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Anisotropic stress and stability in modified gravity models
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The existence of anisotropic stress of a purely geometrical origin seems to be a characteristic of higher
order gravity models, and has been suggested as a probe to test these models observationally, for example,
in weak lensing experiments. In this paper, we seek to find a class of higher order gravity models of
f(R, G) type that would give us a zero anisotropic stress and study the consequences for the viability of the
actual model. For the special case of a de Sitter background, we identify a subclass of models with the
desired property. We also find a direct link between anisotropic stress and the stability of the model as well
as the presence of extra degrees of freedom, which seems to be a general feature of higher order gravity
models. Particularly, setting the anisotropic stress equal to zero for a de Sitter background leads to a
singularity that makes it impossible to reach the de Sitter evolution.
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I. INTRODUCTION

Even though it is now well over ten years since super-
nova data [1,2] led to the general acceptance among
cosmologists that the expansion of the Universe is accel-
erating, there are no natural models that could explain this
phenomenon. The nature of the postulated dark energy
which is responsible for the accelerated expansion is still
a mystery [3-9]. This fact, as well as expectations from
candidates for the “theory of everything,”’, like string
theory, have led researchers to investigate models in which
general relativity (GR) itself is modified [10-18]. One
crucial question therefore is whether it is possible to dis-
tinguish between a dark energy “field”” or fluid on the one
hand, and an accelerated expansion due to a modification
of the theory of gravity on the other hand.

Although strictly speaking cosmological probes cannot
provide conclusive proof [19-21], there are certain signa-
tures that can point the way. One of them is the presence of
a significant anisotropic stress: canonical scalar fields do
not create additional anisotropic stress, while the modified-
gravity models like scalar-tensor theories, braneworld
models like the Dvali-Gabadadze-Porrati (DGP) model
[22] and f(R, G) type theories generically induce a large
effective anisotropic stress.

In this paper we investigate one specific class of models,
f(R, G) type modifications of GR, and ask the question
whether it is possible to construct viable models with a
vanishing, or arbitrarily small effective anisotropic stress.
Or in other words, is it possible to mimic “GR’ with these
models, at least up to first order in perturbation theory and
in the sense that the extra anisotropic stress is small
enough? Since f(R) models have many things in common
with scalar-tensor theories, we expect that our discussion is
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also relevant for those models, and as we discuss later, also
for DGP and other braneworld models.

We structure the paper as follows: The following section
serves to define our notation and introduces the main
equations. In Sec. IIT we discuss the notion of anisotropic
stress in general, and how this plays an important role in
modified gravity models and then we investigate the pos-
sibility of a vanishing anisotropic stress in the particular
cases of f(R) and f(G) models, before we look at the more
general f(R, G) case. In Sec. IV we identify and discuss the
link between anisotropic stress and stability in modified
gravity models in the context of both homogeneous and
inhomogeneous perturbations around de Sitter space. We
further derive the relevant stability conditions. We general-
ize the discussion to arbitrary backgrounds in Sec. V and
give some results for a matter-dominated evolution. In
Sec. VI, we apply the above to characteristic toy models,
and then discuss our conclusions. Some explicit intermedi-
ate calculations and formulas can be found in the
Appendices.

II. ACTION AND EQUATIONS OF MOTION

We are interested in the class of models described by the
action

5= [M d*x/ELf (R, G) + Lupaer) (1

where R and G are the Ricci and Gauss—Bonnet scalar,
respectively, M denotes the four-dimensional spacetime,
and L, 18 the Lagrangian for any matter fields or fluids
present. “f” is an analytic function and its form is
constrained by both classical and quantum stability re-
quirements as well as agreement with both large scale
and solar system data. (We will revisit this point in
Sec. IV.) In the following, we will work in natural units
where 877G = ¢ = 1, unless otherwise stated.
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The Gauss-Bonnet term, which is a topological invariant
in four dimensions, is defined as

G = R2 - 4R’U“VRMV + R#VK)‘R,U,VKA’ (2)

and belongs to the so-called Lovelock scalars [23], which
is the first term in a series of nonlinear corrections to the
Einstein-Hilbert term.

The class of models described by action (1) are a natural
generalization of the well-studied f(R) models [10-13].
The introduction of curvature scalars other than the Ricci
one has been physically motivated by the lower energy
limit of string theory [24], although care must be taken to
avoid generic instabilities (e.g. [25]). It is well known that
actions like (1) can be expressed in an equivalent way as
a scalar-tensor action in the so-called Jordan frame;
however, in this paper we will work in the original
representation.

Varying action (1) with respect to the metric g*”, and
using the Bianchi identities, we get the equations of motion
[26,27]

F(R,, — Yg,,R) = T&X + 7Y, (3)

where T,(fif) is an effective energy-momentum tensor of
geometrical origin (in contrast to the ordinary matter one)
and is defined as

TEM = —(VMVVF — g,,0F + 2RV V¢ — 2g,,ROE

—8R,“V,V, )¢ + R, & +4g, RV, V, &

4R,V VN g, VIR, G)), 4)
where we used the additional definitions'
_ . _f(RG)
F=fr= R 5)
_ _ If (R, G)
E=fo= eI (6)
V(R,G) = RF + £G — f(R, G). (7

Taking the limits ¢ — 0 and F' — 1 in (3), we recover the
f(R) and R + f(G) equations of motion, respectively.

We can formally recover a GR-like equation of motion
by moving additionally (F — 1)(R,,, —3g,,R) to the
right-hand side of Eq. (3) and adding this to Tff,t:f) to

form a total effective “dark energy” energy-momentum

tensor, T,(f,f,f’m‘al). We can then compute effective fluid

quantities, for example, the equation of state, pressure
perturbation and anisotropic stress, that a dark energy
needs to have to lead to the same cosmological observa-
tions as the original f(R, G) model. But strictly speaking,

"Here we follow the notation of [27].
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T}f,f,f“’“‘” although covariantly conserved, is not an energy-

momentum tensor in the usual sense, since it is a function
of the spacetime geometry and its first and second
derivatives.

In the following, we will be interested in homogeneous,
isotropic and flat cosmologies, described by the flat, four-
dimensional Friedmann-Robertson-Walker (FRW) metric

ds*> = —df* + a(t)’dx?, (8)

with a(7) the scale factor. In this background, the two key
quantities, R and G, can be expressed purely as a function
of the Hubble parameter H = H(¢) and its time derivative,

R(1) = 6(2H* + H), 9

G(t) = 24H*(H*> + H). (10)

The 7 — t component of the f(R, G) equations of motion
(3) gives a modified version of the usual Friedmann equa-
tion which reads as

1/1 . |
H? = —(_Tma0) — HF — 4H3¢ + 4/), 11

F (3 0 S (1)
with dots denoting differentiation with respect to cosmic
time . Notice that the above equation is of fourth order
with respect to the scale factor, in contrast to the usual
Friedmann equation.

III. THE EFFECTIVE ANISOTROPIC STRESS IN
HIGHER ORDER GRAVITY

Let us here introduce the notion of anisotropic stress in
gravity. As a starting point, we consider scalar perturba-
tions around a flat FRW background in the conformal
Newtonian gauge, where the metric is of the form”

ds®> = —(1 +2¢)d* + a(D*(1 = 2¢)dx?,  (12)

and the gravitational potentials ¢ = ¥(x,t) and
¢ = ¢(x, 1) are closely related to observations: light de-
flection is sourced by the lensing potential ¢ + ¢ and
nonrelativistic particle motion by ¢ alone.

