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It is known that the �5 scheme of Breitenlohner and Maison in dimensional regularization requires

finite counterterm renormalization to restore gauge symmetry and implementing this finite renormaliza-

tion in practical calculation is a daunting task even at 1-loop order. In this paper, we show that there is a

simple and straightforward method to obtain these finite counterterms by using the rightmost �5 scheme in

which we move all the �5 matrices to the rightmost position before analytically continuing the dimension.

For any 1-loop Feynman diagram, the difference between the amplitude regularized in the rightmost �5

scheme and the amplitude regularized in the Breitenlohner and Maison scheme can be easily calculated.

The differences for all 1-loop diagrams in the chiral Abelian-Higgs gauge theory and in the chiral non-

Abelian gauge theory are shown to be the same as the amplitudes due to the finite counterterms that are

required to restore gauge symmetry.
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I. INTRODUCTION

It is generally accepted that the original �5 dimensional
regularization scheme proposed by ’t Hooft and Veltman
[1] and later systematized by Breitenlohner and Maison [2]
can be used to regulate and renormalize chiral gauge
theories in a rigorous manner. In this BM scheme, �5 is
maintained as

�5 ¼ i�0�1�2�3 (1)

even when the space-time dimension n departs from 4.
Such �5 anticommutes with �� for � in the first 4 dimen-
sions but commutes with �� when the index � falls
beyond the first 4 dimensions. As a consequence, an iden-
tity such as �5�

� ¼ ����5 in n ¼ 4 dimensional space
no longer holds under dimensional regularization when the
polarization � is continued beyond the first 4 dimensions.
The continuation to n � 4 for the Lagrangian of a theory
with a gauge invariant 4 dimensional Lagrangian, there-
fore, depends on how we express and continue the terms
involving the product of �5 and �� matrices in the
Lagrangian. Furthermore, terms that are not gauge invari-
ant in the n dimensional Lagrangian must vanish when
n ! 4 and thus contain a factor of (n� 4) or a �� matrix
with � in the extra 4 dimensions. Such gauge variant
evanescent terms will contribute to the violation of gauge
symmetry in the perturbative calculation of the theory
under dimensional regularization.

The breakdown of gauge symmetry in the Breitenlohner
and Maison (BM) scheme can be remedied by introducing
gauge variant local counterterms to restore the renormal-
ized Ward identities [3] or BRST [4] gauge symmetry
[5–9]. This procedure of removing spurious anomalies is
usually a complicated and tedious task even at the 1-loop
order. C. P. Martin and D. Sanchez-Ruiz [8] managed to

successfully calculate the 1-loop finite counterterms
needed for restoring gauge symmetry of the chiral non-
Abelian gauge theory. The 1-loop finite counterterms for
the chiral Abelian-Higgs theory were later obtained by
D. Sanchez-Ruiz [9] in which the laborious calculations
were handled by computer routines.
In this paper, we shall present a simple and straightfor-

ward method for obtaining these finite counterterms. This
is done with the help of the rightmost �5 scheme [10] in
which the dimension n is analytically continued after all
the �5 matrices have been moved to the rightmost position.

II. THE RIGHTMOST �5 SCHEME

For the QED theory, the identity

1

‘þ k�m
k

1

‘�m
¼ 1

‘�m
� 1

‘þ k�m
(2)

is the foundation that a Ward identity is built upon. For a
gauge theory involving �5, there is a basic identity similar
to (2) for verifying Ward identities:

1

‘þ k�m
ðk� 2mÞ�5

1

‘�m

¼ �5

1

‘�m
þ 1

‘þ k�m
�5: (3)

The above identity, valid at n ¼ 4, is derived by decom-
posing the vertex factor ðk� 2mÞ�5 into ð‘þ k�mÞ�5

and �5ð‘�mÞ to annihilate, respectively, the propagators
of the outgoing fermion with momentum ‘þ k and the
incoming fermion with momentum ‘. Positioning �5 at the
rightmost site, (3) becomes

1

‘þ k�m
ðk� 2mÞ 1

�‘�m
�5

¼
�

1

�‘�m
þ 1

‘þ k�m

�
�5: (4)
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If we disregard the rightmost �5 on both sides of the above
identity, we obtain another identity

1

‘þ k�m
ðk� 2mÞ 1

�‘�m
¼ 1

�‘�m
þ 1

‘þ k�m

(5)

that is valid at n ¼ 4. This new identity (5), which is void
of �5, may be analytically continued to hold when n � 4.
We then multiply �5 on the right to every analytically
continued term of this �5-free identity (5) to yield the
analytic continuation of the identity (3).

As a side remark, we note that when we go to the
dimension of n � 4, (3), in the form presented above, is
not valid. This is because �5 does not always anticommute
with �� if n � 4. Adopting the rightmost �5 ordering
avoids this difficulty, as the validity of the identity in the
form of rightmost �5 ordering no longer depends on �5

anticommuting with the � matrices.
Before analytic continuation is made, a �5-odd

(�5-even) matrix product may always be reduced to a
matrix product with only one (zero) �5 factor. For an
amplitude corresponding to a diagram involving no fer-
mion loops, we shall move all �5 matrices to the rightmost
position before we continue analytically, the dimension n.
The subsequent application of dimensional regularization
gives us regulated amplitudes satisfying the Ward identi-
ties. An identity relating the traces of matrix products
without �5 at n ¼ 4 can always be analytically continued
to hold when n � 4. Therefore, the portion of an amplitude
in which the count of �5 on every fermion loop is even has
no �5 difficulty and does not violate any Ward identity in
this continuation scheme.

For any 1-loop Feynman diagram, the amplitude calcu-
lated according to the rightmost �5 scheme can be easily
compared to that calculated according to the BM scheme.
In fact, the difference between these two amplitudes can be
straightforwardly calculated. If the rightmost �5 scheme is
a gauge invariant scheme, we should be able to attribute the
difference to the amplitude due to local counterterms that
are required to restore BRST symmetry. It will be verified
below with detailed results that this is indeed what hap-
pens. For the chiral Abelian-Higgs theory, the finite coun-
terterms obtained by calculating the difference between the
rightmost �5 scheme and the BM scheme are found to be
exactly the same as those obtained in [9]. For the chiral
non-Abelian gauge theory, the finite counterterms obtained
in [8] can also be accounted for by the difference. These
results serve to confirm that the rightmost �5 scheme is
indeed a gauge invariant regularization scheme.

III. LAGRANGIAN FOR THE CHIRAL
ABELIAN-HIGGS THEORY

The BRST invariant Lagrangian density for the chiral
Abelian-Higgs gauge theory is

LB ¼ � 1

4
F��F

�� þ ðD��ÞyðD��Þ

� 1

2
�g2

�
�y�� 1

2
v2

�
2 þ �c Lði 6DÞc L

þ �c Rði 6@Þc R � ffiffiffi
2

p
fð �c L�c R þ �c R�

yc LÞ
� 1

2�
ð@�A� � ���2Þ2 þ i �cð@�@� þ ��MÞc

þ ig���cHc; (6)

where c is the ghost field, �c is the antighost field, and

F�� � @�A� � @�A�;

D�� � ð@� þ igA�Þ�;

c L ¼ Lc ; c R ¼ Rc ;

with the chiral projection operators L and R defined as

L ¼ 1
2ð1� �5Þ; R ¼ 1

2ð1þ �5Þ:
The complex scalar field � is related to real H and �2 by

� ¼ Hþ i�2 þ vffiffiffi
2

p : (7)

The Lagrangian LB of (6) is invariant under the BRST
variations:

�BA� ¼ @�c;

�B�2 ¼ �Mc� gcH;

�BH ¼ gc�2;

�Bc L ¼ �igcc L;

�Bc R ¼ 0;

�B �c ¼ � i

�
ð@�A� � ���2Þ;

�Bc ¼ 0: (8)

We define two mass parameters M and m by

M ¼ gv; m ¼ fv: (9)

Both M and m will be regarded as zero order quantities in
perturbation.
Let us introduce the notation p� for the component of

p� vector in the first 4 dimensions and the notation p
�
� for

the component in the remaining dimensions, i.e.,

p� ¼ p� þ p�
�;

with

p
�
� ¼ 0 if � 2 f0; 1; 2; 3g;

p� ¼ 0 if � =2 f0; 1; 2; 3g:
Likewise, the Dirac matrix �� is decomposed as

�� ¼ �� þ �
�
�;
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with �
�
� ¼ 0 when � 2 f0; 1; 2; 3g and �� ¼ 0 when � =2

f0; 1; 2; 3g. Since the definition (1) for �5 is valid even
when the space-time dimension n departs from 4, we have

�5�
� þ ���5 ¼ 2��

��5: (10)

The free term involving the fermion fields in (6) is equal
to

�c Li6@c L þ �c Ri6@c R � fvð �c Lc R þ �c Rc LÞ
¼ �c ðiR6@Lþ iL6@R�mÞc ¼ �c ði6@�mÞc ; (11)

where

6@ ¼ @��
� ¼ @��

� � @��
�
� ¼ 6@� 6@�:

The fermion propagator corresponding to the free
Lagrangian (11) is

i

p�m
;

which is independent of p�, the component of the momen-
tum p in the extra 4 dimensions and cannot be used for
perturbative dimensional calculation.

To remedy this ill behavior, let us add the term

E0 ¼ �c i6@�c ¼ �c Ri6@c L þ �c Li6@c R (12)

to the BRST invariant LB of (6). The theory defined by the
Lagrangian

Leff ¼ LB þ E0 (13)

will have a well-behaved free fermion propagator

i

p�m

and can be used to calculate amplitudes perturbatively
under the BM dimensional regularization scheme. By
doing so, we also incur a loss of the BRST symmetry since
�BLeff ¼ �BE0 � 0. Because E0 vanishes as n ! 4, E0

does not have any tree-level contribution. At one or more
loop orders, simple 1

n�4 pole factors or higher pole terms

may arise from divergent loop integrals so that the contri-
bution of E0 cannot be neglected and additional local
counterterms are required to restore the BRST symmetry.

For the Abelian theory with the Lagrangian (13), the
propagators can be readily read off the free Lagrangian and
vertex factors can be determined from the interaction terms
in the Lagrangian. The propagators and vertices that are
relevant to the 1-loop finite counterterm calculation are
listed in Appendix A 1.

