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The littlest Higgs model with T parity has new flavor-changing couplings with the standard model

quarks, which do not suffer strong constraints from electroweak precision data. So these flavor-changing

interactions may enhance the cross sections of some flavor-changing neutral-current processes. In this

work, we study the flavor-changing top-charm associated productions via the e�� collision at the ILC. We

find that the cross sections are sensitive to the mirror quark masses. With reasonable values of the

parameters, the cross sections may reach the detectable level and provide useful information about

the relevant parameters in the littlest Higgs model with T parity, especially in setting an upper limit on the

mirror quark masses.
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I. INTRODUCTION

An interesting solution to the hierarchy problem of the
standard model (SM) is the little Higgs theory [1]. In this
theory the Higgs boson is regarded as a pseudo-Goldstone
boson (PGB) which can be naturally ‘‘little’’ in the current
reincarnation of the PGB idea called collective symmetry
breaking. Through such a collective symmetry breaking
mechanism, the one-loop quadratic divergences in the
Higgs boson mass can be avoided. The littlest Higgs model
(LH) [2] is the most economical implementation of the
little Higgs idea, which, however, suffers strong constraints
from electroweak precision data [3] due to the tree-level
mixing of heavy and light mass eigenstates. So the LH
model would require raising the mass scale and thus re-
introduce the fine-tuning in the Higgs potential [4]. To
solve this problem, a Z2 discrete symmetry called T parity
is introduced [5]. Under this T parity the SM particles are
even while most of the new particles at the TeV scale are
odd. T parity explicitly forbids any tree-level contribution
from the heavy gauge bosons to the observables involving
only SM particles as external states. Since in the littlest
Higgs model with T parity (LHT) the corrections to the
precision electroweak observables are generated at loop
level and suppressed, the fine-tuning can be avoided [6].

It is well known that the flavor-changing neutral-current
(FCNC) interactions are absent at tree level and extremely
small at loop levels in the SM due to the Glashow-
Iliopoulos-Maiani mechanism. However, in the LHT
model, the flavor-changing (FC) interactions between
the SM fermions and the mirror fermions, which are pa-
rameterized by the newly Cabibbo-Kobayashi-Maskawa
(CKM)-like unitary mixing matrices, may have significant
contributions to some FC processes. A great deal of atten-
tion has been paid to the FC interactions in the LHT model
in recent years. First, the LHT flavor structure was

analyzed and some constraints on the mirror fermion
mass spectrum were obtained from a one-loop analysis of
neutral meson mixing in the K, B, andD systems [7]. Then
an extensive study of FC transitions in the LHT model was
performed in [8–10], which considered all prominent rare
K and B decays and presented a collection of Feynman
rules to the order of v2=f2. Motivated by the experimental
evidence of meson oscillations in theD system, the impact
of D0 � �D0 mixing on the LHT flavor structure was inves-
tigated in [11]. Furthermore, the LHT flavor study was
extended to the lepton flavor violating decays in [12].
The International Linear Collider (ILC) with a center of

mass (c.m.) energy from 200 GeV to 1.0 TeV and high
luminosity has been proposed [13]. Because of its rather
clean environment and high luminosity, the ILC will be an
ideal machine for probing new physics. In such a collider,
in addition to the eþe� collision, we may also realize a ��
or e�� collision with the photon beams generated by the
backward Compton scattering of incident electron- and
laser-beams [14]. In particular, as the heaviest fermion
with a mass of the order of the electroweak scale, the top
quark is naturally regarded to be more sensitive to new
physics than other fermions. Therefore the top quark
FCNC processes at the ILC would provide an important
test for new physics. This stimulates many attempts in
probing new physics via rare top quark decays [15] or
FC production processes at the ILC [16–26]. The FC
couplings between the SM fermions and the mirror fermi-
ons can also induce the loop-level tcVðV ¼ �; Z; gÞ cou-
plings in the LHT model. Studies [27–29] have shown that
some processes induced by such tcV couplings in the LHT
model can be significantly enhanced. In this paper, we
will study the process e�� ! e�t �c induced by the tcV
couplings in the LHT model and compare it with the
process eþe�ð��Þ ! t �c studied previously [28]. Note
that these processes have been studied thoroughly in other
models, such as the minimal supersymmetric standard
model (MSSM) [16,17], the two Higgs doublet model*lugongru@sina.com
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(2HDM) [18,19], and the TC2 model [20–22], and also in
the model-independent way [23–25]. They showed that the
production rates of such processes could be significantly
enhanced by several orders compared to the SM predic-
tions [16,30]. As found in other new physics models
[16,20], the process e�� ! e�t �c has a much larger rate
than eþe� ! t �c for some part of the parameter space. In
our study we will compare the LHT prediction with those
predicted by other new physics models. Such an analysis
will help to distinguish different models once the measure-
ments are observed at the ILC.