The scalar anisotropic stress 11 is then defined as the
difference in the potentials

¢ — ¢ =11, 1), (13)

or the difference of the relevant potentials in some other
gauge. Equation (13) is called the anisotropy equation, and
can be found by calculating the ij (i # j) component of the
perturbed equations of motion around the FRW metric,

5Gij _ %g‘;aGKK — 5T(eff,total)ij _ %g;'_b‘T(eff,total)KK

= H(eff)ij’ (14)

>The general form of the perturbed line element is given in
Appendix B.
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from which one then extracts the scalar part as usual to get
¢ — g =TI, (15)

We emphasize that this is the anisotropic stress one would
infer by assuming GR to hold, not only the anisotropic
stress from the matter fields. Indeed, here we are precisely
interested in the contribution to ¢ — ¢ due to a modifica-
tion of gravity. While relativistic particles do induce an
anisotropic stress, it is small at late times and we will

neglect the contribution of T;(f,l,a“er) in Eq. 3) to ¢ — ¢.
Notice that because of the nature of 7fi ; in modified

gravity theories, the right-hand side (r.h.s.) of above equa-
tion will in principle have a spacetime dependence, i.e. it
will be a function of ¢, ¢ as well as their first and second
derivatives with respect to time (in Fourier space), in
contrast to GR, where the r.h.s. is just a function of the
matter content. The usefulness of (15) is that it has a
GR-like left-hand side (L.h.s.), allowing to compute pre-
dictions for cosmological observations as usual, while all
the extra contributions are moved to the r.h.s. and inter-
preted as a “modified gravity energy-momentum tensor.”

In particular, for GR (and neglecting any relativistic
species) we have 1) = 0 and therefore ¢ = ¢ at all
times. Therefore, the inequality of the Newtonian poten-
tials is a “‘signature” of departures from GR on large scales
[19]. The ratio ¢/, or variables derived from it, like
n(t k) = % — 1, can be extracted observationally by com-

bining weak lensing experiments with e.g. galaxy surveys
or redshift space distortions, making cosmological obser-
vations a powerful test of GR [28]. Current limits are rather
weak, with deviations of order unity from n = 0 still
allowed, but future probes will measure the ratio /¢
with an accuracy of a few percent (e.g. [29-33]).

In this paper, we raise and investigate the following
question: Can we construct a viable modified gravity
model with ¢/¢ = 1, or in other words, is ¢ # ¢ an
unavoidable consequence of modifying gravity to explain
the dark energy? We will try to answer this question step by
step, by investigating the anisotropy equations of f(R),
R + f(G) as well as of the more general f(R, G) gravity
models.

The equations for general spaces tend to be complex and
in general do not admit simple solutions. For this reason in
this paper we will first focus on the case of a de Sitter
background. On the one hand, solutions that explain the
observed accelerated expansion usually tend towards a
de Sitter fixed point, and also the observed background
expansion requires no deviation from p = —p for the
inferred dark energy component. On the other hand, the
equations simplify significantly in this limit, which allows
us to give explicit solutions that we can then discuss in
detail. We comment on the behavior for other backgrounds
in Sec. V, but leave a fully general study for future work.
We nonetheless expect our conclusions to be quite generic
for models that try to explain the dark energy.
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A. The anisotropic stress in f(R) models

Let us begin with the special case of f(R) gravity,
described by the action

5= [ d*xJ"2f(R), (16)
M

which corresponds to the limit of & — O of the general
f(R, G) models. It is well known that these models are
characterized by an extra, dynamical scalar degree of free-
dom F, which is proportional to the first derivative of f(R),
F = fr(R) = f(R). This can be explicitly seen by taking
the trace of the corresponding equations of motion and
arriving at a Klein—Gordon type equation for F. However,
unless the theory is written in the so-called Jordan frame,
the latter degree of freedom is still of geometrical origin.
The expression for the anisotropic stress for the general
case of f(R, G) gravity is given in Eq. (24). For f(R)
gravity, in the Newtonian gauge, it takes the form

OF

— (eff)
7o e

b— = (17)
which holds for any spacetime, not just de Sitter.

Since 8F = frgr(R)OR, the stress contribution is pro-
portional to the derivative of the extra scalar degree of
freedom with respect to R, that is, it depends on the
evolution of the scalar F = f/(R). Seeking a form for the
function f(R) that would make I1*™ vanish at all times
corresponds to solving the equation frr = 0 with a general
solution f(R) = R + A, i.e. of all f(R) models it is pre-
cisely GR that satisfies this equation. In other words, the
requirement of zero anisotropic stress in f(R) theories is
equivalent to suppressing the extra degree of freedom of
the theory, leading to the GR limit. (In the parametrized
post-Friedmannian framework of Ref. [21], frr — O cor-
responds to B — 0, B being a parameter introduced to
quantify the modification from GR.)

Although it is not possible to make IT¢™ exactly zero at
all times without reverting back to GR, one can try to make
it sufficiently small for a given cosmological period, by an
appropriate choice of the model parameters. This corre-
sponds to setting frp sufficiently small for some particular
initial conditions and ensuring that it stays small, by an
appropriate choice of model. This has been done, for
example, in Ref. [34]. The price one pays is a rapid
oscillatory behavior for both the gravitational potentials
and the curvature perturbation. What is more, the ampli-
tude of the latter can grow arbitrarily asfrz — 0. We will
come back to this later, when we will study the relevant
stability conditions and will see that this is a general
feature of f(R, G) and other modified gravity models: the
existence of anisotropic stress is related to the extra scalar
degree of freedom of these models, and an attempt to
suppress it causes unstable behavior. In the f(R) case,
suppression of the extra scalar corresponds to frr — 0.
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As can be seen from Eq. (17), another way to force

Hggff) = 0 would be to impose the condition 6R = 0.
The crucial difference between 6R = 0 and frr =0, is
that the latter is a background requirement, i.e. a require-
ment on the particular form of the f(R) action. On the other
hand, the condition R = 0 imposes a dynamical condition
on the potentials ¢, ¢ and their first and second time
derivatives. If we also take into account that in that case
the Lh.s. implies ¢ = ¢, we find the equation

" . ,(H? k>

¢ +5H¢ + 3H (H + T + 2)(/) 0, (18)
which not only in general is unstable, but also fixes the
perturbation evolution needed to keep 6R = 0, which is in
general incompatible with the desired evolution of the
universe, e.g. structure formation. In other words, the
requirement 6R = 0 imposes an evolution that in general
we do not want. For this reason, what we seek in this paper
is a condition of the first kind, i.e. a condition on model
space rather than on the evolution of the perturbations.

B. The anisotropic stress in f(G) models

Since f(R) models do not allow for a vanishing aniso-
tropic stress, we will instead look at the other limiting case
of f(R, G) models, namely, those described by the action

= 4x /= .
s= [ dx=aR+ 1G] (19)

These models posses an instability in the presence of a
matter fluid, irrespective of the form of the function f(G)
[35], which rules them out as realistic scenarios, but here
we just want to see whether it is possible to construct f(G)
models that contribute no additional effective anisotropic
stress.

