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Effects of an extra U(1) axial condensate on the strong decays of pseudoscalar mesons
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We consider a scenario (supported by some lattice results) in which a U(1)-breaking condensate
survives across the chiral transition in QCD. This scenario has important consequences for the
pseudoscalar-meson sector, which can be studied using an effective Lagrangian model. In particular,
generalizing the results obtained in two previous papers, where the effects on the radiative decays 7,
n' — yvy were studied, in this paper we study the effects of the U(1) chiral condensate on the strong
decays of the “light” pseudoscalar mesons, i.e., n, n' —37% 7, 0 — 7#"7 7% o' — a7,
n' — 77~ ; and also on the strong decays of an exotic (“heavy”) SU(3)-singlet pseudoscalar state

Ny, predicted by the model.
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I. INTRODUCTION

It is well known that the QCD vacuum has a very
complicated structure, characterized by some nontrivial
local (or also nonlocal) condensates, whose behavior as a
function of the temperature 7" also characterizes the phase
structure of the theory. For example, a phase transition
which occurs in QCD at a finite temperature Ty, is the
restoration of the SU(L) ® SU(L) chiral symmetry (in
association with L = 2, 3 massless quarks), which for
T < T, is broken spontaneously by the nonzero value of
the so-called chiral condensate, i.e..{Gq) = ¥~ {Giq;) [1].
But QCD with L massless quarks has also (at least at the
classical level) a U(1) axial symmetry [2,3]. This symmetry
is broken by an anomaly at the quantum level, which in the
“Witten-Veneziano mechanism” [4,5] plays a fundamental
role (via the so-called topological susceptibility) in explain-
ing the large mass of the 1’ meson. The role of the U(1)
axial symmetry for the finite temperature phase structure
has been so far not well clarified. One expects that,
above a certain critical temperature Ty, also the U(1)
axial symmetry will be (effectively) restored but it is still
unclear whether Ty(;) has or has not something to do
with Tch'

In this paper we reconsider a scenario (which was
originally proposed in Refs. [6-9] and elaborated in
Refs. [10-12], and which seems to be supported by some
lattice results on the so-called chiral susceptibilities
[13-15]) in which a new U(1)-breaking condensate sur-
vives across the chiral transition at T, staying different
from zero up to a temperature Ty > Ty, Ty is, there-
fore, the temperature at which the U(1) axial symmetry is
(effectively) restored, meaning that, for 7> Ty, there
are no U(1)-breaking condensates. The new U(1) chiral
condensate has the form Cyy = (Oy)), where, for a
theory with L light quark flavors, Oy is a 2L-fermion
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local operator that has the chiral transformation properties
of [3,16,17]":

O ya) ~ dsett(c_lqufL) + dgt(flsLQzR)y (L.1)

where s,t=1,...,L are flavor indices. The color
indices [not explicitly indicated in Eq. (1.1)] are arranged
in such a way that: (i) Oy is a color singlet, and
(i) Cyqay = (Oyq)) is a genuine 2L-fermion condensate,
i.e., it has no disconnected part proportional to some power
of the quark-antiquark chiral condensate {Gg): the explicit
form of the condensate for the cases L =2 and L = 3 is
discussed in detail in Appendix A (see also Refs. [8-10]).

This scenario has important consequences for the
pseudoscalar-meson sector. The low-energy dynamics of
the pseudoscalar mesons, including the effects due to the
anomaly, the ¢g chiral condensate and the new U(1) chiral
condensate, can be described, in the limit of large
number N of colors, and expanding to the first order in
the light quark masses, by an effective Lagrangian
written in terms of the topological charge density Q, the
mesonic field U;; ~ gjrg;. (up to a multiplicative con-
stant), and the new field variable X ~ det(G,rq,.) (up to
a multiplicative constant), associated with the new U(1)
condensate [6-8,10]:

LU, Ut X XT,0)
1 1

=3 Tr(9,Us#U") + 5aﬂxaﬂx+ - Vv(U, Ut X, xT)
+ %a)lQTr(an — Ut

+ %(1 — w,)0(InX — Inxt) + iQZ, (1.2)

1Throughout this paper we use the following notations for the
left-handed and right-handed quark fields: g;r =1 (1 % y5)q,

with ys = —iy0yly?y3.
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where the potential term V(U, U T X X Jf) has the form:

v(u, Ut x, xt)
A2 A%
=3 DU = p D]+ ZF(XTX — py)?

B
— " Tr(MU + MTUY)

2V2

— L [det(U)XT + det(UH)X].

2\2

M = diag(m,, ..., my) is the quark mass matrix and A is
the topological susceptibility in the pure—Yang-Mills the-
ory. (This Lagrangian generalizes the one originally pro-
posed in Refs. [18-22], which included only the effects due
to the anomaly and the ¢g chiral condensate.) All the
parameters appearing in the Lagrangian must be consid-
ered as functions of the physical temperature 7. In particu-
lar, the parameters p, and py determine the expectation
values (U) and (X) and so they are responsible, respec-
tively, for the behavior of the theory across the SU(L) ®
SU(L) and the U(1) chiral phase transitions, as follows:

(1.3)

palrsr, <O,
pX|T>TU(1) <0.

_1
prlr<r, =3F5 >0, (1.4)

— 12
pxlr<ry, =3Fx >0,

The parameter F ' is the well-known pion decay constant,
while the parameter Fy is related to the new U(1)
axial condensate. Indeed, from Eq. (1.4), px =1F% >0
for T <Ty), and therefore, from Eq. (1.3), (X)=
Fy/~2 # 0. Remembering that X ~ det(G,gq,.), up to a
multiplicative constant, we find that Fy is proportional to
the new 2L-fermion condensate Cy;) = (Oy)) intro-
duced above. In the same way, the pion decay constant
F ., which controls the breaking of the SU(L) ® SU(L)
symmetry, is related to the gg chiral condensate by a
simple and well-known proportionality relation (see
Refs. [6,10] and references therein): (G;q;)r<7, =
— %BmF - (Moreover, in the simple case of L light quarks
with the same mass m, mis = mB,,/F, is the squared
mass of the nonsinglet pseudoscalar mesons and one
gets the well-known Gell-Mann—Oakes—Renner relation:
misF% = —2m{g;q;)r<r,.) It is not possible to find, in a
simple way, the analogous relation between Fy and the
new condensate Cyy(y = (Oyy))-

However, as was shown in two previous papers [11,12],
information on the quantity Fy [i.e., on the new U(1) chiral
condensate, to which it is related] can be derived, in the
realistic case of L = 3 light quarks with nonzero masses
m,, my, and mg, from the study of the radiative decays of
the pseudoscalar mesons 1 and 7’ into two photons. A first
comparison of the results with the experimental data has
been performed and it is encouraging, pointing toward
some evidence for a nonzero U(l) axial condensate.
The following decay rates are derived [11,12]:
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“m; 2\2F 2
— n ~ T~
F(np—yy) = W(COSGD + £ SlIléD) , (1.5)
a’ml, \2F 2
L(n'— yy) = 19277_3}727< F Ccos® — smgo) , (1.6)

where a = e?/4m =~ 1/137 is the fine-structure constant.
Here F, is defined as follows:

= 2 2
Foy=[F% + 3F2,

and can be identified with the 1’ decay constant in the
chiral limit of zero quark masses. Moreover, @ is a mixing
angle, which can be related to the masses of the quarks m,,,
my, my, and therefore to the masses of the octet mesons, by
the following relation:

(1.7)

\/5 F_F_,
t D =7BF F / —m) = K 2 2 y
ane 94 T n(ms m) 6\/§A my m’]T)
(1.8)

where m2, = 2B and m3, = 3B(m + 2m,), with B = 237’"7,

and m = w .If one puts Fy = 0, i.e., if one neglects the
new U(1) chiral condensate, the expressions written above
reduce to the corresponding ones derived in Ref. [23] using
an effective Lagrangian which includes only the usual ¢g
chiral condensate. Using the experimental values for the
various quantities which appear in Egs. (1.5) and (1.6), one
can extract the following values for the quantity Fy and for
the mixing angle @:*

Fy =24(7) MeV, & = 17(2)°, (1.9)

and these values are perfectly consistent with the relation
(1.8) for the mixing angle, if one uses for the pure—Yang-
Mills topological susceptibility the estimate A = (180 =
5 MeV)*, obtained from lattice simulations [25].

In Sec. III of this paper, continuing the work started in
Refs. [11,12], we shall study the effects of the U(1)
chiral condensate on the strong decays of the light pseu-
doscalar mesons, ie., n, ' = 37% n, n' = 7t 7 7°;
n' — a7, n' — nat 77 and also on the strong de-
cays of an exotic (heavy) SU(3)-singlet pseudoscalar state
Ny, predicted by the model: ny — 37%; ny — 7" 7 7°;
ny = a7 nx — qataTs nx— 7070 nx—
n'mta"; mxy — 3n, 39, nmn’, pu'n’. In particular, in
the case of the exotic particle 1y, we shall find some
relations between its mass and its decay widths, which,

’Indeed, the original values reported in Refs. [11,12] were
Fx =27(9) MeV and @ = 16(3)°. The values reported in
Eq. (1.9) (which are, anyhow, consistent with the original
values within the errors) have been obtained using the
updated experimental values of the Particle Data Group [24]
[in particular, Te,(n— yy) =0.51(3) keV and I, (n' —
vy) = 4.31(36) keV; moreover we use F, = 92.2(4) MeV,
m, = 134.98 MeV, m, = 547.85 MeV, m, = 957.78 MeV].
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in principle, might be useful to identify a possible candi-
date for this particle.

For the benefit of the reader, we shall start, in Sec. II, by
resuming the main results, obtained in the original papers
[6,8,10], concerning the mass spectrum of the chiral effec-
tive Lagrangian (1.2) and (1.3), for temperatures 7 < T;:
in this paper we shall consider the case 7 = 0 only.