IV. DIFFERENCE BETWEEN THE RIGHTMOST �5

SCHEME AND THE BM SCHEME IN THE
ABELIAN-HIGGS THEORY

To illustrate how the counterterm amplitude is evaluated
by calculating the difference between the rightmost �5

scheme and the BM scheme for the chiral Abelian-Higgs
theory, consider the fermion self-energy diagram:

The horizontal line signifies an internal fermion line and
the wavy line is a vector meson line. The Feynman ampli-
tude in the BM scheme is

�BM ¼ð�igÞ2
Z dn‘

ð2�ÞnDðA�;A�;‘ÞR��L
i

‘þp�m
R��L

¼�ig2
Z dn‘

ð2�ÞnDðA�;A�;‘ÞR�
�Lð‘þpÞR��L

ð‘þpÞ2�m2
;

(15)

where ‘ is the momentum of the internal vector meson line
and the external momentum p flowing into the fermion
self-energy correction has only components in the first 4
dimensions. Anticommuting �5 to the rightmost position,
we obtain the corresponding amplitude in the rightmost �5

scheme:

�R5 ¼ �ig2
Z dn‘

ð2�Þn DðA�; A�; ‘Þ�
�ð‘þ pÞ��L

ð‘þ pÞ2 �m2
: (16)

Both (15) and (16) are linearly divergent. Since the differ-
ence ð�R5 � �BMÞ contains at least a factor of �� matrix in
the extra 4 dimensions, terms that are convergent will not
survive the n ! 4 limit. We are free to change the mass
pole of any propagator in evaluating ð�R5 � �BMÞ because
the terms neglected are proportional to the mass square
difference and are therefore convergent by power counting.
Furthermore, if we expand the amplitude in a Taylor series
with respect the external momentum p, terms proportional
to pN with N � 2 are convergent and can be discarded in
the difference between (15) and (16), i.e., we may sub-

stitute �i
ðg��þð��1Þ ‘�‘�

‘2�m2Þ
ð‘2�m2Þ2 for DðA�; A�; ‘Þ and 1

‘2�m2

ð1� 2‘�p
‘2�m2Þ for 1

ð‘þpÞ2�m2 . The difference ð�R5 � �BMÞ
after utilizing R��L ¼ ��L, R��L ¼ ��L, and L‘R ¼
‘R can be written as

lim
n!4

ð�R5 � �BMÞ ¼ �g2lim
n!4

Z dn‘

ð2�Þn

� ðg�� þ ð�� 1Þ ‘�‘�

‘2�m2Þð1� 2‘�p
‘2�m2Þ

ð‘2 �m2Þ2
�ð��ð‘þ pÞ�� � ��ð‘þ pÞ��ÞL:

(17)

The symmetric integrals
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Z
dn‘fð‘2Þ‘�‘� ¼ g��

n

Z
dn‘fð‘2Þ‘2;

Z
dn‘fð‘2Þ‘�‘�‘	‘
 ¼ ðg��g	
 þ g�	g�
 þ g�
g	�Þ

nðnþ 2Þ
�
Z

dn‘fð‘2Þ‘4;

enable us to set

Z
dn‘fð‘2Þð‘ � pÞ‘ ¼ 1

n

Z
dn‘fð‘2Þ‘2p;

Z
dn‘fð‘2Þ‘�‘�ð‘ � pÞ‘ ¼ g��pþ p��� þ p���

nðnþ 2Þ
�
Z

dn‘fð‘2Þ‘4;

and reduce (17) to

lim
n!4

ð�R5 � �BMÞ

¼ g2

6
lim
n!4

Z dn‘

ð2�Þn
ðn� 4Þ

ð‘2 �m2Þ2 ð1þ 2�ÞpL

¼ � 1

ð4�Þ2 i
g2

3
ð1þ 2�ÞpL; (18)

where we have also utilized the integral

lim
n!4

Z dn‘

ð2�Þn
ðn� 4Þ

ð‘2 �mÞ2 ¼ 4
Z d4‘

ð2�Þ4
m2

ð‘2 � 1Þ3 ¼
�2i

ð4�Þ2 :

In the BM scheme, this amplitude (18) can be accounted
for by adding the counterterm

� 1

ð4�Þ2
g2

3
ð1þ 2�Þ �cRi 6@Lc (19)

to the Lagrangian (13).
The counterterm amplitude for any divergent 1-loop 1PI

diagram can be similarly calculated. The diagrams that are
responsible for all 1-loop counterterms are listed in
Figs. 1–7 in Appendix A. The corresponding counterterm
amplitudes are calculated and summarized in Tables IV, V,
VI, VII, VIII, IX, and X.

V. 1-LOOP RESULTS FOR THE CHIRAL
ABELIAN-HIGGS THEORY

For the chiral Abelian-Higgs theory, D. Sanchez-Ruiz
[9] has successfully computed in the BM scheme the
1-loop finite counterterms that are required to restore
the BRST symmetry by evaluating the terms that break
the Slavnov-Taylor identities and then solving a linear
system of 27 equations with 32 variables to find a solution.
The calculation in [9] is rather cumbersome and has to be
relied on computer routines. The general solution for the
1-loop finite counterterms is given by (30) of [9]

ℏ ~Sð1Þfct ¼ �X32
i¼1

ℏ~xð1Þ0;i ~ei þ ℏ
X11
l¼1

cð1Þl I l; (20)

where each I l, i ¼ 1; 2; . . . 11 is BRST invariant and ~ei,
i ¼ 1; 2; . . . 32 given by (16) in [9] form a basis of the space
of the integrated Lorentz scalar CP-invariant polynomials
in the fields and their derivatives with maximal canonical
dimension 4 and ghost number 0. A particular solution for

the coefficients ~xð1Þ0;i is given by (29) in [9] and tabulated in

the 2nd columns of Tables I, II, and III. Counterterms that
involve fermion fields are listed in Table I. Otherwise, they
are listed in Tables II and III.
The theory defined by the Leff of (13) corresponds to the

theory of (5) in [9] with �0 ¼ �, 	 ¼ ���, � ¼ 0, and
r ¼ 1. Correspondingly, the 3rd column of Table I is
obtained from the 2nd column with the substitution �0 ¼
�, 	 ¼ ���, � ¼ 0, and r ¼ 1.
From Tables IV, V, VI, and VII, the sum of counterterms

due to the diagrams from Figs. 1–4, obtained according to
the method of evaluating the difference between the right-
most �5 scheme and the BM scheme is equal to

1

ð4�Þ2
�
�g2

3
ð1þ 2�Þ �cRi6@Lc

þ 1

2
�ðM��Þfg �c c þ 1

6
g3ð7þ 5�Þ �cRALc

þ f2g �cA�5c þ �g2f

2
�c ðH þ i�2�5Þc

�
; (21)

which, after subtracting out the gauge invariant term,

TABLE I. Counterterms due to diagrams with open fermion lines are shown in the table.

~ei �ð4�Þ2~xð1Þ0;i �0 ¼ �, 	 ¼ ���, � ¼ 0, r ¼ 1 Rightmost �5 method

~e24 ¼ �c c � f½3	rþ4g2�ð1þ�rÞvð5þ�0Þ�
6r

1
2��f � 1

2��fg

~e25 ¼ �c i6@Lc 0 0 0

~e26 ¼ �c i6@Rc 0 0 0

~e27 ¼ �cALc � ½�6f2rþg2ð2�þrþ�2rÞð5þ�0Þ�
6 f2 � 1

6g
2ð5þ �Þ �f2gþ 1

6 g
3ð5þ �Þ

~e28 ¼ �cARc r½�6f2þg2�2ð5þ�0Þ�
6 �f2 f2g

~e29 ¼ �cHc � 2
3 fg

2�ð�þ rÞð5þ �0Þ 0 0

~e30 ¼ �c�2�5c 0 0 0
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1

ð4�Þ2
�
� g2

3
ð1þ 2�Þ �cRði6@� gAÞLc

þ �g2f

2
�c ðH þ vþ i�2�5Þc

�
;

becomes

1

ð4�Þ2
�
� 1

2
��fg �c c þ

�
1

6
g3ð5þ �Þ � f2g

�
�cRALc

þ f2g �cARc

�
: (22)

The above expression (22), decomposed as a linear combi-
nation of ~ei, is listed under the column ‘‘rightmost �5

method’’ in Table I. The Lagrangian (13) is defined differ-
ently from that in [9]. The covariant derivative D� is

defined as D� ¼ @� þ igA� for the theory (13) but as

D� ¼ @� � iA� in [9]. The vector field A in a counterterm

expression obtained in [9] needs to be scaled to �gA to be
identified as the corresponding counterterm for the theory

of (13). There is a single vector A field in ~e27 ¼ �cALc or
~e28 ¼ �cARc . As a consequence, multiplying �g to the
coefficient of either ~e27 or ~e28 under the 3rd column of
Table I should give us the corresponding coefficient under
the column ‘‘rightmost �5 method.’’ Furthermore, the coun-
terterm proportional to ~e24 ¼ �c c actually stems from
diagrams (d) and (e) of Fig. 1. The ratio of the coefficient
of ~e24 for the theory of (13) over that obtained in [9] as
shown in Table I is equal to�g and can be accounted for by
the ratio of vertex factors due to the single �c � A� c
vertex in each of the diagrams (d) and (e) of Fig. 1. Table I,
in fact, shows that the 1-loop counterterms that involve
fermion fields calculated by the rightmost �5 method are
in agreement with those obtained in [9].
The 1-loop counterterms due to the diagrams without

external fermion lines from Figs. 5–7 are summarized in
Tables VIII, IX, and X. The total of these counterterms is

1

ð4�Þ2
�
4m2f2ð�2Þ2 � 4

3
f2ð@�2Þ2 � g2m2A2

þ 1

6
g2ð@�A�Þð@�A�Þ þ 8f3mHð�2Þ2 � 2fg2mHA2

þ 4f2g�2ð@�HÞA� þ 4f4H2ð�2Þ2 þ 8

3
f4ð�2Þ4

� f2g2H2A2 � 3f2g2ð�2Þ2A2 þ 1

12
g4ðA2Þ2

�
(23)

and can be written as the sum of

1

ð4�Þ2
�
2f4ððHþvÞ2 þð�2Þ2Þ2 � 2f4v4 þ 1

12
g2F��F

��

�
(24)

and

1

ð4�Þ2
�
�2f4ðH4 þ 4vH3 þ 6v2H2 þ 4v3HÞ þ 2

3
f4ð�2Þ4

� 2

3
f2ð@�2Þ2 þ 1

6
g2ð@�A�Þ2 � g2m2A2 � 2fg2mHA2

þ 4f2g�2ð@�HÞA� � f2g2H2A2 þ 1

12
g4ðA2Þ2

� 3f2g2ð�2Þ2A2

�
: (25)

Equation (24) is gauge invariant and (25), expressed as a
linear combination of ~ei, is tabulated in Tables II and III
under the column ‘‘rightmost �5 method’’ while the result

from [9] is listed under the column�ð4�Þ2~xð1Þ0;i . Taking the

�g factor into consideration for each vector field A in
comparing the counterterm expressions, the counterterms
listed in Tables II and III obtained by the rightmost �5

method for the theory of (13) are in exact agreement with
those obtained in [9].