The first term in the action does not contribute any extra
anisotropic stress. In an FRW background, these models
posses an extra scalar degree of freedom, proportional to
¢ = f5(G) = f'(G). The anisotropy equation in a general
spacetime in this case reads as

¢ — o =D =4néy —aép + 4(H* + H)S¢,
(20)

with 6¢ = f;60G. For a de Sitter background, the equa-
tion simplifies to ¢ — = 4H3 f;50G. One possibility to
have no anisotropic stress is to set fg; = 0 at all times,
leading to the model f(G) = G + A. In four dimensions G
is a topological invariant [23], i.e. it is a total derivative and
so it has no contribution to the equations of motion, and we
are left only with R + A for the relevant gravitational
Lagrangian, which is equivalent to GR. Alternatively we
require 6G = 0 which suffers from the same problems as
6R =0 and does not allow in general for a sensible
evolution of the perturbations.

PHYSICAL REVIEW D 83, 064042 (2011)

For a general background, the similarity to the case of
f(R) is spoiled by the first two terms in the anisotropy
equation. In general, the condition on the evolution of ¢
and ¢ imposed by those terms will again be difficult to
enforce as a function of time. On the other hand, if the
background quantities vary only slowly, £, & = 0, then the
anisotropy equation can be simplified as’

¢ — ¢ =TV = —4(1 + 3we)8¢, Q1)
where we used the relation

v 3

= =50 ) (22)
with wey = p/p being the effective equation of state
parameter for the background evolution. Now, the situation
is again similar to the one encountered for f(R): one has
either to require either fo = 0, G = 0, or we = —1/3.
As discussed above, the first condition leads to GR (in
which case automatically &= ¢ =0 at all times), while
the second does not allow for an acceptable evolution of
the perturbations. The third condition, which corresponds
to the evolution of a universe dominated by curvature, is
also not very relevant given current observational results in
cosmology.

C. The anisotropic stress in f(R, G) models

We saw in the previous sections that the vanishing of the
anisotropic stress in f(R) and f(G) models corresponds to
either trivial or unphysical situations. We now turn to study
the more general case of f(R, G) models. Here, the func-
tion f(R, G) has two contributions, coming from the R and
G part, respectively, and the anisotropy equation reads as

b — = %[BF +4HEY — AP + 4(H? + H)SE].
(23)

Unlike the f(R) case, where we simply had to demand that
frr(R) = 0, the nature of the anisotropy equation here
does again not allow us to write down an explicit condition
for the function f(R, G) that would give a zero anisotropic
stress contribution in a general spacetime: as in f(G)
models, we find extra factors of ¢, ¢ and their time
derivatives. The only case for which we can find a simple
condition is for the de Sitter spacetime, and therefore we
shall restrict ourselves in this case for the time being.
Furthermore, for models that try to explain the dark energy,
it is at late times that we expect modifications of gravity to
become important, and that deviations from GR should
appear in observations. For such a late-time accelerating

*We obtain effectively the same condition on scales that are
well inside the horizon, k >> aH, as 6§ is in general boosted by
factors of (k/(aH))? relative to ¢ and .

064042-4



ANISOTROPIC STRESS AND STABILITY IN MODIFIED ...

epoch, a de Sitter spacetime is expected to provide a
reasonable approximation.
The anisotropy equation in de Sitter space reads as

1
¢ = = [6F +4Hzog] = g™ + TR = 110,
(24

where, as before, we have defined the contribution coming
from the R and G part of the action, respectively, as
. OF - )
™ = ~ and e = 442 Ff (25)
Notice that this case is just the sum of the corresponding
limiting cases of f(R) and R + f(G) gravity, respectively,
although now either term depends on both R and G.

‘We now ask the same question as before: Is it possible in
this case to find a class of f(R, G) models that give a zero
anisotropic stress Hgf) = 0, having at the same time a
sensible evolution of the perturbations? By inspection of
(25) one can see that in order for the total scalar anisotropic

stress to be zero, we require that at all times

e = —qriefd, (26)

In other words, we require that the particular anisotropic
stress contributions have equal magnitude and opposite
sign at all times, or at least for the cosmological era of
interest.

We can rewrite condition (26) using the relations

8F = Fr(R, G)6R + F;(R, G)SG, 27
8¢ = éx(R G)SR + £4(R, G)SG. (28)

In de Sitter space we have additionally
G = 4H}R, (29)

which implies that §G = 4H28R. Using the last relation
together with (27) and (28) (and so limiting ourselves to
de Sitter backgrounds) condition (26) becomes

(frr + 4Hjfre + 4HgfGr + 16H;f66)8R = 0. (30)

If f(R, G) is an analytic function, we have fz; = fgr, and
requiring that the above equation is valid for any variation
SR (see the discussion on f(R) in Sec. IIT A) we arrive at

fRR + 8H(%fRG + 16HngG = 0. (31)

The above equation is a second order partial differential
equation with constant coefficients, for the class of func-
tions f = f(R, G) that give a vanishing anisotropic stress
in de Sitter space. Its general solution is

(R, G) = f1(Q) + Rf2(Q),

with O = R — G/(4H3), and f,, f, arbitrary but analytic
functions of (). Models with vanishing anisotropic stress in

(32)
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de Sitter space need to be of this form locally near the
de Sitter point.

We specify the function f(R, G) in the action, which is
agnostic of quantities like H,. For this reason it is prefer-
able to consider a more general class of models with

0= (k- G)
M

with M a parameter with mass dimensions, so that
I1¢M — 0 corresponds to the special case of a model
with a de Sitter expansion rate of H, = M /2. As we will
also discuss later on, the mass parameter M controls which
of the two contributions in f(R, G) dominates.

Assuming that the de Sitter point exists and is stable, we
see that it is in principle possible to find a nontrivial class of
f(R, G) models that give exactly zero anisotropic stress in
de Sitter space at all times, by selecting a model in the class
(32). However, as we will see by studying the stability of
de Sitter space below, the case M — 2H|, corresponds to a
singularity for the actual model, and therefore the model
cannot be viable. Furthermore, we will see that the aniso-
tropic stress cannot become arbitrarily small, since this will
cause unstable behavior for the curvature perturbations.

(33)

IV. ANISOTROPIC STRESS AND STABILITY FOR A
DE SITTER BACKGROUND

There are different stability criteria that a gravitational
theory aiming to describe the late-time acceleration should
satisfy, each leading to a different condition for the form of
the function f(R, G). At the background level, a viable
model should give rise to sufficiently long radiation and
matter eras, as well as a transition to a stable de Sitter era
[36-38]. Furthermore, avoidance of singularities and of
rapid collapse of perturbations (positivity of the sound
speed) as well as agreement with local gravity constraints
should be ensured [39-41]. Of great importance is also the
absence of ghost -like degrees of freedom [42—44]. For the
class of f(R, G) models in a de Sitter background the latter
requirement translates into f(R, G) > 0.

Modified gravity models of the type f(R) or R + f(G)
suffer from a curvature singularity at very early times of
the cosmological evolution [45-49].* The latter singular
behavior can lead to oscillations of the scalar degree of
freedom with infinite amplitude and frequency. As ex-
plained in Ref. [47], the singularity lies at a finite field
value and energy level and therefore is easily accessible.
We will see in the following that this singularity is a feature
of f(R, G) models as well.