II. MASS SPECTRUM AND NEW PARAMETERS
OF THE CHIRAL EFFECTIVE LAGRANGIAN

Let us consider the Lagrangian (1.2), where the field
variable Q(x) has been integrated out:

LU, Ut X xt)=1Tr(0,Ua*UT) + 10, XorXT
- V(U, Ut X, XT) + Al Tr(lnU
—InU") + (1 — w;)(InX — InX1)]2.
2.1

A. Mass spectrum at 7 = 0 for a generic L
(in the chiral limit)

At T = 0 both SU(L) ® SU(L) and U(1), symmetries
are broken. Following Ref. [18], we can eliminate the
redundant (having much larger masses) scalar fields of
the linear o-type model by taking the limit A2 — oo and
A% — 0. In this limit the potential term gives the follow-
ing constraints:

utu=1r2-1,  X'Xx=1rF;. (22)

We are thus left with a nonlinear chiral effective model, in
which the field U has the form:

1 iv2 iy S
U= \/:F” exp{— CD}, o= T, 7, +—=1,
2 F, ; VL
(2.3)

where 7,(a = 1,..., L> — 1) are the generators of SU(L)
[Tr(7,) = 0] in the fundamental representation, with nor-
malization Tr(r,7,) = 8,,, and m,(a=1,...,L*> — 1)
are the nonsinglet meson fields, while S, is the usual
quark-antiquark SU(L) singlet field:

L
Sz~ i> (GLar — drqi)- (2.4)
i=1
And similarly the field X has the form:
1
X = \/;Fx exp{ \/_SX} (2.5)

where Sy is an exotic singlet field, with the following
quark content:

X~ i[dgt(qsLQzR) - dgt(flstIzL)]- (2.6)
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Substituting Egs. (2.3) and (2.5) into Eq. (2.1) and taking
only the quadratic part of the Lagrangian, we obtain

1 1 1
£2 = 5(3#7706'“77“ + EGMSWG'“S,T + EGMSXGMSX

1 172
_ E(ZM%T;?[TZ)WaWb — E(\/—_ZM%T?Z.)#“SW

Y
2L
1 V2L V2 2
- EA[ Fﬂ_ 0)1577 + F7X(1 (l)l)Sx] ’ (27)
where
1 FX)<F7T>L , _ By
c=—|—=)—=) . P =—m,. 2.8
N6, R —
In the chiral limit, supm; — 0, Eq. (2.7) reduces to
_1 © 1 © 1 ©
£2—58M7Taa 7Ta+§(:) Sﬂ.a SW+§8MSX8 SX
1 (2L NIBRY:
——c(—S77 ——SX>
2 \F, Fy
1 V2L V2 2

In this case the L? — 1 nonsinglet fields are massless: they
are the Goldstone bosons coming from the breaking of the
SU(L) ® SU(L) symmetry down to SU(L)y. Instead, the
two singlet fields S, and Sy are mixed with the following
squared mass matrix:

2L(Aw; +¢) 2/ Aw,(1-w;)—c]
- Folx 2.10)
WilAw (1-0)—c] A=) +c] ’
F,Fy F2
The eigenvalues of this matrix are
ZL 1 ZIZ‘ - 4QL
m??,,sz = 5 , (2.11)
where
2A[F2(1 — @)* + LF3 03] + 2c¢(F2 + LF§)
ZL= 3 2
FLF5
4LAc
=——. 2.12

Making use of the following N-dependences of the
relevant quantities in the limit of large number of colors
N (see Ref. [6]):

F,=0(N'Y?), Fy=0O(N'"?), A=0(1), c=O0(N),

(2.13)

we derive, at the first order in the 1/N
expansion (and assuming that c¢; # 0: see the discussion
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in Appendix B), the following expressions for the two
eigenvectors:

1
Sy =——(F,S, + JLFySy),
WIF% + LF%
] (2.14)
S, = (VLFxS; = F1S).
JF2 + LF%
with the corresponding eigenvalues:
2LA
2 -
s o O
5 5 (2.15)
) 2R+ LFY) _ o0
mSz - F2 F2 - ( )
ml'x

The two fields S and S, have the same quantum numbers,
but different quark contents: the first one (assuming that
F,.> Fy) is prevalently a quark-antiquark singlet S,
while the second one is prevalently an exotic 2L-fermion
singlet Sy ~ i[det(g,.qr) — det(G,rg,.)]. Both fields are
massive in the chiral limit. If we let F'y — 0 in the above
reported formulas [i.e., if we neglect the new U(1) axial
condensate], then S| — S, and mg — 2LA/F7, which is
the usual Witten-Veneziano formula for the ' mass in the
chiral limit [4,5]. On the other side, m§ = 2¢/F% — oo for
Fyxy — 0, being ¢ = O(Fy) [Eq. (2.8)], and therefore, in
this limit, the field S, — — Sy is “constrained” to be zero.’
In the more general case F'y # 0, which we are considering
in this paper, there is a field () with a squared mass which
vanishes as O(1/N) in the large-N expansion; on the
contrary, the field S, has a large mass of order O(1) in
the large-N limit. It is quite easy to convince oneself that
the particle associated with the field S; is nothing but the
particle ', which is required by the well-known Witten-
Veneziano mechanism for the solution of the U(1) problem
(see Refs. [8,10]). In fact, the expression for the U(1) axial
current

J& = iTe(Ute,U - Ua, Ut + L(X19,X — Xa,X1)]

= —2La,(F,S, + VLFxSy), (2.16)
can be rewritten, using the first Eq. (2.14), as
J¢) = —\2LFsd,5, (2.17)

where

*More rigorously, before taking the limit Fy — 0 (i.e.,
X — 0), one should first take the limit w; — 1, so that no
singular behavior arises from the anomalous term in Egs. (1.2)
and (2.1) and the Lagrangian simply reduces, for X — 0, to the
usual Lagrangian of Witten, Di Vecchia, Veneziano, et al. It is
easy to check that, by putting w; = 1 in Egs. (2.11) and (2.12)
and then letting F'y — 0, one recovers the same results that one
also obtains by slmplzy letting Fy — 0 in Egs. (2.15), ie.,
m3, — 2LA/F7 and mg =2c/Fy — .
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Fs, = F% + LF}

is nothing but the decay constant of the singlet meson S,
defined as

(2.18)

(OIS (018, (1)) = iV2LFg, pyy. (2.19)
We recall that, according to the Witten-Veneziano mecha-
nism for the solution of the U(1) problem, the 1’ mass
must satisfy the following relation, known as the Witten-
Veneziano formula:

2LA
= . (2.20)

Using the first Eq. (2.15), together with Eq. (2.18),
one immediately verifies that the singlet meson associated
with the field S; indeed verifies this relation, i.e.,
m% =2LA/F »291' For this reason, from now on, the field/

particle S; will be denoted as n’, with

F, = Fs, =[F% + LF%.

Instead, from now on, we shall use the name 7y to denote
the other exotic singlet field/particle S,.

2.21)

B. Mass spectrum at 7 = 0 for the realistic L = 3 case

Let us consider more carefully the realistic case [8],
in which there are L = 3 light quark flavors, named
u, d, and s, with masses m, = (1.7 = 3.3) MeV, m,; =
(4.1 = 5.8) MeV, and m,; = (80 + 130) MeV [24], which
are small compared to the QCD mass scale Agcp ~
0.5 GeV. In this case Eq. (2.3) becomes

1 i2 8
U - \/;Fﬂ. eXp{F7T (D}, Z

where m,(a=1,...,8) are the pseudoscalar mesons
(JP =07) of the octet while S, is the quark-antiquark
SU(3)-singlet field. Proceeding as in the previous section,
but making also an expansion up to the first order in the
quark masses, we immediately find that the fields 7, ,,
Ty, s, e, M7 are already diagonal, with masses

+—”I

(2.22)

i.: = B(mu + md),
m2 = m%i = B(m, + my), (2.23)

my = m%ojo = B(my + my),

where B = 2F

On the contrary, the fields 73, g, S, Sy mix together,
with the following squared mass matrix:
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= 1
71§BA 2B(m + 2m,)

K =

22 (i — m,)
0

J%BA
0

m,+my

2

where m =

2A[Al—w)w, —c]

PHYSICAL REVIEW D 83, 074007 (2011)

\/gm 0

22 (i — m,) 0
6(Awf+c) + m2

23[A—w)w,—c] (224)
F

FZ 0 =Fx
2[A(1—w;)*+c]
2

F,Fy F2

, m(z) = %B(Znﬁ + my), and A = m, — my. This last parameter A measures isospin violations, i.e., the

explicit breaking of the SU(2)y symmetry. If we neglect the experimentally small violations of the SU(2)y isospin
symmetry, i.e., if we put A = 0 in Eq. (2.24),* the squared mass matrix (2.24) simplifies to

2B 0
0 %B(rﬁ + 2my)
Ko=1 0 22BGi—m,)

0 0

Therefore, in this limit, 73 also becomes diagonal and
can be identified with the physical state 77°, with squared

mass
m>, = 2B = B(m, + my) = m3,. (2.26)

The fields (3, 73, S, Sy) can be written in terms of the
eigenstates (7, 1, 1/, nx) as follows:

T3 7TO

T

Si =G, ;]7, , (2.27)
Sx Tx

where C,, is the following orthogonal matrix [11,12]:

1 0 0 0
0 cos@p — sind 0
Co=|0 £=sing £=cosg @—F/X (2.28)
K n n
V3Fy -~ \BF - F
0 X sing =X cos —
Fn/ ¢ Fn/ ¢ Fn/

As we have already said above, F,s = 4/F% + 3F% can be
identified with the n’ decay constant in the chiral limit of
zero quark masses [11,12]. Moreover, @ is a mixing angle,
which can be related to the masses of the quarks m,,, m,
my, and therefore to the masses of the octet mesons, by the
relation (1.8) [11,12].

The matrix C, has been derived by diagonalizing the
squared mass matrix (2.25) at the first order in the quark
masses and in 1/N, so neglecting terms behaving as 1/N?,
m? or m/N (and assuming, again, that ¢; # 0: see the
discussion in Appendix B). Following Refs. [5,18,23], we
have considered the limit in which m/Aqcp < 1/N < 1:

“In the next section, instead, we shall take into account also the
small violations of the SU(2)y isospin symmetry, by taking
A # 0.

0 0
22 (i — m) 0
6A 2 —w|)w|—C
( ‘;;:rc) + m(2) 2\/§[A(1F’TF;() 1—cl (2.25)
23[A(1-w))w,—c] 2AA(1—w,)?+c]
F,Fy F?

X

this particular choice is justified by the fact that the mixing
angle, which is of order O(mN/Aqcp), is experimentally
small.” The other eigenvalues of the squared mass matrix
(2.25) can be easily derived at the first order in the quark
masses and in 1/N (in the sense explained above):

m% = 2B(ii + 2my), (2.29)
6A F?
2 )
mn, = F—zl F2/ mo, (230)
n n
20F)  2A[F%(w, — 1) + 3F20, P | 3F%
Moy = T2 2 2 2 2 T Mg
F7TFX F#FXF»,]/ F,q/
(2.31)

The physical interpretation of these three states is clear.
The state 7 is the eighth pseudo-Goldstone bosons of the
octet: its mass vanishes with the light quark masses. On the
contrary, the states 1’ and 1y have masses which do not
vanish with the light quark masses. In particular, the state
n' has a fopological (nonchiral) squared mass term
6A/Ff7,, which vanishes as 1/N in the large-N limit.

