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A calculation of the bulk viscosity for the massive Gross-Neveu model at zero fermion chemical

potential is presented in the large-N limit. This model resembles QCD in many important aspects: it is

asymptotically free, has a dynamically generated mass gap, and for zero bare fermion mass it is scale

invariant at the classical level (broken through the trace anomaly at the quantum level). For our purposes,

the introduction of a bare fermion mass is necessary to break the integrability of the model, and thus to be

able to study momentum transport. The main motivation is, by decreasing the bare mass, to analyze

whether there is a correlation between the maximum in the trace anomaly and a possible maximum in the

bulk viscosity, as recently conjectured. After numerical analysis, I find that there is no direct correlation

between these two quantities: the bulk viscosity of the model is a monotonically decreasing function of the

temperature. I also comment on the sum rule for the spectral density in the bulk channel, as well as on

implications of this analysis for other systems.

DOI: 10.1103/PhysRevD.83.065001 PACS numbers: 11.10.Wx, 11.15.Pg, 12.38.�t, 51.20.+d

I. INTRODUCTION

Transport coefficients are essential inputs to describe the
space-time evolution of systems not far from equilibrium.
During the last few years there has been a very active effort
to analyze them from both the theoretical and phenome-
nological points of view in the context of heavy-ion colli-
sions, condensed matter physics, astrophysics, and
cosmology. The calculation of transport coefficients in
quantum field theory at intermediate and strong coupling
is still a challenge for both analytical and numerical ap-
proaches. Because of their intrinsic nonperturbative nature,
even in weakly interacting theories a resummation of an
infinite number of diagrams is needed in order to obtain the
leading-order result. In the strongly coupled regime, the
most prominent method available is the AdS/CFT corre-
spondence, although it is only applicable to a limited class
of field theories. On the other hand, lattice simulations are
still not accurate enough regarding the calculation of spec-
tral densities, and the introduction of a finite quark chemi-
cal potential makes things even more difficult because of
the sign problem.

It was recently conjectured, based on a sum rule for the
spectral density of the trace of the energy-momentum
tensor in Yang-Mills theory [1], that a maximum of the
trace anomaly near the critical temperature might drive a
maximum for the bulk viscosity near that temperature. The
corresponding sum rule was later corrected in [2], and the
ansatz for the spectral density used to extract the bulk
viscosity questioned [2–4]. Since the trace anomaly mea-
sures the breaking of scale invariance in a system, and the
bulk viscosity � essentially represents the difficulty for a
system to relax back to equilibrium after a scale trans-
formation, it seems in principle reasonable to think that �

would be maximum when the breaking of scale invariance
is maximum.
In heavy-ion phenomenology, bulk viscosity has usually

been neglected because it is expected to be much smaller
than the shear viscosity even at temperatures not very high
[5]. However, as suggested by the analysis of [1], non-
perturbative phenomena responsible for the main contri-
bution to the trace anomaly near Tc could also produce a
significant increase in the bulk viscosity. In this paper I
present an explicit calculation in the massive Gross-Neveu
model in 1þ 1 dimensions, where the correlation between
trace anomaly and bulk viscosity can be accurately tested. I
will not try to give an estimation for the absolute value of �
in QCD near the phase transition though; as we will see,
this model is not suitable for that purpose. There are
several works analyzing this issue employing different
approaches (see, for instance, [5–12] and references
therein), but still the order of magnitude of the bulk vis-
cosity near the crossover temperature is uncertain.
In 1þ 1 dimensions, transverse flow of momentum is

not possible, and the bulk viscosity is the only viscous
coefficient present to linear order in gradients. In this paper
only finite-temperature effects will be analyzed, consider-
ing a vanishing fermion chemical potential; thus the ther-
mal conductivity will be zero in this case. Therefore, the
only constitutive equation relevant for us is1

hT̂11i ¼ Peq � �
@u1

@x
; (1)

with hT̂11i the nonequilibrium expectation value for the
spatial component of the energy-momentum tensor, Peq the

pressure in equilibrium, and u1 the fluid velocity. The bulk
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viscosity can be in principle calculated perturbatively in
field theory [13]:

� / lim
!!0þ

�bulkð!Þ
!

; (2)

where �bulk is the spectral density corresponding to the
thermal propagator hT�

�ðt; xÞT�
� ð0Þi. Here though, I will use

a kinetic theory approach, which should be equivalent to
the diagrammatic one in the perturbative (and dilute) re-
gime [14].

This paper is organized as follows. In Secs. II and III,
there is a short review of well known properties of the
massive Gross-Neveu model at zero and finite temperature,
and then I prove the breaking of integrability in the large-N
limit when a mass term for the fermion field is explicitly
introduced. Then in Sec. IV, the calculation of the bulk
viscosity within kinetic theory is presented. In Sec. V, I
comment on sum rules and implications of the previous
analysis for other systems. Finally in Sec. VI the main
conclusions of the paper are summarized. There is also
Appendix A, where the result of factorization for fermion
loops in 1þ 1 dimensions is derived, and Appendix B
where the reader can find some details on the calculation
of the inelastic scattering amplitude.

II. VACUUM PROPERTIES OF THE MASSIVE
GROSS-NEVEU MODEL

Let us consider the Gross-Neveu model [15] with an
explicit bare mass for the fermion field:

L ¼ XN
a¼1

�c ai@c a þ g2

2

�XN
a¼1

�c ac a � Nm

�
2
: (3)

Since we are interested in studying the large-N limit of the
model, in order for the perturbative expansion in powers of
1=N to be sensible, the bare coupling constant must be
rescaled, g2 � �=N, with � being constant as N ! 1.
Also, it is convenient to introduce an auxiliary field � to
properly classify the different Feynman diagrams accord-
ing to their topologies and power counting in 1=N [16]:

L ¼ XN
a¼1

�c ai@c a � 1

2
�2 � g�

XN
a¼1

�c ac a þ Nmg�:

(4)

Clearly, the introduction of this field does not affect the
dynamics of the system because its equation of motion is
simply � ¼ Ngm� g

P
a
�c ac a. In terms of the auxiliary

field, the discrete chiral symmetry then corresponds to the
simultaneous transformations c � �5c and � � ��.

In 1þ 1 space-time dimensions and in the large-N limit,
this model shares many important features with massless
QCD in 3þ 1 dimensions: it is renormalizable, asymptoti-
cally free, classically scale invariant (for zero bare fermion
mass), it has a dynamically generated mass gap which

manifests as a peak in the trace anomaly, and in vacuum
it undergoes a spontaneous breaking of the discrete
‘‘chiral’’ symmetry2 c � �5c .
As we will see in the next subsection, the introduction of

this bare mass m is a simple way of allowing the system to
relax back to thermodynamic equilibrium after a small
perturbation in the distribution of momenta. In addition,
the bare mass also suppresses the density of kink-antikink
configurations in the thermodynamic limit and makes the
mean-field 1=N expansion well defined [17,18].
To leading order in the large-N limit, only one counter-

term is necessary to renormalize all the divergences, �L ¼
�m��

2=2, which essentially amounts to a renormalization
of the coupling constant. The effective potential for the
classical field �c is obtained using standard techniques
and renormalized imposing the condition d2Veffð�cÞ=
d�2

cj�c¼�0
¼ 1 [15], with �0 the renormalization scale.