In this paper we are interested in the classical stability,
and particularly its connection to the effective anisotropic

“Other types of singularities in the context of modified gravity
have been earlier observed in Ref. [50]. For a discussion on
various type of singularities in the same context see, for ex-
ample, Ref. [51] and references therein.
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stress. As we will show and discuss below, the attempt of
turning off or making sufficiently small the effective an-
isotropic stress for a de Sitter background leads to serious
stability problems that question the actual viability of
models with vanishing TT¢,

A. Existence of a de Sitter point

Since we will specifically study the behavior near the
de Sitter point, it is necessary that this solution exists for
the models of interest. De Sitter space is a vacuum, maxi-
mally symmetric space described by the conditions

R=G=F=§¢=0.
(34)
Furthermore, in maximally symmetric spaces any curva-

ture invariant can be expressed as a function of the Ricci
scalar, and particularly for the Gauss-Bonnet term we get

RZ
G=—. 35
G (35)
We can derive the condition for the existence of the
de Sitter point by taking the trace of the equations of
motion (3) and using relations (34) and (35), to arrive at

F(R)R + 2G(R)é(R) — 2f(R) = 0, (36)

H = H, = constant > 0,

where everything is assumed to be expressed in terms of
the Ricci scalar and evaluated on de Sitter space. The cases
& = 0and F = 1, give the relevant conditions for f(R) and
R + f(G) gravity, respectively. Solving the algebraic equa-
tion given above, we get the de Sitter point solution, which
in general is not unique. Minkowski space corresponds to
the special case of Ry = Hy = 0.

For the models of the type (32), we find with the help of
Eq. (36) that the de Sitter point is given by solutions of the
equation

fi(w) +ufr(u) =0 (37

and R = 2u. The next step in our analysis will be the study
of the stability of de Sitter space at both homogeneous and
inhomogeneous level.

B. Homogeneous perturbations

Now we turn to study the stability of the de Sitter
solution, first with respect to homogeneous (background)
perturbations. As we will see, there is a strong link between
effective anisotropic stress and stability in modified gravity
models.

Let us consider the + — ¢ component of the Friedmann
equation (3) and perturb it linearly around the de Sitter
solution H = H,

H(t) = Hy + 8H(1). (38)

Under perturbation (38) the perturbed function f(R, G)
reads as

PHYSICAL REVIEW D 83, 064042 (2011)

and similar expressions hold for the other quantities of
interest. The explicit formulas and calculations for any
space can be found in Appendix A.

Now, evaluating relations (A13)—(A15) and using con-
ditions (34), we can write the linearized perturbed modified
Friedmann equation (11) in the form

C,8H + Cy8H + C36H = 0, (40)

with the constants Cy, C, and C; defined in Appendix A.
There is no constant term since we know that de Sitter,
6H = 0, is a solution. This equation then admits an ex-
ponential solution of the form

SH=A,e" " +A_ e ! 41)
with
N 3 9 F
and

w = Fp + 8H3(F; + 2H}Eq), (43)

where we dropped the subscript “0” from Fp, etc. for
simplicity.

From solution (42), we can read off the condition for
de Sitter space stability with respect to homogeneous
perturbations:

F
3[Fg + 4H3(2F; + 4H3E6)]

—4H2=0.  (44)

The latter condition ensures that the de Sitter point is an
attractor for the particular f(R, G) model under study,
which is important for the viability of a cosmological
model of gravity. The limit £ — 0 in (44) gives the corre-
sponding condition for f(R) gravity, that has been derived
before in Ref. [52],

£ 4H? =0 (45)
3Fp o=

while when F — 1 we get a similar condition for the
R + f(G) models also derived in Ref. [48]

1

e —4H2 20 46
BH oo o (46)

The stability condition (44) is general, but now we can
check what it tells us for the class of models that give a zero
anisotropic stress, described by Eq. (33) as M> — 4H3. We
can see that in this case necessarily w — 0, and so the
eigenvalues (42) tend to infinity.” In particular, when  is

3Since the no-ghost condition requires that ' > 0, the question
whether the background solution moves towards or away from
de Sitter depends on whether @ — 0" or @ — 0™
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exactly zero, which corresponds to the case of a vanishing
anisotropic stress, it is not possible to reach the de Sitter
state without triggering a singularity in the model: the
quantity C; = 18Hw in Eq. (40) goes to zero as we
approach de Sitter, together with C, — 0 (see
Appendix A). In general §H ~ (C5/C,)8H — oo which
requires 6H to diverge in order to satisfy the evolution
equation, except possibly for a lower dimensional and thus
infinitely fine-tuned set of trajectories in specific models.
We will show and discuss this explicitly in Sec. VI con-
sidering examples for particular f(R, G) models.

Additionally, if the effective anisotropic stress is not
exactly zero, but very small, then the rapid background
oscillations lead to potentially large time derivatives of
O0H, which makes the linear analysis unreliable, i.e. the
evolution becomes nonlinear. We give an explicit example
in Sec. VIA.

Similarly, in the f(R) and R + f(G) cases, where the
zero anisotropic stress condition was that fzz(R) = 0 and
fec(G) = 0, respectively, conditions (45) and (46), give
the obvious result that one gets infinities when trying to
suppress the extra degree of freedom. The difference with
the more general f(R, G) models is that the singularity
appears for a finite value of the mass parameter M of the
model, while in f(R) and R + f(G) the same happens for
rather trivial cases. We conclude therefore that a f(R, G)
type model that has no anisotropic stress in a de Sitter
background cannot dynamically reach this background
solution.

C. Inhomogeneous perturbations

In this subsection we will study the behavior of inho-
mogeneous perturbations in de Sitter space and we will
first show that the stability condition coincides with the
stability condition derived in Sec. IV B on homogeneous
perturbations. This was found to be true for f(R) models in
Ref. [52] and in general is not true for scalar-tensor models.
We will then make the relation between anisotropic stress
and stability clear by studying the evolution of the pertur-
bations. The full set of perturbation equations together with
some useful relations can be found in the Appendix B.

We follow [27] and choose the gauge invariant expres-
sion

P

1
E[SF + 4H35¢] (47)
for the gravitational potential, as it reduces to ¢ in the
Newtonian gauge and remains well defined for a de Sitter
background. For that background, we find that the potential
is just given by

_ (fre + 8HifrG + 16H;f6)OR
2F ’

where we used the fact that fr; = fsr and that in de Sitter
space we have §G = 4H?SR. From condition (30) we see

@ (48)
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that in de Sitter space and for models that have no aniso-
tropic stress, @ is necessarily zero. However, let us assume
that we are not exactly in this limit. Then by substituting
the expression of 6R in terms of the gauge invariant @,
relation (B11), we arrive at the evolution equation,

. . K2
® +3H,d + (—2 + mgff)CD =0, (49)
a
with
F
mgff = % - 4H8, (50)

with w as defined in (43), and a(z) o« exp(Hyt). m2 is the
effective mass of the Klein-Gordon type equation for the
scalar perturbation in de Sitter space, and has a purely
geometrical origin. Equation (49) reduces to that of
f(R) and R + f(G) for the limits of £ — 0 and F — 1,
respectively.