The state 7y, instead, should be heavier, having a normal
(nonchiral) mesonic mass term® of order O(1) in the
large-N limit. From Egs. (2.23), (2.26), and (2.29) one
immediately derives the well-known Gell-Mann—Okubo
SJormula [28,29] for the squared masses of the octet
mesons:

3m3 + m3 = 4mg, (2.32)

SIn the literature, other possibilities have also been studied.
For example, Leutwyler in Ref. [26] considers m/Aqcp and 1/N
to be of the same order, and Witten in Ref. [19] also studies the
opg)osite case, i.e., mN/Agcp > 1.

See Ref. [27] for a detailed discussion of hadrons and their
masses in the framework of the 1/N expansion.
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where my = 3 (my. + my, go) = BOi + my). In fact, it is
natural to expect that the introduction of a new chiral order
parameter, which only breaks the U(1) axial symmetry,
should not modify the mass relations for the octet mesons,
such as Eq. (2.32), which only derive from the breaking of
SU(3) ® SU(3) down to SU(3)y.

Considering also the squared mass (2.30) of the 1, one
immediately derives the following interesting relation
[with m%( defined as in Eq. (2.32)] [8]:

F3 6A
(1 +3 X)m +m? = 2my = —. (2.33)

F2

This is nothing but a generalization of the usual Witten-
Veneziano formula for the 7’ mass (including nonzero
quark masses), with a correction which only depends on
the parameter Fy [which, as we have already said in the
Introduction, is essentially proportional to the new U(1)
axial condensate], but not on the other unknown parame-
ters of the model (w;, c¢;). From Eq. (2.33), using the
known values for the meson masses, the pion decay con-
stant F,. and the pure-gauge topological susceptibility A,
one can derive the following upper limit for the parameter
Fy: |Fx| = 20 MeV [8,10].

Finally, we can derive an anologous relation involving
also the squared mass of the exotic state ny. By taking the
trace of the squared mass matrix (2. 24) using the relations
(2.23), together with i = "¢ m3 = 2 B(27i + m,), and
m% = B(ii + my), one obtains
T K] =

2 2 2 2
m_ + my + ., + my.,

2 6(Aw? +
= 2Bi + 2B + 2m,) + m} + Sldw; + ) “1 2
F
77'
2A(1 —w)> +2c
F2
Aw? + 2A4(1 — w)* +2
:m20+2m§(+6( w‘Z C)+ ( wzl) c
T F7T FX
(2.34)
from which, reordering, one finally gets
m%x + m ,+ m —2m%
_ ch37, AR = 0) +3Fel] o
FLF% FLF%

Unfortunately, this expression depends upon all the un-
known parameters of the model (Fy, w, c;) and, therefore,
we cannot use it to obtain a direct estimate of the mass of
the particle ny. However, in the next section we shall find
some relations between its mass and its decay widths,
which, in principle, might be useful to identify a possible
candidate for this particle.
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III. THE STRONG DECAYS OF THE
PSEUDOSCALAR MESONS 5, 1/, 7%

In this section we shall study the strong decays of
pseudoscalar mesons, using the chiral effective
Lagrangian which we have discussed above. First, we
observe that the strong decays of a pseudoscalar meson
into two pseudoscalar mesons are trivially forbidden by
parity conservation. In fact, in terms of the chiral effective
Lagrangian (2.1), one easily verifies that it is invariant
under the following field transformation:

v—-ut, Xx-xt, 0--0 3.1
which is nothing but the parity transformation for the fields
[provided one also transforms the space-time coordinates
as x = (x% ¥) = xp = (% —%)]. In terms of the meson
fields m,, S,, Sy, defined in Eqgs. (2.3) and (2.5), they
correspond to

T, — — T, Sr— =S, Sy— —Sx. (3.2)
Therefore, terms with an odd number of meson fields
(which are not parity invariant) necessarily vanish.
In particular, operators with three pseudoscalar meson
fields are absent and therefore the strong decays of a
pseudoscalar meson into two pseudoscalar mesons are
forbidden.

On the contrary, the strong decays of a pseudoscalar
meson into three pseudoscalar mesons, being induced by
parity-invariant four-meson operators, are allowed and we
shall devote the rest of this section to a detailed discussion
of these decays.

A. The four-meson Lagrangian

In order to study the strong decays of 1, 1, 5y into three
pseudoscalar mesons, we have to isolate the four-meson
operators in the Lagrangian (2.1), when expanding the
fields (2.3) and (2.5) in powers of the meson fields.
We thus obtain the following four-meson Lagrangian:

1
Do D2 + qﬁmcp]
Li= 4F [ 4F2

A2
2 4 4
0uS} Sk + 38308k |+ T MD*]

3 1 4
+ E<\/—_S7,. - —Sx> )

6\F, Fy

B
6F 2
3.3)

where, as usual, B = 2F ,C= \/—( )(\/—)3.

By making an integration by parts and using the usual
identities for the SU(3) generators, we can rewrite the first
term in the right-hand side of Eq. (3.3) as (apart from total

derivatives)
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1 4
8Ly = el Tr[éud)za”d)z + §cI>3D<1>:|

o

1 4
T Tr[aﬂdﬂaﬂqﬂ —39 cI>3aM<I>:|

1 2
= m[_ gfijcfcaﬁ(ﬁi%ﬂf)(ﬂaa”7T5):|, (3.4
where f ;. are the structure constants of SU(3), defined as
(70 751 = iN2fupeTer With Tr(7,7,) = 8,,. It is easy to
see that this term gives contributions only to decays into

charged pions, whose fields are 7= = %

Concerning the second term in the right-hand side of
Eq. (3.3), we immediately recognize (after an integration
by parts) that it vanishes (apart from a total derivative):

I 4
@[aﬂsiausgf + gsg(ms,(]

1 4
= @[awﬁaﬂs% - 5aﬂsg(aﬂsx] =0. (35

Therefore, the four-meson Lagrangian (3.3) reduces to

1 2
- 4F2 I:_gfijcfcaﬂ'ﬂ'iﬂ'aa#’ﬂja’u”ﬁﬁ]
c (3 1 4
—|=S,——=—S5x). @36

4

B

v

In the limit ¢ — 0, Fxy — 0, and Sy — O this Lagrangian
reduces to the usual four-meson Lagrangian derived by Di
Vecchia et al. in Ref. [23].

The last term in the four-meson Lagrangian (3.6) can be
rewritten in terms of the mass eigenstates, given, in the
case A = 0, by Egs. (2.27) and (2.28), so obtaining

. 1 4 F,
6££{)=5(\/—§S,——SX) =5< :

4
4. 37
6 F,,Fx) nx.-  (3.7)

This term contributes only to the elastic scattering ampli-
tude nymx — MxMx. At the end of the next subsection we

shall see that, for A = m,, — m,; # 0, the term & Eff) gives
also contributions to the decays into three pseudoscalar

mesons, but these contributions are strongly suppressed for
small A.

B. The mass eigenstates in the case A # 0
In the strong decays of 1, 1/, nyx into three pions the

SU(2) isotopic spin I is not conserved, i.e., (being the

PHYSICAL REVIEW D 83, 074007 (2011)

charge conjugation C conserved by strong interactions)
the so-called G-parity, defined, for a multiplet of isotopic
spin I, as G = Ce!™> = Cy(—1)!, C, being the eigenvalue
of C for the neutral component of the multiplet, is not
conserved. The mesons 7, ', ny are isosinglets (I = 0)
with C = 1 (they can decay into yy for the electromag-
netic interaction), and so they have G = 1. On the contrary,
the mesons 7 form an isotriplet (/ = 1), with Cy =1
(since 7° can decay into yy for the electromagnetic inter-
action), and so each of them has G = —1, and a three-pion
final state has G = (—1)? = —1.

We shall evaluate the decay amplitudes (and the corre-
sponding decay widths) at the lowest order in the parame-
ter A = m, — m,, which measures isospin violations, i.e.,
the explict breaking of the SU(2)y symmetry. In the
case A # 0, the fields 3, 75, S,, Sy mix together with
the squared mass matrix J, given by Eq. (2.24), while
the remaining 7, are already diagonal [8]. We write the
matrix K as

K = Ko+ 6Ky, (3.8)

where K is the matrix XK for A = 0, given by Eq. (2.25),
which is diagonalized by the orthogonal matrix C, given
by Eq. (2.28), while 6K, is given by

2
1o +=BA \/;BA 0
sk, = | BBA 0 0 0 (3.9)
J%BA 0 0 0
0 0 0 0

We shall evaluate the eigenvalues and the eigenstates of the
matrix K at the first order in the parameter A, by treating
the term 6K, as a small perturbation. It is easy to verify
that the corrections to the eigenvalues (i.e., to the squared

masses m2, m2, m%,, m2_, evaluated in the previous sec-

no My My
tion) are of order A? (the first-order corrections being
identically zero) and are therefore negligible, if we stop
at the first order in A. Instead, the eigenstates of the matrix

XK at the first order in the parameter A are given by

’7T3 77'0 50 81 62 53
T | n —| @ a ap; as
=C s C= R
Ay 77' Bo Bi Br B3
Sx MNx Yo Y1 Y2 V3
(3.10)
where
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5y =1,
BA cos@ - \/§F7T L sing \/§F7T . s
ay = fI:(mgr — %7 (cosgo + F smgo) — 2 — m%,/)< F CosQp — smgo)],
3L(m2 — m2)F,, Fy (m% —m2)Fy \ Fy (mz —mp )FL 1 3y
Vo = BA[—FX sSing (cosgb + VaF, s1n¢> + Fxcose (\/EF’T cosp — singB) — —\/EF”FX ]
(m2 — m%])Fn/ Fy (m2 — m%’,)Fn/ Fy (m2 — m%]X)F%,
8 = L(cogb + \/EF” Singb), a; = CoSQ, B = Fr sing, v = X sing,
V33, = m3) Fy Foy "
5, = BA (\/EF” cosPp — singb), a, = —sing, By = ki CoS®, vy = 3Fx cos@,
\/g(m%/ —mp)\ Fy Foy Fy
_ \2BAFy _ \BFy _F,
53—m, a3 =0, B3= Fy T TE,
X

where m%, m3, m?,, m3_ are given by Eqs. (2.26), (2.29),

(230), and (2.31). The only modifications with
respect to the ‘‘unperturbed” matrix C,, reported
in Eq. (2.28), are in the elements «g, By, vo, 01, 62, O3,
which are now different from zero and of order A: in the
limit A — 0 the matrix C correctly reduces to the
matrix Cy.