This fixes the counterterm to be

�m2
� ¼ g2N

2	

�
ln

�



g�0

�
2 � 2

�
; (5)

with 
 an ultraviolet cutoff. Then, the leading-order re-
normalized effective potential is

VR
effð�cÞ ¼ 1

2
�2

c � Nmg�c þ g2N�2
c

4	

�
ln

�
�c

�0

�
2 � 3

�
:

(6)

This is a Mexican-hat potential (tilted by the mass m) with
a nonzero mass gap M0 determined by the condition

dVR
effð�cÞ
d�c

���������c¼M0=g
¼ 0 ) M0 � g2Nmþ g2NM0

2	

�
�
ln

�
M0

g�0

�
2 � 2

�
¼ 0: (7)

If we define �c � g�c, we can now use (7) to write the
effective potential in a scale-independent form:

VR
effð�cÞ ¼ Nm�c

�
�c

2M0

� 1

�
þ N�2

c

4	

�
ln

�
�c

M0

�
2 � 1

�
:

(8)

As shown in Fig. 1, form ¼ 0 the discrete chiral symmetry
is spontaneously broken by choosing as a vacuum one of
the two minima. For small enough values of m, the poten-
tial still has two minima, whereas for larger m one dis-
appears and the other one becomes deeper (I use the units
M0 � 1).
The effective potential (6) satisfies the renormalization-

group equation

2In massless QCD instead, it is the continuous chiral symmetry
SUðNfÞA � SUðNfÞV which is spontaneously broken in vacuum
down to SUðNfÞV .
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�
�0

@

@�0

þ �ðgÞ @

@g
� ��ðgÞ�c

@

@�c

�
VR
effð�c; g; �0Þ ¼ 0;

(9)

which implies

�ðgÞ ¼ g��ðgÞ ¼ � g3N=2	

1þ g2N=2	
; (10)

i.e., the theory is asymptotically free. Although the running
coupling constant becomes arbitrarily large at low ener-
gies, the interaction between fermions is also suppressed
by powers of 1=N; thus in the large-N limit we are still able
to probe the low-energy regime of the theory.

The leading-order contribution to the self-energy of the
� field corresponds to the diagram depicted in Fig. 2. In
Euclidean space, the expression for the (renormalized) �
propagator in vacuum is

½D0
�;EðPÞ��1 ¼ g2N

m

M0

þ g2N

2	
�ðP2Þ ln

�
�ðP2Þ þ 1

�ðP2Þ � 1

�
;

(11)

with �ðP2Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2

0=P
2

q
a phase-space factor, and

P � ðp1; p2Þ.
In the next subsection, I show how the first term in (11)

breaks the integrability of the model in the large-N limit.

Breaking of integrability

The Gross-Neveu model (without the bare mass) is an
integrable quantum field theory [19,20]; this implies the
existence of an infinite number of conserved charges and in
1þ 1 dimensions the factorization of the Smatrix in terms
of binary collisions, so inelastic processes have vanishing
scattering amplitude. Since in 1þ 1 dimensions binary
collisions cannot modify the distribution of momenta,
integrability then prevents momentum transport in this
system. Consequently, the bulk viscosity of the Gross-
Neveu model is infinite. After including the bare mass in
the model, this factorization in terms of binary collisions
no longer happens, and hence it renders the bulk viscosity
finite.
To see this, consider the leading-order diagrams corre-

sponding to the inelastic process 2 ! 4 in Fig. 3. As it was
shown in [20], the fermion loop of Fig. 3(g) factorizes into
tree diagrams corresponding to all the possible ways of
cutting it (Figs. 4 and 5). One particular cut is depicted in
Fig. 5. From the result (A20) derived in Appendix A, it is
easy to see that the four-point amplitude and the factor�F
in Fig. 5 cancel out giving a�1 factor. Hence, the diagram
of Fig. 5 exactly cancels (whenm ¼ 0) the one of Fig. 3(a),
and the same for the rest of the diagrams. If we now

FIG. 2. Self-energy of the � field to leading order, OðN0Þ.
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FIG. 1 (color online). Effective potential of the classical field
�c for different values of m.

FIG. 3. Leading-order contribution in the large-N limit to the inelastic process 12 ! 3456.
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introduce the mass m, from (11) we see that this cancella-
tion cannot happen, so the total inelastic amplitude is now
/ m=M0 to leading order in 1=N. This proves the non-
integrability of the massive Gross-Neveu model in the
large-N limit.

III. THE MODEL AT FINITE TEMPERATURE

The thermodynamic properties of this model have
been studied in detail in many papers; see, for instance,
[17,21–24] and references therein. In this section, I am
simply going to review leading-order results in the mean-
field approximation, which are relevant for the later analy-
sis of the bulk viscosity.

The leading-order renormalized effective potential at
finite temperature is

VR
effð�c;TÞ ¼ 1

2
�2

c � gNm�c þ g2N�2
c

4	

�
ln

�
�c

�0

�
2 � 3

�

� 2NT

	

Z 1

0
dk lnð1þ e�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þg2�2

c

p
=TÞ: (12)

The thermal mass gap is defined by

dVR
effð�c;TÞ
d�c

���������c¼MðTÞ=g

¼ 0 ) m

�
1

M0

� 1

MðTÞ
�
þ 1

2	
ln

�
MðTÞ
M0

�
2

þ 2

	

Z 1

0
dk

nFðEkÞ
Ek

¼ 0; (13)

where (7) has been used, Ek �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þMðTÞ2p

, and nFðxÞ �
ðexpðx=TÞ þ 1Þ�1 is the Fermi-Dirac distribution function.
In Fig. 6, I plot the fermion mass gap as a function of the
temperature for different values of m. For the case m ¼ 0,

the mass gap vanishes at the temperature Tc ’ 0:57M0,
indicating restoration of the discrete chiral symmetry.
This is however an artifact of the mean-field approxima-
tion; the chiral symmetry is actually immediately
restored at T ¼ 0þ due to kink-antikink configurations.3

Nevertheless, as mentioned above, the introduction of a
finite bare mass suppresses these kink-antikink configura-
tions in the thermodynamic limit, and therefore we can
approach in the mean-field approximation the curvem ¼ 0
as much as we wish provided we keep m finite.4

The pressure is immediately obtained from the effective
potential,

P ¼ �VR
effðMðTÞ=g;TÞ

¼ mNMðTÞ
�
1�MðTÞ

2M0

�
� NMðTÞ2

4	

�
ln

�
MðTÞ
M0

�
2 � 1

�

þ 2NT

	

Z 1

0
dk lnð1þ e�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2þMðTÞ2

p
=TÞ; (14)

and the ‘‘bag pressure’’ is

Pb � PðT ¼ 0Þ ¼ NM2
0

2

�
1

2	
þ m

M0

�
> 0: (15)

Entropy, energy density, specific heat, speed of sound,
and trace anomaly are calculated from the pressure using
the thermodynamic relations

FIG. 5 (color online). Factorization in terms of tree diagrams.

FIG. 4. Diagram of Fig. 3(g) expressed in terms of different cuts according to Eq. (A19).

3This restoration must happen in order to be consistent with
the Mermin-Wagner theorem [25]. Note however that the phase
transition at the indicated critical temperature occurs and is
correctly reproduced in the mean-field approximation if the
size of the system is kept finite and the limit N ! 1 is taken
first [24].

4Here it is important to emphasize that in our calculations the
large-N and thermodynamic limits are taken first keeping m
finite, and afterwards we study the limit m ! 0þ.
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s ¼ @P

@T
;


 ¼ Ts� P ¼ T2 @

@T

�
P

T

�
;

cv ¼ @


@T
¼ T

@s

@T
;

c2s ¼ @P

@

¼ s

cv
;

� � 
� Pþ 2Pb

T2
¼ T

@

@T

�
P� Pb

T2

�
:

(16)

These are plotted in Figs. 7–12. We see that the trace
anomaly has a very pronounced peak right at Tc for
m ¼ 0þ, which will allow us to study the possible corre-
lation with the bulk viscosity. For m ¼ 0þ, above Tc the
pressure corresponds to an ideal gas of massless fermions:

P ¼ 	NT2

6
; 
 ¼ P; s ¼ 	NT

3
;

cv ¼ s; c2s ¼ 1; � ¼ 2Pb

T2
;

(17)

with Pb ¼ NM2
0=ð4	Þ.