TABLE II. Counterterms without A fields due to diagrams
with a closed fermion loop are shown in the table.

~ei �ð4�Þ2~xð1Þ0;i Rightmost �5 method

~e1 ¼ H �8f4v3 �8f4v3

~e2 ¼ H2 �12f4v2 �12f4v2

~e3 ¼ ð�2Þ2 0 0

~e4 ¼ H3 �8f4v �8f4v

~e5 ¼ Hð�2Þ2 0 0

~e6 ¼ H4 �2f4 �2f4

~e7 ¼ ð�2Þ4 2
3 f

4 2
3 f

4

~e8 ¼ H2ð�2Þ2 0 0

~e9 ¼ ð@�HÞð@�HÞ 0 0

~e10 ¼ ð@��2Þð@��2Þ � 2
3 f

2 � 2
3 f

2

TABLE III. Counterterms involving A fields due to diagrams
with a closed fermion loop are shown in the table.

~ei �ð4�Þ2~xð1Þ0;i Rightmost �5 method

~e11 ¼ �2ð@�A�Þ 0 0

~e12 ¼ A�Hð@��2Þ 0 0

~e13 ¼ A��2ð@�HÞ �4f2 4f2g

~e14 ¼ A�A
� �f2v2 �f2g2v2

~e15 ¼ A�A
�H �2f2v �2f2g2v

~e16 ¼ A�A
�H2 �f2 �f2g2

~e17 ¼ A�A
�ð�2Þ2 �3f2 �3f2g2

~e18 ¼ ð@�A�Þ2 1
6

1
6g

2

~e19 ¼ F��F
�� 0 0

~e20 ¼ ðA�A
�Þ2 1

12
1
12g

4
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VI. LAGRANGIAN FOR THE CHIRAL
NON-ABELIAN GAUGE THEORY

The BRST invariant Lagrangian density for the chiral
non-Abelian gauge theory is

~LB ¼ � 1

4
Fa
��F

a;�� þ �c Li 6Dc L þ �c Ri6@c R

þ i �c 0
Ri 6Dc 0

R þ �c 0
Li6@c 0

L �
1

2�
ð@�Aa

�Þð@�Aa
�Þ

þ i �cahca þ igCabcð@� �caÞAb
�c

c; (26)

where ca is the ghost field, �ca is the antighost field, and

Fa
�� ¼ @�A

a
� � @�A

a
� � gCabcAb

�A
c
�:

Two fermion fields c and c 0 whose left-handed compo-
nent c L ¼ Lc and right-handed component c 0

R ¼ Rc 0
are coupled to Aa

�. The covariant derivatives for c L and

c 0
R are

D�c L ¼ ð@� þ igAa
�T

a
LÞc L;

D�c
0
R ¼ ð@� þ igAa

�T
a
RÞc 0

R;

where Ta
L ðTa

RÞ are group generators that satisfy

½Ta
L; T

b
L� ¼ iCabcTc

L; ½Ta
R; T

b
R� ¼ iCabcTc

R

trðTa
LT

b
LÞ ¼ TL�

ab; trðTa
RT

b
RÞ ¼ TR�

abX
e

Te
LT

e
L ¼ CL;

X
e

Te
RT

e
R ¼ CR:

For convenience, we also adopt the following shorthand
notations defined in [8]:

tr ðTa
LT

b
LT

c
LT

d
LÞ ¼ Tabcd

L ; trðTa
RT

b
RT

c
RT

d
RÞ ¼ Tabcd

R :

The Lagrangian (26) is invariant under the BRST varia-
tions:

�BA
a
� ¼ @�c

a þ gCabccbAc
�;

�Bc L ¼ �icaTa
Lc L; �Bc R ¼ 0;

�Bc
0
R ¼ �icaTa

Rc
0
R; �Bc

0
L ¼ 0;

�Bc
a ¼ 1

2
gCabccbcc;

�B �c
a ¼ 1

i�
@�A

a;�:

As with the chiral Abelian-Higgs theory (13), a gauge
variant evanescent term

~E 0 ¼ �c i6@�c þ �c 0i6@�c 0 (27)

needs to be added to the BRST invariant (26) to define the
Lagrangian

~L eff ¼ ~LB þ ~E0 (28)

for the chiral non-Abelian gauge theory that can be
calculated perturbatively in the BM scheme. For the

non-Abelian theory (28), the propagators and vertices
that are relevant to 1-loop finite counterterm calculation
are listed in Appendix B 1.

VII. 1-LOOP RESULTS FOR THE CHIRAL
NON-ABELIAN GAUGE THEORY

C. P. Martin and D. Sanchez-Ruiz have obtained with
tedious calculations the 1-loop finite counterterms that are
needed for restoring BRST symmetry in the BM dimen-
sional regularization formalism for the chiral non-Abelian
gauge theory with the result given in (69) of [8]. In
Appendix B, the 1-loop counterterms for this non-Abelian
theory are computed straightforwardly by evaluating the
difference of amplitudes between the rightmost �5 scheme
and theBMschemewith the results summarized inTableXI.
Specifically, diagrams inFigs. 8 and9 yield the counterterms
that involve fermion fields and can be written as

1

ð4�Þ2
�
� 1

3
g2ð1þ 2�Þð �c Li6@c LCL þ �c 0

R 6@ic 0
RCRÞ

þ 1

6
g3ð7þ 5�Þð �c LA

aTa
Lc LCL þ �c 0

RA
aTa

Rc
0
RCRÞ

�
:

(29)

Subtracting out the gauge invariant term

1

ð4�Þ2
�
�i

1

6
g2ð7þ 5�Þð �c Lð6@þ igAaTa

LÞc LCL

þ �c 0
Rð6@þ igAaTa

RÞc 0
RCR

�

from (29), we get

1

ð4�Þ2
��

1þ ð�� 1Þ
6

�
g2ð �c Li6@c LCL þ �c 0

Ri6@c 0
RCRÞ

�
;

(30)

which, after the identification of�with�0, is consistentwith
the finite counterterms (69) of [8].
Figures 10–12 are responsible for the counterterms that

are free of fermion fields. From Table XI, the sum of these
counterterms is equal to

1

ð4�Þ2
�
�1

6
g2ðTLþTRÞAa

�hAa;��2

3
g3ðTLþTRÞ

�Cabcð@�Aa
�ÞAb

�A
c;�þ 1

12
g4ðTabcd

L þTabcd
R Þ

�Aa;�Ab
�A

c;�Ad
�þ 5

24
g4ðTLþTRÞ

�CeabCecdAa
�A

b
�A

c;�Ad;�

�
; (31)

which can be written as the sum of the gauge invariant term

5
24g

2ðTL þ TRÞFa
��F

a;��

and
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1

ð4�Þ2
ðTL þ TRÞg2

�
5
12 ð@AÞ2 þ 1

4AhA

�
þ ðTLþTRÞ

6 g3Cabcð@�Aa
�ÞAb

�A
c
�

þ 1
12 g

4ðTabcd
L þ Tabcd

R ÞAa;�Ab
�A

c;�Ad
�

2
6664

3
7775: (32)

Upon the scaling of A ! �gA, the chiral non-Abelian
gauge theory with the tree action defined by (32) in [8]
becomes the non-Abelian theory defined by (26). Taking
the A ! �gA scaling into consideration, (32) is also in
agreement with (69) of [8].

VIII. CONCLUSION

In the BM scheme, simply removing the pole terms from
the amplitudes of 1-loop diagrams does not yield renor-
malized amplitudes that satisfy Ward identities. Instead,
some finite renormalization terms have to be added. These
finite counterterms are determined from restoring the val-
idities of Ward identities. Implementing this finite renor-
malization in practical calculation is usually a daunting
task even at 1-loop order.

For the chiral Abelian-Higgs gauge theory and the chiral
non-Abelian Yang-Mills theory, we have verified that the
renormalized amplitudes for all 1-loop diagrams calculated
in the BM scheme with finite counterterm renormalization

are equal to those obtained directly in the rightmost �5

scheme. This means we can be spared the tedious finite
renormalization procedures if the rightmost �5 scheme is
adopted. Furthermore, since all the �5 matrices are moved
to and consolidated at a single position before continuing
the dimension in our scheme, the burden of evaluating the
matrix products or trace of matrix products is considerably
less than that in the BM scheme. In our opinion, this
rightmost �5 prescription is a much simpler scheme than
the BM scheme for calculating amplitudes in gauge theo-
ries involving �5.
For the rightmost �5 scheme, the prescription that leads

to the preservation of Ward identities makes no use of the
specific type of gauge theories in question. As a conse-
quence, the rightmost �5 scheme should be applicable for
any type of chiral gauge theory, in particular, the standard
model.

APPENDIX A: THE CHIRAL ABELIAN-HIGGS
THEORY

1. Feynman rules

The propagators and vertices used in the 1-loop counter-
term calculation for the chiral Abelian-Higgs theory
defined by (13) are listed below.

a. Propagators
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b. Vertex factors

2. 1-Loop counterterms

a. Figure 1: �c c self-energy diagrams

The possible diagrams that may contribute to the
fermion self-energy are depicted in Fig. 1.

In each diagram of Fig. 1, the horizontal line signifies an
internal fermion line and the wavy line is a vector meson
line.

Diagram (a):
This diagram has been discussed thoroughly in Sec. IV.

