs inflation, the Higgs potential asymptotically coin-
cides with the chaotic potential in inflation period where
the scalar field is in a high energy region with some large
value, and a too small value of A will make the models
inconsistent with the constraints from the standard model
[53]. Putting aside its physical motivation, in this paper we
study whether it can give rise to large non-Gaussianities.

From the original action (1), one can obtain the equation
of motion for the fields

av(e) _
.

¢ +3Hdp — 6£(H +2HY) ¢ + 0, (74)

12 X 356737272 (— D) u3H*ei* e, + o — 11

(72)

and the Friedmann equation

1 I, j
S+ €07) = 5 8 4 V)~ O¢HBd, (T5)

and the above two equations can be combined to give
another equation:

. 1 1. . . ..
= (gt 66) =~y 8+ £HOd — €0° — £04.

(76)

First, we draw the background evolution of the system
in Figs. 1 and 2. From the plots we can see that with the
natural choice of initial conditions and parameters, a period
of inflation can be easily constructed with a sufficient
number of e-folds. Setting & = 1000, the parameter A
could be raised up to @(1073), compared to the unnatural
choice of A ~ 107'% in the case with ¢ = 0 (Fakir and
Unruh, [6]). Figures 3 and 4 show the amplitude and the k
dependence of its quadratic perturbation spectrum, whose
analytical form has already been given in Eq. (37). For the
given initial conditions and parameters, we can see that the
spectrum behaves nearly k independent, with a slight tilt
caused by the deviation of u from 1, which is mildly
favored by the WMAP-7 data [54]. The amplitude of the
spectrum is also consistent with the observations.

1.0 T T T T T T T T

0.8 |-
0.6 |
04 |-
€h

0.2

0.0

-0.2 " 1 " 1 " 1 " 1

FIG. 1. The evolution of slow-roll parameter € w.r.t. cosmic
time ¢. The arrival of € at 1 stops the inflation. Parameters and
initial values: £ = 1000, A = 1073, ¢; = 4.9, ¢; = 0.063. The
normalization is 87G = 1.
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FIG. 2 (color online). The e-folding number N w.r.t. cosmic
time ¢. Parameters and initial values are the same as in Fig. 1.
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1E8 , ; . ; . ; . r

1E9 | 4

1E-10
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1E-12 |
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10000 20000 30000 40000
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FIG. 3 (color online).
cosmic time t.

The amplitude of power spectrum w.r.t.

Next let us move on to the non-Gaussianities that this
model can give rise to. Since the power spectrum of this
model has a blue tilt, the first two classes of the total four in
the shape B(ky, k,, k3) as well as the estimator Fy; which
was shown in the last paragraphs will be applied. From
our numerical calculations, we can obtain the values of
every parameter that appears in Eqgs. (49)—(58) as well as
(63)—(72). With this in hand, we can easily obtain the
numerical results of the non-Gaussianities generated in
this model. The total shape (of leading order) of the non-
Gaussianities and the estimator in the equilateral limit
(Fnu)?%! are shown in Figs. 5 and 6. From the plots we
can see that the shape of the non-Gaussianities are well
within the constraints of the observational data. Note that
the estimator (Fy;)®! shows a running behavior with
respect to k(= k; = k, = k3), with a positive sign. This
is because of the effect of nonminimal coupling which

14 | .

12 -

10000 20000 30000 40000
t

FIG. 4 (color online). w w.r.t. cosmic time 7. A slight deviation
from 1 is obtained due to the nonminimal coupling.

FIG. 5 (color online). The shape of non-Gaussianities
B(ky, ky, k3). Here we renormalize x = k,/k;, y = k,/ks, and
set ky = 1.

F_NL

FIG. 6 (color online). The e;stimator of non-Gaussianities in
the equilateral limit: (Fy;)®"!. Running behavior is obtained
due to the nonminimal coupling effect.
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makes the parameter u deviate from 1 and thus (Fy)*"!
will be dependent on k. In the GR limit g — 1, (Fyp )®ui!
will have a constant value, as shown in [26].

IV. CONCLUSION AND DISCUSSION

In this paper, we performed the non-Gaussianities of a
general single scalar field which linearly couples to gravity.
Our result shows that due to the nonminimal coupling, the
power spectrum will deviate from scale invariance, which
in order lead to the complicated non-Gaussianities in the
third order. We obtained all the possible shapes of the
3-point correlation functions and for different tilts of
power spectrum, we showed that different shapes will be
involved in giving rise to non-Gaussianities. Our calcula-
tion presents the description in general nonminimal cou-
pling inflation and this result, if verified to all the orders,
can provide the relation between 2- and 3-point correlation
functions and can be used to constrain nonminimal cou-
pling models.

Another result that was presented in this paper is that
there is some running behavior of the estimator Fyy in the
equilateral limit with respect to k which is different from
the normal minimal coupling case. This behavior is due to
the nonminimal coupling, and are expected to have signa-
ture on observations in order to distinguish the minimal
and nonminimal cases.

Besides the analytical calculations, we also performed
numerical computations on a specific example of a non-
minimal coupling chaotic inflation model. This model was
extensively studied with the application of Higgs inflation.
We obtained the behavior of background, 2-point power
spectrum as well as the shape and estimator of its non-
Gaussianity. We showed that the non-Gaussianities are
well within the observational constraint, with the running

behavior of F5*" with respect to (w.r.t.) k.
Other than inflation, such a nonminimal coupling
system can also be applied to other aspects in cosmology.