In order to calculate dynamical quantities, it is conve-
nient to shift � � MðTÞ=gþ �, so tadpole diagrams van-
ish and do not have to be taken into account. The �
propagator to leading order and at finite temperature, cal-
culated from the diagram of Fig. 2 in the imaginary-time
formalism and continued to real frequencies, is

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 6 (color online). Thermal mass gap of the fermion field as
a function of the temperature for different values of the quotient
m=M0.
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0.5

0.6

FIG. 7 (color online). Pressure as a function of the temperature
for different values of m=M0. The color code is the same as in
Fig. 6.
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FIG. 8 (color online). Entropy density.
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FIG. 9 (color online). Energy density.
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FIG. 10 (color online). Specific heat at constant volume. For
m ¼ 0, cv has a discontinuity at T ¼ Tc.
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1

g2N
½��ði!n�!þ i0þ;pÞ��1¼m

M
þ 1

2	

�
½�ð�sÞ

þ�ðs�4M2Þ��ðsÞln
��������
�ðsÞþ1

�ðsÞ�1

��������þ�ðsÞ�ð4M2�sÞ

�2BðsÞarctan
�

1

BðsÞ
��

þPV
Z 1

�1
dk

	

nFðEkÞ
Ek

� s�ðsÞ2ð2pk�sÞ
ð2pk�sÞ2�4E2

k!
2
� i

2
sgnð!Þ�ðsÞf�ðs�4M2Þ

�½1�nFð
þÞ�nFð
�Þ�þ�ð�sÞjnFð
þÞ�nFð
�Þjg;
(18)

where M � MðTÞ, �ðsÞ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4M2=s

p
, BðsÞ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4M2=s� 1
p

, and 
� � j!� p�ðsÞj=2.
The first term in (18) is responsible for breaking the

integrability of the model also at finite temperature, which
follows from the result (A19) in Appendix A in the same

way as for the vacuum case analyzed in the previous
section. We realize that the breaking of integrability is
now controlled by the factor m=MðTÞ, instead of m=M0.
Interestingly, for T > Tc, the limit of m=MðTÞ as m ! 0þ
is not zero, but a (temperature-dependent) constant. Thus,
the scattering amplitude for inelastic processes is always
finite when m ¼ 0þ for T > Tc.

IV. KINETIC THEORYAPPROACH

The massive Gross-Neveu model is a nonconfining the-
ory, and as we have seen in the previous sections, the
interaction between the fundamental fermions is sup-
pressed by powers of 1=N; hence in principle it seems
reasonable to adopt a kinetic theory treatment to analyze
the transport properties of this system in the large-N limit.
Alternatively, one could formally work out the resumma-
tion of an infinite series of ladder and chain diagrams
contributing the spectral density of the energy-momentum
tensor when the external frequency goes to zero. However,
it is known that this resummation leads to solving an
integral equation which coincides with the Boltzmann
equation in the effective kinetic theory describing thermal
excitations in the system [13,14,26–28].
I consider that the kinetic theory approach is simpler,

and I will employ it for the calculation of the bulk viscosity
in this paper.5 We are going to follow essentially the
previous works [5,13,14,27,30], so although I try to keep
the discussion self-contained, the reader is referred to these
papers for additional details.
In order to obtain the bulk viscosity, we need to deter-

mine the statistical average of the energy-momentum ten-
sor of the system in a cell of fluid for a small departure
from equilibrium. In kinetic theory, this average is [31]

T��ðt; xÞ ¼ X
A

Z 1

�1
dk

ð2	ÞEk

k�k�fAðt; x; kÞ; (19)

where fA ¼ fAðt; x; kÞ is the nonequilibrium distribution
function, A is a collective index denoting the fermionic or
antifermionic character and the flavor of the corresponding

particle species, Ek �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MðTÞ2 þ k2

p
, and k ¼ ðEk; kÞ is the

canonical momentum (the underline emphasizes that it is
on-shell).
The Boltzmann-Uehling-Uhlenbeck equation deter-

mines the space-time evolution of distribution functions
for dilute systems due to the change in the number of

0 1 2 3 4 5
0.0

0.1

0.2

0.3

0.4

0.5

0.6

FIG. 12 (color online). Trace anomaly.

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 11 (color online). Speed of sound squared. For m ¼ 0, c2s
has a discontinuity at T ¼ Tc.

5Strictly, due to infrared divergencies characteristic of low-
dimensional systems, this calculation is valid in 1þ 1 dimen-
sions only in the limit N ! 1, where the long-time tail in the
energy-momentum tensor correlator �t�1=2 becomes negligible
[29]. Otherwise, for N finite, the bulk viscosity of the massive
Gross-Neveu model would be infinite.
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particles of type A produced by collisions in the fluid. In
1þ 1 dimensions it reads

�
@

@t
þ k

Ek

@

@x

�
fA ¼ @fA

@t

��������gain
�@fA

@t

��������loss
� 1

Ek

CAk ½f�;
(20)

with f ¼ ðffAgÞ a column vector containing the distribu-
tion functions for every type of particle. Considering only
the leading-order elastic and inelastic processes in the
large-N expansion, which in our case are 12 $ 34 or
123 $ 456, and 12 $ 3456 or 1234 $ 56, respectively,
the collision term is given by

CA1 ½f�
dp1

2	E1

¼ X
B;C;D

Z
2;3;4

dp1

2	

dp2

2	
d�LSA;B;C;Dð1Þ2!34½fC3 fD4 ð1� fA1 Þð1� fB2 Þ � fA1 f

B
2 ð1� fC3 Þð1� fD4 Þ�

þ X
B;C;D;E;F

�Z
2;3;4;5;6

dp5

2	

dp6

2	
d�LSE;F;A;B;C;D56!ð1Þ234 ½fE5 fF6 ð1� fA1 Þð1� fB2 Þð1� fC3 Þð1� fD4 Þ

� fA1 f
B
2 f

C
3 f

D
4 ð1� fE5 Þð1� fF6 Þ� þ

Z
2;3;4;5;6

dp1

2	

dp2

2	
d�LSA;B;C;D;E;F

ð1Þ2!3456 ½fC3 fD4 fE5 fF6 ð1� fA1 Þð1� fB2 Þ

� fA1 f
B
2 ð1� fC3 Þð1� fD4 Þð1� fE5 Þð1� fF6 Þ� þ

Z
2;3;4;5;6

dp1

2	

dp2

2	

dp3

2	
d�L2SA;B;C;D;E;F

ð1Þ23!456

� ½fD4 fE5 fF6 ð1� fA1 Þð1� fB2 Þð1� fC3 Þ � fA1 f
B
2 f

C
3 ð1� fD4 Þð1� fE5 Þð1� fF6 Þ�

�
; (21)

where the sum over indices runs over all the possible
configurations of fermion, antifermion, and flavor states.
The symmetry factors (to be specified later) Sð1Þ2$34,
Sð1Þ2$3456, S56$ð1Þ234, and Sð1Þ23$456 avoid the double
counting from relabeling of momenta for identical parti-
cles (except for the particle denoted as ‘‘1’’) in the integral
and considering equivalent processes after summing over
all the fermion types. The transition rate for an arbitrary
process � ! � is given in terms of the scattering ampli-
tude M by [32,33]

d�ð�!�Þ¼L1�N�

�Y
�

ð2E�Þ�1

��Y
�

dp�

ð2	Þ2E�

�

�jMð�!�Þj2ð2	Þ2�ð2Þ
�X

�

p
�
�X

�

p
�

�
;

(22)

where L is the size of the system (although we consider the
limit L ! 1), and N� the number of particles in the initial
state.