The Feynman amplitude in the BM scheme is denoted
by �BM

1ðaÞ:

�BM
1ðaÞ ¼�ig2

Z dn‘

ð2�ÞnDðA�;A�;‘ÞR��L
1

‘þp�m
R��L:

The corresponding amplitude in the rightmost �5 scheme is
denoted by �R5

1ðaÞ:

�R5
1ðaÞ ¼ �ig2

Z dn‘

ð2�Þn DðA�; A�; ‘Þ�� ‘þ p

ð‘þ pÞ2 �m2
��L:

The difference has been shown in Sec. IV to be

lim
n!4

ð�R5
1ðaÞ � �BM

1ðaÞÞ ¼ � 1

ð4�Þ2 i
g2

3
ð1þ 2�ÞpL:

Diagram (b):
There is no �5 in the BM amplitude �BM

1ðbÞ. The rightmost

�5 amplitude �R5
1ðbÞ is the same as �BM

1ðbÞ and no finite

counterterm is generated:

�R5
1ðbÞ � �BM

1ðbÞ ¼ 0:

Diagram (c):

�BM
1ðcÞ ¼ f2

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ�5

i

‘þ p�m
�5;

�R5
1ðcÞ ¼ f2

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ i

�‘� p�m
;

lim
n!4

ð�R5
1ðcÞ � �BM

1ðcÞÞ ¼ if2
Z dn‘

ð2�Þn Dð�2; �2; ‘Þ
��‘� pþm� �5ð‘þ pþmÞ�5

ð‘þ pÞ2 �m2

�

¼ if2
Z dn‘

ð2�Þn Dð�2; �2; ‘Þ �2 ‘�
ð‘þ pÞ2 �m2

¼ 0:

FIG. 1. The fermion self-energy diagrams are shown.
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Diagram (d):

�BM
1ðdÞ ¼ ð�igÞf

Z dn‘

ð2�Þn DðA�;�2; ‘Þ�5

i

‘þ p�m
R��L;

�R5
1ðdÞ ¼ ð�igÞf

Z dn‘

ð2�Þn DðA�;�2; ‘Þ i

�‘� p�m
��L;

lim
n!4

ð�R5
1ðdÞ � �BM

1ðdÞÞ ¼ gflim
n!4

Z dn‘

ð2�Þn DðA�;�2; ‘Þ�‘� �5‘R

‘2 �m2
��L

¼ �ðM��Þgflim
n!4

Z dn‘

ð2�Þn
�‘� �5‘R

ð‘2 �mÞ3 ‘L

¼ ��ðM��Þgflim
n!4

Z dn‘

ð2�Þn
‘2�

ð‘2 �mÞ3 L ¼ 1

ð4�Þ2
i

2
�ðM��ÞfgL:

Diagram (e):

�BM
1ðeÞ ¼ ð�igÞf

Z dn‘

ð2�Þn Dð�2; A
�; ‘ÞR��L

i

‘þ p�m
�5;

�R5
1ðeÞ ¼ gf

Z dn‘

ð2�Þn Dð�2; A
�; ‘Þ�� ð‘þ pÞR�mL

ð‘þ pÞ2 �m2
;

lim
n!4

ð�R5
1ðeÞ � �BM

1ðeÞÞ ¼ gf
Z dn‘

ð2�Þn Dð�2; A
�; ‘Þ�

� ‘R� R��L ‘�5

‘2 �m2

¼ ��ðM��Þgf
Z dn‘

ð2�Þn
‘2�R

ð‘2 �mÞ3

¼ 1

ð4�Þ2
i

2
�ðM��ÞfgR:

To summarize, the amplitudes and finite counterterms due to diagrams in Fig. 1 are tabulated in Table IV.

b. Figure 2: �cAc Vertex diagrams

In Fig. 2, � 2 f0; 1; 2; 3g is a polarization the in the first 4 dimensions.

TABLE IV. Counterterms due to diagrams in Fig. 1 are shown in the table.

Figure ð4�Þ2 � ð�R5 � �BMÞ ð4�Þ2 � counterterm

1(a) �i g
2

3 ð1þ 2�ÞpL � g2

3 ð1þ 2�Þ �cRi6@Lc
1(b) 0 0

1(c) 0 0

1(d) i
2�ðM��ÞfgL 1

2�ðM��Þfg �cLc

1(e) i
2�ðM��ÞfgR 1

2�ðM��Þfg �cRc

FIG. 2. The diagrams for �cAc vertex are shown.
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Diagram (a):

�BM
2ðaÞ ¼ ð�igÞ3

Z dn‘

ð2�Þn DðA	; A
; ‘ÞR�	L
i

‘þ pþ k�m
R��L

i

‘þ p�m
R�
L;

�R5
2ðaÞ ¼ �ig3

Z dn‘

ð2�Þn DðA	; A
; ‘Þ�	 ‘þ pþ k

ð‘þ pþ kÞ2 �m2
�� ‘þ p

ð‘þ pÞ2 �m2
�
L;

�R5
2ðaÞ � �BM

2ðaÞ ¼ �ig3
Z dn‘

ð2�Þn DðA	; A
; ‘Þ�
	 ‘�� ‘�
L� R�	L ‘R�� L‘R�
L

ð‘2 �m2Þ2

¼ �g3
Z dn‘

ð2�Þn
ðg	
 þ ð�� 1Þ ‘	‘


‘2�m2Þð�	 ‘�� ‘�
 � �	‘�� ‘�
ÞL
ð‘2 �m2Þ4

¼ �g3
Z dn‘

ð2�Þn
ðð2�nÞ2

n ‘2 � ‘2 þ ð�� 1Þ ð‘4�‘4Þ
‘2�m2 Þ��L

ð‘2 �m2Þ4

¼ 1

ð4�Þ2
i

6
g3ð7þ 5�Þ��L:

Diagram (b):

�BM
2ðbÞ ¼ ð�igÞð�ifÞ2

Z dn‘

ð2�Þn DðH;H; ‘Þ i

‘þ pþ k�m
R��L

i

‘þ p�m
;

�R5
2ðbÞ ¼ �igf2

Z dn‘

ð2�Þn DðH;H; ‘Þ 1

‘þ pþ k�m
�� ð‘þ pÞRþmL

ð‘þ pÞ2 �m2
;

�R5
2ðbÞ � �BM

2ðbÞ ¼ gf2
Z dn‘

ð2�Þn
1

‘2 �m2

1

‘�m

�
�� ‘R

‘2 �m2
� R��L‘

‘2 �m2

�

¼ �gf2
Z dn‘

ð2�Þn
‘2��5

ð‘2 �m2Þ3 ¼
1

ð4�Þ2
1

2
igf2���5:

Diagram (c):

�BM
2ðcÞ ¼ �igf2

Z dn‘

ð2�Þn Dð�2;�2; ‘Þ�5

i

‘þ pþ k�m
R��L

i

‘þ p�m
�5

�R5
2ðcÞ ¼ �igf2

Z dn‘

ð2�Þn Dð�2;�2; ‘Þ 1

‘þ pþ kþm
�� ð‘þ pÞR�mL

ð‘þ pÞ2 �m2

lim
n!4

ð�R5
2ðcÞ � �BM

2ðcÞÞ ¼ gf2
Z dn‘

ð2�Þn
1

‘2 �m2

�
1

‘þm
�� ‘R

‘2 �m2
þ �5

1

‘�m
R��L

1

‘�m
�5

�

¼ �gf2
Z dn‘

ð2�Þn
‘2��5

ð‘2 �m2Þ3 ¼
1

ð4�Þ2 i
1

2
gf2���5:

Diagram (d):

�BM
2ðdÞ ¼ gf2

Z dn‘

ð2�Þn Dð�2; �2; ‘� kÞð2‘� kÞ�DðH;H; ‘Þ�5

1

‘þ p�m
;

�R5
2ðdÞ ¼ gf2

Z dn‘

ð2�Þn Dð�2; �2; ‘� kÞð2‘� kÞ�DðH;H; ‘Þ �1

‘þ pþm
�5;

lim
n!4

ð�R5
2ðdÞ � �BM

2ðdÞÞ ¼ gf2
Z dn‘

ð2�Þn Dð�2; �2; ‘ÞDðH;H; ‘Þ2‘�
� �1

‘þm
�5 � �5

1

‘�m

�

¼ �4gf2
Z dn‘

ð2�Þn Dð�2; �2; ‘ÞDðH;H; ‘Þ ‘� ‘��5

ð‘2 �m2Þ ¼ 0:

ER-CHENG TSAI PHYSICAL REVIEW D 83, 065011 (2011)

065011-10



Diagram (e):

�BM
2ðeÞ ¼ gf2

Z dn‘

ð2�Þn DðH;H; ‘� kÞðk� 2‘Þ�Dð�2; �2; ‘Þ 1

‘þ p�m
�5;

�R5
2ðeÞ ¼ gf2

Z dn‘

ð2�Þn DðH;H; ‘� kÞðk� 2‘Þ�Dð�2; �2; ‘Þ 1

‘þ p�m
�5;

�R5
2ðeÞ � �BM

2ðeÞ ¼ 0:

To summarize, the amplitudes and finite counterterms due to diagrams in Fig. 2 are tabulated in Table V.

c. Figure 3: �cHc Vertex diagrams

Diagram (a):

�BM
3ðaÞ ¼ �ifg2

Z dn‘

ð2�Þn DðA�; A�; ‘ÞR��L
1

‘þ pþ k�m

1

‘þ p�m
R��L;

�R5
3ðaÞ ¼ �ifg2

Z dn‘

ð2�Þn DðA�; A�; ‘Þ�� mð2 ‘þ 2pþ kÞ
ðð‘þ pþ kÞ2 �m2Þðð‘þ pÞ2 �m2Þ�

�L;

lim
n!4

ð�R5
3ðaÞ � �BM

3ðaÞÞ ¼ 2fg2
Z dn‘

ð2�Þn
g�� þ ð�� 1Þ ‘�‘�

‘2

ð‘2 �m2Þ3
m�� ‘��

���ðmþ ‘�Þ‘��Þ
 !

L

¼ �2fg2
Z dn‘

ð2�Þn
g�� þ ð�� 1Þ ‘�‘�

‘2

ð‘2 �m2Þ3 �� ‘�‘�
�L ¼ 0:

Diagram (b):
No �5 is involved, and therefore

�R5
3ðbÞ � �BM

3ðbÞ ¼ 0:

TABLE V. Counterterms due to diagrams in Fig. 2 are shown in the table.