This paper is organized as follows. In Sec. II, we briefly
review the LHT model. In Sec. III, we present the detailed
calculations for the production processes. The numerical
results and the discussion are shown in Sec. IV. Finally, we
give our conclusion in the last section.

II. THE LITTLEST HIGGS MODEL
WITH T PARITY

The LHT model [5] is based on a nonlinear � model
describing an SUð5Þ=SOð5Þ symmetry breaking with a
locally gauged subgroup ½SUð2Þ �Uð1Þ�2. The SUð5Þ
symmetry spontaneously breaks down to SOð5Þ at the scale
f�OðTeVÞ. From the SUð5Þ=SOð5Þ breaking, there arise
14 Nambu-Goldstone bosons which are described by the
matrix �, given explicitly by
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In the LHT model, a T-parity discrete symmetry is
introduced to make the model consistent with the electro-
weak precision data. Under the T parity, the fields �, !,
and � are odd, and the SM Higgs doublet H is even.

For the gauge subgroup ½SUð2Þ �Uð1Þ�2 of the global
symmetry SUð5Þ, from the first step of symmetry breaking
½SUð2Þ �Uð1Þ�2 ! SUð2ÞL �Uð1ÞY , which is identified
as the SM electroweak gauge group, the Goldstone bosons

!0, !�, and � are, respectively, eaten by the new T-odd
gauge bosons ZH,WH, and AH, which obtain masses at the
order of Oðv2=f2Þ
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with g, g0 being the corresponding coupling constants of
SUð2ÞL and Uð1ÞY .
From the second step of symmetry breaking SUð2ÞL �

Uð1ÞY ! Uð1Þem, the masses of the SM T-even gauge
bosons Z and W are generated through eating the
Goldstone bosons �0 and ��. They are given at
Oðv2=f2Þ by
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A consistent and phenomenologically viable implemen-
tation of T parity in the fermion sector requires the intro-
duction of mirror fermions. The T-even fermion section
consists of the SM quarks, leptons, and an additional heavy
quark Tþ. The T-odd fermion sector consists of three
generations of mirror quarks and leptons and an additional
heavy quark T�. Only the mirror quarks ðuiH; diHÞ are
involved in this paper. The mirror fermions get masses
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where the Yukawa couplings �i can in general depend on
the fermion species i.
The mirror fermions induce a new flavor structure and

there are four CKM-like unitary mixing matrices in the
mirror fermion sector:

VHu
; VHd

; VHl
; VH�

: (6)

These mirror mixing matrices are involved in the FC
interactions between the SM fermions and the T-odd mir-
ror fermions which are mediated by the T-odd heavy gauge
bosons or the Goldstone bosons. VHu

and VHd
satisfy the

relation
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The matrix VHu
is then determined through VHu

¼ VHd
Vy
CKM. As in the case of the CKM matrix the angles �dij can all be

made to lie in the first quadrant with 0 � 	d
12; 	

d
23; 	

d
13 < 2�.
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III. TOP-CHARM QUARK ASSOCIATED
PRODUCTIONS IN THE LHT MODEL

In the LHT model, there are FC interactions between
SM quarks and T-odd mirror quarks which are mediated by
the heavy T-odd gauge bosons or Goldstone bosons. With
these FC couplings, the loop-level FC couplings t �c�ðZÞ
can be induced and the relevant Feynman diagrams are
shown in Fig. 1.