In order to obtain an expression for the bulk viscosity we
need to solve (20) for small departures from equilibrium.
To do it, we first write

fAðt; x; kÞ ¼ fAeqðt; x; kÞ þ �fAðt; x; kÞ; (23)

where �fA is small, and the fermion or antifermion distri-
bution function at equilibrium for zero chemical potential
is

fAeqðt; x; kÞ ¼ 1

e�k�u þ 1
; (24)

with ��1 � Tðt; xÞ the local temperature, and u�ðt; xÞ the
velocity of the corresponding fluid cell. Expanding the left-
hand side of (20) in the local rest frame (u1jl:r:f: ¼ 0) to
linear order in spatial derivatives, we obtain6

�
@

@t
þ k

Ek

@

@x

�
fA

��������l:r:f:
’ �nFðEkÞ½1� nFðEkÞ�

� �

��
Ek � T

M

Ek

dM

dT

�
c2s � k2

Ek

�

� @u1

@x
; (25)

where cs is the speed of sound in the fluid.
Consequently, the deviation from equilibrium can be

written in the form

�fAk jl:r:f: ¼ ��nFðEkÞ½1� nFðEkÞ�BA
k

@u1

@x
; (26)

with BA
k ¼ BAðjkjÞ some dimensionless function to be

determined by solving the integral equation obtained after
the previous linearization of both sides of (20):

6Here we make use of the thermodynamic relations dT=T ¼
dP=ð
þ PÞ, c2s ¼ @P=@
. Also, from the conservation of the
energy-momentum tensor, @�T

�� ¼ 0, applied to leading order
to the perfect fluid, T

��
p:f: ¼ �Pg�� þ ð
þ PÞu�u�, we derive

the relations in the local rest frame (@�u
0jl:r:f: ¼ 0): @
=@t ¼

�ð
þ PÞ@u1=@x, @u1=@t ¼ �ð
þ PÞ�1@P=@x.
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p2
1�c2s

�
E2
1�TM

dM

dT

�
¼ 1

2ð1�nF;1Þ
� X
B;C;D

Z 1

�1

�Y4
i¼2

dpi

ð2	Þ2Ei

�
jMC;D

A;B ðp1;p2;p3;p4Þj2SAB;CDð1Þ2!34ð2	Þ2

��ð2Þðp
1
þp

2
�p

3
�p

4
ÞnF;2ð1�nF;3Þð1�nF;4ÞðBA

1 þBB
2 �BC

3 �BD
4 Þ

þ X
B;C;D;E;F

Z 1

�1

�Y6
i¼2

dpi

ð2	Þ2Ei

�
fjMA;B;C;D

E;F ðp5;p6;p1;p2;p3;p4Þj2SEF;ABCD56!ð1Þ234ð2	Þ2

��ð2Þðp
5
þp

6
�p

1
�p

2
�p

3
�p

4
ÞnF;2nF;3nF;4ð1�nF;5Þð1�nF;6Þ

�ðBA
1 þBB

2 þBC
3 þBD

4 �BE
5 �BF

6 ÞþjMC;D;E;F
A;B ðp1;p2;p3;p4;p5;p6Þj2SAB;CDEF

ð1Þ2!3456ð2	Þ2
��ð2Þðp

1
þp

2
�p

3
�p

4
�p

5
�p

6
ÞnF;2ð1�nF;3Þð1�nF;4Þð1�nF;5Þð1�nF;6Þ

�ðBA
1 þBB

2 �BC
3 �BD

4 �BE
5 �BF

6 ÞþjMD;E;F
A;B;C ðp1;p2;p3;p4;p5;p6Þj2SABC;DEF

ð1Þ23!456ð2	Þ2
��ð2Þðp

1
þp

2
þp

3
�p

4
�p

5
�p

6
ÞnF;2nF;3ð1�nF;4Þð1�nF;5Þð1�nF;6Þ

�ðBA
1 þBB

2 þBC
3 �BD

4 �BE
5 �BF

6 Þg
�
: (27)

We can interpret the right-hand side of (27) as the action

of a linear operator Ĉ over a function in the space of
solutions of the transport equation, and we split this op-

erator into two terms, Ĉ � Ĉel þ Ĉin, corresponding to
elastic and inelastic processes, respectively. At this point,
an important simplification is in order. Since the source
term in (25) is invariant under charge conjugation, and the
theory is symmetric under OðNÞ-flavor rotations (this
symmetry cannot be broken in 1þ 1 dimensions [34]),
then the departures from equilibrium are the same for all
the particle types, i.e., BA

k � BðjkjÞ. Furthermore, the �
function in the elastic 2 ! 2 term of the collision integral
implies in 1þ 1 dimensions that the final set of momenta is
the same as the initial; i.e., 2 ! 2 elastic collisions in 1þ 1
dimensions cannot relax back to equilibrium a perturbation

in the distribution of momenta. Thus, Ĉelð2 ! 2Þ ¼ 0̂
and therefore, to leading order in the large-N expansion,

Ĉ ¼ Ĉelð3 ! 3Þ þ Ĉinð2 $ 4Þ.
Once we know BðjkjÞ, from (26), (1), and (19), it is

straightforward to obtain the bulk viscosity:7

� ¼ �
X
A

Z 1

�1
dk

2	Ek

nFðEkÞ½1� nFðEkÞ�

�
�
k2 � c2s

�
E2
k � TM

dM

dT

��
BAðkÞ: (28)

The linearized version of the Boltzmann equation (27)
can be written as

jSi ¼ ĈjBi; (29)

where SðpÞ � p2 � c2sðE2
p � TMdM=dTÞ denotes the

source term. Defining the scalar product of two square-
integrable functions as

h�jc i � �
X
A

Z 1

�1
dk

ð2	ÞEk

nFðEkÞ

� ½1� nFðEkÞ��AðkÞc AðkÞ; (30)

then the bulk viscosity is given by

� ¼ hSjBi ¼ hSjĈ�1jSi: (31)

As shown in [5,27,30], in order to calculate numerically
this expectation value for the inverse of the collision op-
erator, it is optimal to do it variationally. If we define the
functional

Q½�� � h�jSi � 1

2
h�jĈj�i; (32)

then the solution of (29) corresponds to a maximum in this
functional, �Q=��j�¼B ¼ 0. Hence, the bulk viscosity is

proportional to this maximum:

� ¼ 2Qmax: (33)

We now expand the solution for the Boltzmann equation in
terms of a given set of n linearly independent functions:

B ðkÞ ¼ Xn
i¼1

bi�iðkÞ: (34)

Then

Q½fbig� ¼
Xn
i¼1

biSi � 1

2

Xn
i;j¼1

biCijbj; (35)

7The Landau-Lifshitz condition

0 ¼
Z 1

�1
dk

2	Ek

ðE2
k � TMdM=dTÞnFðEkÞ½1� nFðEkÞ�BAðkÞ;

imposed to make the decomposition (23) unique, is also used
here [14,35].
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where

Si � h�ijSi; Cij � h�ijĈj�ji: (36)

Maximizing (35) with respect to the set of coefficients fbig
implies ~b ¼ ~C�1 ~S (a tilde denotes matrices), and therefore

� ¼ ~St ~b ¼ ~St ~C�1 ~S: (37)

It is important to notice, from (27), that the collision
operator has one zero mode �eðpÞ � Ep corresponding

to energy conservation, i.e., Ĉj�ei ¼ 0.8 Therefore, in
order to be able to invert the collision matrix, it is necessary
to calculate it in the vector space orthogonal to this zero

mode. This does not affect the result for the bulk viscosity
because the source term is orthogonal to this zero mode,
hSj�ei ¼ 0.
Besides the simplifications already commented in the

previous paragraphs, in order to obtain an explicit expres-
sion for the matrix element of the collision operator in the
large-N limit, it is obvious (cf. Appendix B) that the
dominant scattering processes are those for which three
different flavors participate. Moreover, the symmetry fac-
tors have to be specified (see Tables I and II).
Finally,