Figure ð4�Þ2 � ð�R5 � �BMÞ ð4�Þ2 � counterterm

2(a) i
6 g

3ð7þ 5�Þ��L 1
6g

3ð7þ 5�Þ �cRALc

2(b) 1
2 igf

2���5
1
2 gf

2 �cA�5c

2(c) 1
2 igf

2���5
1
2 gf

2 �cA�5c

2(e) 0 0

2(e) 0 0

FIG. 3. The diagrams for �cHc vertex are shown.
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Diagram (c):

�BM
3ðcÞ ¼ �if3

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ�5

1

‘þ pþ k�m

1

‘þ p�m
�5;

�R5
3ðcÞ ¼ �if3

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ 1

‘þ pþ kþm

1

‘þ pþm
;

lim
n!4

ð�R5
3ðcÞ � �BM

3ðcÞÞ ¼ f3
Z dn‘

ð2�Þn
1

ð‘2 �m2Þ
��

1

‘þm

�
2 � �5

�
1

‘�m

�
2
�5

�

¼ f3
Z dn‘

ð2�Þn
1

ð‘2 �m2Þ3 ð‘
2 � �5‘

2�5Þ ¼ 0:

Diagram (d):

�BM
3ðdÞ ¼ g2f

Z dn‘

ð2�Þn Dð�2; �2; ‘ÞDðA�; A�; ‘þ kÞð‘� kÞ��5

1

‘þ pþ k�m
R��L;

�R5
3ðdÞ ¼ �g2f

Z dn‘

ð2�Þn Dð�2; �2; ‘ÞDðA�; A�; ‘þ kÞð‘� kÞ� 1

‘þ pþ kþm
��L;

lim
n!4

ð�R5
3ðdÞ � �BM

3ðdÞÞ ¼ �g2f
Z dn‘

ð2�Þn Dð�2; �2; ‘ÞDðA�; A�; ‘Þ‘�
�

1

‘þm
��Lþ �5

1

‘�m
R��L

�

¼ �g2f
Z dn‘

ð2�Þn
�

ð‘2 �m2Þ3 ð‘
2Lþ �5 ‘R ‘LÞ

¼ �g2f
Z dn‘

ð2�Þn
�‘2�

ð‘2 �m2Þ3 L

¼ 1

ð4�Þ2 i
�g2f

2
L:

Diagram (e):

�BM
3ðeÞ ¼ gf

Z dn‘

ð2�Þn DðA�; A�; ‘Þð�gð‘þ 2kÞ�ÞDð�2; �2; ‘þ kÞR��L
1

‘þ pþ k�m
�5;

�R5
3ðeÞ ¼ gf

Z dn‘

ð2�Þn DðA�; A�; ‘Þð�gð‘þ 2kÞ�ÞDð�2; �2; ‘þ kÞ�� ð‘þ pþ kÞR�mL

ð‘þ pþ kÞ2 �m2
;

lim
n!4

ð�R5
3ðeÞ � �BM

3ðeÞÞ ¼ �g2f
Z dn‘

ð2�Þn
�‘2�

ð‘2 �m2Þ3 ð‘
2R� R‘L ‘�5Þ

¼ �g2f
Z dn‘

ð2�Þn
�‘2�

ð‘2 �m2Þ3 R

¼ 1

ð4�Þ2 i
�g2f

2
R:

To summarize, the amplitudes and finite counterterms due to diagrams in Fig. 3 are tabulated in Table VI.

TABLE VI. Counterterms due to diagrams in Fig. 3 are shown in the table.

Figure ð4�Þ2 � ð�R5 � �BMÞ ð4�Þ2 � counterterm

3(a) 0 0

3(b) 0 0

3(c) 0 0

3(d) i �g
2f
2 L �g2f

2
�cHLc

3(e) i �g
2f
2 R �g2f

2
�cHRc
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d. Figure 4: �c�2c Vertex diagrams

Diagram (a):

�BM
4ðaÞ ¼ fg2

Z dn‘

ð2�Þn DðA�; A�; ‘ÞR��L
1

‘þ pþ k�m
�5

1

‘þ p�m
R��L;

�R5
4ðaÞ ¼ fg2

Z dn‘

ð2�Þn DðA�; A�; ‘Þ�� m k

ðð‘þ pþ kÞ2 �m2Þðð‘þ pÞ2 �m2
��L;

lim
n!4

ð�R5
4ðaÞ � �BM

4ðaÞÞ ¼ �ifg2
Z dn‘

ð2�Þn
g�� þ ð�� 1Þ ‘�‘�

‘2

ð‘2 �m2Þ3 ð�2m�� ‘��
�ÞL ¼ 0:

Diagram (b):

�BM
4ðbÞ ¼ f3

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ 1

‘þ pþ k�m
�5

1

‘þ p�m
;

�R5
4ðbÞ ¼ �f3

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ 1

‘þ pþ k�m

1

‘þ pþm
�5;

lim
n!4

ð�R5
4ðbÞ � �BM

4ðbÞÞ ¼ �if3
Z dn‘

ð2�Þn
1

ð‘2 �m2Þ
�

1

ð‘2 �m2Þ�5 þ 1

‘�m
�5

1

‘�m

�

¼ �if3
Z dn‘

ð2�Þn
1

ð‘2 �m2Þ2
�
�5 þ 1

ð‘2 �m2Þ ‘�5 ‘

�

¼ �2if3
Z dn‘

ð2�Þn
‘2�

ð‘2 �m2Þ3 �5

¼ � 1

ð4�Þ2 f
3�5:

Diagram (c)

�BM
4ðcÞ ¼ �f3

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ�5

1

‘þ pþ k�m
�5

1

‘þ p�m
�5;

�R5
4ðcÞ ¼ f3

Z dn‘

ð2�Þn Dð�2; �2; ‘Þ 1

‘þ pþ kþm

1

‘þ p�m
�5;

lim
n!4

ð�R5
4ðcÞ � �BM

4ðcÞÞ ¼ if3
Z dn‘

ð2�Þn
1

ð‘2 �m2Þ2
�
�5 þ 1

ð‘2 �m2Þ�5 ‘�5 ‘�5

�

¼ 2if3
Z dn‘

ð2�Þn
‘2�

ð‘2 �m2Þ3 �5

¼ 1

ð4�Þ2 f
3�5:

FIG. 4. The diagrams for �c�2c vertex are shown.
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Diagram (d):

�BM
4ðdÞ ¼ �ifg2

Z dn‘

ð2�Þn DðH;H; ‘Þðk� ‘Þ�DðA�; A�; ‘þ kÞ 1

‘þ pþ k�m
R��L;

�R5
4ðdÞ ¼ �ifg2

Z dn‘

ð2�Þn DðH;H; ‘Þðk� ‘Þ�DðA�; A�; ‘þ kÞ 1

‘þ pþ k�m
��L;

lim
n!4

ð�R5
4ðdÞ � �BM

4ðdÞÞ ¼ �ifg
Z dn‘

ð2�Þn DðH;H; ‘Þgðk� ‘Þ�DðA�; A�; ‘þ kÞ 1

‘�m
ð��L� R��LÞ

¼ ifg2
Z dn‘

ð2�Þn
�‘2�

ð‘2 �m2Þ3 L ¼ 1

ð4�Þ2
1

2
�fg2L:

Diagram (e):

�BM
4ðeÞ ¼ �igf

Z dn‘

ð2�Þn DðA�; A�; ‘Þgð‘þ 2kÞ�DðH;H; ‘þ kÞR��L
1

‘þ pþ k�m
;

�R5
4ðeÞ ¼ �igf

Z dn‘

ð2�Þn DðA�; A�; ‘Þgð‘þ 2kÞ�DðH;H; ‘þ kÞ�� ð‘þ pþ kÞRþmL

ð‘þ pþ kÞ2 �m2
;

lim
n!4

ð�R5
4ðeÞ � �BM

4ðeÞÞ ¼ �igf
Z dn‘

ð2�Þn DðA�; A�; ‘Þg‘�DðH;H; ‘Þ
�
�� ‘R

‘2 �m2
� R��L

1

‘�m

�

¼ �ig2f
Z dn‘

ð2�Þn
�‘2�

ð‘2 �m2Þ3 R ¼ � 1

ð4�Þ2
�g2f

2
R:

To summarize, the amplitudes and finite counterterms due to diagrams in Fig. 4 are tabulated in Table VII.

e. Figure 5: One-fermion-loop 2-point 1PI

Diagram (a):
No �5 occurs in the amplitude. Thus,

�R5
5ðaÞ � �BM

5ðaÞ ¼ 0:

TABLE VII. Counterterms due to diagrams in Fig. 4 are shown in the table.

Figure ð4�Þ2 � ð�R5 � �BMÞ ð4�Þ2 � counterterm

4(a) 0 0

4(b) �f3�5 if3 �c�2�5c

4(c) f3�5 �if3 �c�2�5c

4(d) �g2f
2 L �i �g

2f
2

�c�2Lc

4(e) � �g2f
2 R i �g

2f
2

�c�2Rc

FIG. 5. The diagrams for 2-point 1PI are shown.
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Diagram (b):

�BM
5ðbÞ ¼ �f2 tr

Z dn‘

ð2�Þn
i

‘�m
�5

i

‘� p�m
;

�R5
5ðbÞ ¼ f2 tr

Z dn‘

ð2�Þn
i

‘�m

i

‘� pþm
;

lim
n!4

ð�R5
5ðbÞ � �BM

5ðbÞÞ ¼ �f2 tr
Z dn‘

ð2�Þn
1

‘�m

�
1

‘� pþm
þ �5

1

‘� p�m
�5

�

¼ �f2
Z dn‘

ð2�Þn
tr½ð‘þmÞ2 ‘��

ð‘2 �m2Þðð‘� pÞ2 �m2Þ
¼ �8f2

Z dn‘

ð2�Þn ‘
2
�

�
1

ð‘2 �m2Þ2 þ
2‘ � p� p2

ð‘2 �m2Þ3 þ ð2‘ � p� p2Þ2
ð‘2 �m2Þ4

�

¼ 1

ð4�Þ2 if
2

�
8m2 � 4

3
p2

�
:

Diagram (c):