As k— 0, the requirement for superhorizon stability
dictates that the effective mass is positive,

m2g >0, (51)

which leads to the same stability condition as derived
before with the homogeneous analysis, Eq. (44).
Therefore, the two stability criteria, with respect to homo-
geneous and inhomogeneous perturbations, respectively,
lead to the same conditions, as it is the case for f(R) gravity
as well [52].

Turning back to the effective anisotropic stress, we can
see that considering again the class of models found in (32)

and requiring M — 2H, (Higtff) — 0), will make the de-

nominator of (50) go to zero so that

. . F
= - r) ==

(52)

depending on the sign of w as it approaches zero. In the
case of positive infinity the stability condition is not vio-
lated, while the minus infinity will obviously violate the
stability condition, as it would make the square of the
effective mass negative (tachyonic).

The effective mass going to infinity means that the scalar
degree of freedom becomes frozen and so it is effectively
suppressed. This is also the case in the special cases of f(R)
and R + f(G) gravity, as can be seen by inspection of
Egs. (45) and (46) for frr — O and f;5 — O, respectively.
However, here the singularity appears in a nontrivial way,
i.e. for a critical value of the mass parameter M where the
two different contributions, i.e. the R and the G contribu-
tion in (26) balance each other. By consequence, in f(R, G)
type models, the anisotropic stress is related to the extra
scalar degree of freedom of the theory. As the same hap-
pens in scalar-tensor models (e.g. Eq. (43) of [28]), and
also in DGP where the absence of anisotropic stress re-
quires the crossover scale to diverge, r, — o0, which ef-
fectively restores GR, we conjecture that this is a quite
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general feature of modified gravity models. In addition, in
the f(R, G) case, turning the anisotropic stress off (or
trying to make it sufficiently small) has a direct impact
on the stability and time evolution of the model.

To see what happens when the mass diverges, it is
possible to study the solution of the evolution Eq. (48)
using a WKB approximation. We discuss the procedure in
more detail in Appendix C, where we show that the solu-
tion in this regime, and for a sufficiently large effective
mass e, 1S approximately given by

3
(I)(t) =~ ZCi exp[— EH()I =+ imefft], (53)

with C. constants and H, > 0. From the above solution it
can be seen that the frequency of the oscillations is pro-
portional to m.. Suppressing the anisotropic stress leads
to a very large effective mass and thus to a very rapid
oscillation of ®. Although we have shown this here only
for the de Sitter limit, we expect that the result is more
general, and similar oscillations have been seen, for ex-
ample, in Ref. [34] during matter domination for numeri-
cally reconstructed f(R) models which mimic GR at early
times.

From relation (50) it can be seen that a sufficiently large
effective mass corresponds to a sufficiently small aniso-
tropic stress. However, the curvature perturbation 6R (or
5G) has an amplitude that is o mZ2,

SR(1) = 6(m2y + 4H2)D(7) (54)

and as m%; > 1 one can get very large curvature pertur-
bations. The latter behavior, occurring while we try to
suppress the effective anisotropic stress (unless the initial
conditions are tuned appropriately), is very similar to the
one caused by the singularity found in Starobinsky’s
“disappearing cosmological constant” model,
Refs. [45,47]. In that case, the singularity appeared in the
high curvature limit of the particular model, while in our
case it appears in the model space of different f(R, G)
models, respectively. The latter oscillatory behavior en-
dangers the stability of the actual model as has been
pointed out in Refs. [45,47], and for an explicit discussion
on the subject the reader is referred to Refs. [45,47].

Another interesting aspect of the models of the type
f(Q) concerns the sound speed. The propagation speed
in de Sitter space equals the speed of light (cZ = 1).
However, using the formula derived in [27] we find that
the sound speed in a general background is given by

8 1+ (IL) H (55)

=1t = —
“ 4H? — M? v B

where y = 4%22 is a dimensionless parameter (constant in a
de Sitter background). y >> 1 implies that the Ricci scalar

part of the f(R, G) contribution to the anisotropic stress
dominates, while for y << 1 the Gauss-Bonnet part is
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larger. y = 1 corresponds to the case where the two con-
tributions in f(R, G) models become equal and cancel.

We can calculate H from the equations of motion, and
for this particular class of models we get

g (L= nwé—d

8H*(F + 4H¢E) ' 0

which can then be substituted in (55). However, consider-
ing an expansion characterized by an effective weg,
Eq. (22), the sound speed takes the form

30+ werr)

11—y
Assuming a background with w.; # —1, we immediately
see that as y — 1, ¢ — oo. The sound speed becomes
negative for y <1 (Gauss-Bonnet part dominates) and
positive for y > 1 (Ricci scalar part dominates), respec-
tively. The value y = 1, which corresponds to the effective
anisotropic stress becoming zero is the critical value where
the sound speed diverges and changes sign. In other words,
if one wishes to enforce ¢, = 1 then one has to ensure that
the model lies sufficiently far from the regime where
the two contributions balance (see e.g. [53,54] for a dis-
cussion on possible issues of superluminal propagation of
perturbations).

c?zl—

(57)

V. GENERAL AND MATTER-DOMINATED
BACKGROUND

In this section we extend the analysis to a general
background evolution, and then consider specifically the
important case of matter domination. In general we have to
consider Eq. (23). In this equation, §F and 6§ are func-
tions of 6R and &G through Egs. (27) and (28). These in
turn can be expressed in terms of the metric perturbations,
¢ and ¢, see e.g. [55]. In the small-scale limit, k > aH,
we find that ¢ = i implies

fre + 16(H? + H)(H? +2H) f g6 +4(2H* + 3H) f p = 0.
(58)

In order to retransform this condition into one involving
only R and G, we can eliminate H and H with the help of
Egs. (9) and (10),

H? = LR +VR2 - 6G), (59)
H=—-WR - 6G. (60)

Using this prescription we find for the general no
anisotropic-stress condition

0= fre + %(—9G + 2R(R —-VR? — 6G>> feo
+2(R — 2VR? = 6G)fzc- 61
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While it is difficult to find general solutions, we can
instead study the case for a background evolving with a
given weg, as defined in (22). We notice that in this case
Eq. (58) can be written as

0= frr — 2H*(5 + Ywerr) fre
+ 8H*(2 + wegr(1 + wegr)) fo6- (62)

For wey = —1 (de Sitter expansion) we recover Eq. (31),
while for w. = 0 (matter-dominated expansion) we find

Jrr — 10H? frg + 16H*fg = 0. (63)

The Hubble parameter in the latter equation can be elim-
inated in favor of R and G using Eqgs. (9) and (10) evaluated
for a matter background,

R = 3H?, G = —12H%, G = —3R%. (64

We now try to construct an explicit example for a model
that has no anisotropic stress during matter domination.
For this purpose, we make an ansatz

f(R,G) =R + G"B(R). (65)

Here we take B as an a priori general function of R.
Inserting this model into Eq. (63) and using (64) we can
re-express the condition in terms of R only. We find that 8
needs to satisfy the following differential equation:

2n(n — 1)B + 5nRB' + 2R?B" = 0. (66)

This equation has solution,

B(R) = cR™, with

myy =12 =51 =4+ n0On —4)), (67)

and the general solution is of the form

f(R,G) = R + ¢,G"R™ + ¢,G"R™, (68)

clearly a power-law

where m; = m;(n) is given by the equations for m; and m,
above.