Cij ’ N3�
Z 1

�1

�Y6
i¼1

dpi

ð2	Þ2Ei

��
ð2	Þ2�ð2Þðp

1
þ p

2
� p

3
� p

4
� p

5
� p

6
ÞnF;1nF;2ð1� nF;3Þð1� nF;4Þð1� nF;5Þ

� ð1� nF;6Þ
�
jM12!�3456j2 þ

3

2
jM�12!�3 �4 56j2

�
½�iðp1Þ þ�iðp2Þ ��iðp3Þ ��iðp4Þ ��iðp5Þ ��iðp6Þ�

� ½�jðp1Þ þ�jðp2Þ ��jðp3Þ ��jðp4Þ ��jðp5Þ ��jðp6Þ� þ ð2	Þ2�ð2Þðp
1
þ p

2
þ p

3
� p

4

� p
5
� p

6
ÞnF;1nF;2nF;3ð1� nF;4Þð1� nF;5Þð1� nF;6Þ

�
1

6
jM123!456j2 þ 3

2
jM�123!�456j2

�
½�iðp1Þ þ�iðp2Þ

þ�iðp3Þ ��iðp4Þ ��iðp5Þ ��iðp6Þ�½�jðp1Þ þ�jðp2Þ þ�jðp3Þ ��jðp4Þ ��jðp5Þ ��jðp6Þ�
�
; (38)

where M12!�3456 and M�12!�3 �4 56 are the inelastic ampli-
tudes of fermion-fermion and antifermion-fermion scatter-
ing, respectively. The amplitude squared jM�1 �2!3�4 �5 �6j2 of
antifermion-antifermion scattering, as well as its corre-
sponding symmetry factor, are equal to the fermion-
fermion ones by charge conjugation, and have already
been included in (38). The same applies to the elastic
amplitudes jM�1 �2 �3!�4 �5 �6j2 and jM1�2 �3!4�5 �6j2.

It is evident from (38) that the collision matrix is sym-
metric and positive semidefinite (positive definite in the
space orthogonal to its only zero mode). Note also that
Si ¼ OðNÞ, and since Cij ¼ Oð1=NÞ (cf. Appendix B),

therefore � ¼ OðN3Þ.

Numerical results

A particularly convenient set of functions, which be-
comes a basis when n ! 1, is [5]

�iðkÞ ¼ ðjkj=hjkjiÞi�1

ð1þ jkj=hjkjiÞn�3
; i ¼ 1; . . . ; n; (39)

with the thermal average hjkji � ffiffiffiffiffiffiffiffiffiffi
M0T

p
forT ! 0, hjkji � T

for T ! 1, and interpolating between these two behaviors
for intermediate temperatures. This set of functions auto-
matically incorporates the required asymptotic behavior for
the solution of the Boltzmann equation in the bulk channel:
BðjkjÞ � 1 for jkj ! 0, and BðjkjÞ � k2 for jkj ! 1.
In Fig. 13, I plot the numerical result of a variational

computation of the bulk viscosity in the massive Gross-
Neveu model with m ¼ 10�2M0 using n ¼ 3 basis
functions. It is not difficult to realize that � increases
exponentially at low temperatures, like � expð2M0=TÞ,
due to the Fermi-Dirac factors present in ~C as well as in
~S (cf. footnote 8). This behavior is analogous to the case of
� for ��4 in 3þ 1 dimensions [13].
The numerical error corresponding to considering only

n ¼ 3 basis functions (including the error from the nu-
merical evaluation of integrals) is estimated to be of order
0.5% for temperatures around Tc, increasing as we go
down in temperatures, being�60% for T ¼ 0:1M0, which
indicates that the basis (39) is not the best choice at those

8In addition to �e, the elastic collision operator also has the
zero mode �nðjkjÞ � 1 corresponding to the conservation of the
total number of particles in this type of process. However, this is
not a zero mode of the inelastic part of the collision integral and
therefore we do not have to worry about it when calculating Ĉ�1.
The presence of this other zero mode, though, implies that the
bulk viscosity is dominated by inelastic processes at very low
temperatures due to Fermi-Dirac factors:

� ¼ hSjĈ�1jSi � jh�njSij2
h�njĈinð2 $ 4Þj�ni

; for T � M0:

On the other hand, at temperatures close to Tc, the Fermi-Dirac
factors areOð1Þ and both 3 ! 3 and 2 $ 4 processes are equally
important.
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temperatures. By considering n ¼ 9, the precision can be
improved to �20% at T ¼ 0:1M0. However, due to the
exponential growth of � at low T and since the result shown
corresponds to a lower bound, the qualitative behavior with
temperature is not expected to change significantly. From
the numerical result we clearly see that there is no maxi-
mum in the bulk viscosity near Tc; it is a monotonically
decreasing function of the temperature. By reducing
further the value of m, we would eventually reconstruct

(continuously) a discontinuity for � at Tc. For infinitesi-
mally small m, above Tc the bulk viscosity would be
arbitrarily small. Going down in temperatures, it would
increase very sharply right at Tc (with an arbitrarily large
value9), and it would continue increasing exponentially at
very low temperatures. This is shown in the plot of Fig. 14.

V. DISCUSSION

A. Sum rule in the bulk channel

In the paper [2] (Sec. IV), the authors obtained a sum
rule for the spectral density of the two-point function
involving the trace of the energy-momentum tensor in
pure Yang-Mills theory. The derivation is essentially based
on the asymptotically free character of the theory.10 In this
subsection I am going to comment on an interesting aspect
of the massive Gross-Neveu model concerning its sum rule
in the bulk channel.11 Naively, since the massive Gross-
Neveu model is asymptotically free, we can follow the
analysis in [2] and convince ourselves that the version of
the sum rule for this particular system is simply

ð
þ PÞð1� c2sÞ � 2ð
� PÞ ¼ 2

	

Z 1

0
d!

��bulkð!Þ
!

:

(40)

Interestingly, we notice that this sum rule does not depend
explicitly on the mass parameter m. Since 
, P ¼ OðNÞ

TABLE I. Symmetry factors corresponding to relabeling the
momenta of identical particles under the collision integral after
summing over all particle types for 2 $ 4 processes. Here a �
b � c � a denote only flavor (processes with three different
flavors dominate). The momenta for each particular process are
initially labeled according to the order indicated in the title of
columns 2 and 3. The particle labeled with ‘‘(1)’’ is ‘‘distinguish-
able.’’ Some cells are empty because the corresponding process
has already been taken into account by another symmetry factor.
The processes obtained by permutation of the three flavors,
although omitted in the table, have the same symmetry factors
and also have to be taken into account.

2 $ 4 processes Sð1Þ2!3456 S56!ð1Þ234
fafb $ fafb �fcfc 1=24 1=12
fafc $ fafc �fbfb 1=24 1=12
fbfc $ fa �fafbfc, �fafafbfc � � � 1=12
�fbfb $ fa �fa �fcfc, �fafa �fcfc � � � 1=24, 1=12
�fcfc $ fa �fa �fbfb, �fafa �fbfb � � � 1=24, 1=12
�fbfc $ fa �fa �fbfc, �fafa �fbfc � � � 1=24, 1=12
�fcfb $ fa �fa �fcfb, �fafa �fcfb � � � 1=24, 1=12
fa �fb $ fa �fb �fcfc 1=48 1=24
fa �fc $ fa �fb �fcfb 1=48 1=24
�fafb $ �fa �fcfcfb 1=48 1=12
�fafc $ �fa �fbfbfc 1=48 1=12
fa �fa, �fafa $ �fbfb �fcfc 1=48 � � �

FIG. 13 (color online). Bulk viscosity of the massive Gross-
Neveu model for m ¼ 10�2M0, calculated with n ¼ 3 basis
functions. The continuous line simply joins the data points.

TABLE II. Symmetry factors for 3 ! 3 processes.