At the end of the previous subsection we had observed
that in the case A = 0 the last term 5£Ef) in the four-meson
Lagrangian (3.6), being proportional to 7%, contributes
only to the elastic scattering amplitude nyny — nxnyx-
Instead, in the realistic case in which A = m, — m,; # 0,
this term has the form [obtained using Egs. (3.10) and
(3.11) derived above]:

1 4
5££1C) = E(}/—gsw _F_SX)
T X

c \/EBA F_ 4
— 6[<—(m3, - )F)”O + <F:Fx)"x] . (3.12)

Therefore, when A # 0 this term also contributes to the
decay ny — 370, but this contribution is of order O(A?3),
and therefore it is strongly suppressed, for small A, when
compared with the similar contributions derived from
the other terms in the Lagrangian (3.6) [see Eq. (3.21)
below]. Therefore, in the following we shall neglect this
contribution.

C.Decays n, 7', ny — 37, w7~ @’

In this section we shall evaluate the leading-order
(LO) amplitudes and the corresponding widths for the
decays of n, 1/, and ny into 37° or w7~ 7% The
fields in the four-meson Lagrangian [£,, written in

Eq. (3.6), can be expressed in terms of the fields of
the physical eigenstates (which diagonalize the squared
mass matrix K) by using Egs. (3.10) and (3.11). Let us
start considering the decay 1 — 37°. As we have al-
ready said after Eq. (3.4), the first term (containing field
derivatives) of the four-meson Lagrangian £, in
Eq. (3.6) does not contribute to this decay amplitude,
which, therefore, turns out to be simply a constant, i.e.,
not dependent on the particle momenta, and given by, at
the first order in the parameter A,

A(n— 37%) = (777 Ly n)
= %{A(al + \/-2_31)
+ 2338, + (e + V28 (a + V280)]

(3.13)

Using the expressions (3.11) for a4, B, 0, @y, By and
expanding up to the first order in the quark masses, we
obtain the following expression:

A 2F
I:cos(o + \/}: T sin(o:l. (3.14)

B
A(n — 370 = NeTE
T ”7/

The amplitude for the decay n’ — 37° can be obtained
by simply substituting (8;, a;, B;) with (85, @y, B,) in
the expression (3.13). We thus obtain the following
expression:

Ay’ — 37%) =

BA [\/EF,

cos@ — sind |. 3.15
NTANE % 90] (3.15)
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Let us observe that in the limit Fy — 0 (that is,
F,; — F,) the expressions (3.14) and (3.15) correctly

reduce to the corresponding expressions derived by Di
Vecchia et al. in Ref. [23], i.e.,

Al = 37| pymg = (cosg + \2sing), (3.16)

\/— 2

BA

N (3.17)

A(n' = 37— = (V2 cosg — sing),

where ¢ is the mixing angle without the contribution
coming from the new U(l) axial condensate, and it is

(1.8) with Fy =0, ie.,
7—(m —mZ%). From the ampli-

given by Eq.
Q/—Z BF2(m, — i) =
tudes (3.14) and (3.15), we can derive the corresponding

decay widths by integrating over the final-state phase
space, according to the formula (valid for constant am-

plitudes A and three identical final particles) I' = 537 X
[1d @A =

®®) is given by (see, for example, Ref. [30] and refer-
ences therein)

tangp =

2';}';(13(3), where the total phase space

PO — f _ dsdt
12873 M?

1 53 d.
T 1287M? [ Ts‘/(s —s)(s — 52)(s3 — 5)(s4 — 5),
(3.18)

where M is the mass of the initial particle and

= (m; —my)?, 55 =(m +my)?, s3=(M—ms),

= (M + m3)?>, m,, m,, and m; being the masses of
the three final particles; s and ¢ are the usual
Mandelstam variables, defined as s = (P — p;)> and
t= (P — p,)*, where P is the four-momentum of the
initial particle and p;, p,, p; are the four-momenta of
the three final particles (P? = M2, p? = m?, p3 = m3,
173 = m3)

After performing numerically the integration in
Eq. (3.18) for the two cases that we are considering, using
the values for the meson masses as reported by the Particle
Data Group [24], we have obtained the following expres-
sions for the decay widths:

(BA)® <cos b + —\/EF” sin ~)2 —CD(S)
® ®
36F% F

[ o(n —37°) =

bl
!

n My

&)
— = 9.82 keV,

My

(3.19)
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(BA? (\2F, . 2@
I 2.0y — T _
oy 37Y) 36F§‘T( cosd s1ngo) P
HB)
= 67.00 keV. (3.20)
mn/

Proceeding analogously, the following expression is
obtained for the leading-order amplitude of the decay
ny — 37

V2BAFy

Alny — 379) =
(nX 7T) F727F.,II

(3.21)

Let us observe that this amplitude correctly reduces to zero
when Fy — 0, i.e., when the new U(1) axial condensate is
zero. Concerning the derivation of the decay width, the
mass m, of the exotic meson ny is not directly known
(but see the discussion at the end of this subsection) and
therefore the integration in Eq. (3.18) cannot be performed
numerically. However, on the basis of what we have said in
the previous section, the mass of the 7y is expected to be
quite large, at least larger than the mass of the n’. So it is
probably not a too bad approximation to neglect the meson
masses in the total phase space for this process. In the limit
my = my, = mz = 0 Eq. (3.18) reduces to

MZ
25673

o (M) = (3.22)

and for the width of the decay iy — 37" we obtain the
following approximate expression:

@(3)(mnx)

0)|2 =Y

T o(ny — 37°%) = |A(ny — 37

(BA)F

=—— . 3.23

1536 FLF2, "' (5-23)

Let us now study the decays of 1, 7/, and 7y into

mt 7 7Y, As we have already observed above, also the

four-meson Lagrangian term 5£y), defined in Eq. (3.4)

and containing derivatives of the fields, gives con-

tributions to the amplitudes of these decays. In particular,
one finds that

AN (g — 7t 70) = <7T+7T_770|5£y)|77>

1
= ﬁ5051(s - 50), (3.24)
SAN(y) = 77 70 = (7 7016 LY |')
1
= F—26062(S - 56), (325)

m
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SAN (ny — wta w0) = (mTw Woléﬁif)ln)&

1
= F—28063(S - Eo), (326)

T

where the coefficients 8y, d;, 65, and 03 are defined in
Egs. (3.10) and (3.11), while sy, s(,, and §, are so defined

%]

(m% + 3m3),

(m%}, + 3m2),

2]
o~ O
W= W=

(3.27)

]
Wl—

0 = 3(m} +3m2),

and, as usual, s = (P — P,0)?> = (P,+ + P,-)?, P being
the four-momentum of the initial particle (%, 1, ny) and
P_o, P+, P_- being the four-momenta of the three final
pions. Adding also the contributions coming from the
second term in the right-hand side of Eq. (3.6), we obtain
the following expressions for the amplitudes of the decays
n, 0,y — a7

Aln— 7t 7 70

BA V2F, | 3(s—so)]
= s+ o) 1 +———=| (3.28
3\/ngr(cosgo 7 smgo)[ m% =) ( )

n

Ay'—>mt 7 a0

BA (\/EFW . )[ 3(s — sp)
= cos@ — sind 1+7:|, (3.29)
33F2\ Fyy m’, = my
V2BAF 3(s — 5,)
Algy— 7t 7 7% = X[1+ 0]. 3.30
(77X mar 77) 3F72,.Fnl m%]x _m%T ( )

From these amplitudes we can derive the corresponding
decay widths by integrating over the final-state phase
space, according to the formula (see, for example,
Ref. [30] and references therein):

1 1 dsdt
r=_— d®(3)A2=—f7A2
2M [ 4l 2M ) 12873 M? 4]
_ 1
256 M?
53 ds
X [Tl 56 s~ s ),

(3.31)

where the notation is the same already used in Eq. (3.18).
After performing numerically the integration in Eq. (3.31),
using the values for the meson masses as reported by the
Particle Data Group [24], we have obtained the following
expressions for the decay widths:

PHYSICAL REVIEW D 83, 074007 (2011)

Tio(n— 7" a7
_ (BAY
54F%

2F 2
(cos@ + \/; Gl sin@) X 10.48 keV, (3.32)

n

Io(n — 7t 7~ 70

_ (BAY? (ﬁF,,
54F3 \ F,

2
cosp — singb) X 83.95 keV. (3.33)

Concerning the case of the decay ny — 7wt 7 7", we

proceed exactly as for the case of the decay ny — 37°
and we neglect the meson masses in the calculation of the
integral (3.31), so obtaining the following approximate
expression for the decay width:

252
Iolny = mrm 7% = (BASFi

= 536, e B3
7y

We now numerically compute our theoretical expressions
for the leading-order decay widths, using for the mixing
angle ¢ the value derived from Eq. (1.8).

All our isospin-violating decay widths are proportional
to the factor:

By = () = ()
m, + my R+ 1

~2.66 X 107 MeV*, (3.35)

where m2 = B(m, + m;) = (13498 MeV)? and R =
m,/myg = 0.558 is the ratio between the up and down
quark masses, determined using Egs. (2.23) and the experi-
mental values of the meson masses reported in the Particle
Data Group [24].

We are, of course, particularly interested in the effects
due to a nonzero value of the parameter Fy, related to
the new U(1) axial condensate considered in this paper.
In Table I we report, for each decay process of the form
n, m' — 3m, the leading-order theoretical prediction,
using for the parameter Fy the value Fy = 24(7) MeV,
that we have found studying the radiative decays
n, n' — yy [see the Introduction and, in particular,
Eq. (1.9)]. These values are compared with the corre-
sponding values obtained for F'y = 0, i.e., in the absence
of the new U(1) axial condensate [in Table I we also
explicitly show the correction to the decay widths,
Al g =T o(Fy =24 =7 MeV) — ' o(Fy = 0), com-
ing from a nonzero value of Fy], and also with the
experimental values.

Concerning the comparison with the experimental val-
ues, it is well known that, because of large unitarity
corrections due to strong final-state interactions, one has
to go beyond leading and even one-loop order in chiral
perturbation theory in order to obtain a valid, reliable
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TABLE I. The leading-order theoretical predictions for
the decay widths, computed both for Fy =0 and for
Fy = 24(7) MeV, and the corresponding corrections to

the decay widths, Al =T1o(Fyx =24=*7 MeV) —
It o(Fx = 0), compared with the experimental values.

Decay Fexp (keV) o (keV) AT o (keV)

FX =0 FX = 24(7) MeV

n— 370 0.423(26) 0.178 0.176(1) —0.002(1)
7' — 37 033(6)  0.84 0.62(10) —0.24(10)
n—atr 7’ 0302) 0127 0.125(1) —0.002(1)
n' — a7 7 07025 070 0.52(8) —0.18(8)

representation of the 7, 1’ — 37 decay amplitudes
and of the corresponding decay widths, that can be
successfully compared with the experimental values
[31-36].