The effective one-loop-level couplings t �c�ðZÞ can be
directly calculated by the method introduced in Ref. [31].
The relevant Feynman rules can be found in Ref. [9]. We

list the explicit forms of �


t �c�ðpt; p �cÞ and �


t �cZðpt; p �cÞ in the
Appendix.

The FC couplings t �c�ðZÞ can contribute to the top-

charm associated productions via the e�� collision at the

ILC. The process e�� ! e�t �c proceeds through the pro-

cess e�� ! e���ðZ�Þ� ! e�t �c, where the � beam is

generated by the backward Compton scattering of incident

electron- and laser-beam and the ��ðZ�Þ is radiated from

e� beam. The corresponding Feynman diagrams are shown

in Fig. 2(a)–2(e) and the invariant production amplitudes of

the process can be written as

FIG. 1. One-loop contributions of the LHT model to the couplings t �c�ðZÞ.
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FIG. 2. The Feynman diagrams for e�� ! e�t �c in the LHT model.
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where PL ¼ 1
2 ð1� �5Þ and PR ¼ 1

2 ð1þ �5Þ are the
left and right chirality projectors. p1; p2 are the momenta
of the incoming e�, �, and p3, p4, p5 are the momenta
of the outgoing final states top quark, anticharm
quark and electron, respectively. We also define Gðp;mÞ
as 1

p2�m2 .

With the above amplitudes, we can directly obtain the
production cross section �̂ðŝÞ for the subprocess e�� !
e�t �c and the total cross sections at the eþe� linear collider
can be obtained by folding �̂ðŝÞ with the photon distribu-
tion function FðxÞ [32]:

�e��!e�t �cðseþe�Þ ¼
Z xmax

ðmtþmcÞ2=seþe�
dxFðxÞ�̂ðŝÞ; (19)

where s is the c.m. energy squared for eþe�. The subpro-
cess occurs effectively at ŝ ¼ xs, and x is the fractions of
the electron energies carried by the photons. The explicit
form of the photon distribution function FðxÞ is

FðxÞ¼ 1

Dð�Þ
�
1�xþ 1

1�x
� 4x

�ð1�xÞþ
4x2
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�
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and

� ¼ 4E0!0

m2
e

: (22)

E0 and!0 are the incident electron and laser light energies,
and x ¼ !=E0. The energy ! of the scattered photon
depends on its angle � with respect to the incident electron
beam and is given by

! ¼
E0

�
�

1þ�

�
1þ

�
�
�0

�
2
: (23)

Therefore, at � ¼ 0, ! ¼ E0�=ð1þ �Þ ¼ !max is the
maximum energy of the back-scattered photon, and

xmax ¼ !max

E0
¼ �

1þ� .

To avoid unwanted eþe� pair production from the
collision between the incident and back-scattered photons,
we should not choose too large !0. The threshold for
eþe� pair creation is !max!0 >m2

e, so we require
!max!0 � m2

e. Solving !max!0 ¼ m2
e, we find

� ¼ 2ð1þ ffiffiffi
2

p Þ ¼ 4:8: (24)

For the choice � ¼ 4:8, we obtain xmax ¼ 0:83 and
Dð�maxÞ ¼ 1:8.
In the above we have ignored the possible polarization

for the photon and electron beams and we also assume that
the number of the back-scattered photons produced per
electron is one.