3 ! 3 processes Sð1Þ23!456

fafbfc ! fafbfc 1=12
fa �fafb, �fafafb ! �fcfcfb 1=12
fa �fafc, �fafafc ! �fbfbfc 1=12
fa �fbfb ! �fcfcfa 1=12
fa �fcfc ! �fbfbfa 1=12
fa �fbfc ! fa �fbfc 1=12
fa �fcfb ! fa �fcfb 1=12
�fafbfc ! �fafbfc 1=12

9This is perfectly fine for our purpose of testing the possible
correlation between the bulk viscosity and the trace anomaly;
nonetheless, this model is not suitable to obtain, for instance, an
estimate of the absolute value of the quotient �=s for QCD.
10However, there is a recent example of an asymptotically free
model for which the sum rule in the bulk channel has a different
form from the one derived in [2], due to the fact that conformal
symmetry is not restored at high energies or temperatures in this
model [36]. Note instead that in the massive Gross-Neveu model,
although m explicitly breaks scale symmetry, it is eventually
restored at high energies because m appears in the Lagrangian
multiplied by g2N.
11A more rigorous and detailed analysis of the sum rule and the
spectral density is underway and will be published elsewhere.
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and c2s ¼ OðN0Þ, the left-hand side of (40) isOðNÞ. On the
other hand, the order of ��bulk=! depends on the fre-
quency. For frequencies of order !�M0, a diagram con-
tributing to ��bulk=! at leading order is the one of Fig. 15,
which is OðNÞ. Hence, the contribution to the integral in
(40) from this region of frequencies is OðNÞ, consistent
with the left-hand side of the sum rule.

If we now consider lower frequencies, !� 1=N, then a
resummation of diagrams is necessary to obtain the
leading-order spectral density. This is essentially because
of the presence of pinching singularities when the external
frequency becomes of the order of the fermion width �F �
Im� ¼ Oð1=NÞ (cf. Figure 16) [13,26,37–39], or smaller.
These singularities correspond to the product of retarded
and advanced fermion propagators sharing approximately
the same momentum:

SretðPÞSadvðPÞ � 1

�F

¼ OðNÞ: (41)

Consequently, the set of ladder diagrams depicted in
Fig. 17 all contributes at leading order, OðN2Þ, to the
spectral density in this range of frequencies. Thus, their
contribution to the integral is again consistent with the left-
hand side of the sum rule.

For even lower frequencies, we know from the analysis
of the Boltzmann equation in the previous section that
3 ! 3 and 2 $ 4 processes will eventually dominate the
spectral density. Since the bulk viscosity is of orderOðN3Þ,
for frequencies close to zero ��bulk=! ¼ OðN3Þ, and
therefore, in order for it to be consistent with the left-
hand side of the sum rule, this region of frequencies must
be! & 1=N2. Now, in the previous section we saw that for
temperatures T < Tc, if we reduce the value of m, the bulk
viscosity can become arbitrarily large. However, the left-
hand side of (40) remains finite as m ! 0þ; this implies

that the region where ��bulk=! is of order OðN3Þ has a
width �1=Nw with w> 2 and therefore the bulk viscosity
does not contribute to the sum rule in this regime of
temperatures for any value of m.

B. Other systems

From the analysis of the previous sections for the mas-
sive Gross-Neveu model we can already extract some
conclusions for other similar systems. Consider, for in-
stance, the nonlinear � model in 1þ 1 dimensions [40].
This model also shares with massless QCD the features of
asymptotic freedom, dynamical generation of a mass gap,
and classical scale invariance broken by the trace anomaly.
The Lagrangian of the model is

L ¼ 1

2
@��a@

��a; a ¼ 1; . . . ; N

with the condition �a�a ¼ 1=g2:

(42)

FIG. 14 (color online). Bulk viscosity of the massive Gross-
Neveu model form ¼ 0þ, calculated with n ¼ 3 basis functions.
The continuous line simply joins the data points.

FIG. 15. One of the diagrams contributing to ��bulk=! at
leading order for !�M0. The crosses denote insertions of the
trace of the energy-momentum tensor. The fermion propagator is
not dressed.

FIG. 16. Leading-order contribution to the fermion self-
energy.

FIG. 17. A ladder diagram with an arbitrary number of rungs
contributing to ��bulk=! at leading order for frequencies
!� 1=N. Double lines denote dressing of the fermion
propagator according to the diagram of Fig. 16. The presence
of pinching singularities is crucial in this regime of low
frequencies.
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Since the OðNÞ symmetry cannot be broken in 1þ 1
dimensions, there is no phase transition in this system at
finite temperature. It again is convenient to introduce an
auxiliary field � in order to analyze diagrammatically the
large-N limit:

L ¼ 1

2
@��a@

��a � 1

2
i�ð�a�a � 1=g2Þ: (43)

This model is also integrable [20]. To leading order in the
1=N expansion, the inelastic diagrams have the same to-
pology as the ones in Fig. 3. Integrability is proven in an
analogous way to the Gross-Neveu model using the facto-
rization of scalar loops in 1þ 1 dimensions. And it can be
broken, for instance, by introducing a term ��ð�a�aÞ2 in
the Lagrangian, so the correlation between the bulk vis-
cosity and the trace anomaly can be studied by making �
arbitrarily small.

The thermodynamic properties of the system have been
studied in the works [41,42]. In Fig. 18 I plot the thermal
mass gap, speed of sound, and trace anomaly. There are no
discontinuities for these quantities in the limit � ! 0þ. We
then realize that the qualitative behavior of the bulk vis-
cosity as we decrease � (restoring integrability) is the one

depicted in Fig. 19. For this model, integrability is
always restored as � ! 0þ and therefore bulk viscosity
diverges. One could also consider the sum rule, which
presumably is identical to the case of the Gross-Neveu
model, and similarly the bulk viscosity would not contrib-
ute to it.
Pure Yang-Mills theory in 3þ 1 dimensions in the

large-Nc limit is also very similar to the massive Gross-
Neveu model regarding the bulk viscosity. For low energies
and temperatures, interaction between glueballs is sup-
pressed by powers of Nc, being the 3-point scattering
amplitude �1=Nc [43]. In this case the bulk viscosity is
dominated by inelastic processes, due to the presence of a
zero mode in the collision integral corresponding to
particle-number conservation [13,14]. This implies an ex-
ponential growth of the bulk viscosity as the temperature
decreases, � expðmg=TÞ, with mg the mass of the lightest

glueball. Regarding the sum rule derived in [2] for this
theory, at temperatures below Tc, the region of frequencies
where inelastic processes dominate becomes very narrow
to be consistent with the sum rule. This implies, for in-
stance, that extracting transport coefficients on the lattice
at temperatures below Tc becomes much more difficult as
Nc increases [37]. In this regime of temperatures, a kinetic
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FIG. 18 (color online). Thermal mass gap, speed of sound, and trace anomaly of the nonlinear � model in 1þ 1 dimensions to
leading order in the 1=N expansion. ð�Þ	 denotes the finite-temperature part.

the breaking of integrability
decreases in this direction

FIG. 19 (color online). Qualitative behavior for the bulk viscosity of the nonlinear �model in 1þ 1 dimensions in the large-N limit.

DANIEL FERNANDEZ-FRAILE PHYSICAL REVIEW D 83, 065001 (2011)

065001-12



theory approach instead is more suitable in the large-Nc

limit to obtain transport coefficients.
On the other hand, massless Nf ¼ 2 QCD is qualita-

tively different from the previous models. At very low
temperatures, the dynamics is dominated by Goldstone
bosons and there is no exponential growth in the bulk
viscosity as the temperature decreases. In addition, since
this system undergoes a second-order phase transition in
3þ 1 dimensions, the bulk viscosity would diverge at the
critical temperature [4,9,35,44].