In the present paper we are not, of course, aiming at that.
In particular, we cannot proceed as in the case of the
radiative decays 1, n' — vyv, i.e., we cannot extract the
value of Fy (and of the mixing angle @) by comparing,
e.g., the leading-order theoretical predictions (3.19) and
(3.20), for the y — 37° and 5’ — 37° decay widths, with
the corresponding experimental values reported in Table 1.
Indeed, making use of Eq. (1.8) for tan®, one easily

verifies that, being tan@ and F,, = ,/F 2 + 3F% increasing
functions of Fy, the expression (3.19) for ' o(n — 37°) is
a decreasing function of Fy: so, being its value at Fy = 0
already smaller than the corresponding experimental value,
it turns out that there is no value of Fy which makes the
expression (3.19) compatible with the experimental value
in Table I.”

Instead, our aim is simply to quantify the corrections
coming from a nonzero value of the parameter F'y, taking
the leading-order amplitudes/widths in the Fy = 0 case
as a useful reference point. From the values reported in
Table I we can conclude that:

(1) In the case of the n — 37 decays, the size of the

corrections Al'j 5 coming from a nonzero value
Fx = 24(7) MeV, with respect to the Fy = 0 case,
is very small, being of the order of 1%, i.e., compa-
rable to (or even smaller than) the size of the elec-
tromagnetic corrections for these decays, which have
been recently recalculated in Ref. [37].

(ii) Instead, in the case of the n' — 37 decays,

the size of the corrections Al'} is much larger,

"Even considering the singlet decay constant F, and the
mixing angle @ in Eqgs. (3.19) and (3.20) as free parameters, to
be fixed from a comparison with the experimental values re-
ported in Table I, we would find a too small value F' o = 68 MeV
for the singlet decay constant, incompatible with the formula

(1.7), ie., Fy = VF2 +3F, = F, = 92.2(4) MeV, and also
an anomalously large value @ = 44° for the mixing angle.

PHYSICAL REVIEW D 83, 074007 (2011)

being of the order of 30%. Moreover, at least for
the decay 1’ — 37" (where the statistical errors are
smaller), this (negative) correction seems to go in
the right direction, improving the agreement be-
tween the theoretical prediction and the experi-
mental value.

Concerning the decays of the 7y into three pions, we

derive the following relations between its mass m, and
the decay widths:
T'io(nyx — 37°) _Tolpy = 7o ")
mTIx m”’lx
= (4357350 x 1077, (3.36)

These constraints could be used to identify a possible
candidate for the exotic singlet meson 7y, once we know
its mass and decay widths. According to the Particle Data
Group [24], the possible candidates for the 7y, having the
same quantum numbers 1¢(JP€) = 0% (0~ ") of the %/, but
a larger mass, are the following:

1(1295): T, = 55(5) MeV,
1n(1405): I',, = 51(3) MeV,
1(1475): T, = 85(9) MeV,
7(1760): T', = 96(70) MeV,
7(2225): T, = 185179 MeV.

(3.37)

Unfortunately, no quantitative determination of their decay
widths into three pions has been done up to now.

D. Decays ' — yorw and ny — nam, g T

We now study the decays of 1’ into n7’#°, 77~ and
of ny into n7°7°, na* =, /7’7, n'm" 7. This de-
cays do not violate isospin and so they can happen also
when A = 0. Therefore, in order to evaluate the amplitudes
and the corresponding widths for these decays, we shall use
the approximate expressions (2.28) of the eigenstates at the
order zero in the isospin-violating parameter A.

The following expression is obtained for the leading-
order amplitudes of the decays n'— n#’#’ and
n' — ma7 ™ (which, in the limit of exact SU(2)y isospin
symmetry, are equal):

Aln' = nm’m’) = Aln' > na' ")

m% [2\2F 2F2
=—= T cos(2¢) + (=52 — 1)sin(2¢) | (3.
6F$,|: F, cos(2p) (F%, )sm( go)] (3.38)

In the limit Fy — 0 these amplitudes reduce to the expres-
sion already found in Ref. [23], i.e.,
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A = 770 p—o = A0’ — n7* 7)) p—o

2
= 6’%[2& cos(2¢) + sin(2¢)] (3.39)

After numerical integration of the phase space (3.18), using
the values for the meson masses reported in Ref. [24], we
obtain the corresponding decay widths:

HB
I'io(n' = na'7°) = |A(y' = na°7°)> -——,
2m,]/ . 2'
3
= 1.093 keV,
2, - 2!
&)
Loy’ — nata™) =|A(n' — na™ 77—)|22
mn/

= 2T o(n — na'70). (3.40)

We proceed as in the previous subsection and numerically
compute our theoretical expressions for the leading-
order decay widths, using for the mixing angle & the
value derived from Eq. (1.8) and for the parameter Fy
the value Fy = 24(7) MeV, that we have found studying
the radiative decays =, m' — yvy. Again, our aim is
simply to quantify the corrections coming from a non-
zero value of the parameter F'y, taking the leading-order
amplitudes/widths in the Fy = 0 case as a reference
point. In this case, however, it is already known from
Ref. [23] that the leading-order theoretical predictions
for Fy = 0,

Tio(n' = nat 7 )|p—0 = 2I'o(n' — na’70)|p,—o
= 2.42 keV, 3.41)

are in strong disagreement with the experimental
values [24], [p(n' — na*a™) =84(5) keV  and
Fexp(n' = 7 7°) = 42(4) keV.

We can try to see if the introduction of a nonzero value
of Fy can cure, at least in part, the strong disagreement
between leading-order theoretical predictions and experi-
mental values: however, the answer to this question is
negative. In fact, we find that

o' — nat m7) =247 Mev
=2l (0 — 777TO7TO)|FX:24(7) MeV
= 1.78(30) keV. (3.42)

Even if the correction Al'; is quite large (of the order of
30%) if compared with the value of I'; g at Fy = 0, it is,
however, too small if compared with the experimental
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value. In addition, the correction Al'[, being negative,
goes in the “wrong” direction, lowering the theoretical
prediction at F'y = 0, which is already much smaller than
the experimental value: in other words, it is not possible to
find a value of the parameter Fy which moves the leading-
order theoretical prediction toward the experimental value.
Moreover, the amplitude (3.38) is a constant, while the
experimental data are well fitted by a nonconstant ampli-
tude having the form: A(n'— nzm) = A(l — 0T,),
where T, is the kinetic energy of the n, A and o are
some constants. As already observed in Ref. [23], in order
to describe this behavior, and to obtain a better agreement
with the experimental value of the decay width, it is not
enough to retain only the leading order in the 1/N
expansion, but one has to go to the next-to-leading order,
adding to the Lagrangian (1.2) non-leading terms such as
AQ*Tr(d,Ud*UT), that may be very important because
of the proportionality of the leading terms to the tiny pion
mass.® The systematic introduction, in our model, of
higher-order terms in the 1/N expansion (including also
one-loop graphs, which are of order 1/N?: see, for ex-
ample, Refs. [31,39]) is, of course, a quite hard task, which
is beyond the aim of the present paper (but it will probably
be addressed in a subsequent work).

Concerning the exotic meson 7y, the following expres-
sions are obtained for the leading-order amplitudes of the
decays ny — marm and ny — n'7w

Alny = nm'7%) = A(ny — nrta”)

2m2iF 2F
_ %(my + J; m sin¢), (3.43)
iy 7
Ay — n'm°7°) = A(py — n'm* )
2m2Fy (N2F
= \/_mz” X (\/_ T cosp — singb). (3.44)
\/§F7TF7]’ Fn/

From these amplitudes we can obtain the corresponding
decay widths, using, for the integrated phase space (3.18),
the following approximate expression obtained neglecting
the pion masses (while retaining the 1 and 7’ masses
different from zero):

M* — m* + 4M*m? In(m/M)

@(3) M, _ )
(M, m) 256 M>

(3.45)

where M is the mass of the initial particle and m is the mass
of the final massive particle. We thus find the following
expressions:

8A different and alternative approach, first suggested in
Ref. [38], considers the decay 7’ — m7 7 to be dominated by
coupling to nearby scalar resonances.
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S (m, ,m
oy = m') = 1Alny — md 2 T e )
2m, 2!
mé F% O \2F. .\ my  Am3  (m,
— 715367:3?‘ = <cosqo + 7 /” smqo) I:mnx — 3 + P ln(m—)]
7 oy n Nx nx Nx
4 2
= (0.95+049) x 10—5m,,x[1 - (ﬁ) + 4(ﬂ) 1n(ﬂ)],
: m m m
Nx Nx Nx
c13(13)(m , M)
Iio(ny — na77) = |A(ny — ﬂ7+77)|2$ = 2T o(nx — na'a?), (3.46)
Nx
and also
D (m,y,, m.y
Fro(ny — 7/797) = |A(ny — om0 2L e )
2m, -2
mt F2 VF. .\ m*, 4m:, sm
— 1536777'731‘33 2 ( 5 cosé — smgo) I:mnx — m—f + b n 1n(m_”)]
Ty n nx nx nx
\4 \2 )
= (0.497012) x 10*5mnx[1 = (m" ) + 4(’”" ) 1n(m" )]
mTIX m’?x m”flx
(3)
Niolny = n'm*7m7) = |Alny = 9’7" 77)|? P ) = 2T o(nx — n'7°7°). (3.47)
2
m"lx

As in the case of Eq. (3.36), these relations could also, in
principle, be used to identify a possible candidate for the
exotic singlet meson 7y, once we know its mass and decay
widths. However, a certain caution must be used since, as
in the case of the decays ' — nmmar, large corrections to
these leading-order results could come from nonleading
terms in the 1/N expansion: only a detailed analysis of
our model at the next-to-leading order in 1/N shall clarify
this point.

E. Possible decays ny — 39, nun’, nn'n’, 3n'?

If the exotic singlet meson 7y were heavy enough, let us
say, if m, > 3m, =~ 1640 MeV, it could also decay into
three 7 particles. The amplitude for this decay, which does
not violate SU(2)y isospin, can be evaluated at the order
zero in the isospin-violating parameter A, so using the
approximate form (2.28) for the physical eigenstates, and
the following result is obtained:

singZJ).

8\/§m3<FX<_ _ 32F
cosg +
2F,,
(3.48)

3V3F2F,,
In order to estimate the decay width, considering that also
the final-state particles 7 are rather heavy, we use the
approximate expression for the total phase space (3.18)
in the nonrelativistic limit, i.e.,

T

Alny — 3n) =

nymynts
+ my + m3)3’

2
3) _ 0
CI)nr (M, mp, my, m3) = 64772 \/(ml (349)

where Q = M — m; — m, — my is the so-called Q value
of the decay. We thus obtain the following approximate
expression for the decay width:

()
¢l‘lr (m‘qxr m‘r]; m"y]: m‘l])

2m,_ - 3!
(COS

» (m,, —3m,)?