IV. NUMERICAL RESULTS AND DISCUSSION

In our numerical calculations, the charge conjugate �tc
production channel has also been included. To obtain
the numerical results, we take the SM parameters as
mt ¼ 171:2 GeV, mc ¼ 1:25 GeV, sin2�W ¼ 0:231,
MZ ¼ 91:2 GeV, 
e ¼ 1=128. Moreover, the LHT model
has several free parameters which are related to our
study. They are the breaking scale f, 6 parameters
ð�d12; �d13; �d23; 	d

12; 	
d
13; 	

d
23Þ in the mixing matrix VHu

and

VHd
, and the masses of the mirror quarks. For the mirror

quark masses, we get mu
Hi

¼ md
Hi

¼ mHi
ði ¼ 1; 2; 3Þ at

Oðv=fÞ from Eq. (5). For the matrices VHu
and VHd

,

considering the regions of parameter space that only
loosely constrain the mass spectrum of the mirror fermions
[7], we choose two scenarios as in Ref. [28].

Case I: VHd
¼ 1, VHu

¼ Vy
CKM,

Case II: sd23 ¼ 1=
ffiffiffi
2

p
, sd12 ¼ sd13 ¼ 0, 	d

12 ¼ 	d
23 ¼

	d
13 ¼ 0.
In both cases, the constraints on the mass spectrum of

the mirror fermions are very relaxed. On the other hand,

FLAVOR-CHANGING TOP-CHARM ASSOCIATED . . . PHYSICAL REVIEW D 83, 074016 (2011)

074016-5



Ref. [6] has shown that the experimental bounds on four-
fermi interactions involving SM fields provide an upper
bound on the mirror fermion masses and this yields mHi

�
4:8f2. We also consider such constraint in our calculation.
For the breaking scale f, we take two typical values:
500 GeV and 1000 GeV.

For the c.m. energies of the ILC, we choose
ffiffiffi
s

p ¼ 500,
1000 GeV as examples. Taking into account the detector
acceptance, we have taken the basic cuts on the transverse
momentum ðpTÞ and the pseudorapidity ð�Þ for the final
state particles

pT 	 20 GeV; j�j � 2:5:

The numerical results of the cross sections are summa-
rized in Figs. 3–5. Figures 3 and 4 show the cross sections
of the processes eþe�ð��Þ ! t �c and e�� ! e�t �c as a
function of mH3

for Case I and Case II, respectively.

In Case I, due to the absence of the mixing in the down
type gauge and Goldstone boson interactions, there are no
constraints on the masses of the mirror quarks at one-loop-
level from the K and B systems and the constraints come
only from the D system. The constraints on the mass
of the third-generation mirror quark are very weak.
Considering the constraint mHi

� 4:8f2, we take mH3
to

vary in the range of 500–1200 GeV for f ¼ 500 GeV and
500–4800 GeV for f ¼ 1000 GeV, and fix mH1

¼ mH2
¼

500 GeV.
As shown in Fig. 3, the cross sections of the

three different production processes rise with the increase
ofmH3

. The reason is that the couplings between the mirror

quarks and the SM quarks are proportional to the masses of
the mirror quarks. The masses of the heavy gauge bosons
and the mirror quarks, MVH

and mHi
, are proportional

to f, but the scale f is insensitive to the cross sections of
these processes because the production amplitudes are

FIG. 3. The cross sections of top-charm associated production processes versus mH3
in the LHT model for Case I.
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represented in the form of mHi
=MVH

, which cancels the

effect of f. In the case of
ffiffiffi
s

p ¼ 1000 GeV, our calculations
show that this case has slightly larger effects relative to the
case of

ffiffiffi
s

p ¼ 500 GeV.
For Case II, the dependence of the cross sections onmH3

is presented in Fig. 4. In this case, the constraints from the
K and B systems are also very weak. Compared to Case I,
the mixing between the second and third generations is
enhanced with the choice of a bigger mixing angle sd23.
Here, we take the same values of

ffiffiffi
s

p
, f and mHi

as in

Case I. Even with stricter constraints on the masses of the
mirror quarks, the large masses of the mirror quarks can
also enhance the cross sections significantly. The depen-
dence of the cross sections on the c.m. energy is similar to
that in Case I.

Compared to the three processes from Case I and
Case II, we find that the cross section of process �� !
t �c is the largest with the reasonable values of the parameter

in the LHT model. The optimum value of �ð�� ! t �cÞ can
reach Oð100Þfb. On the other hand, the maximal value of
cross section for process e�� ! e�t �c can reach 0.7 fb,
which is higher than that in some models such as the
MSSM model and the type III two Higgs doublet models,
but lower than that in the TC2 model [20].