PHYSICAL REVIEW D 83, 084022 (2011)

For example, nonminimal coupling theory can act as dark
energy [55] or give rise to a bouncing/cyclic universe [56].
Moreover, nonminimal coupling can be used to make up
an open/closed universe [57], while dualities of Einstein’s
gravity in the presence of a nonminimal coupling was
taken on in [58]. The stabilities and singularities in
superacceleration phases were discussed in [59], and the
removal of singularities in loop quantum gravity with
nonminimal coupling was studied in [60]. Our calculation
of non-Gaussianities is also expected to be applied to these
interesting fields.
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APPENDIX A: EXTENSION
TO NONLINEAR COUPLING

Here, we only list the constraint equations for the gen-
eral form of the nonminimal coupling single scalar field,
including the nonlinear coupling case. The constraints
from N and N; are

4aS + 12H frol — 12H* froa — 4a 2 froHO*h — da 2 fpod*d — (12aH — 67 + 2a7202)d,fro
+72(H — H*)(H + 2H?) frgoat — 36(H — H*)frrod — 36(H — H*)H fgro(4{ — )
+12a72(H — H?) frro(0% ¢ + 2HO* ¢ + 0%a + 20%¢) + 6HI,[—12(H + 2H?) frroa + 6H frro(4¢ — @)
+ 6frrol — 20 2frro(92 + 2H* i + 0% + 2020)] + 24a"2(H + 2H?) frpo0*

— 12a 2H fpro02(4& — @) — 12a 2 frpod?l + 4a™* frrod2 (02 + 2HI*y + 9%a + 20%) =0

and

(AD)

1 . . . o
- chszOBzN’ - 12&72H(H + 2H2)fRR06’a + 6a72H2fRR08’(4§ - CY) + 6a72HfRR08’{

—2a *Hfppo?d (0% + 2HI* Y + 9% + 20%) + a 20,[12(H + 2H?) frrod'a — 6H frrod' (4 — )
- 6fRR08’? + 2CliszR06i(azlJI + ZHGZI’[I + 82a + 282§)] + 2a72fR0H8"a + afz(*),fROE)"a - 2a72fR08’Z =0

(A2)
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respectively, where fg, and frgo denotes the background value of the first and second derivatives of f(R, ¢) with
respect to R.

APPENDIX B: CONTRIBUTIONS FROM TERMS IN H?

int W.RT. 7
Here, we list the contributions from terms in Hl’fn, i.e. Eq. (43)-(47), in terms of 7 by substituting % uz in. One can see

that there contains integrals of different power laws of 7, each differing one order from the other in every term. One can
combine the integrals of the same order power law to have neater forms, as in Sec. III D.
The contribution from &3:

(2w)*63(zk )X+ 20) 72 H e 3T/

<'3 o — [ dTezc:Kﬂ'l |3,u 1
&) 83/2f% (=)™ 6(k kykz)*le, + p — 1P (—p + )
(277')353(Zki)(ﬂ _ 1)2773/21_14673:(#7/2)

0
— 18 f dreleKT|r|r 1 + .. (BI)
83/2f2 (— 1)c3/L 6(k1k2k3)#|€h +ou— 1|3F3(_M + %) e

The contribution from ¢¢?:

(277.)3 83(Zk )277.3/2MH2 —3i(um/2)

€ - SR Akl + BRI

dre
SS/ZfRo( Ve (ky k2k3)”+2|6h + o= 1P (—p + ) /
Qm) 83 (Thk) w2 — 1)2H e 3w/

+ 8icik k3k3|T[># 2} + 2 perms] — 18
852 fRo(— Ded” (kikoks)# ey + p = 1PT3 (= + )

0 .
X f dre KT [{+aciu(1 + w)k3k37|# 1 + Bicsk k3k3|7|*} + 2 perms] + c.c. (B2)

The contribution from £(9¢):

20mP8 Sk (n — DuPHte

2
R e 1><nk“*2>|eh T

o [ R e

+ 2ic,u?(1 4+ w)’K|7|* 2 —4c2u(1 + M)(Zkikj)lrlﬂ’l — 8icl(kkyk3)|T|#} + 2 perms.] + c.c.  (B3)

>

The contribution from £(9¢)%:

12(277)353(21;)773/2( w — 12H4e 3w/
({00 > -

8212 (= 1)yt 2(k1k2k3)ﬂ+2|e,, + = 13 (-
+ 2ic,u(1 + w)(ky + k3)|7|* — dcZkyks| 7|41 1] + 2 perms]
4238 (Tky)m/* S H? e kT/)

0 > - i _
T R RS RE T
Mot ) S

0 N )
dr[(ky - k3)k2 e K[ w?(1 + w)?|7]3#3
85/2f% ( 1)C3M 2(k1k2k3)’u+2|6h + w— 1|3F3(_M _'_%) ‘/;oo 2 3% M M
+ 2ic,u(1 + w)(ky + k3)|713* 72 — 4c2kyks|7?# 1] + 2 perms] + c.c. (B4)

The contribution from £ d y:
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18(27")353(Zk1)773/2(u — 1)AH4 e i/

(6]

(8]
[91
(10]
[11]
(12]

[13]

PHYSICAL REVIEW D 83, 084022 (2011)

(Cagax)y D

k- k
e
k3
2027) 5*(zk Y232

—3i(um/2)

dTelC KT
8°/2f2, (_1)C§M(k k2k3)’”2,u,|eh + o= 1P (=p + ) ]

St act (1 + w71 + 8icSky k2K 7|+ + Sperms]

S D k2k3>ﬂ+2u|eh +u = 1P (= p + )

f d,Telc KT[

ks {+actu(l + WK TI* 75 + BicSkokIk3| 715+ ~4} + Sperms]

1227)383( Zk )773/2(M — 1)23H? —3i(um/2)

85/2fR0(—1)c H(k,y k2k3)"‘+2,u|eh +u— 1P (—p +))

Ht+dciun(l +

] dTelC KTI:

WK TIP3 4 BicTka kK3 T3+ 72} + 5perms] +c.c.  (B5)
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