Tio(nx = 37) = [A(nx — 3n)I?

_ miF%
486\/§7TZF2‘TF31,

mTlx

0.46) X 10_3m7]x(1 _

= (0.96t0'43

(3.50)

where, as usual, we have used for the parameter Fy the
value Fy = 24(7) MeV, that we have found studying the
radiative decays i, ' — 77, and for the mixing angle &
the value derived from Eq. (1.8). [For example, for a value
m, =2 GeV, one would get I' 5(ny — 371) = 61 keV.]
Other possible decays of this kind (supposing that the ny is
heavy enough so that they are kinematically allowed) are
nx — 7', nm'n’, 3n’, and their amplitudes and corre-
sponding widths can be derived in a similar way.

IV. CONCLUSIONS

In this paper we have considered a scenario (sup-
ported by some lattice results) in which a U(1)-breaking
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condensate survives across the chiral transition at T,
staying different from zero up to T'y(;y > T¢y,. This scenario
has important consequences for the pseudoscalar-meson
sector, which can be studied using an effective Lagrangian
model, including also the new U(1) chiral condensate. This
model, originally proposed in Refs. [6-9] and elaborated in
Refs. [10—12], could perhaps be verified in the near future
by heavy-ion experiments, by analyzing the pseudoscalar-
meson spectrum in the singlet sector.

Section II contains a brief review (for the benefit of the
reader) of the main results, obtained in the original papers
[6,8,10], concerning the mass spectrum of the chiral effec-
tive Lagrangian. The Lagrangian (2.1) contains a new field
X and three new parameters, namely Fy, w;, and ¢, with
respect to the usual Lagrangian of Witten, Di Vecchia,
Veneziano et al. In this paper we have assumed that the
parameter Fy, which is essentially proportional to the new
U(1) axial condensate, is different from zero. In this case,
there are two singlet pseudoscalar mesons, the 1’ and an
exotic particle iy, whose squared masses [assuming also
that the coupling constant c¢; of the interaction term
det(U)XT + det(UT)X in Eq. (1.3), between the usual ¢g
meson field U and the exotic meson field X, is different
from zero and not too small: see the discussion in
Appendix B] are given by Egs. (2.30) and (2.31): in par-
ticular, the exotic particle ny turns out to have a large
(nonchiral) mass term of order O(1) in the large-N limit,
generated by the (nonzero) coupling constant c;.

In Sec. III, generalizing the results obtained in
Refs. [11,12], where the effects of the new U(1) chiral
condensate on the radiative decays of the pseudoscalar
mesons 77 and 7’ into two photons had been investigated,
we have studied the effects of the U(1) chiral condensate
on the strong decays of the light pseudoscalar mesons, i.e.,
n, n — 379, 7, 7 — ata 70 7 — 7]77.077.0; 7 —
na o~ and also on the strong decays of the exotic
(heavy) SU(3)-singlet pseudoscalar state ny: ny — 37;
ny — 7w 7y — a7 ny— grtaT oy —
0’77y — n'mt s nx — 3, 30, ', 'y’
Concerning the decays of the exotic particle 1y, we have
found some relations between its mass and its decay
widths, which in principle might be useful to identify a
possible candidate for this particle. According to the
Particle Data Group [24], the possible candidates for the
Ny, having the same quantum numbers [¢(JPC) =
0*(0~") of the 7, but a larger mass, are, at the moment,
those reported in Eq. (3.37) [other candidates with larger
masses are also present, but some of their quantum num-
bers 19(JPC) are not yet known]: unfortunately, no quanti-
tative determination of their decay widths into (e.g.) three
pions has been done up to now.

Concerning the decays n, ' — 3, it is well known
that, because of large unitarity corrections due to strong
final-state interactions, one has to go beyond leading and
even one-loop order in chiral perturbation theory in order
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to obtain a valid, reliable representation of the decay
amplitudes and of the corresponding decay widths, that
can be successfully compared with the experimental values
[31-36].

In the present paper we have not, of course, aimed at
that. In particular, we could not proceed as in the case of
the radiative decays 7, B’ — yv, i.e., we could not extract
the value of Fy (and of the mixing angle @) by comparing,
e.g., the leading-order theoretical predictions (3.19) and
(3.20), for the n — 37° and n’ — 37" decay widths, with
the corresponding experimental values reported in Table [
of Sec. III.

Instead, our aim has been simply to quantify the
corrections coming from the nonzero value Fy =
24(7) MeV, that we have found studying the radiative
decays 1, ' — 7y [see the Introduction and, in particular,
Eq. (1.9)], taking the leading-order amplitudes/widths in
the Fy =0 case as a useful reference point. From the
values reported in Table I of Sec. III we have concluded
that:

(1) In the case of the n» — 37 decays, the size of the

corrections Al'} 5 coming from a non-zero value
Fx = 24(7) MeV, with respect to the Fy = 0 case,
is very small, being of the order of 1%, i.e., compa-
rable to (or even smaller than) the size of the elec-
tromagnetic corrections for these decays, which have
been recently recalculated in Ref. [37].

(ii) Instead, in the case of the 1’ — 37 decays, the
size of the corrections AT’ is much larger, being
of the order of 30%. Moreover, at least for the decay
n' — 37" (where the statistical errors are smaller),
this (negative) correction seems to go in the right
direction, improving the agreement between the
theoretical prediction and the experimental value.

Finally, concerning the decays 7' — 77" and
n' — nat o, knowing already from Ref. [23] that the
leading-order theoretical predictions for Fy = 0 are in
strong disagreement with the experimental values, we
have tried to see if the introduction of a nonzero value of
Fy can cure, at least in part, this disagreement: but we have
found that it cannot. In fact, even if the correction AI'} g is
quite large (of the order of 30%) if compared with the value
of I' g at Fy = 0, it is, however, too small if compared
with the experimental value, and, moreover, being nega-
tive, it goes in the wrong direction, lowering the theoretical
prediction at Fy = 0, which is already much smaller than
the experimental value. (In other words, it is not possible
to find a value of the parameter Fy which moves the
leading-order theoretical prediction toward the experimen-
tal value.)

However, as we have already stressed in the conclusions
of Refs. [11,12], one should keep in mind that our results
have been derived from a very simplified model, obtained
by doing a first-order expansion in 1/N and in the quark
masses. We expect that such a model can furnish only
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qualitative or, at most, ‘‘semiquantitative’” predictions. As
already observed in Ref. [23], in order to obtain a better
agreement with the experimental data of the decay widths,
most probably it is not enough to retain only the leading
order in the 1/N expansion, but one has to go to the next-
to-leading order. The introduction, in our model, of higher-
order terms in the 1/N expansion is, of course, a quite hard
task, which is beyond the aim of the present paper. Further
studies are therefore necessary in order to continue this
analysis from a more quantitative point of view. We expect
that some progress will be made along this line in the near
future.
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APPENDIX A: THE U(1) CHIRAL
ORDER PARAMETER

We make the assumption (discussed in the Introduction)
that the U(1) chiral symmetry is broken independently
from the SU(L) ® SU(L) symmetry. The usual chiral order
parameter (gq) is an order parameter both for SU(L) ®
SU(L) and for U(1),: when it is different from zero,
SU(L) ® SU(L) is broken down to SU(L)y (V stands for
vectorial) and also U(1), is broken. In fact, under a
U(1) chiral transformation with parameter « [as

usual, g =5(1+y5)g and gg =3(1 = y5)g, with
vs = —iy’y'y?y3, denote, respectively, the left-handed

and the right-handed quark fields]:

U(1)a: g — €77, (AD)

Le, gL — e '“qL, qr = €"“qr,
the chiral condensate would transform as [assuming the
U(1), symmetry to be realized a la Wigner-Weyl]
U(D: (Gq) — €**(GLgr) + e >*(GrqL)- (A2)

By taking « = 7/2, we would obtain (Gg) — —{gq):
therefore, if the chiral condensate is different from zero,
the U(1), symmetry cannot be realized a la Wigner-Weyl.
Thus, we need another quantity which could be an order
parameter only for the U(1) chiral symmetry [6-9]. The
most simple quantity of this kind was introduced by
Kobayashi and Maskawa in 1970 [16], as an additional
effective vertex in a generalized Nambu-Jona-Lasinio
model, and it was later derived by 't Hooft in 1976 [3],
as an instanton-induced quark interaction. (See also
Ref. [17] for an historical review on this subject.)

For a theory with L light quark flavours (of mass
m; < Agep: i = 1,..., L), it is a 2L-fermion interaction
that has the chiral transformation properties of
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(L) (1t s
@U(l) -~ dsett[qs<T)qt] + H.C.
= dsett(c_lsR%L) + dsett(C_IsLQtR), (A3)
where s, = 1, ..., L are flavor indices, but the color in-

dices are arranged in a more general way (see below).
Since under chiral U(L) ® U(L) transformations the quark
fields transform as follows:

UL)® U(L): q. — Viqar gr — Vrqr, (A4)

where Vi and Vj are arbitrary L X L unitary matrices, we
immediately derive the transformation property of (9(5()1)
under U(L) ® U(L):

U(L) ® U(L): O\

vy — det(Vy) det(VR)*dgt(EIsRQzL) + H.c.

(A5)

This just means that (O(UL()I) is invariant under SU(L) ®

SU(L) ® U(1)y, while it is not invariant under the U(1),
transformation (A1):

U(l),: O — e‘izLo‘d?t(quq,L) + H.c.
S

0 (A6)

1. The U(1) chiral condensate for L = 2

As an example let us consider the most simple case, that
is L = 2, but with a general color group SU(N). It is not
hard to find [using the Fierz relations both for the spinorial
matrices and the SU(N) generators in their fundamental
representation] that the most general color singlet,
Hermitian and P-invariant local quantity (without deriva-
tives) which has the required chiral transformation prop-
erties is just the following four-fermion local operator:

O o, Bo) = Fii(aro, B @inaly. " G5t
+ JLa5R " BaR) (A7)
where the color tensor F¢5(ag, Bo) is given by
Fyglao, Bo) = a0y 85 + Byd505, (A8)

ag and B, being arbitrary real parameters. In Eq. (A7), a,
b, ¢, d €{l,..., N} are color indices; s, t € {1,2} are
flavor indices and €' = —€”, €2 = 1. Dirac indices are
contracted between the first and the second fermion field
and also between the third and the fourth one. Note that

if we choose g = N and By = —1, @(5(7)2)(&0, Bo) just

becomes (up to a proportionality constant) the effective
Lagrangian for two flavors of quarks in an instanton back-
ground, found by ’t Hooft in [3].