�BM
5ðcÞ ¼ �g2 tr

Z dn‘

ð2�Þn
1

‘�m
R��L

1

‘� p�m
R��L;

�R5
5ðcÞ ¼ �g2 tr

Z dn‘

ð2�Þn
1

‘�m
�� ‘� p

ð‘� pÞ2 �m2
��L;

lim
n!4

ð�R5
5ðcÞ � �BM

5ðcÞÞ ¼ �g2 tr
Z dn‘

ð2�Þn
1

‘�m
��

�
‘� L ‘R

ð‘� pÞ2 �m2

�
��L

¼ 2g��g2
Z dn‘

ð2�Þn ‘
2
�

�
1

ð‘2 �m2Þ2 þ
2‘ � p� p2

ð‘2 �m2Þ3 þ ð2‘ � p� p2Þ2
ð‘2 �m2Þ4

�

¼ 1

ð4�Þ2 ig
��g2

�
�2m2 þ 1

3
p2

�
: (A1)

Diagram (d):

�BM
5ðdÞ ¼ �ifg

Z dn‘

ð2�Þn tr

�
1

‘� p�m
�5 1

‘�m
R��L

�
;

�R5
5ðdÞ ¼ �ifg

Z dn‘

ð2�Þn tr

�
1

‘� p�m

1

�‘�m
��L

�
;

lim
n!4

ð�R5
5ðdÞ � �BM

5ðdÞÞ ¼ ifg
Z dn‘

ð2�Þn tr

�
1

‘� p�m

�
1

‘þm
þ �5 1

‘�m
R

�
��L

�

¼ ifg
Z dn‘

ð2�Þn tr

�
2ð‘� pþmÞ ‘���L

ðð‘� pÞ2 �m2Þð‘2 �m2Þ
�
¼ 0:

To summarize, the amplitudes and finite counterterms due to diagrams in Fig. 5 are tabulated in Table VIII.

TABLE VIII. Counterterms due to diagrams in Fig. 5 are shown in the table.

Figure ð4�Þ2 � ð�R5 � �BMÞ ð4�Þ2 � counterterm

5(a) 0 0

5(b) if2ð8m2 � 4
3p

2Þ 4m2f2ð�2Þ2 � 2
3 f

2ð@��2Þð@��2Þ
5(c) ig��g2ð�2m2 þ 1

3p
2Þ �g2m2A2 þ 1

6 g
2ð@�A�Þð@�A�Þ

5(d) 0 0
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f. Figure 6: One-fermion-loop 3-point 1PI

Diagram (a):
No �5 is involved and therefore there is no finite counterterm.
Diagram (b):

�BM
6ðbÞ ¼ f3 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m
�5

1

‘� p1 � p2 �m
�5;

�R5
6ðbÞ ¼ �f3 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m

1

‘� p1 � p2 þm
;

lim
n!4

ð�R5
6ðbÞ � �BM

6ðbÞÞ ¼ f3 tr
Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m

ð�‘þ p1 þ p2 þmÞ � �5ð‘� p1 � p2 þmÞ�5

ð‘� p1 � p2Þ2 �m2

¼ �2f3 tr
Z dn‘

ð2�Þn
ð‘þmÞð‘� p1 þmÞ‘�

ð‘2 �m2Þðð‘� p1Þ2 �m2Þðð‘� p1 � p2Þ2 �m2Þ
¼ �2f3 tr

Z dn‘

ð2�Þn
ðp1 þ 2mÞ‘2�
ð‘2 �m2Þ3 ¼ 1

ð4�Þ2 8if
3m:

There is another diagram corresponding to the exchange of the two �2 fields or the reverse of the fermion-loop direction
which also yields the same amplitude 1

ð4�Þ2 8if
3m.

Diagram (c):

�BM
6ðcÞ ¼ �fg2 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m
R�� 1

‘� p1 � p2 �m
R��L;

�R5
6ðcÞ ¼ �fg2 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m
�� ‘� p1 � p2

ð‘� p1 � p2Þ2 �m2
��L;

lim
n!4

ð�R5
6ðcÞ � �BM

6ðcÞÞ ¼ �fg2
Z dn‘

ð2�Þn
tr½ð‘þmÞð‘� p1 þmÞ�� ‘��

�L�
ð‘2 �m2Þðð‘� p1Þ2 �m2Þðð‘� p1 � p2Þ2 �m2Þ

¼ 4fg2
Z dn‘

ð2�Þn
‘2�mg��

ð‘2 �m2Þ3

¼ � 1

ð4�Þ2 2ifg
2mg��:

Interchanging the two external A fields gives us another topologically different diagram whose amplitude is also equal to
� 1

ð4�Þ2 2ig
2fmg��.

Diagram (d):

�BM
6ðdÞ ¼ �if2g tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m
�5

1

‘� p1 � p2 �m
R��L;

�R5
6ðdÞ ¼ if2g tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m

1

‘� p1 � p2 �m
R��L;

lim
n!4

ð�R5
6ðdÞ � �BM

6ðdÞÞ ¼ if2g
Z dn‘

ð2�Þn
2 tr½ð‘þmÞð‘� p1 þmÞ ‘���L�

ð‘2 �m2Þðð‘� p1Þ2 �m2Þðð‘� p1 � p2Þ2 �m2Þ
¼ if2g

Z dn‘

ð2�Þn
‘2�

ð‘2 �m2Þ3 tr½p1�
��

¼ 1

ð4�Þ2 2f
2gp�

1 :

FIG. 6. The diagrams for 3-point 1PI are shown.
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Diagram (e):

�BM
6ðeÞ ¼ �if2g tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m
R��L

1

‘� p1 � p2 �m
�5;

�R5
6ðeÞ ¼ �if2g tr

Z dn‘

ð2�Þn
1

‘�m

1

‘� p1 �m
�� ð‘� p1 � p2ÞR�mL

ðð‘� p1 � p2Þ2 �m2Þ ;

lim
n!4

ð�R5
6ðeÞ � �BM

6ðeÞÞ ¼ �if2g
Z dn‘

ð2�Þn
tr½ð‘þmÞð‘� p1 þmÞ�� ‘��

ð‘2 �m2Þðð‘� p1Þ2 �m2Þðð‘� p1 � p2Þ2 �m2Þ
¼ if2g

Z dn‘

ð2�Þn
‘2�

ð‘2 �m2Þ3 tr½p1�
��

¼ 1

ð4�Þ2 2f
2gp�

1 :

To summarize, the amplitudes and finite counterterms due to diagrams in Fig. 6 are tabulated in Table IX. Note the
column ‘‘Multiplicity’’ indicates the combinatorial factor that needs to be multiplied.

g. Figure 7: One-fermion-loop 4-point 1PI

Only T0 order terms may be divergent. For the sake of simplicity, we may assume all the external momenta are zero.
Diagram (a):
No �5 is involved and therefore diagram (a) generates no finite counterterm.
Diagram (b):

�BM
7ðbÞ ¼ f4 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m

1

‘�m
�5

1

‘�m
�5;

�R5
7ðbÞ ¼ f4 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m

1

‘�m

�1

‘þm
;

lim
n!4

ð�R5
7ðbÞ � �BM

7ðbÞÞ ¼ f4lim
n!4

tr
Z dn‘

ð2�Þn
‘‘‘

ð‘2 �m2Þ4 ð�‘� �5 ‘�5Þ

¼ �2f4lim
n!4

Z dn‘

ð2�Þn
tr½‘2‘2��

ð‘2 �m2Þ4 ¼
1

ð4�Þ2 4if
4:

Exchanging the two H and the two �2 gives a combinatorial factor of 4. The total counterterm amplitude is
1

ð4�Þ2 4� 4if4 ¼ 1
ð4�Þ2 16if

4.

FIG. 7. The diagrams for 4-point 1PI are shown.

TABLE IX. Counterterms due to diagrams in Fig. 6 are shown in the table.

Figure ð4�Þ2 �
ð�R5 � �BMÞ

Multiplicity ð4�Þ2 �
counterterm

6(a) 0 2 0

6(b) 8if3m 2 8f3mHð�2Þ2
6(c) �2ifg2mg�� 2 �2fg2mHA2

6(d) 2f2gp�
1 1 2f2g�2ð@�HÞA�

6(e) 2f2gp�
1 1 2f2g�2ð@�HÞA�
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Diagram (c):

�BM
7ðcÞ ¼ f4 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m
�5

1

‘�m

1

‘�m
�5;

�R5
7ðcÞ ¼ f4 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m

1

‘þm

1

‘þm
;

lim
n!4

ð�R5
7ðcÞ � �BM

7ðcÞÞ ¼ f4 tr
Z dn‘

ð2�Þn
‘‘‘‘� ‘‘�5‘‘�5

ð‘2 �m2Þ4 ¼ 0:

Diagram (d):

�BM
7ðdÞ ¼ �f4 tr

Z dn‘

ð2�Þn
1

‘�m
�5

1

‘�m
�5

1

‘�m
�5

1

‘�m
�5;

�R5
7ðdÞ ¼ �f4 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘þm

1

‘�m

1

‘þm
;

lim
n!4

ð�R5
7ðdÞ � �BM

7ðdÞÞ ¼ �f4
Z dn‘

ð2�Þn
tr½‘4 � ‘�5 ‘�5 ‘�5 ‘�5�

ð‘2 �m2Þ4

¼ �32f4
Z dn‘

ð2�Þn
‘2�‘

2

ð‘2 �m2Þ4 ¼
1

ð4�Þ2
32

3
if4:

Permutation of the four�2 on a loop gives a combinatorial factor of 3!. The total counterterm amplitude due to this type of
diagram is 3!� 1

ð4�Þ2
32
3 if

4 ¼ 1
ð4�Þ2 64if

4.
Diagram (e):

�BM
7ðeÞ ¼ �f2g2 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m

1

‘�m
R��L

1

‘�m
R��L;

�R5
7ðeÞ ¼ �f2g2 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m

1

‘�m
�� ‘

ð‘2 �m2Þ�
�L;

lim
n!4

ð�R5
7ðeÞ � �BM

7ðeÞÞ ¼ �f2g2
Z dn‘

ð2�Þn
tr½‘2 ‘�� ‘��L� ‘2 ‘��‘��L�

ð‘2 �m2Þ4

¼ �f2g2
Z dn‘

ð2�Þn
tr½‘�� ‘��

�L�
ð‘2 �m2Þ3

¼ � 1

ð4�Þ2 if
2g2g��:

Exchanges of the two H and of the two A multiply the above amplitude by a factor of 4, i.e., the total amplitude is
� 1

ð4�Þ2 i4f
2g2g��.