A successful model with zero anisotropic stress should
at the same time satisfy the Friedmann equation as well.
During matter domination we can write the latter as

0= Rfrg —2G*fg6 + RGfrg — tRfr
+ %GfG 6f + = pOR (69)

Here we chose R and G so as to correspond to the partial
derivatives, since the choice is not unique. The final term is
due to p,,(t) = t~2 o= R. Inserting a model of the form (68)
but for a general exponent m, we find the condition

—6m>+m(7—6n)+m—1>12n—-1)=0. (70)

A model of this form that satisfies simultaneously (67) and
(70) allows for a matter-dominated evolution and contrib-
utes no anisotropic stress during that period. This is the
case for
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= &(11 = V41),

where one needs to use either both positive or both negative
signs. An additional solution is givenby m = O and n = 1,
which is just GR.

Therefore, there is at least one model in the context
of f(R, G) gravity that is able to give a zero effective
anisotropic stress, in the subhorizon limit of a matter
background.

Let us now turn attention to homogeneous perturbations
around the matter point, keeping the function f(R, G) in its
general form for the start. In Appendix A we calculate the
evolution of homogeneous perturbations for a general ex-
pansion a(z) « P. For the matter case we get for p = 2/3

= 4561 = 11V41), (71

.. @ 9H\_. op
6H +|—+ —)6H + m%,.6H = n 72
(w 2 ) et 18Hw (72)
with the effective mass defined as
F F
mi = — = ) (73)

3w 3[FR + 4H2(2FG + 4H2§G)]

Equation (72) can be solved approximately at the WKB
regime using an iterative approach [45,46],

SH = 8H(osc) + 5H(ind)- (74)

O0H ) is the solution describing oscillations of the scalar
degree of freedom, obtained setting 6p,, = 0. 6 H jpq) de-
notes the matter induced part, which is obtained by turning
off all the derivatives on the Lh.s. of Eq. (72). We assume
that |6 H os0)| << 8H 3, so that the deviations from GR are
sufficiently small.

Stability in this case requires, apart from the no—ghost
condition F > 0, that the effective mass is positive,

m2; > 0. (75)

Let us turn attention to the oscillatory part of the solution
(74). It can be obtained using the WKB approximation, by
assuming the solution is a slowly varying quantity in time,

8H(pse) = Ae, (76)

with 6 < 1. Plugging above ansatz into (72), and after
some algebra, we find that

L [t 9 10}
SHio ~ S exp| -2 [ ar —H—I——)]
o = Beon| =5 [ar(GH
t
XCXp[iZ[ dt’meff:l, (77)
with A+ constants. Using the fact that H = H,,(t) =

2/(3t), and performing the integration in the first exponen-
tial we arrive at

oH (osc)

=3 o] = [aima ] a9
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The second integration can be performed after choosing
a particular model. From (78) one can see that the ampli-
tude of the oscillating solution grows as one goes back-
wards in time, which is exactly the behavior pointed out for
f(R) models in Refs. [45-47], and was due to a curvature
singularity as explained in Ref. [47]. Therefore, f(R, G)
models suffer from the same problem too.

For the model giving a zero effective anisotropic stress
during matter domination, see relations (68) and (71), one
can check that both @ and m2; become complex, which is
unphysical. What is more, the latter fact renders the analy-
sis of homogeneous stability for this model impossible, or
at least highly nontrivial. One could possible seek to find a
model without this peculiarity, however we shall leave this
for future work.

We notice that the models of type (32) that have no
anisotropic stress during a de Sitter phase with specific
expansion rate Hy, = M /2 will pass through v = 0 and
thus me — o0 in any background if the expansion rate
H(t) crosses this critical value M /2.

A different, general way to decrease the anisotropic
stress is to move close to GR by decreasing the deviations
from the extra f(R, G) contributions, which effectively
implies

Sres fre» foo K< 1. (79)

In this case, we also make w small while F — 1. Again this
will lead to rapid oscillations, and we suspect that this is
the reason for those seen in [34]. Once the genie of extra
degrees of freedom is out of the bottle, it is difficult to push
it back in without further complications.

VI. TOY MODELS

In this section we will study the de Sitter behavior for
some characteristic cases of the class of models found in
(32). For the sake of generality we will consider

G
Q=R+6W, (80)

with € = *1. The particular class of models with a vanish-
ing of the anisotropic stress, found in (32), correspond to
€e— —1and M — 2H,.

First note that, for the class of models (32), it is possible
to parametrize both the de Sitter existence and stability
conditions in terms of the parameter vy, which controls the
different regimes of the model. For simplicity and illus-
tration let us assume that f, = 0. Then, the de Sitter con-
dition (36) becomes

Y+ e . .
(55 )00 -0 =0, @
with fQ = fQ(Q()), and
Qo= 6H§(27; 6). (82)
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Furthermore, for the de Sitter stability condition (51)
we get

<7 1 6)21{;; = 2(27/1 6)90' (83)

We will assume that )y >0, v > 0 and real. The limits
v — o0 and y — 0 correspond to the pure f(R) and f(G)
regimes, respectively.

In principle, we will assume that through (81) we can
express () in terms of y and the other possible parameters
of the model as Q, = Q(y, ¢;), and then use (83) to get a
constraining condition.

A f(Q)=Q +QIn(Q/c3?)

Here, c is a positive constant of mass dimensions. This
model is able to reproduce a late-time acceleration, since at
late times () < 1, and the logarithmic term will dominate.
In four dimensions the linear term () is essentially equiva-
lent to the Ricci scalar R since the Gauss-Bonnet term does
not contribute to the equations of motion. The absence of a
Minkowski solution makes this model rather unrealistic.

A nontrivial de Sitter solution can be found using (36)

0y = e, (84)

and the Hubble parameter is then trivially given by (82).
The stability condition (83) yields

2 _
2y -1 (85)
2y + €

For both branches, € = *1, de Sitter space is stable when
y>+2/2.

To illustrate the singularity when trying to reach
de Sitter, we set y = 1 and for simplicity ¢ = v/6e so
that the de Sitter solution is given by Hy = 1. Expanding
the equation of motion in 6 H we find to first order,

2(1 +2(6H)*)8H + O((6H)?) = 0. (86)

Only in the second order term a contribution SH(SH)?
appears. We notice that it is not possible to solve the first
term for real 8H, so that necessarily 6H o 1/8H will
diverge when we try to dynamically reach de Sitter. The
only exception is 6 H = 0, i.e. the solution that is always
de Sitter.

If we are looking at a model that is close to the critical
case but has not quite zero anisotropic stress, y = 1 + ¢,
then the stability analysis indicates that model is stable as
long as € > —0.29, and indeed numerically we observe
rapid oscillations of 6H around de Sitter for most cases.
For very small & we can get an idea of the model behavior
by first solving the equation of motion for §H and then
linearizing the full equation with respect to 6 H, under the
assumption that we will look at the evolution close to
de Sitter. We can then expand the resulting equation in &,
which to lowest order in & and for ¢ = /6e results in
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6H = %6H(2(6H)2 - 1). (87)
We see that the second time derivative of §H will become
very large as ¢ — 0, which shows again the presence of the
singularity for the critical case of zero anisotropic stress.
But we also see that even close to de Sitter the evolution of
O0H is governed by a nonlinear differential equation since
the time derivatives of 6H will in general be large for
models with small anisotropic stress and so cannot be
neglected. A detailed study of how small the anisotropic
stress can be made is therefore not straightforward and left
to future work.