In Fig. 5 we show the behavior of the cross sections for

�� ! t �c, e�� ! e�t �c, and eþe� ! t �c versus the collider
energy for two cases. We see that the cross section of

eþe� ! t �c drops quickly with the increase of collider

energy. This is because that the contribution of the LHT

model comes from the s-channel, so the large collider

energy depresses the cross section. However, for the pro-

cess �� ! t �c, there is only t-channel contribution, so the

large c.m. energy can enhance the cross section. So far as

e�� ! e�t �c is concerned, the cross section increases with
collider energy increasing, although its contribution arises

from both the s-channel and t-channel.

FIG. 4. The cross sections of top-charm associated production processes versus mH3
in the LHT model for Case II.
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Theoretical predictions for the top-charm FCNC
processes �� ! t �c, e�� ! e�t �c, and eþe� ! t �c in
the different new physics models are summarized in
Table I.

From Table I, we conclude that the new physics
models can enhance the SM rates of the FCNC top-charm
production processes by several orders because the tree-
level FCNC is absent in the SM. As can be seen, the
relation of the cross section is �ð�� ! t �cÞ>�ðe�� !
e�t �cÞ>�ðeþe� ! t �cÞ in every new physics model.
Because of the different values of the cross sections, the
top-charm production also provides a good way to
distinguish the LHT model from other new physics
models.

Given the predictions listed in Table I, we now discuss
the observability at the ILC. The possible signal for the FC
top-charm production at the ILC is b �cj1j2 with j1 and j2
being light jets coming from the hadronic decay of W or
b �clþ�l with lþ�l coming from the leptonic decay of W
boson. Since the observability of the processes
eþe�ð��Þ ! t �c has been analyzed in detail [28], in the
following we only consider the process e�� ! e�t �c.
Note that BrðWþ ! j1j2Þ=BrðWþ ! lþ�lÞ * 2 and the
maximal signal cross section is

�ðe�� ! e�t �c ! e�b �cj1j2Þ
¼ �ðe�� ! e�t �cÞ � Brðt ! WþbÞ

� BrðWþ ! j1j2Þ ’ 0:474 fb

in the favorable parameter regions, we consider the
hadronic final states in order to retain an increased
signal. The main irreducible background arises from
e�� ! e�WþW� with one W decaying to b �c and the
other decaying to two light jets. We calculate such
background and find its rate is about 2.35 fb for

ffiffiffi
s

p ¼
1000 GeV without any cuts. Such background can be
further reduced by considering kinematic distribution
of the signal. For example, for the signal the b-jet is usually
accompanied with two jets in one direction, while for the
background, the b-jet is usually accompanied by one jet.
This character may help us to further eliminate the con-
tamination of the background on the signal. Since this
process depends on detailed Monte Carlo simulation which
is beyond the scope of our discussion, for a simple estima-
tion, we assume that the signal is reduced to 10% with
no significant background [33]. After considering the
b-tagging efficiency (60%), we get about 47 events in the
optimum case for 1000 fb�1 integrated luminosity [13].

TABLE I. The maximal predictions of the cross sections of the processes �� ! t �c, e�� !
e�t �c and eþe� ! t �c in various models (in fb).

SM 2HDM-III MSSM TC2 LHT

�� ! t �c Oð10�8Þ [16] Oð10�1Þ [19] Oð10�1Þ [16] Oð10Þ [20] Oð100Þ
e�� ! e�t �c Oð10�9Þ [16] Oð10�2Þ [20] Oð10�2Þ [16] Oð1Þ [20] Oð10�1Þ
eþe� ! t �c Oð10�10Þ [30] Oð10�3Þ [18] Oð10�2Þ [16] Oð10�1Þ [21] Oð10�2Þ