VI. CONCLUSIONS

We have seen that the massive Gross-Neveu model is
nonintegrable in the large-N limit, which allows the study
of momentum transport in this system. We found that there
is no direct correlation between the trace anomaly and the
bulk viscosity in general, i.e., a peak in the former does not
necessarily imply a peak in the latter.12 This was already
obtained by S. Jeon in [13] where he analyzed the bulk
viscosity of massive ��4 theory in 3þ 1 dimensions, but
since it is not an asymptotically free theory and the scale
symmetry is explicitly broken in that case, it remained to
analyze whether a QCD-like theory could be qualitatively
different due to the anomaly (idea originally motivated by
the paper [1]). The use of this simple model in 1þ 1
dimensions also avoids interference from critical phe-
nomena present in higher dimensions (for instance, the
bulk viscosity would diverge near a second-order phase
transition). In addition, it is a useful model to study sum
rules and transport coefficients both at zero and finite
fermion density in the large-N limit. For example, after a
first superficial analysis, we saw that below Tc the bulk
viscosity would not contribute to the sum rule. This implies
in general that it is not necessarily possible to extract bulk
viscosity from sum rules. Further work in these directions
is in progress.
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APPENDIX A: FACTORIZATION OF FERMION
LOOPS IN 1þ 1 DIMENSIONS

In 1þ 1 dimensions, the Lorentz group consists only of
boots and therefore fermions have no spin. A two-
dimensional representation of the Dirac algebra is, for
instance,

�0 ¼ �1 ¼ 0 1
1 0

� �
;

�1 ¼ i�2 ¼ 0 1
�1 0

� �
) f��; ��g ¼ 2g��;

(A1)

with �i the Pauli matrices, and g ¼ diagðþ1;�1Þ.
The general solution of the Dirac equation ði��@� �

mÞc ðxÞ ¼ 0 can be written as a linear combination of
plane waves uðpÞe�ip�x, vðpÞeip�x, corresponding to fermi-
ons and antifermions respectively, where p0 > 0 and
p2 ¼ m2. The spinors are normalized as

�uðpÞuðpÞ ¼ 2m; �vðpÞvðpÞ ¼ �2m; (A2)

and they also verify

uðpÞ �uðpÞ ¼ p6 þm; vðpÞ �vðpÞ ¼ p6 �m: (A3)

In the rest of this Appendix, I will derive the finite-
temperature version of the result previously obtained in
[45] concerning the factorization of fermion loops in 1þ 1
dimensions. Consider the momentum integral and
Matsubara sum corresponding to the fermion loop in
Fig. 20 at finite temperature with n 
 3 (which is finite
in 1þ 1 dimensions):

Ln�T
X
!m

Z 1

�1
dk

2	

M�ðK6 þQ6 1Þ
ðKþQ1Þ2þM2

� . . . � M�ðK6 þQ6 nÞ
ðKþQnÞ2þM2

;

(A4)

with K ¼ ð�!m; kÞ, !m ¼ ð2mþ 1Þ	T (m 2 Z), Qi ¼
ð��i; qiÞ, �i ¼ 2r	T (r 2 Z).

FIG. 20. A fermion loop with n 
 3 external legs correspond-
ing to the � field. The different momenta satisfy Qi ¼ Qi�1 þ
Pi, with Q0 � Qn � 0, and

P
n
i¼1 Pi ¼ 0.

12Of course these two quantities are not independent of each
other; conformal theories have zero bulk viscosity.
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We first perform the Matsubara sum using the result [39]

T
X
m

Fði!mÞ ¼
X

poleszi

nFðziÞResðF; ziÞ

�X
cuts

Z 1

�1
d�

2	i
nFð�ÞDiscðF; cutÞ: (A5)

The integrand in (A4) has poles at i!m ¼ �i�i � Ekþqi ,

and no cuts. Thus,13

Ln ¼
Z 1

�1
dk

2	

Xn
i¼1

X
s¼�1

nFðsEkþqiÞ
M� K6 s

ðiÞ
ð�sÞ2Ekþqi

� Yn
j¼1
j�i

M� ðK6 s
ðiÞ þQ6 jiÞ

ðKs
ðiÞ þQjiÞ2 þM2

; (A6)

where Qji � Qj �Qi, and Ks
ðiÞ � ðisEkþqi ; kþ qiÞ is on-

shell, i.e., ðKs
ðiÞÞ2 ¼ �M2. If we now make the change of

variables

li � kþ qi
Ekþqi �M

; (A7)

then the integrand in (A6) becomes rational:

Ln ¼ 1

2	

Xn
i¼1

�Z �1

�1
þ

Z 1

1

�
dli

X
s¼�1

nFðs ~EðiÞÞ
M� K6 s

ðiÞ
ð�sÞðl2i � 1Þ

� Yn
j¼1
j�i

M� ð~K6 s
ðiÞ þQ6 jiÞ

1
l2i�1

ði2Msqji;2 þQ2
jiÞðli � lþ;s

ji Þðli � l�;s
ji Þ ;

(A8)

where ~EðiÞ and ~Ks
ðiÞ mean making the substitution k �

kðli; qiÞ in Ekþqi and Ks
ðiÞ according to (A7), explicitly

~E ðiÞ ¼ M
l2i þ 1

l2i � 1
; ~Ks

ðiÞ ¼
M

l2i � 1
ðisðl2i þ 1Þ; 2liÞ;

(A9)

and l�;s
ji are the solutions of the equation

ðKs
ðiÞþQjiÞ2þM2

¼0, li¼
�2Mqji;1�jQ2

jij
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4M2=Q2

ji

q
i2sMqji;2þQ2

ji

� l�ji : (A10)

After partial fraction decomposition, we have14

Ln ¼ X
s¼�1

Xn
i¼1

�Z �1

�1
þ
Z 1

1

�
dlinF

�
sM

l2i þ 1

l2i � 1

�

� Xn
j¼1
j�i

� Âþ;s
ji

li � lþ;s
ji

þ Â�;s
ji

li � l�;s
ji

�
(A11)

� X
s¼�1

Xn
i¼1

�Z �1

�1
þ
Z 1

1

�
dlinF

�
sM

l2i þ1

l2i �1

�
Î sðli;QjiÞ;

(A12)

where obviously

Â�;s
ji � lim

l!l�;s
ji

ðl� l�;s
ji ÞÎ sðl; QjiÞ: (A13)

And explicitly,

Â�;s
ji ¼ 1

2	

1

ð�sÞðM� ~K6 s
ðij�ÞÞ

�
�Yn

k¼1
k�i;j

M�ð~K6 s
ðij�ÞþQ6 kiÞ

1
ðl�;s
ji Þ2�1

ði2sMqki;2þQ2
kiÞðl�;s

ji � lþ;s
ki Þðl�;s

ji � l�;s
ki Þ

�

� M�ð~K6 s
ðij�Þ ~K6 s

ðij�ÞþQ6 jiÞ
ði2sMqji;2þQ2

jiÞðl�;s
ji � l�;s

ji Þ ; (A14)

where ~Ks
ðij�Þ means making the substitution li � l�;s

ji in
~Ks
ðiÞ. From Eq. (A10) it is evident that the momentum

~Ks
ðij�Þ þQji is also on-shell. And using the relation (A3),

rotated to Euclidean space, we can rewrite this expression
as

Â�;s
ji ¼ 1

�4s	Q2
ji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2=Q2

ji

q uð ~Ks
ðij�ÞÞ �uð ~Ks

ðij�ÞÞ

� uð ~Ks
ðij�Þ þQjiÞ �uð ~Ks

ðij�Þ þQjiÞ

�
�Yn

k¼1
k�i;j

M� ð~K6 s
ðij�Þ þQ6 kiÞ

ð~K6 s
ðij�Þ þQkiÞ2 þM2

�

� T̂�;s
ji

�4s	Q2
ji

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2=Q2

ji

q : (A15)

Also note that the momenta ~Ks
ðij�Þ þQki, with k � i, j

instead, are not on-shell. Now, since ~Kðij�Þ and ~Kðij�Þ þ
Qji are both on-shell, this implies15

13In what follows I will be careless with Dirac indices, which
makes manipulating expressions easier. However, we must
somehow keep track of them so the final result has the right
matrix structure in Dirac space.
14The terms corresponding to the poles at li ¼ �1 give a zero
contribution to the integral (it can be easily seen from the fact
that the integral must finite), so we ignore them.