Diagram (f):

�BM
7ðfÞ ¼ �f2g2 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m
R��L

1

‘�m

1

‘�m
R��L;

�R5
7ðfÞ ¼ �f2g2 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘�m
�� 2m‘

ð‘2 �m2Þ2 �
�L;

lim
n!4

ð�R5
7ðfÞ � �BM

7ðfÞÞ ¼ 0:
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Diagram (g):

�BM
7ðgÞ ¼ f2g2 tr

Z dn‘

ð2�Þn
1

‘�m
�5

1

‘�m
�5

1

‘�m
R��L

1

‘�m
R��L;

�R5
7ðgÞ ¼ �f2g2 tr

Z dn‘

ð2�Þn
1

‘�m

1

‘þm

1

‘�m
�� ‘

‘2 �m2
��L;

lim
n!4

ð�R5
7ðgÞ � �BM

7ðgÞÞ ¼ �f2g2
Z dn‘

ð2�Þn
tr½‘2 ‘�� ‘��Lþ ‘�5 ‘�5 ‘R�

�L ‘R��L�
ð‘2 �m2Þ4

¼ 1

2
f2g2

Z dn‘

ð2�Þn
‘2�ð‘2 þ 2‘2Þ
ð‘2 �m2Þ4 tr½�����

¼ � 1

ð4�Þ2 i
7

3
f2g2g��:

Permuting the two external �2 and the two external A yields three additional diagrams and each of them contributes
the same counterterm amplitude as the above. The total counterterm amplitude is therefore equal to 2� 2�
ð� 1

ð4�Þ2 i
7
3 f

2g2g��Þ ¼ � 1
ð4�Þ2 i

28
3 f

2g2g��.

Diagram (h):

�BM
7ðhÞ ¼ f2g2 tr

Z dn‘

ð2�Þn
1

‘�m
�5

1

‘�m
R��L

1

‘�m
�5

1

‘�m
R��L:

The rightmost-�5 amplitude vanishes in the T0 order;

�R5
7ðhÞ ¼ 0;

lim
n!4

ð�R5
7ðhÞ � �BM

7ðhÞÞ ¼ 4f2g2 tr
Z dn‘

ð2�Þn
�‘2�‘�

�‘��L

ð‘2 �m2Þ4

¼ 4f2g2
4

nðnþ 2Þ
Z dn‘

ð2�Þn
ðn� 4Þ

ð‘2 �m2Þ2 g
��

¼ � 1

ð4�Þ2
4

3
if2g2g��:

By reversing the loop direction, or by exchanging the two external�2 fields or the two external A fields, we obtain another
diagram that also contributes the same counterterm amplitude as the above. The total counterterm amplitude is
2� ð� 1

ð4�Þ2
4
3 if

2g2g��Þ ¼ � 1
ð4�Þ2

8
3 if

2g2g��.

Diagram (i):

�BM
7ðiÞ ¼ �g4

Z dn‘

ð2�Þn
tr½R��L ‘R��L ‘R�	L‘R�
L�

ð‘2 �m2Þ4 ;

�R5
iðiÞ ¼ �g4

Z dn‘

ð2�Þn
tr½‘�� ‘�� ‘�	 ‘�
L�

ð‘2 �m2Þ4 ;

lim
n!4

ð�R5
7ðiÞ � �BM

7ðiÞ Þ ¼ �g4
Z dn‘

ð2�Þn
tr½‘�� ‘�� ‘�	 ‘�
L� ‘��‘��‘�	‘�
L�

ð‘2 �m2Þ4

¼ 1

2
g4
Z dn‘

ð2�Þn
‘2� tr½‘2ð�2�����	�
 þ ���
g�	 þ g���	�
Þ � ‘2��

����	�
�
ð‘2 �m2Þ4

¼ 1

ð4�Þ2 ig
4

�
g��g	
 � 5

3
g�	g�
 þ g�
g	�

�
: (A2)

The above amplitude is invariant if we reverse the loop direction or make the interchange (� $ 
). For the 4-point AAAA
1PI function, there are in total 6 topologically different diagrams that may be obtained from Fig. 7(i) by permuting the
indices �, 	, and 
. The total amplitude for AAAA is equal to
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1

ð4�Þ2 i2g
4

�
g��g	
 � 5

3
g�	g�
 þ g�
g	� þ ð	 $ �Þ þ ð	 $ 
Þ

�

¼ 1

ð4�Þ2 i
2

3
g4ðg��g	
 þ g�	g�
 þ g�
g	�Þ:

To summarize, the amplitudes and finite counterterms due to diagrams in Fig. 7 are tabulated in Table X.

APPENDIX B: THE CHIRAL NON-ABELIAN GAUGE THEORY

1. Feynman rules

The propagators and vertices used in the 1-loop counterterm calculation for the chiral Abelian-Higgs theory defined by
(28) are listed below.

a. Propagators

TABLE X. Counterterms due to diagrams in Fig. 7 are shown in the table.

Figure ð4�Þ2 � ð�R5 � �BMÞ Multiplicity ð4�Þ2 � counterterm

7(a) 0 3! 0

7(b) 4if4 4 4f4H2ð�2Þ2
7(c) 0 2 0

7(d) 32
3 if

4 3! 8
3 f

4ð�2Þ4
7(e) �if2g2g�� 4 �f2g2H2A2

7(f) 0 2 0

7(g) �i 73 f
2g2g�� 4 � 7

3 f
2g2ð�2Þ2A2

7(h) �i 43 f
2g2g�� 2 � 2

3 f
2g2ð�2Þ2A2

7ðiÞ þ ð	 $ �Þ þ ð	 $ 
Þ i g
4

3 ðg��g	
 þ g�	g�
 þ g�
g	�Þ 2 1
12 g

4ðA2Þ2
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b. Vertex factors

2. 1-Loop counterterms

a. Figure 8: Fermion self-energy diagram

The fermion field in Fig. 8 can be either c or c 0. If the
fermion field is c , the Feynman integral for Fig. 8 without
including the non-Abelian group factor

P
eT

e
LT

e
L ¼ CL is the

same as the one for the diagram of (14) of which the counter-
term has been demonstrated to be (19) in Sec. IV. If the
fermion field is c 0, the counterterm can be obtained from
that for the c field by replacing �5 with��5 and the group
factor CL with

P
eT

e
RT

e
R ¼ CR. The counterterm therefore is

equal to

� 1

ð4�Þ2
1

3
g2ð1þ 2�Þð �c Li 6@c LCLþ �c 0

Ri 6@c 0
RCRÞ: (B1)

b. Figure 9: �cAc and �c 0Ac 0 Vertex diagrams

Diagram (a):
The amplitude for this diagram excluding the non-

Abelian group factor is the same as that for Fig. 2(a). If
c is the fermion field, the non-Abelian group factor isP

eT
e
LT

a
LT

e
L ¼ CLT

a
L þ iCabcTb

LT
c
L and

lim
n!4

ð�R5
c ;9ðaÞ ��BM

c ;ð9ÞaÞ¼
1

ð4�Þ2
ig3

6
ð7þ5�Þ

���LðCLT
a
Lþ iCabcTb

LT
c
LÞ: (B2)

If c 0 is the fermion field, the non-Abelian group factor isP
eT

e
RT

a
RT

e
R ¼ CRT

a
R þ iCabcTb

RT
c
R and

lim
n!4

ð�R5
c 0;9ðaÞ � �BM

c 0;9ðaÞÞ ¼
1

ð4�Þ2
ig3

6
ð7þ 5�Þ

� ��RðCRT
a
R þ iCabcTb

RT
c
RÞ:
(B3)

The counterterm that is responsible for the amplitudes of
(B2) and (B3) is

1
6g

3ð7þ 5�Þ �c LA
aðCLT

a
L þ iCabcTb

LT
c
LÞc L

þ 1
6g

3ð7þ 5�Þ �c 0
RA

aðCRT
a
R þ iCabcTb

RT
c
RÞc 0

R: (B4)

Diagram (b):
If c is the fermion field, we have

�BM
c ;9ðbÞ ¼ �ig3 lim

m!0

Z dn‘

ð2�Þn R�
L

� 1

‘�m
R�
LCbacTb

LT
c
LD�ð‘� k1Þ

� ð2g�	2‘� � g��‘	 � g�	‘�ÞD	
ð‘Þ;

FIG. 8. The fermion self-energy diagram is shown. FIG. 9. �cAc and �c 0Ac 0 vertex diagrams are shown.
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and

lim
n!4

ð�R5
c ;9ðbÞ ��BM

c ;9ðbÞÞ

¼�ig3 lim
m!0

Z dn‘

ð2�ÞnD�ð‘Þð2g�	2‘��g��‘	�g�	‘�Þ

�D	
ð‘Þ 1

‘2�m2
ð�‘�
��‘�
ÞLCbacTb

LT
c
L

¼ 1

ð4�Þ2
1

6
ð7þ5�Þg3��LCabcTb

LT
c
L: (B5)

If c 0 is the fermion field, we have

�BM
c 0;9ðbÞ ¼ �ig3 lim

m!0

Z dn‘

ð2�Þn L�
R

� 1

‘�m
L�
RCbacTb

RT
c
RD�ð‘� k1Þ

� ð2g�	2‘� � g��‘	 � g�	‘�ÞD	
ð‘Þ

and

lim
n!4

ð�R5
c 0;9ðbÞ � �BM

c 0;9ðbÞÞ

¼ �ig3 lim
m!0

Z dn‘

ð2�Þn D�ð‘Þ
� ð2g�	2‘� � g��‘	 � g�	‘�ÞD	
ð‘Þ
� 1

‘2 �m2
ð� ‘�
 � �‘�
ÞRCbacTb

RT
c
R

¼ 1

ð4�Þ2
1

6
ð7þ 5�Þg3��RCabcTb

RT
c
R: (B6)

The counterterm to generate the amplitudes of (B5) and
(B6) is

� i
1

ð4�Þ2
1

6
g3ð7þ 5�Þð �c LA

aCabcTb
LT

c
Lc L

þ �c 0
RA

aCabcTb
RT

c
Rc

0
RÞ: (B7)

To summarize, the sum of (B4) and (B7) is the total
counterterm due to the two diagrams in Fig. 9:

1

ð4�Þ2
1

6
g3ð7þ 5�Þð �c LA

aTa
Lc LCL þ �c 0

RA
aTa

Rc
0
RCRÞ:

(B8)

c. Figure 10: One-fermion-loop 2-point 1PI

Ignoring the non-Abelian group factor, the diagram in
Fig. 10 is the same as diagram ðcÞ in Fig. 5. For the c
fermion field, the group factor is trðTa

LT
b
LÞ ¼ TL�

ab.
Consequently,

lim
n!4

ð�R5
c ;10 � �BM

c ;10Þ ¼
1

ð4�Þ2 ig
�� 1

3
g2p2TL�

ab;

where p is the external momentum. The group factor for
c 0 is trðTa

RT
b
RÞ ¼ TR�

ab which yields the difference

lim
n!4

ð�R5
c 0;10 � �BM

c 0;10Þ ¼
1

ð4�Þ2 ig
�� 1

3
g2p2TR�

ab:

The above two amplitudes can be accounted for by the
counterterm

� 1

ð4�Þ2
1

6
g2ðTL þ TRÞAa

�hAa;�: (B9)

d. Figure 11: One-fermion-loop 3-point 1PI

We are only interested in terms that have an even count
of �5. Assume the incoming momenta entering Aa

�, A
b
�, A

c
	

are k1, k2, k3.