FIG. 5. Cross sections versus collider energy Ecm ¼ ffiffiffiffiffiffi
see

p
in the LHT model. The left diagram is for Case I and the right diagram is

for Case II.
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V. CONCLUSION

We studied the top-charm associated productions via
e�� collisions in the framework of the LHT model at
the ILC and compared with the process eþe�ð��Þ ! t �c.
The numerical results showed that the cross sections of the
processes increase sharply as the mirror quark masses
increase, and in a large part of the allowed parameter
space, the cross sections of �� ! t �c and e�� ! e�t �c
may reach the detectable level at the ILC. If these pro-
cesses can be observed, some information about the FC
couplings can be obtained in order to distinguish the LHT
model from other new physics. If these FC processes are
not to be observed, the upper limit on mirror quark masses
can then be given.
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APPENDIX: THE EXPLICIT EXPRESSIONS OF
THE EFFECTIVE t �c�ðZÞ COUPLINGS

The effective t �c�ðZÞ couplings �

t �c�, �



t �cZ can be directly

calculated based on Fig. 1, and they can be represented in
form of 2-point and 3-point standard functions B0, B1, Cij.

In our calculations, the higher order v2=f2 terms in the
masses of new gauge bosons and in the Feynman rules are
ignored. �



t �c�, �



t �cZ depend on the momenta of top quark

and anticharm quark ðpt; p �cÞ. Here pt and p �c are both
outgoing momenta. The explicit expressions of them are

�

t �c�ðpt; p �cÞ ¼ �


t �c�ð�0Þ þ �

t �c�ð!0Þ þ �


t �c�ð!�Þ þ �

t �c�ðAHÞ þ �


t �c�ðZHÞ þ �

t �c�ðW�

H Þ þ �

t �c�ðW�

H!
�Þ;

�


t �c�ð�0Þ ¼ i

16�2

eg02

150M2
AH

ðVHuÞ�itðVHuÞicðAþ Bþ CÞ

A ¼ 1

p2
t �m2

c

½m2
Hiðm2

cB
a
0 þ p2

t B
a
1Þ�
PL þmtmcðm2

HiB
a
0 þ p2

t B
a
1Þ�
PR

þmtðm2
HiB

a
0 þm2

cB
a
1Þpt�


PL þmcm
2
HiðBa

0 þ Ba
1Þpt�


PR�;

B ¼ 1

p2
�c �m2

t

½m2
Hiðm2

t B
b
0 þ p2

�cB
b
1Þ�
PL þmtmcðm2

HiB
b
0 þ p2

�cB
b
1Þ�
PR

�mtm
2
HiðBb

0 þ Bb
1Þ�
p �cPL �mcðm2

HiB
b
0 þm2

t B
b
1Þ�
p �cPR�;

C ¼ m2
Hi½��
�
��Ca


� þ �
�
ðpt þ p �cÞCa

 þ 2mtC

a

 �mt�


ðpt þp �cÞCa
0 �m2

Hi�

Ca

0�PL

þmc½�mt�

�
��Ca


� þmt�

�
ðpt þ p �cÞCa


 þ 2m2
HiC

a



þmc½�mt�

�
��Ca


� þmt�

�
ðpt þp �cÞCa


 þ 2m2
HiC

a

 �m2

Hi�

ðpt þp �cÞCa

0 �mtm
2
Hi�


Ca
0�PR;

�

t �c�ð!0Þ ¼ i

16�2

eg2

6M2
ZH

ðVHuÞ�itðVHuÞicðDþ Eþ FÞ D ¼ AðBa
0 ! Bc

0; B
a
1 ! Bc

1Þ;

E ¼ BðBb
0 ! Bd

0 ; B
b
1 ! Bd

1Þ; F ¼ CðCa

� ! Cb


�; C
a

 ! Cb


; C
a
0 ! Cb

0Þ;

�

t �c�ð!�Þ ¼ i

16�2

eg2

2M2
WH

ðVHuÞ�itðVHuÞic
�
2

3
Gþ 2

3
H � 1

3
I þ J

�
G ¼ AðBa

0 ! Be
0; B

a
1 ! Be

1Þ;