15Because then ð2 ~Ks
ðij�Þ þQjiÞ �Qji ¼ 0, and ð�2 ~Ks

ðji�Þ þ
QjiÞ �Qji ¼ 0. Thus, 2 ~Ks

ðijþÞ þQji ¼ �ð2 ~Ks
ðij�Þ þQjiÞ (in

two dimensions there are only two linearly independent vectors),

so � ¼ �1 [after looking at (A9) and (A10)], and therefore
~Ks
ðij�Þ ¼ � ~Ks

ðijþÞ �Qji. On the other hand, 2 ~Ks
ðijþÞ þQji ¼

�ð�2 ~Ks
ðji�Þ þQjiÞ, so � ¼ �1, and ~Ks

ðji�Þ ¼ ~Ks
ðijþÞ þQji.
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~K s
ðijþÞ þQji ¼ ~Ks

ðji�Þ: (A16)

Then, from (A15) and (A16) we get

T̂ þ;s
ji ¼ T̂�;s

ij � T̂s
ji: (A17)

Furthermore, from the property ~Kðij�Þ � ~Ks¼1
ðij�Þ ¼

� ~Ks¼�1
ji� , in a way analogous to the previous case it is

not difficult to obtain

T̂ s¼1
ji ¼ T̂s¼�1

ij � T̂ji: (A18)

Then, working out the integral in (A11) and using the
previous symmetry relations, after a tedious (although
straightforward) simplification, one arrives to the final
result

Ln ¼ Xn
i;j¼1
i�j

T̂ji

4	

�
1

�ðQ2
jiÞQ2

ji

ln

��ðQ2
jiÞ þ 1

�ðQ2
jiÞ � 1

�

� 2
Z 1

�1
dk

nFðEkÞ
Ek

Q2
ji þ 2kqji;1

ðQ2
ji þ 2kqji;1Þ2 þ 4E2

kq
2
ji;2

�
;

(A19)

with �ðQ2
jiÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4M2=Q2

ji

q
. The result of [45] is then

obtained by particularizing for T ¼ 0 and performing the
rotation to Minkowski space.

We can represent the result of (A19) diagrammatically
as in Fig. 21, with16

F ij � 1

4	�ðQ2
jiÞQ2

ji

ln

��ðQ2
jiÞ þ 1

�ðQ2
jiÞ � 1

�
�

Z 1

�1
dk

nFðEkÞ
2	Ek

� Q2
ji þ 2kqji;1

ðQ2
ji þ 2kqji;1Þ2 þ 4E2

kq
2
ji;2

: (A20)

APPENDIX B: SCATTERING AMPLITUDES

As we saw in Sec. IV, in 1þ 1 dimensions only 3 ! 3
and 2 $ 4 scattering amplitudes contribute to the bulk
viscosity at leading order in the 1=N expansion. Among
them, in the large-N limit, processes involving three differ-
ent flavors dominate because of an overall factor N3 ob-
tained after summing over all flavor types.

FIG. 21. Diagrammatic representation of the factorization of fermion loops in 1þ 1 dimensions into two tree graphs, as implied by
the result (A19). The momenta ~KðijþÞ and ~KðijþÞ þQji are on-shell.

16Note that the contraction of Dirac indices due to the trace in
the original loop diagram of Fig. 20 is apparently gone, but it is
actually there because the external momenta of the trees are
equal at both sides, and therefore

½ �uðqÞ ~AuðpÞ�½ �uðpÞ ~BuðqÞ� ¼ ½ �uaðqÞAabubðpÞ�½ �ucðpÞBcdudðqÞ�
¼ udðqÞ �uaðqÞAabubðpÞ �ucðpÞBcd

¼ TrfuðqÞ �uðqÞ ~AuðpÞ �uðpÞ ~Bg;
for any momenta p, q and any matrices ~A, ~B.
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By following the discussion in Sec. II A, we realize that
the diagram of Fig. 3(g), after being cut in all possibleways,
cancels the contribution from the diagrams 3(a)–3(f),
except for a term proportional to the integrability-breaking
parameter, i.e., m=MðTÞ. And this also happens in the case
of diagrams contributing to the 3 ! 3 amplitude, which are

of the same order as the 2 $ 4 ones and have the same
topology.
Consequently, the fermion-fermion inelastic and three-

fermion elastic scattering amplitudes are given by the sum
of the diagrams of Figs. 22 and 23, respectively, times the
integrability-breaking factor with a minus sign,

FIG. 22. Diagrams contributing to the inelastic process ff ! �ffff in the massive Gross-Neveu model. Here a, b, and c denote
arbitrary flavors. The diagrams corresponding to �ff ! �f �f ff are obtained inverting the fermionic flow (but not the momentum) in the
line which joins p1 and p3.

FIG. 23. Diagrams contributing to the elastic process fff ! fff in the massive Gross-Neveu model. Here a, b, and c denote
arbitrary flavors. The diagrams corresponding to �fff ! �fff are obtained inverting the fermionic flow (but not the momentum) in the
line which joins p1 and p4.
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iMff! �ffff ¼ �i
m

MðTÞ ½M
ðaÞ
ff! �ffff

þMðbÞ
ff! �ffff

þMðcÞ
ff! �ffff

þMðdÞ
ff! �ffff

þMðfÞ
ff! �ffff

�;
(B1)

iMfff!fff ¼ �i
m

MðTÞ ½M
ðaÞ
fff!fff þMðbÞ

fff!fff

þMðcÞ
fff!fff þMðdÞ

fff!fff þMðfÞ
fff!fff�;

(B2)

and similarly for the processes involving more
antifermions.17

For instance, the explicit contribution from the diagram
22(a) is

iMðaÞ
ff! �ffff

¼ �uðp3ÞSretF ðp3þp5þp6Þuðp1Þ �uðp4Þuðp2Þ
� �uðp5Þvðp6ÞDret

� ðp4�p2ÞDret
� ðp5þp6Þ;

(B3)

and analogously for the rest of the diagrams. We already
see from (B3), since Dret

� ¼ Oð1=NÞ, that the amplitude

squared is jMff! �ffffj2 ¼ Oð1=N4Þ (and the same for the

other amplitudes).
It is not difficult to realize that the momenta in the

argument of the retarded fermion propagators cannot be
on-shell, being each pi on-shell; therefore we can make the
substitution SretF � SFðp0; p1Þ ¼ 1=ðp6 �MÞ in our calcu-
lations without worrying about singularities. After sum-
ming all the amplitudes and squaring them, we can
simplify the expression using (A3), the property
D	

�;retðpÞ ¼ D�;retð�pÞ, and the relations for traces in

Dirac space

Tr fðp6 þMÞðq6 þMÞg ¼ 2ðM2 þ p � qÞ; (B4)

Tr fðp6 þMÞðk6 þMÞðq6 þMÞg
¼ 2M½M2 þ p � ðkþ qÞ þ k � q�; (B5)

Tr fðp6 þMÞðk6 þMÞðq6 þMÞðl6 þMÞg
¼ 2½M2ðM2 þ l � ðpþ kþ qÞ þ p � ðkþ qÞ þ k � qÞ

þ ðl � pÞðk � qÞ � ðl � kÞðp � qÞ þ ðl � qÞðp � kÞ�:
(B6)

Since the final expressions for the squared amplitudes after
simplification are still very long and do not explicitly
provide further significant information, I avoid writing
them down here.
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