Now, to obtain an order parameter for the U(1) chiral
symmetry, one can simply take the vacuum expectation

value of (O(Ifljz)(ao, Bo):
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Coip (o Bo) = (0L Do Bl (A9)
The arbitrarity in the choice of « and B (indeed of only
one of them, since only their ratio is relevant) can be
removed if we require that the new U(1) chiral condensate
is “independent,” in a sense which will be explained
below, of the usual chiral condensate (Gg). As it was
pointed out by Shifman, Vainshtein, and Zakharov in
[40], a matrix element of the form {(gI',q - gI'»q) has, in
general, a contribution proportional to the square of the
vacuum expectation value of gg. This contribution corre-
sponds to retaining the vacuum intermediate state in all the
channels and neglecting the contributions of all the other
states; we call this contribution the disconnected part of the
original matrix element:

1
@lq - alaq)aise = E[(Trrl - Trly) — Te(D, ) Kgg)*,

(A10)
where the normalization factor G is defined as
(49 = X4Gaq4):

) .
(rgs) = -5 aa)y  ie, G=du (A11)

and the subscripts A, B are collective indices which include
spin, color, and flavor; therefore, G =4 X L X N for a
general L, and G = 8N for L = 2. When considering the

operator @(UL(T)2)(CVO, Bo) defined in Egs. (A7) and (A8), we

find the following expression for its disconnected part:

<O%(T)2)(a0: Bo))dise
- ﬁ[zv Qg + Bo) + (ag +2B0)KGq),  (A12)

where: (Gg) = (iiu) + (dd). From this last equation we
immediately see that the disconnected part of the conden-

sate C (UL(T)Z)

choice of the coefficients @, and B, (only their ratio is
really relevant):

(g, Bo) vanishes with the following particular

By 2N +1

(A13)

In other words, the condensate (A9) with «y and S
satisfying the constraint (A13) does not take contributions
from the usual chiral condensate {(Gg). To summarize,
a good choice for a U(1) chiral condensate which is
really independent of the usual chiral condensate {(Gq) is
the following one (apart from an irrelevant multiplicative
constant):

_ 2N + 1
L_2 a Sc a Sc S ~a =C
C(U(l) )= <<5b5d TNt2 6d6b)6 (Girq - G5rqL

+ qLq% - fzqu;"R)>. (Al14)
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As a remark, we observe that the condensate C%(T)z) SO

defined turns out to be of order O(g’N?) = O(N) in the
large-N expansion (this result was also derived in Ref. [7]
by simply requiring that the 1/N expansion of the relevant
QCD Ward identities remains well defined when including
this new condensate). In the case of physical interest, i.e.,
N = 3, the condensate Eq. (A14) becomes

(L=2) _ c 7 c = =c
Cu(l)) - <<535d - 553517)6“(‘1‘111261’31 : QZRq?R

+ gl - qqu?R>>- (A15)

2. The U(1) chiral condensate for L = 3

So far we have considered the most simple case L = 2.
However, this procedure can be easily generalized to every
L, and we can take as an order parameter for the U(1)
chiral symmetry:

= (O,

(L)
C u(l)

o (A16)

As we have done in the case L = 2, the color indices may
be arranged in such a way that the U(1) chiral condensate
does not take contributions from the usual chiral conden-
sate (gq): as a consequence of this, the new condensate
will be of order O(g*2NL) = O(N) in the large-N
expansion [7,8].

In the real-world case there are L = 3 light flavors, u, d,
and s, with masses m,, my, and m,, which are small
compared to the QCD mass scale Agcp. Proceeding as in
the case L = 2 [see Eq. (A7)], one reduces to consider the
following general color singlet, Hermitian and P invariant
local six-fermion operator (without derivatives):

L=3 aara — b — b —as b
@(U(l) )= Fb:b§b§61112[3q[1111{ql,1L : ‘1;122‘1122L " q3rq;. t He,
(A17)
where a,, a,, as, by, by, b3 €{1,2, -+ N} are color in-
dices, I}, I,, [ € {1, 2, 3} are flavor indices, and the color

aaxas s :
tensor F, ", " is given by

ayaray __ a; Qay Qa3 a; Qa) Qa; ay Qa) Qaj
Fblb2b3 = a18b18b26b3 + a26b28b38b1 + a38b38b18b2

+ B18 5081 + Baby 5280 + B35y 5,257,
(A18)

with a, a,, a3, By, By, B3 real parameters. However,

differently from the case L = 2, the operator (9%(;3)
Egs. (A17) and (A18), with arbitrary real parameters «;,
ay, a3, By, B2, B3, is not, in general, invariant under a

SU(3) ® SU(3) chiral transformation:
SUB3) ® SUQB): q. — ULqy, gr — Urgr, (A19)

(detU;, = detUg = 1). Invariance under SU(3) ® SU(3)
is, instead, recovered provided that the color tensor
Fylyy, satisfies the following symmetry property:

in
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a;a;ay
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FZ:Z?Z: = Fbib;bk, V permutations {i, j, k} of {1, 2, 3}. (A20)
In fact, in this case it is easy to see that the operator (A17) can be rewritten in the following form:
_ 1
L=3 ~ay by =ay by _ -a; b
(9((/(1) )= Z:Z;Z; §6r1r2r3 flllzl3ququllL : quzquzl : q(rl;qu;L + H.c, (A21)

which is manifestly invariant under SU(3) ® SU(3):

O\L=3 _,

1 _ by - by . - b
U(1) FZ:ZZZ; 5 €nnn 61]12[3 CIZIIR(U;;)MH (UL)l]m| qmllL : q?zzR(U]g)szrz(UL)szzqmzzL : CI?;R(UT)‘r3r3(UL)l3m3 qn;L + H.c.

1
__ pajaza T —a b —a b —ay b
= Fb:b;bj e det(Ug)€e*1*2% det(Uy ) €™ Qs'RAm L " rDmot * sirDmy, T Hee.

ayaras

_ $18283 gmymamy 541 b1 =ay by | -a3  b;
Fb1b2b33|6 € G5 RAmL " Dssr Dyl * Dsirdmyr, + HoC.

[Or, equivalently, one can start from the expression (A21)
of the six-fermion local operator, which, on the basis of
(A22), is invariant under SU(3) ® SU(3) for every choice
of the color tensor F';?;": but one immediately recognizes
that only the symmetric part of the color tensor, satisfying
the relation (A20), contributes to the right-hand side of
(A21), the antisymmetric parts being trivially cancelled
out. Note that, in the case L = 2, the most general color
tensor (A8) automatically satisfies the symmetry property,
Fi$ = F9;.] The symmetry property (A20) imposes the
following constraints on the parameters of the color
tensor (A18):

Bz = B> = Bi.
The color tensor has, therefore, the following form:
FZ:ZEZ: = “152152522 + a2(62;62§5§? + 6,“7;5,“7?522
+ ,81(8;;;62?623 + 628‘;?822 + BZ; 5252?),
(A24)

(A23)

a3 = «ap,

in terms of three arbitrary real parameters «;, a,, 3.

Let us now evaluate the vacuum expectation value of the

(Q(L:S)-

operator O, "

Cy =05y
= F,2 € (gl g - gTaq - qTag) + c.c.
= FZ:ZEZ: b ) sp(T2)cp(T3)gr

X{qaq8dcqpqeqr) + c.c., (A25)

_ M(L=3)
— o= (A22)
|
where [see Eq. (A17)]
(CDap =T 0,
1+
=< ys) ®(5m118n111)®(6cla15d1b1)’
i1j1
@ 2)CD = (Fz)fzz ]%mznz
(A26)

1+
_ ( 275) ® (8,1,28,,,) ® (52 5:02),
irjr 2

d
(FB)EF = (FS);}jsmgns

1+
= (Tys> ) ® (8)1133 8}1313) ® (563“3 5d3b3);
13]3

where i, j are Dirac indices, m, n are flavor indices, and c,
d are color indices.

As in the case L = 2 treated above, we can write the
(L=3)
u(1)
sum of a connected part, which does not depend on
the chiral condensate {(gq), and a disconnected part, which
(L=3) _
Uy

vacuum expectation value of the operator O as the

instead contains the chiral condensate (gg), i.e., C

=3 =3
<(9((§(1) )>c0nn + <(9((§(1) )>disc’ where

(OF D ise = Fyli2 €25 45T ep(T3)gr
X{Gaq89cdpAEGF)disc T C-C., (A27)

and the disconnected part of the vacuum expectation value.
of the six-fermion operator has the following form:

(Ga4983cqpqEqraise = {4aq8XacqpdEdF)com T {GcdpXGaqBTEGFYconn T (GEqFXGAdBGcqD)conn
—{G490XdcqBGEGF)conm ~ $GaqrXGcqpdEqB)conm — (Gcd8Xda9DTEGF)conn
—{GcqrX31983£q9D)conm — {GEq8XTA9FGcqD)conn — (GEGDXGAqBICF)com
+4qaq8XdcapXqear) — (Gaa8XacqrXdeqp) — GaqpXacqsXdeqr)
+4GaqpXGcarXGras) + GaqarXdcasXdeqp) — (GaqrXdcapXdeqs)-

On the basis of Eq. (A11), we see that the disconnected part of the condensate (A25) can be written as
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=3
<(9(UL(1) )>disc

= Aqq) + Ax(qq),

PHYSICAL REVIEW D 83, 074007 (2011)

(A29)

where the first term (A;(gq)), proportional to the chiral condensate, is originated by the first nine terms in the right-hand
side of Eq. (A28), while the second term (A5(gq)’) is originated by the last six terms in the right-hand side of Eq. (A28) and
represents the completely disconnected part, proportional to the third power of the chiral condensate.