B. f(Q) = Q + cQ”

In the context of f(R) gravity, models of this type were
suggested as an explanation for late-time acceleration
[56,57] with n < 0, while models with n > 0 can lead to
acceleration at early times and explain inflation.
Furthermore, it was found that de Sitter space is unstable
unless cn < 0 [52]. Here, we assume that cn > 0, other-
wise the no-ghost condition ' > 0 could be violated.

The de Sitter point Eq. (81) gives two solutions, namely
Qy, =0 (for n>0) which corresponds to Minkowski
spacetime and a nontrivial de Sitter one,

0% 1/(n—1)
Q, = . 88

0 [c(y(n ~2) + eln = 1))] 59
In order for () to be real and positive one has to ensure that
the quantity in the denominator in the latter relation is
positive. We shall also require that the Hubble parameter,
as given implicitly in relation (82), will be real and positive
too.

For both branches € = *1, de Sitter is always unstable
when n < 0. For n > 0, it is always unstable if € = 1, but
for e = —1, n > 2, the stability condition (83) gives

n—1 <n+\/n/2—1
n—2 ’

(89)

n—2 =7
with both ) and H, being real and positive.

To avoid a superluminal sound speed, the model should
lie in the f(R) regime, characterized by y > 1, which is
satisfied here, as the right branch of above inequality
approaches the value 1% as n — co. Further, for n > 2,
Minkowski space is always stable.

To consider the equation of motion close to de Sitter, we
set €= —1, y =1 and choose ¢ = —6'~", for which
H, = 1. We also assume that n # 1. We again expand in
O6H. The lowest order equation becomes now

(1 +2n(8H)*)8H + O((6H)?) = 0. (90)

Again the second derivative of 6H appears only at order
(8H)?. This time we can in principle make the first order
term vanish for n < 0, which would allow to cross 6H = 0
with a finite second derivative. However, there are
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two problems: First, we can only cross, not move
into and stay on O6H =0, since locally we need
S8H ~ (t — ty)/~/—2n to avoid triggering the instability,
and secondly this requires an infinite amount of fine-tuning
in the initial conditions: we need to reach de Sitter at
exactly the right speed, else we are either repelled, or a
catastrophe engulfs the Universe. So in reality again it is
impossible to reach de Sitter dynamically.

C.f(Q)=Q +cpA(1+ L) — 1)

This is a straightforward generalization of Starobinsky’s
disappearing cosmological constant model [45]. It was
proposed in the context of f(R) gravity as a late-time
acceleration model, that has a vanishing cosmological
constant in Minkowski spacetime. It is trivial to check
that Minkowski, f(0) = 0, is indeed a solution, but un-
stable since fqq(0) <O.

The model is characterized by three parameters, ¢, A,
v > 0.

From the de Sitter point equation, one can find an
expression for A as a function of y, and x; = Q/cy

— 2\n+1

o al DO

[x7(2ngy + 1) — (1 + xp)" ™! + 1]
where g, = (y + €)/(2y + €). Taking the limit y — 0 in
the above expression one recovers the one given in
Starobinsky’s paper Ref. [45].

Let us assume that ¢, is of the order of the de Sitter scale,
Q/co = x; = 1. The de Sitter stability condition then
reads

2y +en>+ 2y +Dn+QRy+e)(1—21)=0. (92)
For n = 1 de Sitter is stable if
2y
- =0, 93
2y + € ©3)

which is never satisfied for both branches e = *1.
However, choosing x; =1/2, n=1, we find that
de Sitter is stable for e = 1 and y > 1/2, as well as for
e = —1and y = 0.68.

Stability can be established for a wide range of the
model parameters, but that would require a detailed explo-
ration of the parameter space of {cy, A, n}, and we are not
interested in this here.

For the critical case € = —1, v = 1, choosing the A of
(91) and in addition ¢, = 6H3 for simplicity, we find to
first order in 6 H

[1 B n(Hy — 2n(8H)?)

e ]BH +O(SH?) = 0. (94)

This equation is of the same kind as the one found for the
previous toy model, and it leads to the same behavior. The
special case n = 1 leads to the equation (SH)>?8H = 0,
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which prohibits any crossing of §H = 0 as otherwise SH
has to diverge.

VII. CONCLUSIONS

In this paper we study the anisotropic stress in f(R, G)
type modified gravity models. We investigated the possi-
bility of finding models that are able to mimic GR at least
in the sense that they do not create an additional, effective
contribution to the anisotropic stress, i.e. ¢» = ¢ in the
Newtonian gauge. For the needs of our analysis, we also
derived the necessary background stability conditions. We
started by considering the case of a de Sitter background,
since this allowed us to find the general class of models
with vanishing anisotropic stress. The de Sitter case is in
addition interesting as current observations indicate that
the Universe is approaching this state. We further consid-
ered the general case in the small-scale limit, and in more
detail the case of a matter-dominated expansion.

We find that for de Sitter expansion, the anisotropic
stress is inextricably linked to the presence of an extra
scalar degree of freedom. Suppressing the effective, geo-
metric anisotropic stress is equivalent to suppressing the
extra degree of freedom, which either requires the model to
revert back to GR or else leads to an instability in the
background evolution. In addition, it leads to problematic
effects like rapid oscillations of the gravitational potential
and the curvature perturbation (with possible runaway
production of scalar particles) and superluminal propaga-
tion of the perturbations. The same problems appear when
one tries to generally decrease the extra degrees of freedom
through a model reconstruction, in order to obtain an
evolution similar to GR. We think that this has been
observed for numerically reconstructed f(R) models in a
matter-dominated background [34], indicating that it is
more general and not restricted to de Sitter.

Furthermore, our stability analysis reveals that the cur-
vature singularity present in f(R) models [45-47] appears
in the more general f(R, G) case as well. What is more, its
unwanted effect on the behavior of curvature perturbation
is amplified for all models that try to suppress the aniso-
tropic stress by decreasing frgr, frg, and fgg. In these
cases we find rapid curvature oscillations with arbitrarily
high amplitude as ¢ — b — 0.

In the case of a pure matter-dominated background, we
were able to construct an explicit model that gives a zero
effective anisotropic stress in the subhorizon limit. At late
times, when the gravity modifications are expected to
appear and the evolution ceases to be matter dominated,
this model will no longer give ¢ = . This could possibly
be avoided by constructing such models for a whole ex-
pansion history including late-time accelerated expansion.
However, such a procedure would necessarily involve sig-
nificant fine-tuning as changes in the expansion rate would
have to coincide with changes in the behavior of
the function f(R, G), which would in general depend
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sensitively on initial conditions. This appears to be rather
difficult to construct. In addition, as discussed above, such
a model would not be able to reach the de Sitter state
without encountering a singularity.