Diagram (a):

�BM
c ;11ðaÞ ¼ �g3 lim

m!0
tr
Z dn‘

ð2�Þn
�

1

‘�m
R��L

1

‘� k1 �m
R��L

1

‘þ k3 �m
R�	L

�
�5-even

trðTaTbTcÞ;

lim
n!4

ð�R5
c ;11ðaÞ � �BM

c ;11ðaÞÞ ¼ �g3

2
lim
m!0

Z dn‘

ð2�Þn
trð‘��ð‘� k1Þ��ð‘þ k3Þ�	 � ‘��ð‘� k1Þ��ð‘þ k3Þ�	Þ

ð‘2 �m2Þðð‘� k1Þ2 �m2Þðð‘þ k3Þ2 �m2Þ trðTaTbTcÞ

¼ � 1

ð4�Þ2
2i

3
g3ððk2 � k3Þ�g�	 þ ðk3 � k1Þ�g�	 þ ðk1 � k2Þ	g��Þ trðTa

LT
b
LT

c
LÞ: (B10)

FIG. 10. The diagram for 2-point 1PI is shown.
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Similarly,

lim
n!4

ð�R5
c 0;11ðaÞ � �BM

c 0;11ðaÞÞ

¼ � 1

ð4�Þ2
2i

3
g3ððk2 � k3Þ�g�	 þ ðk3 � k1Þ�g�	

þ ðk1 � k2Þ	g��Þ trðTa
RT

b
RT

c
RÞ: (B11)

Diagram (b):
Diagram (b) can be obtained from diagram (a) by the

interchange ða;�; k1Þ $ ðb; �; k2Þ
lim
n!4

ð�R5
c ;11ðbÞ � �BM

c ;11ðbÞÞ

¼ 1

ð4�Þ2
2i

3
g3ððk2 � k3Þ�g�	 þ ðk3 � k1Þ�g�	

þ ðk1 � k2Þ	g��Þ trðTb
LT

a
LT

c
LÞ; (B12)

lim
n!4

ð�R5
c 0;11ðbÞ � �BM

c 0;11ðbÞÞ

¼ 1

ð4�Þ2
2i

3
g3ððk2 � k3Þ�g�	 þ ðk3 � k1Þ�g�	

þ ðk1 � k2Þ	g��Þ trðTb
RT

a
RT

c
RÞ: (B13)

Utilizing trð½Ta
L; T

b
L�Tc

LÞ ¼ iTLC
abc and trð½Ta

R; T
b
R�Tc

RÞ ¼
iTRC

abc, the summation from (B10) to (B13) can be
written as

1

ð4�Þ2
2

3
g3ððk2 � k3Þ�g�	 þ ðk3 � k1Þ�g�	

þ ðk1 � k2Þ	g��ÞCabcðTL þ TRÞ;

which leads to the counterterm

� 1

ð4�Þ2
2

3
g3ðTL þ TRÞCabcð@�Aa

�ÞAb
�A

c;�: (B14)

e. Figure 12: One-fermion-loop 4-point 1PI

Diagram (a):
If c is the fermion field, the amplitude for this diagram

is equal to the group factor trðTa
LT

b
LT

c
LT

d
LÞ ¼ Tabcd

L times
the amplitude for diagram (i) in Fig. 7. According to (A2),
we then have

lim
n!4

ð�R5
c ;12ðaÞ � �BM

c ;12ðaÞÞ

¼ 1

ð4�Þ2 ig
4Tabcd

L

�
g��g	
 � 5

3
g�	g�
 þ g�
g�	

�
:

(B15)

Likewise, if c 0 is the fermion field, trðTa
RT

b
RT

c
RT

d
RÞ ¼ Tabcd

R

is the group factor and

lim
n!4

ð�R5
c 0;12ðaÞ � �BM

c 0;12ðaÞÞ

¼ 1

ð4�Þ2 ig
4Tabcd

R

�
g��g	
 � 5

3
g�	g�
 þ g�
g�	

�
:

(B16)

The contribution to the difference from both c and c 0
fermion loops is the sum of (B15) and (B16), which is
equal to

lim
n!4

ð�R5
12ðaÞ � �BM

12ðaÞÞ

¼ 1

ð4�Þ2 ig
4ðTabcd

L þ Tabcd
R Þ

�
�
g��g	
 � 5

3
g�	g�
 þ g�
g�	

�
: (B17)

Diagram (b):
The interchange ða;�Þ $ ðb; �Þ on (B17) yields

lim
n!4

ð�R5
12ðbÞ � �BM

12ðbÞÞ

¼ 1

ð4�Þ2 ig
4ðTbacd

L þ Tbacd
R Þ

�
�
g��g	
 þ g�	g�
 � 5

3
g�
g�	

�
: (B18)

FIG. 11. The diagrams for 3-point 1PI are shown.

FIG. 12. The diagrams for 4-point 1PI are shown.
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Diagram (c):
The interchange ða;�Þ $ ðc; 	Þ on (B17) yields

lim
n!4

ð�R5
12ðcÞ � �BM

12ðcÞÞ

¼ 1

ð4�Þ2 ig
4ðTcbad

L þ Tcbad
R Þ

�
�
g��g	
 � 5

3
g�	g�
 þ g�
g�	

�
: (B19)

Diagram (d):
The interchange ðb; �Þ $ ðc; 	Þ on (B17) yields

lim
n!4

ð�R5
12ðdÞ � �BM

12ðdÞÞ

¼ 1

ð4�Þ2 ig
4ðTacbd

L þ Tacbd
R Þ

�
�
� 5

3
g��g	
 þ g�	g�
 þ g�
g�	

�
: (B20)

Diagram (e):
The interchange ðb; �Þ $ ðc; 	Þ on (B19) yields

lim
n!4

ð�R5
12ðeÞ � �BM

12ðeÞÞ

¼ 1

ð4�Þ2 ig
4ðTbcad

L þ Tbcad
R Þ

�
�
� 5

3
g��g	
 þ g�	g�
 þ g�
g�	

�
: (B21)

Diagram (f):
The interchange ða;�Þ $ ðc; 	Þ on (B20) yields

lim
n!4

ð�R5
12ðfÞ � �BM

12ðfÞÞ

¼ 1

ð4�Þ2 ig
4ðTcabd

L þ Tcabd
R Þ

�
�
g��g	
 þ g�	g�
 � 5

3
g�
g�	

�
: (B22)

The summation from (B17) to (B22) gives

1

ð4�Þ2 ig
4

g��g	
ððTabcd
LþR þ Tbacd

LþR þ Tcbad
LþR þ Tcabd

LþR Þ � 5
3 ðTacbd

LþR þ Tbcad
LþR ÞÞ

þg�	g�
ððTbacd
LþR þ Tcabd

LþR þ Tacbd
LþR þ Tbcad

LþR Þ � 5
3 ðTabcd

LþR þ Tcbad
LþR ÞÞ

þg�
g�	ððTabcd
LþR þ Tcbad

LþR þ Tacbd
LþR þ Tbcad

LþR Þ � 5
3 ðTbacd

LþR þ Tcabd
LþR ÞÞ

0
BB@

1
CCA; (B23)

where Tabcd
LþR ¼ Tabcd

L þ Tabcd
R . The above amplitude can be

accounted for by the counterterm

1

ð4�Þ2g
4

�
1

2
Tabcd
LþRA

a;�Ab
�A

c;�Ad
�� 5

12
Tabcd
LþRA

a;�Ab;�Ac
�A

d
�

�

¼ 1

ð4�Þ2g
4

�
1

12
Tabcd
LþRA

a;�Ab
�A

c;�Ad
�

þ 5

24
ðTLþTRÞCeabCecdAa

�A
b
�A

c;�Ad;�

�
: (B24)

f. One-loop counterterms for
the non-Abelian theory

The results for the finite counterterms stemming from
the difference of amplitudes between the rightmost
scheme and the BM scheme calculated for the diagrams
in Fig. 8–12 in the chiral non-Abelian gauge theory are
summarized in Table XI.

TABLE XI. Counterterms due to diagrams in Figs. 8–12 are shown in the table.

Figure Where ð4�Þ2 � counterterm

8 (B1) � 1
3g

2ð1þ 2�Þð �c Li 6@c LCL þ �c 0
Ri 6@c 0

RCRÞ
9 (B8) 1

6g
3ð7þ 5�Þð �c LA

aTa
Lc LCL þ �c 0

RA
aTa

Rc
0
RCRÞ

10 (B9) � 1
6g

2ðTL þ TRÞAa
�hAa;�

11 (B14) � 2
3g

3ðTL þ TRÞCabcð@�Aa
�ÞAb

�A
c;�

12 (B24) ð 112 g4ðTabcd
L þ Tabcd

R ÞAa;�Ab
�A

c;�Ad
� þ 5

24g
4ðTL þ TRÞCeabCecdAa

�A
b
�A

c;�Ad;�Þ
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