Explicitly, using Eq. (A11), with G = 4 X 3 X N = 12N, the form (A26) of the I" matrices and the form (A24) of the

aads

color tensor F, ", ", satisfying the symmetry property (A20), we obtain the following expression for the coefficient A;:

1

Al = _lelajaj Z lzlz{TrI‘1<qI‘2q qr3q>conn + Trr2<quq qr3q>conn + Trr’i<quq qr2q>conn

G3
- <61F1F261 ' qr?’q)conn
- <qr2r3q ' quQ)conn -

12N [ZFZEIE FZ;S[ + Facz](cabcd + Cabcd + Cabcd )

where

Ctlléwd = 6St3[<éc11R¢1?L : quqZ)conn +ccl

C%Cd = ESZI[(‘??R‘I?L : Q§R97L>conn +ccl (A31)

C%)Cd = 61‘”[<(?3R61§’L : QZL’;RQ;IL)conn +ccl
and the following expression for the coefficient A5:

2

A3 = G3 FZ:ZZa3 l 1hls [Trr TerTrF3 TrFlTr(r2F3)

- Tr(FIFZ)TrF3 + Tr(F1F3F2) + Tr(F1F2F3)
- Tr(F1F3)TrF2]

1
= 3T [a;(2N3 +3N? + N)

+ a,(N? + 6N? + 5N) + B,(3N° + 9N? + 6N)].
(A32)

Now, if we want to obtain a new order parameter which is
really independent on the usual chiral condensate (Gq), we
must require that its disconnected part (A29) vanishes
independently on the value of (Gg), imposing the two
conditions A; = 0 and A3 = 0. Therefore, we have two
independent constraints on the three parameters «;, a,
and B, Wthh _enter the color tensor (A24): the new
condensate C u() =3 is then univocally determined, apart
from a multiplicative constant.

Let us also observe that in the large-N limit, taking the
coefficients «, a5, and B in the color tensor (A24) to be
of order O(N°), the coefficient A, is of order O(N), while
the coefficient A is of order @(N°): and, consequently, the
first term A,{(Gg) in the right-hand side of (A29) is of order
O(N?), while the second term As{(Gq)* is of order O(N?)
[being {Gq) = O(N)]. If both these disconnected parts are

zero, then the new condensate C (U(T) ) is simply equal to the

connected part (O'F u(D) >Com, which is of order O(N), i.e., of

the same order of the usual chiral condensate (Gq)
(as already observed in Refs. [7,8]).

- <51F2F151 : qF3Q>conn
<C_]F3F2q ' qr1q>conn} +c.c

- <qur3q : qr2q>conn - @Fsrlq ' qr2q>conn

(A30)

We also observe that the condition A; = 0 implies that

the new six-fermion condensate C'- = does not take con-

u(l)
tributions from four-fermion condensates of the form
(A31). In this paper we have only studied the effects of
the new six-fermion U(1) chiral order parameter. However,
recently, four-fermion operators (which could be associ-
ated with the above-mentioned four-fermion condensates)
have been used in the literature, in the study of scalar
mesons, which are modeled as four-quark (i.e., §qgq)
states, called fetraquarks or diquark-antidiqguark bound
states [41-43].

APPENDIX B: ON THE NEW PARAMETERS
Fx, W1, AND Cq

The Lagrangian (2.1) contains a new field X and three
new parameters, namely Fy, w, and c;, with respect to the
usual Lagrangian of Witten, Di Vecchia, Veneziano et al. It
is therefore natural to ask if the model can be further
simplified by simply eliminating some parameter. As we
have already said, in this paper we are assuming that the
parameter Fy, which is essentially proportional to the new
U(1) axial condensate, is different from zero: in Sec. I1I we
discuss the relevance of this parameter F'y in the phenome-
nological analysis of the strong decays of pseudoscalar
mesons.

Concerning the parameter @, we cannot say too much.
We recall that the usual Lagrangian of Witten, Di Vecchia,
Veneziano et al. is obtained by choosing w; = 1 (together
with Fy = 0,1.e., X = 0). Atlow temperatures one expects
that the deviations from this Lagrangian are small, in some
sense, and therefore one expects that w; is not much
different from 1 at low temperatures. On the other side,
as already observed in Ref. [6], @w; must necessarily be
zero when T = T, in order to avoid a singular behavior
of the anomalous term above the chiral transition: this
implies a non trivial behavior of w; with the temperature.
However, in this paper no particular choice for the value
of w,(T = 0) will be done: it will be considered as a free
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parameter (apart from the above-mentioned limitation for
T=Tg,).

The case of the parameter c¢; is much more interesting.
By putting ¢; =0, ie, ¢=0 [see Eq. (2.8)], into
Eqgs. (2.12), these reduce to

_ 2A[F2(1 — w)* + LFw7]

L

which, when inserted into Eq. (2.11), lead to the following
values for the squared masses of the two singlets S; and S,
in the chiral limit:

2LA 2A
ms, =0, m§, = (F—%)w? + (F—g()(l — )’ (B2)

The corresponding eigenvectors, written in terms of
S, and Sy, are

B 1
=
VF3( = @) + LF} o}

X (Fp(w; — 1), + VLFyw,Sy),
! (B3)

S

>

VF2( = 0P + LF}o}
X (VLFy®,S, + F,(1 — w,)Sy).

Let us observe that Egs. (B3) and (B2) cannot be derived
by simply putting ¢ = 0 into Egs. (2.14) and (2.15), derived
in Sec. IT A. This is due to the fact that Eqs. (2.14) and
(2.15) were derived not only assuming that ¢; # 0, but
also taking the large-N limit, in which the quantity ¢ =
%(%)(%)L is large, being of order O(N) [see Eq. (2.13)].
In that case, therefore, one obtains Z; = O(1) and Q; =
O(1/N), so that, from Eq. (2.11), m%l :%zﬁ =
O(1/N) and S, can be identified with the particle 7’.

Instead, in the particular case in which ¢; =0 [i.e.,
¢ = 0], one has that Z, = O(1/N) and Q; = 0, so that,
from Eq. (2.11), S; is massless (in the chiral limit) and
therefore it does not verify the Witten-Veneziano formula
required for the n'. It is easy to convince oneself that, in
this particular case ¢; = 0, S,, having a squared mass of
order O(1/N) in the large-N limit, is just the field which
must be identified with the particle 7', as required by the
Witten-Veneziano mechanism for the solution of the U(1)
problem. In fact, by virtue of Egs. (B3), we can rewrite the
U(1) axial current JgL/)L given by Eq. (2.16), in terms of the
fields S, and S,:

S = —\2La,(Fs,S, + Fg,S,), (B4)

where
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FSI =
VF2(l — 02 + LFw}

Fo — \/ZFWFX
S - :
C R -0+ LR

’

(B5)

are nothing but the decay constants of the singlet pseudo-
scalar mesons S and S,, defined as

O152(0)18,(5))) = iV2LFs iy

Sp

OLIE) (0)1S5(p2)) = iN2LFg, ps,..

(B6)

From Egs. (B2) and (B5) one immediately verifies that the
field S, satisfies the Witten-Veneziano formula, i.e.,

2LA

mg, = 2 (B7)
2

and, therefore, it is nothing but the field associated with the
particle 1/, with a squared (nonchiral) mass generated by
the anomaly and of order O(1/N) in the large-N limit, as
required by the Witten-Veneziano mechanism. [Instead,
concerning the state S, even if, according to Egs. (B6) and
(B5), it is coupled to the U(1) axial current, it is not
coupled to the topological charge density, i.e.,
©10(0)|S,(py)) = T%ZFSImLz?% = (), since it is massless:

therefore it does not appear as an intermediate mesonic
state in the spectral decomposition of the full topological
susceptibility .. .]

It is interesting to observe that, in this case (differently
from the case discussed in Sec. II A), the parameter w,
plays a fundamental role. In fact, when ¢; = 0, the anoma-
lous Lagrangian term containing w; is the only one which
generates a coupling between U and X (i.e., between the
usual quark-antiquark pseudoscalar mesons and the exotic
singlet state). By changing w; one can “move” the anom-
aly from U to X. In particular, in the case w; =1 the
anomalous term only depends on U and the field X is
decoupled. In this case the Lagrangian simply reduces to
the sum of the usual Lagrangian written by Witten, Di
Vecchia, Veneziano et al. for the field U (including the
anomalous term) plus a nonanomalous Lagrangian for
the field X: in this limit the state S,, i.e, the 7/, reduces
to the usual quark-antiquark singlet state S, while the
massless state §; reduces to the exotic state Sy. On the
contrary, in the opposite case w; = 0 the anomalous term
only depends on the exotic field X and so the state S5, i.e,
the 7', reduces to the exotic state Sy, while the massless
state S; reduces to the usual quark-antiquark singlet state
S... In conclusion, we have found that, in the case in
which ¢, = 0, in addition to the usual L> — 1 nonsinglet
(pseudo-)Goldstone bosons and to the massive singlet
S, = 7/, there is another singlet §;, which is massless in
the chiral limit. This particle is therefore another (pseudo-)
Goldstone boson which, when including the quark masses,
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should have a mass comparable with that of the other
L? — 1 nonsinglet pseudoscalar mesons.

In the realistic case L = 3, by diagonalizing the squared
mass matrix (2.25) with ¢ = 0, we derive the following
expressions for the squared masses of S; and S, at the first
order in the quark masses and in 1/N:

mi: = F%.(l - w1)2 m2
SOF2(1 - @) + 3F0} "
6A 2A
T X
3F{ o} 2
mg.
Fi(1 — w))* + 3F}w? 0

(B8)

Remembering the definition of m} =3B(2m + m,) =
2B(m, + m, + my) and Egs. (2.23), we immediately see
that the squared mass of the singlet S satisfies the follow-
ing relation:

F2(1 — w)?
2 _ 7 1 2 2
ms = ms =m
51 F2(1 — wy)* + 3F)2(w% 0 0

= 3 Om% + mige + 1 ga) = (412 MeV)2,

(B9)

Even assuming, as already said, that we can identify the
singlet S, with the observed singlet %', no other singlet
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pseudoscalar meson is observed whose mass satisfies the
limit (B9). Our assumption ¢; = 0 (together with Fy # 0)
has thus led us to another “U(1) problem.” Even if we let
¢ be different from zero, but arbitrarily small, i.e., ¢; — 0
with all other quantities fixed, since, by virtue of
Egs. (2.11) and (2.12), the squared masses m%l’sz in the
chiral limit are continuous functions of the parameter ¢,

we find that m%l = QL/ZL = Wfﬂlw = @(Cl) will

be arbitrarily small and, when including quark masses, it
will have an upper limit arbitrarily close (from above) to
that reported in Eq. (B9).

Therefore, we are forced to discard this possibility (as it
leads to wrong predictions for the pseudoscalar-meson
mass spectrum) and, in the rest of this paper, we shall
always consider the model in which ¢ is different from
zero and not too small, so that ¢ = O(N) is large. In this
case, as we have seen in Secs. Il A and II B, the squared
masses of the singlet mesons S; and S, are given by
Eq. (2.15) in the chiral limit and by Egs. (2.30) and
(2.31) in the realistic case with L = 3 light quark flavors.
Therefore, as already said, the state S; has a topological
(nonchiral) squared mass of order @O(1/N) in the large-N
limit and it is nothing but the particle n’. Instead, the state
S, is identified with an exotic singlet particle ny, having a
large (nonchiral) mass term of order O(1) in the large-N
limit, generated by the (non-zero) coupling constant c.
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