H ¼ BðBb
0 ! Bf

0 ; B
b
1 ! Bf

1Þ; I ¼ CðCa

� ! Cc


�; C
a

 ! Cc


; C
a
0 ! Cc

0Þ;
J ¼ m2

Hi½2�
Cd


 � 2ðmt �ptÞCd


 þ ðPt þ P �cÞ
�
Cd

 � ðPt þ P �cÞ
ðmt �ptÞCd

0�PL

þmc½2mt�

Cd



 � 2ðm2
Hi �mtptÞCd


 þmtðPt þ P �cÞ
�
Cd

 � ðPt þ P �cÞ
ðm2

Hi �mtptÞCd
0�PR;

�

t �c�ðAHÞ ¼ i

16�2

eg02

75
ðVHuÞ�itðVHuÞicðK þ LþMÞ K ¼ 1

p2
t �m2

c

½p2
t B

a
1�


PL þmcB
a
1pt�


PR�;

L ¼ 1

p2
�c �m2

t

½p2
�cB

b
1�


PL �mtB
b
1�


p �cPL�; M ¼ ½��
�
��Ca

� þ ðpt þp �cÞ�
�
Ca


 �m2
Hi�


Ca
0�PL;
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�


t �c�ðZHÞ ¼ i

16�2

eg2

3
ðVHuÞ�itðVHuÞicðN þOþ PÞ N ¼ KðBa

1 ! Bc
1Þ;

O ¼ LðBb
1 ! Bd

1Þ; P ¼ MðCa

� ! Cb


�; C
a

 ! Cb


; C
a
0 ! Cb

0Þ;

�

t �c�ðW�

H Þ ¼
i

16�2

eg2

2
ðVHuÞ�itðVHuÞic

�
4

3
Qþ 4

3
R� 2

3
S� T

�
Q ¼ KðBa

1 ! Be
1Þ;

R ¼ LðBb
1 ! Bf

1Þ; S ¼ MðCa

� ! Cc


�; C
a

 ! Cc


; C
a
0 ! Cc

0Þ;
T ¼ f4�
Cd



 þ ½�
pt�

 � �
�
pt þ 2pt�


�
 þ �
pt�

 � �
�
p �c

þ 2p �c�

�
 þ 2ðpt þ p �cÞ
�
�Cd


 þ 4ptC
d

 þ 2ðBg

0 þm2
WH

Cd
0Þ�


þ ½2p �cpt�

 � �
ptp �c þ 2ptðpt þ p �cÞ
 þ p2

t �

�Cd

0gPL;

�


t �c�ðW�

H!
�Þ ¼ i

16�2

eg2

2
ðVHuÞ�itðVHuÞic � f½mtptC

d
0 þmt�


Cd

 � 2m2

HiC
d
0��
PL þmc½�
ptC

d
0 þ �
�
Cd


�PRg;

�


t �cZðpt; p �cÞ ¼ �



t �cZð�0Þ þ �



t �cZð!0Þ þ �



t �cZð!�Þ þ �



t �cZðAHÞ þ �



t �cZðZHÞ þ �



t �cZðW�

H Þ þ �


t �cZðW�

H!
�Þ;

�

t �cZð�0Þ ¼ i

16�2

g

cos�W

g02

100M2
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ðVHuÞ�itðVHuÞicðA0 þ B0 þ C0Þ
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p2
t �m2

c
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1

2
� 2

3
sin2�W

�
m2

Hiðm2
cB

a
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t B
a
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PL � 2

3
sin2�Wmtmcðm2

HiB
a
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t B
a
1Þ�
PR

þ
�
1

2
� 2

3
sin2�W

�
mtðm2

HiB
a
0 þm2

cB
a
1Þpt�


PL � 2

3
sin2�Wmcm

2
HiðBa

0 þ Ba
1Þpt�


PR�;