While the link between effective anisotropic stress and
the scalar degree of freedom of the theory was studied here
in the context of f(R, G) models, it is also present in scalar-
tensor and DGP models: If a scalar-tensor model is coupled
to the Ricci scalar in the action through F(¢)R then the
anisotropic stress is proportional to (F'/F)8¢ and the
analogy to the f(R) case is obvious. In DGP, the effective
anisotropic stress vanishes for r, o M7/M2 — oo where
M, and M5 are the four- and five-dimensional Planck
scales [58,59]. In this limit, the five-dimensional part of
the action is suppressed and only the usual four-
dimensional Einstein-Hilbert action remains.

We conjecture that suppressing the effective anisotropic
stress in modified gravity models is difficult, if not impos-
sible, to achieve in a realistic scenario. In models with
a single extra degree of freedom that we looked at [f(R),
f(G), scalar-tensor models and DGP] it is not possible at
all to have no effective anisotropic stress except in the GR
limit. In more complicated cases like f(R, G) it is possible
to cancel the contributions to the effective anisotropic
stress coming from several extra degrees of freedom, but
this appears to be fine-tuned and the resulting models tend
to develop fatal singularities. This reinforces the role of the
anisotropic stress as a key observable for current and future
dark energy surveys. While the observation of a strong
anisotropic stress would point towards a modification of
GR, the absence of anisotropic stress would present a
significant challenge for modified gravity models and
would require strong fine-tuning, which in turn favors
scenarios where the dark energy is a cosmological constant
or an extra minimally coupled field with negative pressure.
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APPENDIX A: HOMOGENEOUS PERTURBATIONS
OF f(R,G)

In this section we will present the stability analysis of
any fixed point of the f(R, G) Friedmann equation, using
homogeneous perturbations around the relevant solution.
Our starting point is the ¢+ — ¢t Eq. (11), which for conve-
nience we reproduce it here again,

3H?F + 3HF + 12H°¢ — v — p, = 0. (Al)
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If H = H(r) is a solution of above equation, then per-
turbing around it as H(r) — H(t) + 8H (), and keeping up
to first order terms we get for the curvature scalars and their
first time derivatives, respectively,

R— R + 6(4H8H + 8H), (A2)

G— G +24[2(2H? + HH)8H + H?*S8H]. (A3)

The next step is to perturb the modified Friedmann equa-
tion (11). Particularly, the scalar potential becomes

V— V+ RSF + G6¢&

=V + VR + V(5)8G, (A4)

and after evaluating the scalar field perturbations, it takes
the form

V—V+6(Vg +4HVG)8H

+ 24(HV ) + 22H? + HH)V())8H, (AS5)

where subscripts in brackets simply denote indices, while
those outside brackets denote derivative with respect to the
corresponding variable.

Using relations given above, and after some algebra, the
modified Friedmann equation becomes

C(H)(SH + C(R)(SR + C(G)5G + C(R)(SR + C(G)(SG - 5pl-

—0, (A6)
with

Cy) = 6HF + 3F + 36H?¢, (A7)

Cr) =3H?Fg +3HFy + 12H3¢p —Vir,  (A8)

C =3H?F; +3HF + 12H3¢; — 1V, (A9)

Cpy = 3HFy + 12H3&, (A10)

Cig = 3HFg + 12H3&g. (A11)

Substituting for the perturbations of 6R, 6G and their
derivatives we arrive at

with

C, = 6[Cj + 4C i H?] (A13)

C, = 6[Cg) + 4C(g)H* + 4CjyyH + 16C,(H> + HH)],
(A14)
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1. : .
C; = 6|:HF 5 6H?¢é + 4Cgy)H + 4C 3 H

+8C)(2H? + HH) + 8C ;) (6H*H + H* + HH)].
(A15)

Defining w = Fy + 8H?*(F; + 2H?&;), the generaliza-
tion of Eq. (43) for arbitrary H, we find that always

C, = 18Ho. (A16)

For a polynomial background expansion, described by
a(r) =« 1P, the other coefficients become

18H
C, = ——[po + 8H*(1 + 3p)(éx + 2H?* &)
V4

+ (1 + 3p)HFg], (A17)

. 24+
Cs= 3{F +2HF + 12H2[4(5p—32)
P

H3(ég +4H?EG)
4 . o
L HEn A EG) ~ 2Afw — 0)+ g]} (A18)

For a de Sitter expansion, a(r) « exp[Hyt], and H = H, =
const, we get

C, = 3H,C), (A19)

F
Cy = (— — 4H§)C1. (A20)
w

APPENDIX B: INHOMOGENEOUS
PERTURBATIONS AND
DE SITTER STABILITY

The general metric element for scalar perturbations
around a flat FRW background reads

ds®> = —(1 + 2a)dt* — 2a(t)d,; Bdtdx’ + a(t)2(5l-j

—2¢8;; +20;0;y)dx'dx’. (B1)
The general form of scalar perturbation equations
around FRW for f(R,G) models can be found in
Ref. [27]. Here, we shall present the full set of equations
for the case of de Sitter space only.
Before we proceed, let us define the gauge invariant
variable ® as

SF + 4H25¢&

D =P = °F

(B2)
with H = H,, as well as the rest of the background quan-
tities evaluated on the de Sitter point. The perturbation
equations then read as
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2 2
3H* Y + %(HX + ¢)+3Hdp =3HD + (k— - 3H2)c1>,

a2
(B3)
Hy+¢ = HP, (B4)
X+Hy+¢— =20, (B5)

SR = —2[12H2¢/; +3¢ + 12H¢

. k2
+3Hy 2(/\'/+2H/\/+2¢— w)], (B6)

a?
8G = —8[12H4a —3H*) + 3H*a — 12H ¢
2

+ %HZ(ZH)( +x—2¢— a)]. (B7)
Equations (B3)—(B5) correspond to the 00, the 0i and the
ij(i # j) components, respectively. Particularly, Eq. (B5)
is the anisotropy equation, and the choice of variable ® is
now evident: it is the r.h.s. of the latter equation, describing
the effective anisotropic stress in de Sitter space,
® = 11 and therefore is gauge invariant.

In order to re-express above equations in terms of gauge
invariant variables only, we need a second gauge invariant
variable apart from ®. Following [27], we define

T=>b+ ¢ —Hy. (B8)
Now, using Eq. (B4) in (B3) we get
O=¢ + Hy, (BY)
which can be inserted into (B8) to give
¥ =0. (B10)

PHYSICAL REVIEW D 83, 064042 (2011)

Using Egs. (B4) and (B5) as well as (B9) we can re-express
the curvature perturbation in terms of the gauge invariant
potential @

2
SR = —6[615 +3HD + <k— - 4Hg)]. (B11)

a2

APPENDIX C: SUBHORIZON SOLUTION FOR ®
IN THE WKB APPROXIMATION

Considering the evolution Eq. (49) in de Sitter space for
the gauge invariant potential ®, we assume a solution of
the form

d(1) = Cel?), (ChH

with C a constant, and 6(r) < 1. Then, we can calculate
that

d(r) = ZCi exp[i/t dt’éi(t’):l

= Sc.enp| [far[ -+ ggib =]}

3H, 1
20 B(n= 5\/4(k2e—2ﬂof +m2) —9HZ.  (C3)

A
2

From solution (C2) we can calculate the limit when
m2; > 1, which is the case when 1) — 0. In this
case, we have

B(t) = myr,  B(1) =0, (C4
and the solution is approximately given by
3 .
(I)(t) = gci exp[— EHOt * lmefft]. (CS)
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