B0 ¼ 1

p2
�c �m2

t

��
1

2
� 2

3
sin2�W

�
m2

Hiðm2
t B

b
0 þ p2

�cB
b
1Þ�
PL � 2

3
sin2�Wmtmcðm2

HiB
b
0 þ p2

�cB
b
1Þ�
PR

þ 2

3
sin2�Wmtm

2
HiðBb

0 þ Bb
1Þ�
p �cPL �

�
1

2
� 2

3
sin2�W

�
mcðm2

HiB
b
0 þm2

t B
b
1Þ�
p �cPR

�
;

C0 ¼
�
1

2
� 2

3
sin2�W

�
C;

�


t �cZð!0Þ ¼ i

16�2

g

cos�W

g2

4M2
ZH

ðVHuÞ�itðVHuÞicðD0 þ E0 þ F0Þ D0 ¼ A0ðBa
0 ! Bc

0; B
a
1 ! Bc

1Þ;

E0 ¼ B0ðBb
0 ! Bd

0 ; B
b
1 ! Bd

1Þ; F0 ¼ C0ðCa

� ! Cb


�; C
a

 ! Cb


; C
a
0 ! Cb

0Þ;

�

t �cZð!�Þ ¼ i

16�2

g

cos�W

g2

2M2
WH

ðVHuÞ�itðVHuÞicðG0 þH0 þ I0 þ J0Þ G0 ¼ A0ðBa
0 ! Be

0; B
a
1 ! Be

1Þ;

H0 ¼ B0ðBb
0 ! Bf

0 ; B
b
1 ! Bf

1Þ; I0 ¼
�
� 1

2
þ 1

3
sin2�W

�
I; J0 ¼ cos2�WJ;

�

t �cZðAHÞ ¼ i

16�2

g

cos�W

g02

50
ðVHuÞ�itðVHuÞicðK0 þ L0 þM0Þ

K0 ¼ 1

p2
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c
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1

2
� 2

3
sin2�W

�
p2
t B

a
1�
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3
sin2�WmcB

a
1pt�
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�
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L0 ¼ 1

p2
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2
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�cB
b
1�


PL þ 2

3
sin2�WmtB
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1
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�


t �cZðZHÞ ¼ i

16�2

g

cos�W

g2

2
ðVHuÞ�itðVHuÞicðN0 þO0 þ P0Þ N0 ¼ K0ðBa

1 ! Bc
1Þ;

O0 ¼ L0ðBb
1 ! Bd

1Þ; P0 ¼ M0ðCa

� ! Cb


�; C
a

 ! Cb


; C
a
0 ! Cb

0Þ;

�

t �cZðW�

H Þ ¼
i

16�2

g

cos�W
g2ðVHuÞ�itðVHuÞicðQ0 þ R0 þ S0 þ T0Þ Q0 ¼ K0ðBa

1 ! Be
1Þ;

R0 ¼ L0ðBb
1 ! Bf

1Þ; S0 ¼
�
� 1

2
þ 1

3
sin2�W

�
S; T0 ¼ � 1

2
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�

t �cZðW�

H!
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16�2
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2
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d
0þmt�
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d
0��
PLþmc½�
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d
0þ�
�
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�PRg:

For the two-point and three-point standard loop functions B0; B1; C0; Cij in the above expressions are defined as

Ba ¼ Bað�pt; mHi;MAH
Þ; Bb ¼ Bbð�p �c;MHi;MAH

Þ; Bc ¼ Bcð�pt; mHi;MZH
Þ;

Bd ¼ Bdð�p �c;MHi;MZH
Þ; Be ¼ Beð�pt; mHi;MWH

Þ; Bf ¼ Bfð�p �c;MHi;MWH
Þ;

Bg ¼ Bgðp �c;MHi;MWH
Þ; Ca

ij ¼ Ca
ijð�pt;�p �c; mHi;MAH

;mHiÞ; Cb
ij ¼ Cb

ijð�pt;�p �c; mHi;MZH
;mHiÞ;

Cc
ij ¼ Cc

ijð�pt;�p �c; mHi;MWH
;mHiÞ; Cd

ij ¼ Cd
ijðpt; p �c;MWH

;mHi;MWH
Þ:
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